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A study of nonlinear magnetodynamic waves on magnetic materials is presented. Attention is re-
stricted to an exact theory of electromagnetic waves propagating along the single interface between
a linear substrate consisting of a ferromagnetic and a strongly nonlinear magnetic cladding. It is as-
sumed that the cladding consists of an artificial paramagnetic material and that only third-order
nonlinearity is operating. It is shown that both TM and TE waves can propagate, with or without a
linear limit. Nonreciprocity is found to be strong only in the cases that have linear limits, but the
power dependence of this nonreciprocal behavior is quite dramatic and should lead to some applica-
tions. Many numerical examples are presented, supported by a detailed mathematical analysis.

I. INTRODUCTION

There is now a lot of interest in nonlinear waves in
solid-state optics.!~!! In particular, nonmagnetic dielec-
tric materials that exhibit optical hysteresis, arising from
third-order nonlinearities, are expected to underpin the
development of optical computing or signal processing.
A search is therefore underway to find good nonlinear
materials, and these will include artificial dielectrics, such
as suspensions of polystyrene spheres for work at optical
frequencies'! and suspensions of short graphite fibers that
will give strong Kerr-type nonlinear interactions, even at
microwave frequencies. 1

In the infrared frequency range, the inclusion of the
magnetic properties of a material, through a linear per-
meability, can also influence optical bistability'® with hys-
teresis loops that are very small in area. This feature, is a
function of the magnetic properties and illustrates the po-
tential of magnetic materials for future devices. In the
microwave frequency range, however, it is not only non-
linearity in the dielectric function!? that is of interest.
Nonlinearity may also appear as magnetic-field-
dependent terms in the magnetic permeability.'* Al-
though this kind of nonlinearity can arise at quite low
power thresholds,'*!* in readily available insulator ma-
terials such as yttrium iron garnet (YIG), it is too weak to
change the modal fields of thin-film guided waves. In or-
der to achieve this, strongly nonlinear magnetic materials
will need to become available. If experience with non-
magnetic dielectric materials is to be relied upon, then
the search for large intrinsic nonlinearities will not be
easy but exploiting suitable waveguiding formats! ™% and
the use of artificial'® nonlinear magnetic media hold out
considerable promise. Such materials can be created'®
with a suspension of magnetic spheres in a suitable medi-
um such as a liquid. Nd spheres in water has been sug-
gested, for example.!® It has been estimated that
paramagnetic or diamagnetic spheres'® of radius 2X107°
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m, with a density 10'® m™3, dispersed in diamagnetic
liquid will display a large nonlinearity at reasonable mi-
crowave powers. Unlike the artificial dielectric sys-
tems, ''12 such magnetic suspensions remain to be investi-
gated experimentally but will prove to be very interesting.

In the optical case it has been argued that liquid sus-
pensions of nonmagnetic spheres in a standing elec-
tromagnetic wave field experience a force that moves the
spheres into high-field regions of the standing wave pat-
tern. This induced movement of particles raises the aver-
age refractive of the medium in the high-field regions of
the artificial dielectric so that the whole suspension mim-
ics a conventional nonlinear medium with a high, posi-
tive, or negative, Kerr coefficient.!! This same idea has
also been proposed for aerosols of glass spheres'’ subject-
ed to electrostrictive modulation of their density. The
fact that such artificial nonlinear media have nonlinear
coefficients that are a factor of 10° higher than those of
other readily available nonlinear, nonmagnetic, materi-
als'! encourages the belief that artificial nonlinear mag-
netic suspensions of magnetic spheres will behave in the
same manner. It should be emphasized, at this stage,
however, that the appropriate parameters must be es-
timated, but the rather large artificial nonlinear
coefficients are at least expected to be proportional to the
radius of the spheres. '¢

Over the last two decades a lot of work in solid-state
physics has been devoted to surface polaritons.'® This
has mainly been based upon an optical point of view and
has largely centered upon nonmagnetic dielectrics. A
small amount of work does exist on surface magnon po-
laritons in which surface waves at the interface between
two semi-infinite magnetic materials or on a thin fer-
romagnetic film have been considered.!'*?° This polari-
ton regime is sufficiently close to the light line for retar-
dation effects to have to be taken into account. For this
reason, and because a distinction must be drawn between
this and magnetostatic waves, it has also been referred to
as the magnetodynamic regime.?! 2} The waves are non-
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reciprocal if they propagate perpendicularly to an applied
magnetic field lying in the surface. Nonreciprocity means
the dispersion relation is not the same in the positive and
negative wave number directions.

