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Quantum theory of the Faraday magneto-optical effect in paramagnetic media
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In some paramagnetic media, the effective field H;, which includes an effective exchange field and

an applied field, can cause a splitting of the ground level. In the temperature region T & T, (T, is

the Curie temperature), there are certain probability distributions of electrons on two energy levels

due to ground-state splitting. This induces the ground level for a double transition. It is shown that
there are several temperature behaviors for the magneto-optical Faraday effect in paramagnetic
media. If the applied field is not too large, the ratio of the Verdet constant to the magnetic suscepti-
bility is V/x = A (1+BT) in some media, or V/x = A (1+8/T) in other media. It is also indicated
that both the real part 0' and imaginary part 8" of the Faraday rotation are proportional to the
effective field H„and show similar temperature behaviors beyond the region of optical absorption.

I. INTRODUCTION

With the wide use of magneto-optical materials and de-
vices, more and more attention has been paid to the study
of magneto-optical materials. Up to now, many works
have been reported on the theoretical research of the
magneto-optical effects in paramagnetic magneto-optical
media. ' It is generally believed that the magneto-
optical effects in paramagnetic media are derived from
the first Zeeman effect, and the ground level is degen-
erate, or if not degenerate, all electrons are concentrated
on the lowest ground level since the temperature is much
lower. By this theory only the origin and the frequency
dependence of the magneto-optical effects can be roughly
explained, but the complicated temperature behavior can-
not be explained at the same time. For example, it has
been discovered that the temperature dependence of the
Verdet constant V is obviously different from that of the
magnetic susceptibility x in paramagnetic media, and
V/x is proportional to the temperature r in some
paramagnetic media such as NdF3, PrF3, or proportional
to 1/T in others, such as CeF3 ~

In our opinion, there are two aspects that have not
been taken into account in the previous works: (1) There
are various interactions in some paramagnetic media in
which the exchange interaction and the crystal field are
especially important, and these interactions can be
equivalent to the effective field which causes the splitting
of the ground level together with the applied field H, . (2)
The effective exchange field H can be expressed as vM,
and its value can be compared with H, in general. But in
the temperature regions above the Curie point T&,
kT & vM, there are certain distributions of electrons on
the two lowest-energy levels of the ground state. So it is
not proper to consider that only the electrons on the
lowest-energy level of the ground state may contribute to
the electron transition.

After taking into account the above two aspects, the
Faraday effect in paramagnetic media has been theoreti-
cally analyzed in this paper, and it is shown by calcula-

tion that there are several temperature dependences for
the Faraday effect and some analogous behaviors for the
real part and the imaginary part of the Faraday rotation
in the media. This theoretical analysis agrees with the
experimental results and is more comprehensive than
others obtained by classical theory.

II. QUANTUM THEORY

With the neglect of the local field acting on the electric
dipole, the dielectric constant tensor elements can be
written as

Q pab pea..„+.—;r.„' J II abJ ba

., — + r.,

where ij =x,y, z, P, is the probability of an electron ly-
ing in the level a, and p,„=1, P,"b =(g, ~ex~gb) is the
electric dipole matrix element. Substituting Eq. (2) into
(1) and defining p, b =p,"b ip»b, p, b =pb, , then

co» p, (co —i l,b )(f,b f,b
)—

a b ab ~ab ~ + ~ab +2l&Vab

where co =eoNe /m,

(3)

ob
fah p Ipab ~

Pie

e,, =co(5, +Na, , ),
where a; is the ij component of polarizability a, 6, is
the Dirac function, and N is the atomic or ionic number
per unit volume.

By supposing that one electron is attached to an atom
or ion in the media, the ground level and the excited level
are labeled by a and b, respectively, co is the frequency of
incident light, %co,b is the separation between energy lev-

els a and b, and I,b is the linewidth. The components of
polarizability are given by Condon and Shortley as
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are the transition probabilities of electrons excited from a
to b by right and left circular polarized light, respective-
ly, i.e., osci11ator strengths.

