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Critical magnetic field of disordered Zr-Cu alloys:
Density of states and spin-orbit scattering time
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The critical magnetic field H, & is measured for disordered Zr„Cu& „ for 0.36&x &0.65 in mag-

netic fields up to 3.5 T and temperatures down to 30 mK. Werthamer-Helfand-Hohenberg theory is

found to describe the data well. The density of states N(0) and the spin-orbit relaxation time ~„are
determined by fitting to the whole critical-field curve. We investigate how accurately these parame-

ters can be obtained from critical-field measurements. ~ is found to depend weakly on the Zr ion-

ic mass. It is suggested that accurate critical-field data can give supplementing information in the

study of weak localization and interaction effects. Evidence is found for some enhancement of N(0)
obtained from the critical field as compared to results from the specific heat, thus confirming an ear-

lier conjecture by Poon. Comparison with several published results suggests that this enhancement

is small and only about 5—10%.

I. INTRODUCTION

The upper critical magnetic field H, 2 of glassy metallic
superconductors has remained controversial in different
aspects. For instance, it is not clear whether H, 2 is
anomalously enhanced at low temperatures' or not,
nor what is the reason for such enhancement. A larger
value of H, z than consistent with traditional Werthamer-
Helfand-Hohenberg (WHH) theory may be due to inho-
mogeneities, ' even on a length scale below 100 A, or
to a depression in magnetic Qeld" of a weak-localization-
induced enhancement' of the Coulomb pseudopotential
p'. Furthermore, it has been pointed out' that accord-
ing to the Fukuyama-Ebisawa-Maekawa (FEM) theory, '

weak localization contributions to H, 2 may be almost in-

distinguishable from the WHH theory in the weakly
disordered region. A method has been proposed to detect
such contributions in glassy metals. '

In order to study an enhancement of H, 2, one must
reach low reduced temperatures t =T/T, =0.2, where

these effects, if present, are most pronounced. This con-
dition has not always been fulfilled in the past which may
have contributed to some of the controversies quoted. In
this paper we report on measurements of the upper criti-
cal field of disordered Zr-Cu alloys in the range from 36
to 65 at. % Zr. These alloys have zero-field T, values

below 2 K, allowing us to reach t &0.1 at moderate field

strengths, &3.5 T, in a dilution refrigerator for most of
the samples.

Within such a series of weakly disordered alloys one
expects at most small variations of disorder. Therefore, if
H, 2 is enhanced, there is a possibility to separate effects
from weak localization and inhomogeneities in a similar
way as reported previously for disordered Nb-Ni alloys.
It is found however that H, 2 of Zr-Cu alloys is generally
well described by WHH theory. We investigate how ac-

curately the spin-orbit scattering time ~„and the density
of states, N(0), can be obtained from H, 2, and compare
our results with published values from the normal state
magnetoresistance and specific heat experiments. In par-
ticular, we discuss if the critical field results for N(0) are
enhanced over those obtained from the specific heat.

II. EXPERIMENTAL DETAILS AND RESULTS

Alloys were prepared by are-melting appropriate
amounts of Zr (nominal purity 99.9 wt. %) and Cu (99.95
wt. %). Amorphous samples were produced by melt

spinning onto a rapidly revolving copper wheel in a vacu-
um chamber filled with argon gas. The cross section of
the ribbons was typically 30 pm X 1.5 mm.

In experiments on metallic glasses there is a possibility
that structural differences between different samples of
similar chemical composition will affect the results.
Therefore we also investigated two samples, ZrspCu5p(1)
and Zr65Cu35 prepared about 10 years ago from elements
of nominal purities of at least 99.99 wt. %. These sam-

ples were characterized previously' and have since been
stored in air at room temperature. The equiatomic sarn-

ple made presently by us is denoted ZrspCUgp(2).
Both sides of the samples were subjected to x-ray

analysis at room temperature (Ni-filtered Cu Ka radia-
tion) and were found to be x-ray amorphous. The resis-
tance of the samples was measured with a standard four-
probe dc technique and low current densities, &0.5
A/cm . The transitions in magnetic field were studied by
sweeping the field at constant temperatures with low
sweep rates of about 1.3 T/h. Thus eddy current heating
could be avoided even at the lowest temperatures. In the
region 1.5-2.0 K the measurements of H, 2 were per-
formed in a pumped He bath between the poles of an
electromagnet, with the field perpendicular to the sample
current. The homogeneity of this magnet is better than
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10 . The temperature was obtained from a calibrated
carbon resistor and from the vapor pressure of the He
bath. Below 1.5 K the measurements were performed in
a dilution refrigerator equipped with a superconducting
solenoid, which provided a magnetic field oriented paral-
lel to the sample current, with a homogeneity of 10
The temperature was measured with a calibrated carbon
resistor.