The purpose of this paper is to examine the behavior of
surface nonlinear magnetodynamic (polariton) waves that
are propagating along the interface between a semi-
infinite, weakly nonlinear substrate and the kind of dom-
inant strongly nonlinear magnetic, semi-infinite, cladding
that was defined earlier. The strong nonlinearity of a
magnetic cladding medium will always be assumed to
dominate that of a magnetic substrate, if it is associated
with a wave traveling along the interface. This assump-
tion allows us to completely neglect the weak, intrinsic,
nonlinearity attainable in the YIG substrate. Self focus-
ing, in frequency ranges for which no linear eigenvalue
exists' ~8 is anticipated, and only third-order nonlinearity
is considered on the grounds that all harmonic generation
can be ignored because of lack of phase matching. In fre-
quency bands for which linear eigenvalues exist, harmon-
ic generation in any case corresponds to very weak,
driven, harmonic waves lying outside the linear eigenfre-
quency band. It should be mentioned that although the
mathematical infrastructure of the application reported
here is unique, there will be a similarity of attack between
the methods employed and some previous work on non-
magnetic materials.">> This is also true of many linear
problems, however.

II. THEORY OF TM WAVES

The guiding structure to be considered consists of a
linear semi-infinite ferri(ferro)magnetic insulator sub-
strate assumed from now on to be YIG, and a semi-
infinite nonlinear magnetic cladding in contact every-
where on the z =0, plane as shown in Fig. 1. It must be
emphasized that the substrate will always be assumed to
be linear, compared to the cladding, and that it exists in
frequency windows that make it appear to be ferromag-
netic.

It is well known that there is no linear band for TM
surface waves'® propagating along the x axis, but experi-

ence with the nonmagnetic dielectric case"*’ shows that
l}z
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FIG. 1. Coordinate system for the single interface between a
nonlinear paramagnetic cladding and a linear ferromagnetic
cladding.

there ought to be nonlinear TM waves above a certain
power threshold. Since the latter has to be reached be-
fore these are possible, they may require very high
powers, possibly beyond the current experimental reach,
to drive them. It is to these nonlinear waves that this sec-
tion is addressed.

The TM waves carry the magnetic field H and electric
field E components

H:_[O’Hy(z)’o]ei(kX‘*ml) , (l)
EZ[EX(Z)’O’EZ(Z)]ei(kx“wt) , (2)

where o is the angular frequency and k is the wave num-
ber. For this polarization the YIG substrate can only
affect the propagation through a frequency independent
permeability u, =pup. The off-diagonal terms of the usual
Polder tensor are brought into action by TE waves, that
are to be considered later on. Some comments on the pa-
rameters normally assumed for YIG are now appropri-
ate.?! 2% u, is interpreted as the background permeabili-
ty caused by other magnetic dipole excitations, '° such as
optical magnons. It is interesting that, because pjp is
close to unity, it is usually taken as unity in practical de-
vice designs®! ~2* without apparent penalty. pgz=~1.25in
practical frequency ranges for YIG, however, and the
background dielectric constant is also not equal to unity.
It is sometimes assumed to be so,'*?° but it has appeared
in the literature with quite a wide range of values. '~
Both pp and the background dielectric constant can lead
to branches in the dispersion relationship that exist be-
cause of their deviation from unity. 9”23

In the presence of the microwave field associated with
a TM wave propagating along the interface, the nonlinear
pe{(rsneability of an isotropic magnetic cladding is given
by

pNt=p; +aH} . 3)

This expression arises because from an expansion of the
permeability about an applied static field H,, and terms
that could lead to harmonic generation are neglected.

Hence H, is now the ac magnetic field carried out by
the TM wave. p,=p; is the linear part of the permeabil-
ity and a is a nonlinear coefficient. H), is also real be-
cause only stationary, nonradiating waves will be con-
sidered.>*

Maxwell’s curl equations for the nonlinear medium
have the simple form

curlE=iopuNH , (4)
curlH= —iwey€E , (5)

where €, is the relative dielectric constant of the non-
linear medium. Equations (3) and (4) yield

. 9 . _ . NL

lkEz—gz—Ex——la)y.Qu H,, (6)
9 H =i E (7a)
3z y—'lweofl x a

kHy = —weoelEz B (7b)
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Hence,

aZ
?Hy—(k% —k{e,aH)H, =0, 8)

z
where k3=w?/c?=€qow®. €, and p, are the dielectric

permittivity and magnetic permeability of free space, re-
spectively, and

ki=k2>—kieu, . 9)
Equation (8) is a nonlinear differential equation that can

be solved exactly,!® and the first integral obtained by
multiplying through by 0H,, /3z and integrating over z, is

2
oH
azy —(k?—1k3eaHHH}=C, (10)

where C is a constant of integration. For the surface
waves under investigation here H, —0 and dH, /dz —0,
as z— oo so that C =0. This conclusion also implies that
there is no radiation leaving the surface or returning to it.

