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Light-hole contribution to noise and division in p-type germanium at low temperatures
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The aim of this paper is to investigate noise and diffusion for fields that show the diffusion-to-
streaming transition. A Monte Carlo {MC) computation of the drift velocity, mean energy, diffusion
constant, and of the velocity-velocity correlation function C(~) is presented for p-type germanium at
low temperatures ( 4 K). Analytical results for streaming are reviewed. The MC computations for
the case that only heavy holes are involved, in the presence of acoustical-phonon scattering and im-

purity scattering, in addition to the optical-phonon emission responsible for streaming, indicate that
C{~) damps out for large ~; the diffusivities D, and D~~ are in agreement with previous results.
However, the MC computations when the contribution of the light holes is included (not considered
before), involving the movement of two species as well as interband transitions, show that the
streaming behavior and the associated diffusion coefficient are very substantially changed from the
one-band results. The DII is dominated by transitions, and C(~) shows quasiperiodicity with about
one-third of the heavy-holes streaming period, i.e., =~o/3.

I. INTRODUCTION

In recent years streaming motion and related phenome-
na have been studied in much detail. ' Streaming
motion can be realized at low temperatures when there is
almost no scattering, except scattering involving optical-
phonon emission. In ideal streaming motion a carrier is
accelerated by the electric Aeld in the "passive region, "
8 ( ftcop Up to the energy 8 = ih'coo ( 8 is the kinetic energy
and coo is the optical-phonon frequency), after which an
optical phonon is emitted; the electron then returns to
the state 8=0, after which it is again accelerated to the
energy A'coo, and the emission is repeated. To observe this
effect, certain conditions must be fulfilled.

(1) The temperature must be low enough, generally

kT &&%coo,

so that absorption of optical phonons is negligible, their
number being too small.

(2) The seiniconductor must be characterized by a
strong optical-phonon coupling constant (or polar-
optical-phonon constant as the case may be), such as in
p-type Ge, n-type InSb, AgC1, AgBr, and other materials,
so that when the carrier penetrates into the "active re-
gion" 8 ficoo, the probability to emit an optical (or
polar-optical) phonon exceeds the probabilities for other
scattering mechanisms by at least one order of magni-
tude.

(3) There must be an electric field region F &F &F+
commensurate with the acceleration process for stream-
ing to occur, where, with m* and e being the effective
mass and absolute charge,

F =( 2ftcoom* /e)' (1/r; +1/r, , )

is the lower limit and

F+=(2ftcoom'/e )' A/10. 3 (3)

is the upper limit. Here r; and ~„are the averages in

the passive region of the relaxation times for impurity
and acoustical-phonon scattering, respectively; note
F ~0 if these scattering processes are absent. Further,
A is the scaled reciprocal optical-phonon relaxation
time, i.e., 1/r, =A(B/%coo —1)'~z; if the optical cou-
pling is strong, 7

p
is very small and F ~~. The limits

(1) and (2) impose the condition

A»10.3(1/r;, +1/r„)
for streaming to be effective. Expression (2) is easily de-
rived by requiring that the acceleration time to reach the
energy —,'m *uti =A'coo [see Eq. (19)] is smaller than the in-

verse rate of combined impurity and acoustical-phonon
scattering. Similar elementary considerations lead to (3).
More accurate expressions, which consider the transition
from regular, diffusive motion to streaming motion, are
found in other treatments (see Ref. 4). For heavy holes in
pure germanium at 4 K, one finds that F =10 V/cm
and F+ =3000 V/cm.

The aim of this article is to investigate the velocity-
fluctuation noise and the diffusivity under the diffusion-
to-streaming transition, when, in addition to some impur-
ity and acoustical-phonon scattering, light-hole motion is
present with concomitant interband scattering. This is
an additional feature over and above the results by
Bareikis et al. ; a detailed comparison with those results
will be made.

