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Transport model of thermal and epithermal positrons in solids. I
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Epithermal positron transport in solids is treated by employing a one-dimensional Boltzmann
equation, which, in combination with the diffusion equation for the thermalized positrons, gives rise
to a more realistic model for transport of positrons implanted into solids with variable energies.
Thermalization is accounted for by the averaged inelastic scattering of the epitherma1 positrons, al-

though the epithermal positron energy distribution cannot be predicted from this model.

I. INTRODUCTION

Variable-energy positron beams have been utilized for
studying various aspects of the properties of solids in re-
cent years. ' After positrons are implanted into the solids
and experience energy degradation, an implantation
profile is usually assumed for the "stopped" positrons,
and their subsequent transport is described by a diffusion
equation. Although this picture has yielded a lot of in-
formation on positron transport characteristics as well as
material defects distributions, there have been some
difficulties in understanding the experimental results.
For example, the temperature dependence of the diffusion
coefficient of several metals has been found to contradict
the prediction of T ' behavior. Huomo et al. have
suggested that the deviation is associated with the non-
thermal positrons. In their data analysis, the low-energy
spectrum is neglected, with the high-energy data giving
reasonable agreement with the T ' behavior. Another
example is the total reflection of thermalized positrons as
T~O K predicted by Nieminen and Oliva. Initial ex-
periments carried out at Brookhaven found disagreement
with this prediction, * but recently, the experiment of
Britton et al. has indicated that quantum reflection at
low temperature does occur. The question naturally
arises as to whether the inconsistency is fully attributable
to the nonthermal positrons. Other explanations, such as
inelastic processes at the surface, ' have also been sug-
gested.

Theoretically, the direct employment of a diffusion
equation for the implanted positrons is inappropriate in
that the thermalization is not correctly treated. When
fitting the diffusion equation to the experimental data, the
measured signal will actually be a mixture of positron
thermalization and transport effects, so it is necessary to
develop a model that will take into account the non-
thermal positrons and their thermalization. This kind of
model will help distinguish between the contributions of
thermal and epithermal positrons to the detected signal.

In other experimental efforts, epithermal positrons
have been discussed in the context of probing near sur-
face trapping centers, " reemitted positron energy spectra
from ionic solids, ' and rare-gas solids, ' as well as Ps for-
mation by picking up electrons at the surface by the
back-diffused epithermal positrons. ' These and some re-

cent developments of variable energy positron beams
probing multilayered structures also give rise to the need
to be able to take into account the epithermal positrons.
Experiments on thin metal overlayers, ' where the posi-
tron experiences an acceleration by the interfacial dipole
and are not treatable by the ordinary diffusion model for
thermal positrons have been performed. We have extend-
ed our present model to the reemission fraction of epi-
thermal positrons for a bilayer system. The results are
planned to be presented elsewhere. '

Previous efforts in modeling the epithermal positrons
have not been satisfactory. Howell et al. ' scaled the
available data for electron total backscattering in order to
fit their nonthermal positronium measurement, which
yielded a E ' dependence of the positronium intensity on
the incident positron energy. Another approach by Brit-
ton et al. ' is inappropriate in several respects; for exam-
ple, elastic scattering with mean free path (mfp) 20 A is
used to characterize the escape depth of epithermal posi-
trons, while we characterize this length as the thermaliza-
tion length, which is more related to the inelastic mean
free path. Further, the depletion of the reemit ted
thermal fraction at low energies because of the epi-
thermal positron's presence is not considered in Ref. 17.
Apart from these direct attempts to model epithermal
positron transport effects, related work has also been
done on epithermal positron trapping during the positron
thermalization process. ' Epithermal trapping can ex-
plain the positron lifetime data and the observed non-
thermal positron sensitivity to near surface defects.

In this paper we will present a simple model describing
both thermal and epithermal positron transport in solids;
the theory is discussed in Sec. II, with discussions of the
results in Sec. III, and the summary given in the last sec-
tion.

II. THEORY

Our model will be based on the following assumptions.
(i) Positrons as they are described by the stopping

profile are epithermal. The stopping profile used here
wi11 be an exponential. The changes in the shape of the
profile wi11 not alter any of the conclusions of this paper
but wi11 make some quantitative difference. ' Monte Car-
lo simulation of positron stopping in solids has been
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treated to be complete when their energies are in the
range of 30 eV, ' which does not justify the application of
the thermal positron diffusion equation with the obtained
stopping profile. However, at relatively higher positron
incident energies, the principal part of the "stopped" pos-
itron profile will not differ very much from that of
thermal positrons, as will be shown later.