The solution to equations of the form assumed by Eq.
(10) has the form now well known for TE nonlinear waves
propagating along the boundary between two nonmagnet-
ic dielectric media [see, for example, Eq. (1) in Ref. 5 and
Eq. (24) in Ref. 4]. It is

2
ae€,

172 kl
cosh[k,(z —z4)] ’

(11)

where z, is a constant of integration that defines the posi-
tion of a self-focused peak in H,.

In a linear ferri(ferro)magnet the field corresponding to
a surface wave at z =0 is given by

H(z)=Hpe ", (12)

where H; is the amplitude of H, at z=0 and
ki=k2—k2ey, The usual electromagnetic boundary
conditions that express the continuity of the tangential
components of E and H and the normal component of
the electric displacement D at the boundary z =0 now
apply. In particular, the continuity of the tangential
component of H yields

kl 2 172

ko ae€,

1

H —_— .
L= cosh(k,z,)

(13)

The continuity condition of the tangential component of
E gives

ki
ko€,

172 sinh(k,zq) _ k,

cosh?(k,z,) B €

2

ae,

H; . (14)

The elimination of H; from Egs. (13) and (14) gives a
dispersion relation for the nonlinear TM surface waves in
the form

ko€
tanh(k,zy)= X .

(15)
162

This dispersion relation can now be used to obtain
bounds on the range of allowed values of the wave vector
k. Since we assume that the dielectric constants €, and €,

are positive, and since the decay constants k, and k,
must also be positive for a surface wave, the right-hand
side of Eq. (15) is positive. The positive values of the hy-
perbolic tangent on the left-hand side, therefore, lie in the
range from zero to unity, so we must have

k€€l €py—€xpry )

k*< , (16)
e—é

which defines an upper cutoff on the value of the wave
vector k that approaches infinity as €, —¢€,. Actually, as
zy,— oo, tanh(k,zy)—1 so that the cutoff is associated
with the self-focused peak in the field moving out to
infinity. It will be shown later that this cutoff leads to a
corresponding cutoff on the power flow. The require-
ments that k>0 and k3 >0 for a surface wave together
give the relations

ki>koews (17)
k*>kieu, ,

We must also
if €,>€,, we must have

so that there is a lower cutoff on k as well.
note from Eq. (16) that,
€1y > Efhy -

Yet another inequality can be obtained by eliminating
z, from the boundary conditions, Egs. (13) and (14), to
yield the result

k€€,

k2= _2__(51#2

—le,aH}) . (18)
€ 62

31293

Again taking €, > €, and noting that k? must be positive,
we obtain the inequalities

yeaHL <€y, —ep; (19)

€~ €y >LteaH? . (20)

Thus, depending on the material parameters, there is a
maximum value of the magnetic field amplitude H; .

The power flow in the direction of propagation (x
direction) is given by

P=1[(EXH*) dz=—1[E,H}dz . Qn
Hence PNL, the power flow in the nonlinear medium, is
2
NL_ kky f ® dz
awkieyel Y0 cosh’[k,(z —z,)]
kk? dz'

B awkieel f“zo cosh’(k,z")

) (22)

where z' =z —z,. The quantity z, is the position of max-
imum power density and when it moves to infinity, the
power flow reaches the value

kk? _ kk,

awkieyel f-w cosh2 k,z")

PNL= . (23)
awkoeoe,

The substituting of the maximum value of k, as specified
by Eq. (16) then, gives the following cutoff power flow:
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FIG. 2. TM waves: normalized power flow along the x direction as a function of wave index (n =ck/w, u,=pu,=1.29,

€,=€,.=2.3, u;=2, €,=2). Frequency f=90 GHz.

a=8.869X107% m>A~%

The normalized power is P/P,, where

Py=1/(2wae,). €,=8.85X107'2 Fm™! is the permittivity of free space.