(4)

II. APPROACH

The Monte Carlo method for the computation of drift
velocity, mean energy, velocity-velocity correlation func-
tion, and diffusivities (transverse and longitudinal) is by
now well known; see, e g., Refs. 1 and 4—8. The
frequency-dependent diffusivity for classical frequencies
(fico &(kT„„„,„) is the Fourier-Laplace transform '

D(ico)= I d7 e ' '(5u(t)6u(t+r)),
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were not discussed in the literature before; the saturation
value is uo/2 (see below) in all three curves, where uo is
the velocity corresponding to the energy @ equal to Scop:

vo = (2iricoo/mi )' (8)

U =Uo(tlro), 6"=ficoo(t/ro) (9)

where v.
p is the time for the carrier to reach the energy

ficoo from v =0. Note that (8) and the two parts of (9) are
consistent. Assuming ergodicity, the ensemble average is
equal to the average over a time E~p, X~~, which in
turn, due to the periodicity of streaming, is equal to the
average over a simple period 70.

1 'o tUd=(U)= Vo dr =iUO
Xp 0 Vp

(10a)

2
1 'o t

( '8 ) %coo dr =
3 flcdo

&0 0 7p
(10b)

The dependences of the longitudinal and transverse
diffusion coefficients D~~ and D~, respectively, on the elec-
trical field are shown in Fig. 2. For the undoped semi-
conductor Di (solid hne) is smaner than D~ (dashed line),
as also observed by others' in the small electric field re-
gion. This trend reverses for F)F,„,where F,„ is the
field corresponding to the maximum in ( 6 ). Then both
diffusivities decrease, going ultimately to zero. For pure
streaming motion, this limiting behavior is easily under-
stood. The transverse diffusivity goes to zero because for
pure streaming the velocity component perpendicular to
the electric field vanishes. The longitudinal diffusivity

If streaming occurs, it is the velocity at the beginning of
the active region. As to the mean energy ( 8(I') ), there
is a well-pronounced maximum for the pure semiconduc-
tor, curve 1. It is due to the fact that for fields less than
approximately 1000 V/m, optical-phonon emission is
rare in comparison with acoustic-phonon scattering in
the passive region (for example, at 500 V/m, optical-
phonon emission is about 0.035% of acoustic scattering,
at 10 V/in it becomes almost 3%, but at 5X10 V/m
optical-phonon emission is almost equal to the rate of
acoustic scattering). The mean energy therefore increases
initially with F, but reaches a maximum ( v )~,„
=(9/25)ficuo (Ref. 8) equal to 162 K when optical-
phonon emission becomes significant; from then on the
mean energy decreases due to the rapid gain in the oc-
currence of optical-phonon emission, to finally reach the
saturation value ficoo/3k =143.3 K (see below).

When impurity scattering is added, the mean energy
from the start grows less rapidly. So, the maximum
which was there for N~ =0 no longer develops, and a
quasimonotonic behavior to the saturation value is put in
evidence. However, at the field where optical-phonon
emission becomes sufficiently strong, a small plateau,
causing a kink in the curves, appears.

The saturation values associated with streaming are
easily obtained. In the simplest model for streaming, car-
rier velocity U and energy 8= —,'m2v increase with
time' as (t & ro),
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6( t —n ro) ],—
( 1 1b)

where B(t} is the Heaviside function, 6(t &0)=0 and
6(t )0)= 1 [though in (1 la) we used & and ~ signs, we

b b —0assume in ensuing integrals that f dt means +odt to
avoid ambiguity at the discontinuity of 6(t)]. From
(11b) we see that for all t ~0, the velocity is represented
by

FIG. 2. Field dependence of longitudinal (solid line) and
transverse (dashed line) diffusion coefficients in m /s for heavy
holes in p-type Ge at 4 K. Curve 1, N„=O; curve 2, N& =10
m; curve 3, N„=10 ' m '. Further, curve 4 shows the result
for D~~ when light holes are added (Sec. IV).

goes to zero because the velocity-velocity correlation
function becomes periodic; see below. The limiting value
zero for both D's is not reached yet, however, for the
fields of Fig. 2 (F up to 10 V/m), since acoustic-phonon
scattering in the passive region was taken into account.

