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We respond to the preceding Comment of Zhang and Rice concerning a previous paper in

which we questioned their claim to have derived an effective single-band model from a two-band

model of high-temperature superconductors.

In a recent paper, ' Emery and Reiter (ER) found an
exact solution of a model for a mobile hole in the copper
oxide planes of high-temperature superconductors. The
hole moves on oxygen sites through a lattice of spins local-
ized on copper, and the solution was found for a ferromag-
netic background. We showed that, contrary to an asser-
tion of Zhang and Rice (ZR), the low-energy physics is
not necessarily the same as for a single-band model.

The conclusion has been questioned by Zhang and Rice
in the preceding Comment (ZRC). Their argument is
not persuasive: they mainly restate our solution for a spe-
cial case, without accepting the full consequences, and cri-
ticize an approximation that we used for purposes of illus-
tration. The latter criticism disproves a claim that we did
not make and that, anyway, has no bearing on the validity
of the t-J model.

We shall use the Hamiltonian for the model as defined
in Refs. 1 and 2. It is characterized by the copper-copper
exchange integral J and by effective hopping parameters
t~, and tq for an oxygen hole. The latter refer to inter-
mediate states in which a Cu site is unoccupied (t~) or
doubly occupied (t2). Although the physical exchange
coupling is antiferromagnetic (J)0), ZR's argument did
not assume a particular Cu spin configuration. Hence it is
sufficient to study a ferromagnetic background as a coun-
terexample. In ER, the problem was solved for arbitrary
t~ and t2 in the conventional sense of giving explicit ex-
pressions for all eigenfunctions [Eqs. (6) and (9) of ER]
in terms of an eigenvalue )1,1t defined by an integral. Con-
trary to the statements in ZRC, our solution is not re-
stricted to t ~ 0, although we did show that, in that case,
the integral may be carried out explicitly, so that it is
rather easy to study the properties of the solution. Conse-
quently we shall restrict our discussion to t~ 0 as in

ZRC, although it suppresses the spread of the quasiparti-
cle which may be important at higher carrier densities.

For t ~ 0, the eigenvectors ( yi, ) and eigenvalues X1, are
given by'

Pm, o 2 ~Nm+a, a s

d
(6)

which is a sum over the four oxygen sites surrounding the
Cu ion at m. But this is not the Zhang-Rice singlet and it
is not equivalent to a doubly occupied site in the single-
band madel.

The Zhang-Rice approximation uses singlets construct-
ed from the Wannier states b which are the Fourier
transforms of the bp . They are related to P by

P -pc(m —n)b, ,

where

at 2(2+ cosk, +casks) . (3)

Here ( FM)) is the ferromagnetic state with all Cu spins
SQ —

q is the Fourier transform of the spin raising opera-
tor, and

by~ (agN' ) ' g am+a, ~ i™. (4)
I+d

Also, am~~a creates a hole of spin cr in an O(2p„) or
O(2py) state at m+4 where 4 is (+' —,',0) or (0, ~ —,

' ).
Then, after a unitary transformation, the Hamiltonian
may be written in the form

H- —t2Z I yl&&Wtl I . (5)
k

Note that the
~

girja& are not normalized and the eigenval-
ues of H are given by Eq. (2) because (tltt, ~ y1,) at+4.
The total number of states of spin —(N —I)/2 in the
original Hamiltonian is 2(N+N ). Of these, the N states

( titt, ) form a band X,1, and the remainder contain nonbond-
ing spatial or spin configurations and hence have energy
equal to the axygen site energy ap, which is taken to be
zero.

ZRC notes that, from Eqs. (1) and (4), the ) tA) may
be rewritten as plane-wave superpositions of singlets
formed by the Cu spin at m and the oxygen hole in a state
created by

and

( tirq) aqb1, 1
——gaqbqiSt+, q ~

FM j)
N q

Z, -—t,(a(+4), (2)

where a(m —n) is the Fourier transform of a1,. The b,
are used because they are orthogonal whereas the P are
not. ZRC implies that the use of one or the other is a
matter of convenience, but it is the central reason for the
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difference between the copper-oxygen model and the t J-
model. In order to get a clearer feeling for this difference,
we introduce the Fourier transforms of in-cell singlets and
triplets, involving the oxygen Wannier states