In order to check the quality of our samples we charac-
terized them in several ways. The superconducting tran-
sition temperature in zero magnetic field, defined as the
temperature where the resistivity is 50% of its value at
4.2 K, is shown in the lower part of Fig. 1, together with
results from the literature. The position of the first peak
in the structure factor k is shown in the top part of Fig.
1. Our results for T, and k are well within the range of
values typical for metallic glasses from different sources.

The superconducting transition widths were defined in
zero field as the temperature interval where the resistivity
changes from 10% to 90% of its value at 4.2 K. In mag-
netic field the widths were defined as the field interval
corresponding to the same change of the resistivity. The
widths in zero field were in the range from 5 mK
(Zr36Cusk) to 32 mK (Zr6oCu4o) with typical values
around 20 mK. In magnetic field typical widths were 80
m T at t =0.6 and 100 m T at t=0.1, with an exception for
Zr36Cu64 where the widths were 15 mT at t=0.6 and 20
mT at t=0.3.

k k kk
kg

k
k

k
k k

k

k
k

k
k

k

36 64

40 60
& Zr Cu

43 57
o Zr Cu (2)
~ Zr Cu (1)

Zr Cu
60 40

65 35

k

0.0 0.5 1.0 1.5 2.0
Temperature (K)

FIG. 2. Upper critical field of glassy Zr-Cu alloys.

The two samples Zr5oCuso(l) and Zr65Cu35 which had
been stored for an extended time, did not show any relax-
ation effects. The samples had retained their shiny metal-
lic surfaces. The transition temperatures were the same
and the transition widths similar to the results of the pre-
vious measurements. ' '

The results for H, z are shown in Fig. 2. We reach
t(0.1 for all samples except ZrkoCu6o (t;„=0.19) and

Zr3$CU64 (t;„=0.28). The change of experimental equip-
ment at about 1.5 K is barely visible in the data. When
measurements are performed close to t = 1, one can some-
times observe a small region of anomalous curvature of
either sign, ' ' ' such as for Zr60Cu~ in Fig. 2. This
effect is not well understood. It somewhat increases the
error in the parameters determined in the fitting pro-
cedures.
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III. ANALYSIS AND RESULTS OF
FITTING PROCEDURES

A. WHH theory

The WHH theory gives a solution to the linearized
Gor'kov equations for H, 2 of a bulk weakly coupled
type-II superconductor, including effects of Pauli spin
paramagnetism and spin-orbit scattering. In the dirty
limit (i.e., short electron mean free path), which is applic-
able for amorphous metals, one obtains H, 2(t) as the
magnetic field 8 which satisfies
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FIG. 1. Results for Zr-Cu metallic glasses. Top: First peak
in structure factor k~ (=4m. sin8/A, ). 0: Ref. 16, ~: present re-
sults. (1) and (2) denote the two Zr, OCu&0 alloys from different
sources described in the text. Bottom: Superconducting transi-
tion temperature X: Ref. 17; A: Ref. 18; D: Ref. 19; o: Ref.
20; V Ref. 21;0: present work.
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at t =T!T, . 4 is the digamma function,
y—:[(ah ) —( —,'A~) ]', h =eBDlk~n. T„D is the elec-
tronic diffusivity, iE„ the spin-orbit interaction parame-
ter, and a the Maki paramagnetic limitation parameter.
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a can be calculated either from the normal state resistivi-

ty and the normal state electron specific heat, or from the
slope of the critical field curve at T, . In the latter case

dH, 2a = —0.528
dT T=T,

(2)

with H, 2 in Tesla.
When fitting the theory to experimental data it is con-

venient to use a reduced critical field h ' =h /
(
—dh ldt), &=n. h l4, which can be calculated from ex

perimental results by

O

10—
rms minimum

area where rms is less than
twice the minimum value

he= f4%

H, 2( T}h'=—
T, (dH, 2ld T)T

(3)