(ii) The epithermal positrons will be treated only in an
average sense for mathematical simplicity and a clear
physical picture. All epithermal positrons are represent-
ed by a single epithermal level. They are assumed to
have the same velocity and the same average elastic and
inelastic scattering rates. It should be noted that the
scattering rates mentioned here are not simply related to
the corresponding energy-dependent mfp because of the
simplified one-level approximation and also because of
the nonlinearities of the thermalization rate. They corre-
spond to the thermalization length in other situations. '
For example, in thin metal film measurements, " the
mean free path of epithermal positrons is found to be
30-35 A, while the least length required to thermalize
the hot positrons is = 100 A.

(iii) Thermal positrons will still obey the diffusion equa-
tion approach. Consistent with the developed one-
dimensional diffusion equation for thermal positrons, we
adopt a one-dimensional steady-state equation for epi-
thermal positrons. When positrons are stopped, they will
subsequently transport as epithermal positrons, governed
by the various scattering mechanisms. Those that are
scattered elastically will remain as epithermal during
their transport in the solid, while those that suffer an in-
elastic scattering event will be assumed to be fully
thermalized and obey the diffusion equation for thermal
positrons. Thus, the source of the epithermal positrons is
the incident positrons as they are described by the im-
plantation profile, and the source for thermal positrons is
the inelastically scattered epithermal positrons. Thermal-
ization is simply represented by the inelastic scattering of
epithermal positrons. The inelastic scattering could be
due to electronic collision, phonon scattering, etc. The
order of magnitude of the thermalization time is =10 ps,
which makes the use of a steady-state equation accept-
able.

The treatment of the one-dimensional epithermal posi-
tron transport developed here is based on the work of
low-energy electron transport in solids. If the posi-
tron current is I, (8,x) (8 is the scattering angle), and

y,&, y;„represent the average elastic and inelastic scatter-
ing rates per unit length, S(x)dx is the rate at which the
positrons are being implanted between x and x +dx, the
bulk annihilation and trapping rate per unit length is y„
then the equation for the current (see Ref. 25) is

dI, (8,x)
cos8 = —(y,i+y;„+y, )I,(8,x)

+X.i ~. ~' & +

J,(x ) = II,(8,x )cos8 dtv (2)

and the total density of epithermal positrons n, (x} at
depth x is

n, (x)=—J I, (8,x)dw,1
(3)

1 dI+ S(x)(I —I ) —(y+y)r +
a dx 2 + '" ' + 4~

(4)

1 dI
a dx

(I+ I )+(y—;„+y,)I +

where I+,I represents the two-stream in + or —x
directions. The Aux and the density in (2) and (3) are
then expressed as

J,(x)= (I+ I ), —2'
a

n, (x)= (I+ +I ) .=2K

(6)

From Eq. (4), forward moving positrons are depleted by
scattering, annihilation, and trapping, while being aug-
mented by the elastically scattered backward moving pos-
itrons; the opposite is true for the backward stream.
Combining Eqs. (4) and (5) yields

1 (I+ +I ) = —(y,i+y;„+y, )(I+ I ), —
a dx

(8)

1 d S(x)(I+ I ) = —(y;„+—y, )(I+ +I )+ (9)

Substituting (9) into (8) and employing at the same time
the relation between I+,I and n„J, [(6) and (7)], we

obtain a diffusion equation for the epithermal positrons:

d n, (x}
z =(y;„+y, )vn, (x) S(x) . —

a (y;„+y,i+y, ) dx

The corresponding flux density is

dn, (x)
J,(x)=-

'(r;.+r,i+y. }

with an effective diffusion coeScient

(10)

where v is the velocity of the epithermal positrons.
Analytical solution of the integrodifferential equation

(1) is in general unavailable. People have mostly adopted
a two-stream approximation in which the particles are as-
sumed moving either in the +x direction or —x direc-
tion. Elastic scattering will result in the particle moving
in one direction joining the opposite direction stream.
This approach can also be generalized to any finite num-
ber streams, but here we will treat the two-stream ap-
proximation only.