172
NL_ 2k1 elez(elﬂz_ewl)
P= 2 2_ 22 : (24)
awkoeoel 6‘ _62
PZ, the power flow in the linear medium, is given by
k
PL= HZ ,
4weyek, L
) (25)
pL kk1

" 2awkege €,k coshkyzy) |

from which it can be seen that when zy— o, P£—-0, and
all of the power flow is in the nonlinear medium.

III. NUMERICAL RESULTS FOR TM WAVES

The dispersion equation, in this case, coincides with
the dependence of the total power flow in the x direction
upon the surface-guided wave index n =ck /w. The in-
terface, in its linear state, will not support TM surface
waves so it is not unexpected' ~’ that a power threshold
has to be exceeded before nonlinear waves can propagate.
This is shown in Fig. 2, together with two other features.
First, the power approaches an infinite value as the wave

index becomes smaller on the left of the minimum. Equa-
tion (17) shows that this lower limit 7, = (u,€,)!?=2,
for the data chosen. Data required to illustrate this work
are not easy to find, so parameter values have been select-
ed that have been referred to in the literature at least as
possibilities. '1°72® These are shown in Table I. As
is approached most of the power resides in the
linear medium, necessitating very large powers to drive
the nonlinear wave. Note that the power in Fig. 2 is nor-
malized with

1

P,= =1L127MWm™ .
2awe,

This is quite high but the power essentially scales as the
inverse of wa so that working at low frequencies requires
large a to offset this fact. As n increases, the power
passes through a minimum and finally reaches

1/2
/(e%—eg)

=2.68 ,
the upper wave-number limit given by Eq. (16) and finite
power limit given by Eq. (24). At this extinction point

n =n € |€ boad
max ~__ '*min 1|61
2%)

TABLE 1. Parameter values (obtained from indicated references) used in figures.

Nonlinear cladding

a m*A7?) w (=y,) € Figure number Reference
8.869x 1078 1.29 23 2,3, 4,5 25, 16
Linear substrate
poHo (G) poM, (G) by (=upg) € Figure number Reference
2 2 2 24, 26
500 1000 1.25 1 7 19
500 1750 1 16 8-13 21-23
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FIG. 3. TM waves: Variation of the E, field component across the interface for the wave index values n,=2.645, n, =2.449,
n,=2.36. These refer to curves with descending maximum values. f =90 GHz. @=8.869X10™* m” A~*. Data from Fig. 2.

any self-focused peak has moved out to infinity and all
the power flow is in the nonlinear medium. Figures 3-5
show, respectively, the shape of the nonlinear E,, E,, and
H, electromagnetic field components in the vicinity of
the interface for the n values V'S, \/_6, and V7 con-
veniently chosen to represent typical values in the permit-
ted range 2 <n <2.68.

IV. THEORY OF TE WAVES

In this case the permeability tensor of the linear mag-
netic substrate medium, for this geometry, is

where the magnetization and the external magnetic field
are in the y direction and
wolwy+ @, ) —?

Hxx —HB

>
-
. DOy,
Hx; = IHp 2 ‘M2THp
Wy~ w

are the usual Polder tensor elements, with wy=vuoH,
and o, =ypoM,. H, is the applied magnetic field,
y=1.76X10"" s ! T~ ! is the gyromagnetic ratio, and M,
is the dc saturation magnetization.

(27)

0
Houx Hoxz The electric and magnetic field vectors of the elec-
plo)=] 0 u 0, (260 tromagnetic field for the TE waves take the form
T Hxz 0 Hxx E_—_[O’Ey(z)’olei(kx—wt) ,
0.0 s :
-0.1 ~ 4

0.0 1.0 2.0 3.0

Z(1073m)

FIG. 4. TM waves: Variation of the E, field component across the interface for the data of Fig. 3.
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FIG. 5. TM waves: Variation of the H, field component across the interface for the data of Fig. 3.

H=[H, (2),0,H,(z)]e!** ~ (28)

and the relevant components of Maxwell’s equations for
the nonlinear medium are

oE
a—zy = —iouu tH, , (29a)
- L
kEy—a),uOyN H, , (29b)
0H,
o2 —ikH,= —iw€s € E, . (30

In order to make contact with previous analogous work
on nonlinear TM waves,>> we eliminate E, rather than
H, and H, from Egs. (29), and exploit the 7/2 phase
difference between H, and H, for TE waves with
definitions H, =h,, H, =ih, to obtain

d*h,  dh,

a2 K T Tkbew™hy, (31
oh

a; =——%(k2—k(z)eluNL)hz ) (32)

The first integral is obtained from Eq. (31) by multiplying
it by dh, /9z and utilizing Eq. (32) to give
ah, |°  on?