B. Fitting procedures

Critical-field data are often analyzed by fitting a
straight line to the region close to T„which gives a from
Eq. (2}. As has been pointed out such a procedure al-

ways underestimates a.
Following Ref. 6 we have regarded both a and A,„as

adjustable parameters and searched for the combination
of these parameters which gives the lowest root-mean-
square value (rms} calculated from all data points for
each sample. For each tested value of a we computed
h'(t) and h(t) from Eqs. (2) and (3). a and }I, were
varied in a grid net, and for each point in this net, the
rms value of a fit to Eq. (1) was calculated. We get good
fits of the WHH theory. Figure 3 shows an example of
such a fit. For one sample, Zr43Cu57 the renormalized

H, z coincides with the WHH maximum curve.
It is of interest to determine how accurately a and A,~

can be obtained from the critical field. This uncertainty
was estimated in the following way. First we calculated
the area in the a-k,„plane where the rms value of the fit
is equal to or less than twice the smallest rms value. An
example is shown in Fig. 4 for the same sample as in Fig.
3.

hu =+4%

1.50 1.55
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FIG. 4. Illustration for Zr, oCu50(1) how confidence intervals
for a and A,„are obtained. The vertical lines represent the max-
imum variation of a as determined from Fig. 5.
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FIG. 3. Example of a fit to the WHH theory with parameters
given in the figure. Insert: low t-region of a fit with a and k at
one end point of the area shown in Fig. 4.
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FIG. 5. H, 2 close to T, for Zr50Cu, 0(l). The two straight
lines show the extremal values of the critical field slope that are
consistent with experimental data.
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Sample

TABLE I. Results for disordered Zr-Cu alloys.

+ha(%) (0) rms(10 )

Zr36Cu
Zr40Cu60

Zr43Cu»
Zr50Cu&0(1)
Zr5OCu50(2)

Z160Cu40

Zr65Cu3g

1.22
1.41
1.44
1.54
1.45
1.55
1.46

2.8
7.9
0.9
4.1

1.5
8.4
4.0

3.0
6.0

3.9
8.6
1.87
2.0

1.9—6.2
2.1 —& 100

2.5 —7.6
6.2 —13.1

1 ~ 1 —4.4
1.4—3.1

0.631
0.645
0.693
0.617
0.655
0.573
0.586

2.33
3.82(2.10
2.42
4.70
4.67
2.71

For a few samples the rms minimum is rather shallow
which makes the plotted area more extended, especially
toward high A.~ values since the WHH theory is insensi-
tive to large changes of A, in this region. Taking twice
the minimum rms value as an estimate of the error is a
rather conservative measure which clearly affects the
quality of the fit. This is illustrated in the insert of Fig. 3
which shows the low-t region of a fit to the experimental
data with parameters at one extremal point of the region
displayed in Fig. 4.

Equation (2) provides a second method to investigate
the uncertainty in a. Straight lines were fitted to the data
in the region 0.8~t &1.0. Figure 5 illustrates two ex-
tremes, obtained by allowing the rms value of the fits to
reach twice the minimal value. For the sample in Fig. 5
this implies a variation of the slope within +4%. It can
be seen that these lines are at the limit of being consistent
with experimental data. The corresponding range of
variation of a values is shown in Fig. 4. We estimate the
errors in a and A, to be well restricted to the intersection
of these two areas.

The results for a and A, and their estimated errors are
shown in Table I. The values obtained for h'(0) and the
rms deviation in the best fit are also given. In the WHH
theory one always has h '(0) ~ 0.693.

data of $amwer and v. Lohneysen' below 70 at. %%uoZ rare
shown in Fig. 6. For larger Zr concentration, minute
crystallites can distort measurements of the resistivity in
otherwise amorphous samples. This may be the case,
e.g. , for Zr74Cu26 in Fig. 1 of Ref. 17, where the tempera-
ture coefFicient of resistance deviates from the trend of
the other alloys in contrast to the linear relation between
A. and dpldT expected for disordered Zr-based alloys. 24

Therefore the critical field datum for this alloy has been
omitted in Fig. 6. Specific heat on the other hand mea-
sures a bulk property and the different open symbols
show all results from several sources. '7'

Disregarding for the moment the straight lines in Fig.
6, the results are in agreement at the level of about 10%
in N(0). This remains valid also when results from the
critical field slope close to T, are included, and reinforces
the conclusion that at this level the simpler method to
evaluate N(0) is adequate and that consistent results are
obtained from the specific heat and critical magnetic
field. $ince in $ec. IV below we want to investigate the
possibility of small systematic differences between specific
heat and critical field results for N(0), results evaluated
from the critical field slope have been omitted in Fig. 6.