In the crystals where the symmetry is higher than that
of the orthorhombic system, or in the optical isotropic
media, the Faraday rotation 0 is

coL «x
g pi+ gtt +3

2c n
(4)

co'Lco P, I,b( f,b f,b )(co—,b+co'+ I"',
b )

4n&, b coob (co,b co +I',b) +4co I b

III. FARADAY EFFECT

At temperatures above Tc, ferromagnetic, ferrimagnet-
ic, and antiferromagnetic media will change into
paramagnetic media. In the media there are exchange in-
teractions between electron spins, and the ground level
will be split by both H, and H„as shown in Fig. 1. Near
T„ the energy of the exchange interaction is nearly equal
to the energy of the thermal motion, kT, =H, There-
fore, when T & T, and H, is not too large, kT will be
larger than the splitting energy 2%A of the ground level.
This means that there may be electron distributions on
both of the split ground levels. This distribution can be
expressed by a Boltzmann distribution

—Pb, ~ 0F(—
I

p 2 y p
2gfia—

I

where F2=E, +2irib, p= 1 lkT and k is the Boltzmann
constant.

Let the frequency shift caused by the ground level
splitting be defined as

where n is the index of refraction, L is the distance of the
light passing through the medium, and c is the light ve-
locity in vacuum. From Eqs. (3) and (4), the real part 8'
and the imaginary part 0" of 0 are obtained

cd, L co /3, (fg+b f,b )(—co,b
—co —I,b )

4nc, b co,b (co2b —co + l,b) +4co I,b

CO] [ =~0+~, e)z] o)O

Also,

On the conditions that 5 &&I ((coo and 2AE «kT, it
can be given from Eqs. (5)

co&L P~ i co
gl

4nccoo[(coo co —
) +4co I )

X I [(1—2Pirib, )f+ f ]co—o(coo —co')

—[(1 2Pfib—)f++f ](coo+co')b, ),
co&LP—„Ico

4nccoo[(coo co ) +4—co I ]

X I [(1 2Phb, )f—+ f ]co—o(coo+ co')

+ [(1 2PAA) f—++f ](coo—co')& ),
where e ~" =1—2P&&.

~ith Eqs. (7) there are four cases to be discussed as fol-
lows.

(I) If f+ =f =fo, P, i+P, 2, then the Probabilities of
electron transitions excited, respectively, by the left and
right circular polarized light are equal but the occupation
probabilities are not the same. Correspondingly, if
T & T„but not T» T„ then it can be shown from Eqs.
(7)

cop LP„f0 b co

2nccoo[(coo co ) +4co I—]

X [Pficoo(coo —co )+(coo+co )],
cop LP„fOb co

gal
Znccoo[(coo —co ) +4co I ]

X [(coo co') Pficoo(coo—+co )—] .

(a) Far from the transition region where co((coo and
ficoolkT ))1, from Eqs. (8) then

co,'P. ifoLco' 2irib,p a

4nck co

co P ifoLco 2kb

4nckcoo

The ground level splitting AE due to H and H, is

b,E =2kb, =mgpspoH;, (10)

TlQ) b

FIG. 1. The double transition with ground-state splitting.

where m is the magnetic quantum number, g is Lande
factor, pz is the Bohr magneton, po is the magnetic
permeability in vacuum, and the effective field H, is equal
to (H, +H„).

The eff'ective exchange field (molecular field) H, in the
paramagnetic media which is transformed from the fer-
romagnetic media at T & T, is equal to vM. For the
paramagnetic media transformed from the ferrimagnetic
and antiferromagnetic media, supposing that there are I-



41 QUANTUM THEORY OF THE FARADAY MAGNETO-OPTICAL. . . 751

number sublattices in every medium, we have the expres-
sion of the effective exchange field on every sublat tice

V11/x = 311(1+B11/T),

V, 2/x = A, 2(1+B(2/T),
H =v M +v 2M2+ . +v (M(,

H~ =v2)M[+ v22M~+ - . . +v2(M(,

where

pomg peo(pea 1foo2

4nc'cuo3k

H, =v()M)+ v(2M2+ . +v((M(,

where M, (i =1,2, . . . , I) is the magnetization of the ith
sublattice. At any site in the medium H, is