) dh*
oz k az

on

oh*
+k(2)e“uL—a;—+%k(2)61a

d

dz

0,

(33)

where h?=h2+h2. The integral of Eq. (33) with respect
to z gives
an*h*

2 —e (u; +ah)hi—nh2+ R
[ rh ] 2u, +ah?)

=0, (34

where the constant of integration is zero, since then the

magnetic field components (h,,h,) describe a surface
wave localized at the interface z =0 and n2=k?2/k2.

If we regard the nonlinear parameter a as small, we
can obtain an approximate expression for the first in-
tegral correct to first order in « that has the form

ah?
(2n*—euy h2—n’h*+ a—(nzhz—-k‘u,‘hf):o )
L

(35)

In the linear medium, the differential equation satisfied by

’E
az; —y3E,=0, (36)
where
M,
ﬂv=un+# , Vi=ki—ku, .

The solution of Eq. (36) corresponding to a surface wave
localized at z =0, is given by
E,(2)=E;e'* . (37)

Once again the 7 /2 phase relation between the field com-
ponents, permits the definitions

H.=h,, H,=ih, E,=ie, .

So that the field components 4, and 4,, in terms of e,, are

B XX—ik %4
hx: ﬂ__#_ e, , (38a)
Ol xx Ky
k X)(+i XZ
h= | T (38b)
Ol xxhy
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The nonlinear dispersion relation can now be obtained by
applying the electromagnetic usual boundary equations.
From the continuity of tangential H at z =0 we get, from
Eq. (38a)

Vobtax T ikpy
— | |e, =h,(0), (39)
Opolxx hy
where e; = —iE;. From the continuity of normal B at
z =0 we get
— i h o (0)+ip hyp(0)=i (g +alhy|?)h,,(0) . (40)

The subscripts 2 and 1 in Egs. (39) and (40) denote the
linear and nonlinear media, respectively. Eliminating
h,,(0) and h,,(0) from Eq. (40), with the aid of Eqgs. (38)
yields
P (V abax F i) | (K s F 1Y 2l )
Ofol xx Hy Ol xx Uy

=i[u, +ah?(0)]h,,(0), (41)

er

which can be simplified to

k
——e; =[u; +ah?(0)]h,,(0) . (42)
W L L 1 1

We can eliminate e; from Egs. (39) and (42) and obtain
the relation

:k:u'xle'VAO ’ (43)

where A,=h,,(0) can be regarded as a nonlinear param-
eter.

Equation (43) together with the first integral given by
Eq. (35) determines the nonlinear dispersion relation. In
order to obtain this explicitly, we must eliminate h,,(0)
from these two equations. Although this is difficult to do
for a general nonlinearity, it can be done rather simply
for the case of weak nonlinearity.

Let us rewrite Eq. (43) as

ahgl<0)+aAghzl(o>+th,,(o>+ﬁ%; =0,
(44)
and assume that ah? (0) <<p;, @ A3 <<u;. We set
h, (0)=h]+A, (45)
where
A =— klu‘xx:u’V".‘io (46)
B (Yothax T ikpy,)

and A is O(a), and substitute into Eq. (44). Neglecting
terms of higher order than the first in a, we find that

ahll
A=——HL] (R + 43], 47)

and hence

B~k (1= T[R4+ 421 . (48)
293
If we define
k#xx#V
G=— - , (49)
.u'L(y}u'xx +lk.u'xz)
then h!}’=G A, and Eq. (48) becomes
aAd?l 5
h,~GA, [1— (1+G?) | . (50)
1293

Eliminating h,, and h,, from Eq. (35) in favor of 4, and
G yields the nonlinear dispersion relation in the form

a

nz(Gz—l)—e,Mc;z—2 (G*+1)

1294
X[(3G*—1)n*—2€,u;G*]43=0, (51)

where we have discarded terms of second order and
higher in a. If we let a—0, we obtain

2
2__ e-]IJ‘L(;
nt=——s—
G°—1
which corresponds to the linear dispersion relation of
Hartstein et al.

In Eq. (51) the dominant k terms can be determined by
letting k — + oo to give G2—(G*))?, where now

, (52)

(G2—1)—=2—(G*+1)(3G*—1)4%=0, (53)
ML
which gives
Gio P 1 | M 4 S6adi
3adf 3 |3ad} 3 ui
20 A}
= °=1+—E—. (54)
KL ML

where T=2a A3y, .