It can be noted that this agreement between different

C. The density of states

In order to compare the density of states with results
from other experiments without having to rely on esti-
mates of the electron-phonon coupling A, , we calculate
the unrenormalized N(0) from

N(0) =- hf dHq
(4)

4k&L pd dt

L is Avogadro's number, d the mass density, M the
molecular weight, and p the normal state resistivity. For
the densities and the resistivities we have used least
square fits to our own and published data, ' ' ' which
minimizes the errors in d and p. These errors are below
2%. p and d in Eq. (4} should be evaluated in the normal
state close to T, . p(4.2) is larger than p(290} by several
percent and we correct for this difference, while the
differences in densities are expected to be smaller by an
order of magnitude and are neglected. The results are
shown in Fig. 6. An error estimate is indicated for a
representative point.

The results from Poon's analysis' of the critical field
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FIG. 6. Density of states for Zr-Cu alloys. Open symbols:
from specific heat; filled symbols: from H, 2 using the whole
critical field curve. 0: Ref. 17; 6: Ref. 25; 0: Ref. 26; V:
Ref. 27; S: Ref. 13; : present work. An er'ror bar of about
6% is shown for Zr, OCum(1). Two linear least square fits are
shown; dotted line: specific heat data only; dashed line: critical
field data only. Note that the unrenormalized N(0) is plotted,
which thus contains a factor (1+A, ).
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results for N(0) apparently breaks down for highly disor-
dered sputtered Zr-Cu alloys, ' where the results from
the critical field slope are similar to the trend in Fig. 6
but the specific heat results are much larger and may in-
clude some additional disorder contribution.

D. The spin-orbit scattering time

From A,„we can determine the spin-orbit scattering
time ~„by

~„'=3mk T, A.„/A . (5)

The results are shown in Fig. 7. The error in these results
is much larger than for a; a factor of 2 uncertainty would
generally be expected. There is good agreement however,
between our data and those of Poon' at 60 and 65 at. %
Zr, which supports the consistency of the two analyses
and suggests that the small differences in N(0) between
Poon's results and ours in Fig. 6 may be due to errors in
the resistivity.

Alternatively, v;, can be obtained from the normal
state magnetoresistance of disordered metals. The pres-
ence of superconducting fluctuations adds further com-
plications to these analyses. We have found two such re-
sults for ~„ofdisordered Cu-Zr alloys, both for Zr43Cu57,
one from the temperature range from 1.2 to 15 K in
fields up to 6 T, the other from 4.2 K and 30 T. In the
latter case Auctuations are expected to be effectively
quenched, and this result should be more reliable. Never-
theless the two estimates agree well as shown in Fig. 7.
Also in magnetoresistance it is difftcult to determine r„
within a factor of 2 or more. Examples were given re-
cently for Cu-Ti alloys. ' Therefore the agreement be-
tween magnetoresistance and critical-field results in Fig.
7 is quite satisfactory and suggests the possibility to ob-
tain supplementing information from accurate critical-
field data in the study of weak localization and interac-
tion effects.

The spin-orbit scattering rate ~,, increases with atom-
ic mass. The electrons at the Fermi surface of disordered
Zr-Cu alloys are predominantly of Zr-d character. We
simply assume r,, -Mg„where Mz„ is the Zr ionic
mass. This concentration dependence is shown in Fig. 7
for y =2 and 4. The data are consistent with the general
form of such a mass dependence. It is not possible to
determine an exponent from the present experiments, but
we can conclude that it is likely to fall in the range 2—4,
which is significantly smaller than values in the range
8-12, sometimes suggested.

IV. DISCUSSION OF ENHANCEMENT EFFECTS

A. )'t (0)

The WHH theory can be fitted to our critical field data
with reasonable values of ~„except for Zr43Cu57 As
mentioned, the maximum WHH curve fits the data for
this sample, corresponding to infinite spin-orbit scatter-
ing rate. This result is not understood. Inhomogeneities
are a less likely explanation since the superconducting
transition widths are small for all of the present samples,
and the width for Zr43Cu57 is even below the average of
the other samples. From an investigation of several
glassy alloy systems, a trend was found for increased
values of h'(0) with increasing atomic number. This can
clearly not be applied to a series of alloys in one alloy sys-
tem such as in Table I, where in contrast there is a weak
trend of a decrease of h '(0) with average atomic number.
It was found that h'(t=0. 3) increased with resistivity for
a number of amorphous superconductors' and the same
trend was found in glassy Nb-Ni alloys, where
h "(0))0.693, and interpreted in terms of a weak localiza-
tion effect. This observation is possibly related to a high
value of h'(0) for Zr43Cu57 since p is large here. It can-
not explain the results in detail because the maximum in

p as a function of Zr concentration actually occurs at a
somewhat smaller concentration. Obviously the question
why H, 2 is enhanced in some alloys and not in others
deserves further attention.