H =n&H +a2H + +a(H
1 2 1

( I 1= g a, v;(M(+ Q a;v;2M2+ + g a;v;(M(

B11 v~ Tp

r
]2

= ——3 [[,B]2=B

(b) The electron transition region o(=coo. From Eqs.
(S) and (10)

pomgpbcop(3a 1fo

SncAI
=v, M]+ v2M2+ . +v(M( . (12)

When T )T„M& M2 ~ . ~ M( are all along the direction
of H„and their values, like M (the total magnetization in

medium), are proportional to H„respectively, so H, , can
be written as

H„=v(P, M+ v+2M+ +v(P(M =vM . (13)

Based on the preceding analyses, it could be seen that
H, is equal to vM in all paramagnetic media which are
respectively transformed from ferromagnetic, ferrimag-
netic, and antiferromagnetic media at T ) T„and the
only difference is that, for the former, v is the molecular
field coefficient, and, for the latter, v are the coefficients
related to the molecular field coefficient but not the
molecular field coefficient.

By substituting Eq. (10) into Eqs. (9), then

where

PomgPeo(p~a 1fo
8ncrkT

PomgPeo(p a1fo +
8ncAI ~

er
V] ~

kT

This can be rewritten as

V21/x = A2, (1+B2,T),

V22 /x ~ 22( 1 +B22 /T)

where

PomgPao(p a(fo
Snc2$1 2

(1S)

(19)

pomg pao(p13a 1foo2

4nccopk T

9"= PomgPa ~ (3 1fo~F
LH, .

4nccook T

(14)

1
21 (

Rl

k(vC —T )

Here H; can be expressed in another form

H, =(1+vx )H, , (15)

where x is the magnetic susceptibility. Combining Eqs.
(14) and (15) we can find

B„=&yB2] .

(2) If f + =f =fo, p„=/3, 2= ~, the electron transi-
tion probabilities are equal and the occupation probabili-
ties are the same also. Correspondingly, T&&T„and
Rcuo/kT «1. Then from Eqs. (7) and (10),

O'= V))LH, ,

0"= V, 2LH, ,

where

Pomg Pa~ P 1fo~2 2

V (1+vx ),
4nc cook T

(16)

where

PomgPao( fo(coo+o( )o(
V„LH

Snch'o(o[(o2o —o(') +4co I ]
(20)

pomgpacu foI (o(o co )(o
LH, —V,2I H, ,

Sncko(o[(o(o o2') +4(o—'I ']

Pomg P ac(,'f o (o(o+ co')o(

Snch'(so[((oo —o( ) +4o( I 2]
Since the magnetic susceptibility obeys the Curie-Weiss
law x=C/(T —T ) (C is the Curie constant and T is
the paramagnetic Curie point), then it can be rewritten as

I {coo—~-')

CO(COO+CO )
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This can also be rewritten as

V3) /x = A3i(1+B3)T),

V32/x A3$( 1+B3QT)

where

I omgpB~pfo(~0+~')~'
8nc fi cdo[( cdo co—) +4co I ]

1

vC —'1

(21}

where

pomg ptt( f++f )(coo+cd )copco

16nc cool[(cdo co—) +4co I ]
l

41
P

I (cdo —co )
~42

co( coo +cd )

&4z =&~&

I (coo —co )

A3q =
2 A3),

co( coo +co )

&32=&3i

(3) If f +Wf, p, i
=p, 2

=
—,', the electron transition

probabilities are not equal but the occupation probabili-
ties are the same. With T »T„ then from Eqs. (7) and
(10)

(4) If f+=fo, f =0, P„~l, P,2~0. This is the
case in which the ground level is degenerate or the tem-
perature is very low and the effective field is quite large.
Then the above approximations are no longer suitable,
and it must be derived from Eqs. (5). With coo)) I, Eqs.
(5) give for this case,

cd co (coo cd )fogt
4nccdo[(coo co ) +—4co I ]

co L co
gp

Snccoo[(cdo co ) +—4co I ]

X (f+ f )coo(cd—o
—co )

coped(cdo2+ cd2)fo I
gl I

4nccdo[(cdo cd ) +—4co I

Now, 0' and 0" are not related to the temperature.