Assume the average scattering angle is 8 and

a = 1/cos8; then the two streams approximation gives

where dw is the differential angle element.
The total epithermal current J,(x) at depth x is

D, =
a'(r.)+r;.+r. }
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For the thermalized positrons the diffusion equation gives

d n, (x)
D, —

A,,sn, (x}+S'(x)=0,
dx

(12}

where S'(x)=y;„vn, (x) is the rate of thermal positrons
being fed into x to x+dx because of the inelastically
scattered epithermal positrons, n, (x) is the density of
thermalized positrons, A,,z is the effective annihilation
and trapping rate, and D, is the diffusion coefficient for
thermal positrons.

Equation (10}indicates that epithermal positrons either
diffuse back to the surface or are inelastically scattered or
are trapped and annihilate with electrons. If y;„»y„
the annihilation and trapping fraction may be neglected
compared to the high inelastic scattering rate, and the
diffusion behavior of epithermal positrons is then seen to
be limited by frequent inelastic scattering. Thus, for dis-
tances far greater than the average inelastic mean free
path I;„(thermalization length) from the surface, there
will be a negligibly small fraction of epithermal positrons
reemitted. Those epithermal positrons implanted deep
inside the solid will become effectively thermalized while
they are diffusing back to the surface. Equations (4}—(12)
give the mathematical description of the positron
thermalization and the transport of positrons before and
after thermalization.

In the following we will solve Eqs. (4}—(12) by assum-
ing a totally absorbing boundary, i.e., n (x)~„o=0. The
S(x} is the implantation profile in a steady-state trans-
port equation that corresponds to a time-averaged rate of
feeding the epithermal positrons into the solid. We as-
sume an exponential profile given by

S(x)=(1/xo)exp( —x/xo), (13)

where xo =( A /p)E", E is the incident positron energy, p
is the density of the material in g/cm, A and n are con-
stants, [n =1.3 —1.8, while A =400 A/(keV)"]. The
Green's function for a difFusion equation similar to (10)
or (12) that is defined in a semi-infinite space and has a to-
tal absorbing boundary is

G (x,x') =(1/2PD) I exp( —P~x —x'~ )

For thermal positrons with diffusion length 1/P„Eq. (12)
gives thermal positron density

—x/xO —P,x —P x —P, x
e ' —e ' e ' —e

(16)
P, —1/xo

1
n, (x)=

Dtxo p2 p2

and the total thermalized positron fraction

F,h
= I S'(x }dx

V (y,i+y;„+y, )/(y;„+y, ) .
+xoP

(17)

The fraction of epithermal positrons that reach the sur-
face is then

D,
I3,

vf;„xp xp
(18)

while the fraction of thermalized positrons that have re-
turned to the surface is

1 1

P, +1/xo
1

P, +P,
(19)

The results will be discussed in Sec. III.

III. DISCUSSION

1
F, =

1+xoP,
(20)

for an exponential implantation profile and totally ab-
sorbing boundary in a semi-infinite space. Here xp is
defined the same as in (13).

To make a comparison with (20) we will first discuss
the results obtained from our model when inelastic
scattering due to phonons or electrons is dominant, and
the sample is pure enough that epithermal positron trap-
ping can be neglected. We have the following relations:

With the one-dimensional thermal positron diffusion
equation approach, it is found that the fraction of
thermal positrons returning to the surface is

—exp[ —P(x +x')]), (14)
Xln» Xei » 1'a

where 1/13 is the diffusion length and D is the diffusion
coefficient. For epithermal positrons, Eq. (10) yields

and

n, (x)=

where

1 —x/xo —p x
(e ' —e '),

VXInXO

P, =ay,„, xo =(a xoy;„—1)/a xoy;„.