V. ASYMPTOTIC LIMITS FOR
LARGE WAVE NUMBER: TE WAVES

As k—+ o, y,—|k| and

HxxMy G(-): T HxxMy
:u'l(:u'xx+i:u'xz) ’ :u'l(:u'xx—il‘l'xz) ’
(55)

G(+):—

so that the large k limits of the nonlinear dispersion equa-
tion are given by

(Byx —ipy, ) —ui=T for k>0, (56)
(Ugx Fipy, ) —ui=T for k <0 . (57)

If I'=0 and the nonlinearity disappears then these limits
yield

B —ip,==+p, for k >0, (58)

with possible solutions
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0, =wyt e O, (59a)
M2~ 1y
2]
w_=wyt W, . (59b)
Oyt "

The original unsquared dispersion relationship is

”‘xx‘iuxz:—#l ’ (60)

however, so that only w_ is an acceptable solution. For
k <0

/-l'xx_'_i/u'xz:i:u’l ’ (61)
with possible solutions
u
®L=—wy— : ®,, , (62a)
Ha— g
H2
O_=—wy— o, . (62b)
O pptuy "

The original unsquared dispersion equation is

Hxx +i:uxz ="Ky, (63)

so that w, must be disregarded. In this case, however,
since w _ is negative no large k limit exists at all.

The inclusion of nonlinearity changes Eqgs. (58) and (61)
to

(W3—pi =T’ +2[ —pd(,, + 0o) + oyui+T)]e

are
2 2 172
,, o, (u3+T)
0=yt 2#2 3 B '; 'ulz for k >0,
py—ui—I py—ui—I
(66)
2
©
o=~ lot
py—pi— I
2+r\)l/2
Baom T T g k<o (67)

2_ 2
py—pi—T
Several cases can now be developed, taking as an exam-

ple a self-focusing situation in which «>0 and I'>0.
The k >0 cases are

case A: p,~u;~1, |ui—u?l <<, I'«x1,

(68)
@o
wzw0+‘2—-+0(r) ,
case B: p,<pu;, 0<T<|ui—p?|,
(69)
o~0 (= 0,
~wgt————
(u3—pH)—T

It appears that when I'~(u;,—pu,), the nonlinearity will
significantly alter the larger k >0 limit. For k <0 we
have

case A: p,~u;~1, |p3—p3l<<T, I'<«1,

+udwyt+w, ) —od(pi+T)=0 for k>0, (64) o, (70)
2.2 2 2 2 o=—w,+—+0(I),
(u3—pi— Do’ +2[pj(w,, toy) —wyui+T)]w 2
. 2_ 2
1w+ o, -3 +T)=0 for k <0. (65) ©as¢ Bt pmy>py, [p3—upil =T, o
Moy —py) Wy
The possible solutions of these quadratic equations, filter- 0=0, m -
ing out the extra solutions that appear through squaring, Ha™ 4 m
€0 T T T T T T -
40 -
20 -
L o
-20 L u
-40 -
]
_60 1 I " 1 e L L 1
0 2 4 6 8 10
f (GHz)

FIG. 6. The effective permeability u, as a function of frequency f. poHy=500 G, pM,=1750 G, y=2m(2.8)

X10°rads™'G™'. p,=pup=1.25.
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Here we see the possibility of propagation induced in the
k <O direction simply by balancing the value of I with

Myl
VI. TE WAVES POWER FLOW

The power flow P, in the direction of propagation is in
this case,

725

PL the power flow in the linear medium, is
Ol Ly 0 2

k:uxx +’72”xz) f*thdz '

If h, is eliminated in favor of A, by means of Egs. (38)

and the z dependence of 4, in the linear medium is given
by

PL=5 (74)

P=1[EHdz . (72) h(2)=Age' . (75)
P™L power flow in the nonlinear medium is Then the result for the power flow in the linear medium is
: 2
Oy oo Opy oo L Oty (K Fiyop,, ) 4G
PNt=—— [ "uNYUH Pdz=—+ [ "uNhldz . (73 pe= : (76)
2k, fo wH Pz =—m ] hidz 73) 4y (¥ oftx Hikp, )
8 , —_— . Y— : —

Power (kWm™)

O " . n ol 1 . I " 1 "
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Wave Index
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FIG. 7. TE waves > 0. (a) Power flow as a function of wave index (k >0). (b) Power flow as a function of wave index (k <0).
1oHo =500 G, uoMy=1000 G. p,=3.24, u,;=pu,; =1.29, €,=¢,=2.3, ,=1. a=8.869X 1078 m> A2 The labels on the curves
mean the following: 1, a; 2, a/2; 3, a/3. u,=pz=1.25.
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f (GHz)

k(cm™)

FIG. 8. TE waves p, <0: Typical linear dispersion curves for a vacuum-bounded semi-infinite ferromagnetic substrate when
wy <0. The curves exhibit three endpoints and the right-hand branch is asymptotic to the horizontal dashed line.'®? p,M,=1750

G, uoHy =500 G, &,=16, p,=1.