IV. DISCUSSIONS

(24)

pomg)Ms (f + +f )(coo+ co )

2A
I

Vp] L + V4] LH,

co&L coI
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2A

where

= Vo2L + V42LH

I'(coo+co')Vo2, , Voi
co( coo co }

I'(co —co )
V = V, ,
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and this can also be rewritten as

V4, Ix = A4, (1+B4,T),

V4, Ix =
A 42(1+B42 T),

cop (f + f )(coo—cd'}cd'—
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pomgps(f++ f )(coo+co )cd co
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(23)

It is shown by the preceding theoretical analysis that
the Faraday effect in paramagnetic media, in which the
relationship of the susceptibility x and temperature T
obeys the Curie-Weiss law, have the following charac-
teristics.

(1) By affecting both the effective exchange field vM
and the applied field H, in this medium, the ground level
will be split. On the other hand, because the thermal
motion energy is larger than the exchange-interaction en-

ergy in the medium, the electron probability distributions
can exist on two or even more split ground levels when
H, is not too large, so the magneto-optical effects have
various temperature behaviors.

(2) It is shown that both the real part 0' and the imagi-
nary part 8" of the Faraday rotation generally are pro-
portional to the effective field H, . As H, =(1+vx)H„
both 0' and 8" can formally be expressed as proportional
to H, . This conforms with the classical theory discussed
in Ref. 4.

(3) In the nonabsorption region, 0' and 8" have similar
temperature behaviors, and near the absorption region
they may be different.

(4) If To is the temperature where the electron distribu-
tion probabilities on two split ground levels are equal,
then for T, (T & To, f+ =f =fo, coo)&co, and if H, is
not too large, the ratio of the Verdet constant to magnet-
ic susceptibility V/x will vary with 1/T [as shown in Eqs.
(17)]. It was experimentally shown by Leycuras et al. 3

that in CeF3

V/x = —13706(1+75.9/T) .

This is consistent with our results.
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(5) When co=o~o, i.e., in the absorption region, and if
the other conditions are the same as in (4), and V/x for 0'
is proportional to T [as shown in Eqs. (19)]. This means
that the temperature behavior of the Faraday effect in the
absorption region may be different than that in the
nonabsorption region.

(6) When T & To, i.e., where T » T„and H, is not too
large, whether the electron transition probabilities in-
duced, respectively, by the left and right circular polar-
ized light are equal or not, V/x is always proportional to
T [as shown in Eqs. (21) and (23)]. It is shown by experi-
ments in Ref. 3 that, with T&77 K in NdF3 and with
T&40 K in PrF&, V/x = A (1+BT). This is perfectly
consistent with the theoretical analysis in our paper. It is
also worth mentioning that this paper shows that the
coefficient A is closely related to the light wavelength A,

(or the light frequency co} but the coefficient B is not re-
lated to k. This has also been shown by the experimental
work in Ref. 3.

(7} When the ground level is degenerate, or the temper-

ature is very low and the effective field (involving the ap-
plied field) is very large, e' and 0" are not related to the
temperature T. This type of rotation is usually called a
"paramagnetic rotation" with a "paramagnetic line
shape. "

(8) In different temperature regions there are different
temperature behaviors of the Faraday effect in the same
kind of paramagnetic media. For example, if
T, & T & To, V/x = A (1+B/T), but if T & To, this may
change into V/x = A (1+BT).

It should be indicated in the end that the range of the
effective field is very wide. There are the effective fields
related to the magnetic crystal anisotropy, stress, and
crystal field besides the effective exchange field discussed
in this paper. These effective fields being taken into ac-
count, the anisotropy of 8' and 8", etc. , may be ex-
plained. In addition, the thesis that the ground level for a
double transition exists in some paramagnetic media is
also suitable for the Kerr effect. This is planned to be
discussed in another paper.
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