) yk
—)- hei™(bmtt+ bmt)Sm ) ) FM)&

42N m

bkt ~ —gbq)Sk+ q ) FM j) .
2, q

(8)

(9)

Now for r ~ 0, the spread of the wave function is quite
small' and it is a good approximation to write ) yk) as a
sum of ) pk+) and ) pk ). Using Eqs. (1), (8), and (9),

&Ok-
I yk&- ' [ak~a(0)]bkk (10)

and then

) yk) = [a(+a (0)] 'i [cos8k ) pk )+sin8k ) pk+)], (1 1)

where the singlet-triplet mixing angle is given by

ak —a(0)
tan 8k

( )
(12)

The ZR approximation sets 8k 0 (pure singlet) but it is
clear that tan8k ranges from essentially zero, when ak 2
to (—1) when ak 0. To illustrate the physical sig-
nificance, let us calculate the z component of the oxygen
spin-spin correlation function for the state ) yk)

S](Q,co) —=—g b(ru —&k+&k),
) &V4)zg I V~k& I'

Yk Yk Wk Wk'

where sg is the Fourier transform of the z component of
the oxygen spin operator sg = 2 P~ abp+Q, +p [omitting
the nonbonding states which will not contribute to Eq.
(13)]. It is easy to evaluate Sj(Q, ro) using the exact
eigenfunctions but it is more instructive to use the approx-
imation (11) to find

Sf (Q, ro) sin (8k+ 8k+q) b(ro —
)I k+Xk~q) . (14)

4N

For many oxygen holes the result is intensive because
Sj(Q,m) should be summed over k values in a Fermi sea
(assuming independent quasiparticles). In principle,
S)(Q, ro) is a measurable quantity, but it is zero in the ZR
approximation (8k 0, all k). Indeed they set all oxygen
spin-spin correlation functions equal to zero—a result
that has been used in the interpretation of NMR experi-
ments. However, it is evident that the spin reduction fac-
tor ) sin(8k+8k~g) ) is not small in general —indeed it is
equal to I when k (x,x) and Q 0. Moreover Sj(Q, ro)
clearly is part of the low-energy physics since the energies
in the 8' functions are in the low-energy band.

ZR's argument was that there is a large gap between
the singlet and triplet states so the triplets may be neglect-
ed. For the present problem, the singlet-triplet splitting is
2tzaka(0) which actually vanishes at k (x,x). But, even
where it is not small, there is a signi6cant mixing matrix
element +tz[a2(0) —a$]/2. As pointed out in ER, the

overlap cos8k between ) leak) and the singlet state is not
necessarily a good measure of the mixing —it is better to
look at the triplet amplitude sin8k. (The value of cos8k
was given in ER and plotted in Fig. I of ZRC. ) For ex-
ample, as pointed out in ER, when k-O, Q=O, cos8k

0.98 [from Eq. (12)] but the spin reduction factor
sin28k 0.37.

ZRC's only comment about all of this is to point out
that the spin on oxygen is not a good quantum number.
This is true and, by the same token, the total spin on

copper is not a good quantum number (since the overall
spin is conserved). Thus ZRC's remark does not contra-
dict our conclusion but reinforces it, since the spin on

copper is conserved in the t J-model
We now turn to ZRC's criticism of an approximation

that we used for purposes of illustration.
ZRC states "(ER) propose that the correct basis to de-

scribe the result is composed of a hole on a single 0 atom
coupled to its two neighboring Cu atoms, i.e., basis states
of the form 6 'i [2) f t J) —

) 1 J f& —
) J J t&]." This is in-

correct and the comment in ZRC that this is not a good
basis for all k has nothing to do with what was said in ER
or the validity of the t Jmod-el. Obviously our basis is the
orthogonal set of states ) yk) which diagonalize H when

t~ 0. What we actually said was that, for small k, it is
useful to think of the oxygen hole hopping between sites
with the Cu-0-Cu spin configuration mentioned above.
This statement is correct, and is not disproved by showing
that the approximation is not good for k (x,z) as
claimed in ZRC. The representation was used mainly to
illustrate why there is a spin associated with the charge
and is unrelated to the validity of the t-J model since that
involves ZR's approximation, not ours. It is straightfor-
ward to show that for small k the overlap between the ex-
act eigenfunctions and a plane wave made up of our states
is (1 —k /48). Moreover, when k is small the average
spin on the oxygen site is 3 (1 —k /6) for the exact eigen-
function and 3 for our approximation. Therefore, we be-
lieve that the approximation is good for small k as
claimed.