The exact evaluation of PN can only be done numerical-
ly for u, <O, but, for u, >0, an approximate analytic
treatment can be carried out that gives rather good re-
sults.> We proceed by using Eq. (29b) to eliminate A, in
favor of e, in Eq. (73) to give

2
k e
——dz . 77
S fo uNLdz (77)

PNL:

If it is assumed that a >0, then the electric field com-

ponent e, reaches its maximum value e, at the value of z
where the integrand is a maximum. We can therefore
write to a good approximation that

ak?
prt— 55 e

2,22 ym
O froty

PN~k Azeyzm / | 20pg

] )

where Az is a suitable interval about the maximum.?

At the maximum of e, de, /dz =0 and hence from Eq.
(29a) we have h, =0. If we take the first integral in the

350 . , : .

300 r

250

200

150

Power (Wm™!)

100 ~

-15 -10 -5

0

Wave Index

FIG. 9. TE waves pu, <0: Power-wave index variation for pu, <0. Curves are labeled as follows. 1, P/10—f=3.25 GHz,
pny=-—16.72; 2, P/10—f =3.35 GHz, u,= —11.85; 3, P/10 (k <0), PX100 (k >0)— f =3.45 GHz, u,=—9.01; 4, P X100—
£=3.50 GHz, uy,=—8; 5, PX1000—f =3.55 GHz, py,=—7.16. €,=€,=2.3, p,=p,; =1.29, ,=16, a=8.869X 10" m* A~ 2.
uoH, =500 G, uyM,=1750 G. Note that P is the true value of the power.
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FIG. 10. TE waves u, <0: Power-wave index variation. The curves, in ascending order, correspond to a, a/2, and a/3. €,=16,
€,=€; =23, uy=—13.91, f =3.3 GHz, uM,=1750 G, uoH,=500 G. u,=1.

form given by Eq. (34) and carry out some elementary (2k2—k(2)eleL)ey2m
manipulations, we obtain

k? ak?
a - 2 4 |
(2k*—k§e,uNMe) — o uduN" ,uLhz-i-?h“ =0. N Hreym wzug(yNL)z"ym =0
(79) (81)
Setting h, =0 and making the substitution
k with
h,=—¢, (80)
OUoUNL “NL=#L+__£_I£_82 . (82)
from Eq. (29b), we can transform Eq. (79) to o’ pud (Nt "
1000 ——————————————————————————
800
TE 600 |
=
2 400 |
o
a
r
200
O A A -
0 2 4 6 8

Wave Index

FIG. 11. TE waves u, <0: Power-wave index variation. The curves correspond to the frequencies 2.97 GHz (—4511), 3.0 GHz
(—170), 3.05 GHz (—62.98), in ascending order. Values of u are given in parentheses.
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FIG. 12. TE waves uy <0: (a) H,, (b) E,, and (c) H, variation across the interface for four different values of wave index,
n =2.62,n,=9,n;=12,n,=18. f=3.25GHz, uy=—6.72, =8.869X 10 * m2 A2,
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FIG. 13. TE waves u, <0: Nonlinearity as a function of distance from the interface.

VII. NUMERICAL RESULTS FOR TE WAVES

A uy>0

The parameters used here are listed in Table I and the
appropriate py,, which is frequency dependent, is given in
the figure captions. In the Voigt propagation geometry
of Fig. 1, TE waves in the linear limit are controlled by
the effective permeability up, that is defined as
Bxx +12, /. Linear surface polaritons can propagate
provided that p;,, <0. A dominant feature of nonlinear
wave propagation, as has already been shown for TM
waves, is the possibility of wave propagation in regimes
for which there is no linear limit. Accordingly, the fre-
quency region to the left of the resonance in Fig. 6, for
which p, >0, is also of interest here and will allow non-
linear waves to be sustained above a threshold power.
Since TE waves are associated with both H, and H, mag-
netic field components they will depend upon the
frequency-dependent p,, and p,, components of the per-
meability tensor as expressed through p .