The fraction of epithermal positrons that experience in-
elastic scattering and become thermalized is

P, =av'(r;. +r. )(y,.+r.+r.i), xo'Fin
F,h 1+axon, „

(21)

xo = V (y;„+y, )/(y;„+y, +y„) .
axo~eym

Thus

x/xo P x
S'(x)=y;„vn, (x)= (e ' —e '

) .
xp

This fraction tends to unity when inelastic scattering is
dominant and when the implantation depth of the posi-
tron is much greater than the thermalization length. To
some extent this justifies the use of the thermal positron
diffusion equation solution with an as-implanted profile
(13) when the incident energy of the positrons is very
high.
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The fraction of thermal positrons that returns to the
surface is

J, = 1 1

P xo+xoxo P xo+ay xo

and that of epithermal positrons is

J, = 1

1+exp@;„

(22)

(23}

when ay;„xp&&1. It is seen that the fraction of epi-
thermal positrons returning to the surface is proportional
to E " (n =1.5) with E the positron incident energy.
Thus, it is possibl'e to experimentally evaluate n by
measuring the epithermal positron flux at the surface.
Howell et al. ' deduced from their experiment that the
nonthermal positronium yield at the surface is propor-
tional to E ' but not E ". Apart from the simplicity of
the present model and insufficient experimental accuracy,
other reasons for the inconsistency may be a nonlinear
branching ratio for the returned epithermal positron to
pick up an electron at the surface and form positronium.
!tmay also be true that the implantation depth at low en-
ergy is simply not a power-law relation with the incident
energy of the positron. In fact, there are no results on the
shape of the positron stopping profile when incident ener-

gy is below 500 eV.
The source profile for thermal positrons in this case is

evaluated as

S'(X)=
2 2xp Fin —x/xo

(e ' —e rm
) (24)

This profile can be well approximated by (13) when the
positrons are deeply implanted and inelastic scattering is
dominant, i.e., ay;„xp &&1.

It is clearly seen by comparing (22) with (20) that the
fraction of returned thermal positrons is changed when
the thermalization process is considered. This eft'ect is
especially large when the implantation depth xp is small-
er than or comparable to the average thermalization
length. In Fig. 1 we have plotted (20), (22), and (23) for a
thermalization length (I/y;„)=100 A, and a diffusion
length for thermal positrons =800 A with a taken to be
2 (other figures use the same parameters}. Equation (20)
gives the reemitted thermal positron fraction (dashed
line), which decreases monotonically with incident posi-
tron energy. Its slope is characterized by an energy cor-
responding to P, . The solid line is the reemitted thermal
positron fraction from our model [Eq. (22)]. It coincides
with (20) at high positron incident energies, but is deplet-
ed at low incident energies because of epitherrnal positron
reemission. The dotted line represents the reemitted epi-
thermal positron fraction from Eq. (23). The inset of Fig.
1 is the low-energy part; it shows that the deviation of
our model from the standard diffusion mode1 starts
around 3 keV. This is in agreement with the data
analysis carried out by Huomo et al. , which emphasizes
positron incident energies above 4 keV.

Figure 2 shows the ratio of reemitted epithermal posi-
trons to total reemitted positrons. It is seen that the epi-
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FIG. 1. Plots shown for the reemitted thermal positron frac-
tion from the simple diffusion model [dashed line —Eq. (20)]
and from the present model [solid line —Eq. (22)]. The dotted
line is the reemitted epithermal positron fraction [Eq. (23)]. The
inset is the enlarged view of the low-energy part.

thermal positron contribution decreases with increasing
positron incident energy. This is to be compared with ex-
perimental data for Cu. They are in general qualitative
agreement. Overall quantitative agreement is unrealistic
here, not only because of our simplified treatment of epi-
thermal positrons, but also because of the inaccuracy of
the experimental data, which was obtained by measuring
the energy distribution of reemitted positron, and sub-
tracting the thermal portion from it to evaluate the epi-
thermal fraction.

Figure 3 shows the total thermalized fraction as ob-
tained from (17). It is in general agreement with the
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FIG. 2. Shows the ratio of reemitted epithermal positrons to
total reemitted positrons as a function of incident positron ener-
gy. Experimental results for the ratio of reemitted epithermal
positrons to the total positrons reemitted from a Cu(111) surface
are also shown (Ref. 26).
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FIG. 3. Total thermalized fraction of the implanted positrons
as a function of incident positron beam energy [Eq. (21)].

above discussion, and more clearly indicates the non-
negligibility of epithermal positrons below = 3 keV.