B. N(0)

10—
CO

0

I

40 50 60 70
Concentration of Zr (at.%)

FIG. 7. Spin-orbit scattering time for Zr-Cu alloys. V': from
magnetoresistance, Ref. 29; 6: from magnetoresistance, Ref.
30; 0: from critical field, Ref. 13; ~: present work. Error bars
are shown for two representative points. The two curves illus-
trate r,, ' -M$, .

It can be seen from Fig. 6 that the critical-field data for
the density of states at the Fermi level NH (0) are not

c2

randomly scattered in the specific heat data N, (0), but
tend to lie in the region of larger values of N(0). We as-
surne that N(0) is linear in concentration and analyze this
difference by fitting straight lines separately to the NH (0)

c2

and N, (0) data. These two lines are shown in Fig. 6. The
scatter of the data around the two lines are similar
with rms values somewhat above and below
0.08(atom 'eV ') for N, (0) and NH (0), respectively,

c2

corresponding to 4—6% of N(0). The difference between
the two straight lines is somewhat larger. We conclude
that there is some evidence for a small enhancement of
order 5 —10%%uo of N(0) obtained from the critical field as
compared to results from the specific heat.

Strong-coupling corrections would not seem to b-



41 CRITICAL MAGNETIC FIELD OF DISORDERED Zr-Cu. . . 6713

relevant for the present alloys. Rainer and Bergmann
calculated a correction factor to Eq. (4) for several typical
electron-phonon spectra and for amorphous metals this
factor was within 1+0.05. Wong et al. considered
strong-coupling corrections to critical-field parameters in
an intuitive way and found them to be small. In addition,
the present alloys are rather weak or medium-coupled su-

per conductors. Even for a small disorder induced
enhancement of p* to a value of 0.15, one is in the re-
gion A. &0.6 for all of the present alloys, where any
strong-coupling corrections would be less important.

Weak localization contribuEions were considered by
Poon' in a calculation from the FEM theory. ' An
enhancement factor [ [NH (0)/N, (0)]—1 I was calculat-

c2

ed as a function of EFr/A. Here EF is the Fermi energy
and r the (elastic) relaxation time. According to this cal-
culation an enhancement of 5 —10% corresponds to
EFr/fi in the range 3—4. In a free electron model
EFr/fi=[(3m ) R]/(2e n'r p) with n the number den-
sity of carriers. For n in the range' (5—9)X10 m
and p= 170 pQ cm one obtains values for EFr/A between
2.5 and 3.1. Considering the rough nature of this calcula-
tion the agreement with the model is fair.

Our enhancement is smaller than 15—20%, as ob-
tained by Poon. ' Such differences may be due to some
difficulty in the analysis, such as finding correct values for
p, or possibly to systematic differences between samples
from different sources. Our analysis is based on average
properties of samples from several sources. The NH (0)

c2

results in Fig. 6 are obtained from three different sources
and the N, (0) results from one of these and three other
sources. This gives some confidence in an enhanced

NH (0) as a general average property of Zr-Cu metallic
c2

glasses.

V. CONCLUDING REMARKS

Summarizing, we have shown that for disordered Zr-
Cu alloys, results for N(0) at the level of about 5% and
for w„within a factor of 2 can be obtained from measure-
ments of the critical field over an extended temperature
range down to below about t=0.2. By comparison with
several results from specific heat measurements, a small
enhancement of N(0) from H, 2 can be inferred, of order
5 —10% in qualitative agreement with predictions from
FEM theory.

It is not known how ~„ is affected when small correc-
tions from the FEM theory in the weakly localized re-
gime are included in the WHH theory. However, the
agreement in Fig. 7 between results for ~„ from magne-
toresistance and critical field suggests that at the level of
accuracy illustrated in the figure, ~~ is not influenced by
possible FEM corrections. Critical-magnetic-field mea-
surements would thus seem to be a useful supplement to
the study of weak localization and interaction effects by
magnetoresistance.
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