The power curves shown in Fig. 7 show a power
threshold but the curves now approach infinity both at a
lower cutoff n =1 u, and as n— . The peak of the
self-focused field moves out to infinity for both TE and
TM modes but the distinction between the two modes is
that n has no bound for TE waves, i.e., as the self-focused
field moves out to infinity, » — . One of the features to
be looked for here is whether the nonreciprocal behavior,
often associated with magnetic materials, is present. As
can be seen in Fig. 7, this is not very strong here, with
only a slight asymmetry being detectable.

B. uy <0

py <0in a frequency range to the right of the singular-
ity in Fig. 6. For these frequencies the interface can sup-

port linear TE surface waves. For pu,H,=500 G and
poM,=1750 G, the resonance frequency is f,=3 GHz.
The linear dispersion curves shown in Fig. 8 are well
known, in principle, but have been recalculated here for
ease of reference. They possess several main points of in-
terest. These are (1) defined end or cutoff points, (2)
propagation characteristics to the left (k <0) and to the
right (k >0) that are not symmetrical, and (3) only the
right-hand-propagation dispersion curve having a large
wave-number limit and this tending to the familiar mag-
netostatic limit.

For a sequence of frequencies, labeled (1)-(5), that
cause Uy to line in the range —7.16<pu;, < —16.72 the
variation of the wave index with total power flow is given
in Fig. 9. The curves labeled (1), (2), and (3) lie on both
the kK >0 and k <O branches of Fig. 8, while (4) and (5)
lie only on the k <0 branch. The expected nonreciprocal
behavior shows a strong dependence upon power. For a
given frequency, the power flow can be significantly
greater in one direction than in the other. This could
lead to some interesting experimental possibilities involv-
ing nonreciprocal nonlinear power transfer. Figure 10
and 11 show, on an expanded scale, the k >0 power
curves as the nonlinear coefficient a or w (u ) is varied.
Since the nonlinearity is weakened by diminishing a or o,
higher peak values must be reached in both cases to enter
the strongly nonlinear regimes.

The variation of the H,,H,,E,, field components is
shown in the sequence Figs. 12(a), 12(b), and 12(c) with
the nonlinear medium on the right-hand side. Several
values of frequency are selected corresponding to
different positions on the (u,,f) curve.

As a final numerical example, Fig. 13 shows the non-
linearity, defined as a|H|?, as a function of z measured
from the interface for p1y,= —6.716 and several values of
n. The nonlinearity increases in strength as n increases.
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The absolute values of the nonlinearity appear to be
within the reach of experimental observation.

VIII. CONCLUSIONS

The theory of nonlinear TM and TE wave propagating
along the interface between two semi-infinite magnetic
media has been presented. Exact solutions are given for a
certain type of nonlinear magnetic medium that could be
created artificially.'® Since there has been recent experi-
mental progress on artificial enhanced nonlinear nonmag-
netic dielectric media'? at microwave frequencies, there is
every reason to expect the magnetic systems, also with an
enhanced nonlinearity, consisting of suspensions of mi-
crospheres, can be created. 16 The calculations reported
here, therefore, represent a starting point for a new area
of work in magnetodynamic and magnetostatic wave
propagation.

The power levels required for nonlinear magnetic TM
waves, since they are in the MW/m range, are of course
rather high, and it remains to be seen whether they can
be achieved. For nonlinear TE waves we have u, <0 so
that the situation is rather different. Since p), can be
readily adjusted with frequency for the ferromagnetic
substrate, we are actually presenting the first calculations
in which the required power levels to observe strong non-

linearity can be tuned. Hence, provided that suitably
high a material can be found, it is a relatively easy matter
to adjust i to reduce the power levels needed to observe
strongly nonlinear waves.

In the parallel activity in nonlinear optics the variation
of the mode index with power is often regarded as imply-
ing the possibility of optical switching. Roughly speak-
ing this is because a single power level can be given by
more than one wave index. Furthermore, it is a general
rule that the negative slopes of the power curves are quite
likely to be unstable. Hence in an experiment, involving
the variation of the input power into a surface-guided
wave with its output power, !’ bistability, hysteresis, or
some form of switching’ can be expected. The single in-
terface calculation reported here represents only a begin-
ning for the theoretical foundations, since a thin-film for-
mat, involving a periodic structure, is likely to be more
attractive experimentally. It is hoped, however, this pa-
per will act as a stimulus for further work in this area.
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