Apart from the positron incident energy dependence of
epithermal positrons discussed previously, the change of
other experimental geometries or material properties may
also induce substantial contributions from epithermal
positrons. Since the effective thermalization depends on
the material properties such as the band gap, the electron
gas density for a metal, and the available energy loss
mechanisms for thermalization (e.g. , the absence of opti-
cal phonon branches in materials with one atom per unit
cell will make the thermalization length longer}, there
will certainly be differences in the parameters y;„, y, ~,

etc., for different materials.
For example, in ionic and rare-gas solids, ' ' the in-

cident positrons rapidly lose energy by means of
electron-hole creation and Ps formation, but below the
threshold for Ps formation, the only available inelastic
channel is phonon scattering. The relatively high initial
stopping energy caused by the lack of effective energy
loss channels enables the epithermal positrons to have a
large diff'usion length (which can in some cases be larger
than the thermal positron diffusion length limited by an-
nihilation), and the reemission of epithermal positrons
can dominate even at high positron incident energy. The
use of our model for fitting the variable energy positron
beam experimental results will be helpful in evaluating
some energy loss as well as material dependent informa-
tion. The low-energy contribution should be especially
sensitive to these kinds of properties because of the above
discussed epithermal positron effects at low incident posi-
tron energies for most materials, but epithermal positrons
effects at high incident positron energies cannot be
neglected.

The other important case is when the trapping rate be-
comes high enough that it is comparable to or even larger
than the inelastic scattering rate. "' Then the bulk an-
nihilation (mostly due to trapping) is not negligible. The
trapping of epithermal positrons has been discussed at
length in Ref. 18. It is found that trapping before
thermalization can be a significant part of the total trap-

ping. In this case the annihilation line-shape S parameter
can be written as

S =Fp(S„Fes+S,dS,d )+F,h(StsF„+SdF~d+SbF~t, ),
(25)

where e represents the epithermal part, t the thermal
part, and s, d, and b represent, respectively, the surface
trapping, defect trapping and bulk annihilation in the
free state. S is the annihilation line-shape parameter, and
F is the corresponding fraction. Annihilation of free bulk
epithermal positrons are neglected here because they are
likely to be insignificant in all materials compared to ei-
ther the inelastic scattering or the trapping rates. The
effect of epithermal trapping on F-parameter measure-
ments is that P, and xo will be dependent on the trapping
rate, affecting the thermalized positron fraction as well as
the fraction returning to the surface, as can be seen from
Eqs. (17}—(19).

IV. SUMMARY

We have treated epithermal and thermal positron
transport in solids with a simple three-step model, i.e.,
implantation, thermalization, and diffusion, which is
more complete than the previously used implantation-
diffusion two-step model. The epithermal positron con-
tribution to the F parameter is discussed. It is found that
when inelastic scattering is dominant over elastic scatter-
ing and bulk trapping, the thermal positron diffusion
equation approach is a good approximation at high posi-
tron incident energies. Otherwise, the effects of epi-
thermal positrons have to be examined before any quanti-
tative conclusions can be made. Similar results can also
be obtained for the positron annihilation line-shape S-
parameter measurement from our model. Future experi-
mental work is expected to yield more precise informa-
tion on both thermal and epithermal positrons for corn-
parison with the developed model. The use of epithermal
positrons in studying solids as presented in Ref. 11, when
combined with a proper model description, will yield irn-
portant information on material surface and near-surface
studies. Variable energy positron beams are superior to
the presently available electron methods in this respect
because in many materials, positrons will have a small
positive or even negative work function. ' These charac-
teristics allow positrons down to thermal energies to be
reemitted spontaneously. Studies of epithermal positron
effects in multilayered structures wi11 also give more in-
formation, which would otherwise be unavailable.

However, it should be noted that the present model is
unable to obtain the energy distributions of the epi-
thermal positrons because of the single level assumed for
the epithermal positrons. Current work is being done to
correct this, and some results will be presented later. '
The other point that has to be noted is that the tempera-
ture dependence of the properties of the scattering mech-



6184 Y. KONG AND K. G. LYNN 41

anisms for epithermal positrons have to be understood
before the model can be further applied to the tempera-
ture dependence of experimental data. There has been
some theoretical work in this respect. Experimentally,
positron reemission from thin metal films will provide a
direct means to measure the mean free path and its tem-
perature dependence, thermalization rates, etc. ' The
present model itself will help extract new information on
the temperature properties of the epithermal positrons
from such experiments.
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