Next we should like to comment on three papers cited
by ZRC in support of their contention.

(i) Milas and separately Eskes and Sawatzky6 found a
local Cu-0 singlet in a model with only one copper ion
surrounded by oxygen ions. We, too, would find a local
Cu-0 singlet for that case, but it obviously has no bearing
on the issues under discussion, since hopping of the oxygen
hole from the neighborhood of one copper site to another
is essential for the singlet-triplet mixing.

(ii) Schiittler and Fedro have carried out numerical
calculations for a periodically extended system of four Cu
and eight 0 sites containing five or six holes. They con-
cluded that their results were inconsistent with our pic-
ture. However, we believe that if they calculated
Sj(Q,m) for a range of values of k and Q, the differences
from the t Jmodel would b-ecome clear.

(iii) Zhang has considered a single oxygen hole for the
case t ~ 0, and no Cu-Cu superexchange. He shows that,
for an arbitrary background spin state, there is a
correspondence between all the states of the t-J model and
the lower band for the oxygen hole. Speci6cally, the ener-
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gy spectra and number of degrees of freedom are the same
and the wave functions are formally related by replacing a
doubly occupied site of the t-J model by a Cu-0 singlet
involving the nonorthogonal states Pt defined in Eq. (6).
Zhang claims that this result shows that the two models
have the same low-energy physics. We disagree. The
difference in the wave functions surely is important. It
would give rise to a nonvanishing oxygen spin-spin corre-
lation function as we have shown here.

Finally we should like to add that a clear distinction be-
tween the models can be seen when the on-site Coulomb
interactions are large. They are denoted by U in the
single-band model and by U~ or Ud for O(2p) and
Cu(3d) states in the copper-oxygen model. ZR omitted
U~, and their calculation would be significantly modified if
it were included. However, it seems to be a strong in-
teraction in high-temperature superconductors —almost

as large as Ud. For one hole per unit cell, the single-band
model is dead in the U ~ limit: there is no hopping, no
exchange, and the ground state for N sites is 2 -fold de-
generate. By contrast, when U~ and Ud , the copper
oxygen model still has a four-spin exchange and the
ground state has antiferromagnetic order. Moreover,
even if the four-spin exchange is omitted, a mobile hole
favors a ferromagnetic state in the single-band model, '

but favors a low-spin state in the copper oxygen model. "
This work was supported by the Division of Materials

Sciences, Office of Basic Energy Sciences, U.S. Depart-
ment of Energy under Contract No. DE-AC02-
76CH00016 and by the Texas Center for Superconduc-
tivity at the University of Houston under Prime Grant
No. MDA 972-8-G-0002 from the U.S. Defense Ad-
vanced Research Projects Agency and the State of Texas.

'V. J. Emery and G. Reiter, Phys. Rev. B 3$, 11938 (1988).
2F. C. Zhang and T. M. Rice, Phys. Rev. B 37, 3759 (1988).
F. C. Zhang and T. M. Rice, preceding Comment, Phys. Rev. B

41, 7243 (1990).
4F. Mila and T. M. Rice, Phys. Rev. B 40, 11382 (1989); B. S.

Shastry, Phys. Rev. Lett. 63, 1288 (1989).
sF. Mila, Phys. Rev. B 3$, 11358 (1988).
6H. Eskes and G. A. Sawatzky, Phys. Rev. Lett. 61, 1415

(1988).
7H.-B. Schiittler and A. J. Fedro, J. Less Common Met. 149,

385 (1989).
sF. C. Zhang, Phys. Rev. B 39, 7375 (1989).
sM. Roger and J. M. Delrieu, Phys. Rev. B 39, 2299 (1989).
'eY. Nagaoka, Phys. Rev. 147, 392 (1966).
"R.Gooding and V. Elser, Phys. Rev. B 41, 2557 (1990).