For the doped case (N„= 10 m, curve 2, and
N„=10 m, curve 3) the diffusivities are initially
lower (as are the mobilities) due to added impurity
scattering. However, at F,„( rdoer 10 V/m) the curves
reach a maximum and then fall off similarly as for the un-
doped case since we approach the conditions for pure
streaming. In the high field regime, D~~ is slightly less
then Dj. Finally, curve 4 in Fig. 2 shows the inhuence of
light-hole motion for the undoped case, as discussed in
the next section. The diffusivity now falls off less rapidly;
for F ~ 5 X 10 V/m, its value is larger than what is calcu-
lated in the one-band approximation.

We now review some analytical results for the
velocity-velocity correlation function in the pure stream-
ing limit. The velocity v(t) is a periodically repeated
ramp ("saw tooth" profile); for the first period, 0 & t & ro,
u (t}was given by the first part of (9). For the nth period,
we clearly have

U„(r) =Uo[t (n —1)ro—]/ro, (n —1)ro& t & nro . (11a)

This can, alternately, be written as

U„(t)= [Uo(t /-, o) —(n —1)uo][ 6(t —(n —1)ro)
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U(t)= g U„(t)=up(t/~p) Up g 8(t rid)
n=l n=1

Now we find the correlation functionllc

[note that (1 lb) yields four sums; if in two of them we re-
place the summation index n —l~n, Eq. (11c) results].
As expected, Eq. (1 lc) shows the periodicity

C(r)={5U (t)5U(t+~)) = {U(t)U(t+r)) —{U )

(12)

U(t+rp)=up(tlap)+Up —
Up g B(t (n ——l)rp)

n=1

=Up(t/rp)+Up Up g 8(t nrp)
n=0

—
Up ( t IT() ) Up g 8( t nrp )—= U ( t )

n=1
(1 ld}

For (v ) we have the value —,'Up; see (10a). The ensemble

average is as before replaced by a time average, which,
because of periodicity, can be evaluated over a single
period 0 ~ t ~ rp. Thus for U (t) we substitute the first part
of (9), but for U (t +r) we must take the full form (1 lc)
since i can be arbitrarily large. Hence we obtain

C(r)= —,'Up —4— —g B(t+r nrp) ——1
t t +i

0 TQ ip iQ
(13)

The following identity is easily established for any P(t):

f dt P(t)B(t +r nr p) = f—dt P(t}B(r nrp)+—f dt P(t)[8(r (n ——1)rp) —8(r—nrp)];
0 0 nTp T

(14)

i
1 — n ——

ip

the first part only survives if i& nip and the second part describes the result for i&nip in addition to nip i4'Tp.
Thus, for C(r) one easily finds

'2
00 00

C(r)= —,'Up. —,'+2——2 g 8(r nrp) —2g- [e(r—(n —1)r )—e(r —nr )]
n=1 n=l

2=—v 1 —6—1 ——i i
iz ip io

—12 g ——n 8(r nrp)—
n=1

(15)

[to obtain this result it is only necessary to change n —1 +n in the sum in—volving 8(r—(n —1)rp) and split off the term
with n =0]. The aboue is the complete result for all r. One easily establishes the periodicity expected:

C(r+rp)= —,', vp. 1 —6 —+1 +6 —+1
'TQ ip

=—'vo. 1 —6 —+1 +6 —+1
io 7Q

'2 T

—12 g —ne(r —nr}p-
n=0

T

—12 ——12 g ——n 8(r n)r.p-
7p io

=C(r) . (16)

We notice that (15) is a periodically repeated parabola.
For the first period, 0 & i ~ ip, one finds with i/ip=y

C, (r)= —,', Up[1 —6y(1 —y)] . (17a)

Likewise, with minor algebra, for the second period
~p ~ r & 2' if r/rp = 1+y, or y =(r rp) lrp, —

C2(~) =
—,', Up[1 —6y(1 —y )], (17b)

etc. The parabola is invariant for the substitution
y~1 —y. For i=0 and i 'TQ the normalized value
C'(r)=C(r)lvd equals 0.333; the minimum, occurring
at r= ,'rp, yields for C*(r)—the value —0. 166. Finally,
for the diffusivity we obtain the result

T
lim f C(r)dr

T—+co Q

1= lim (Nvprp/12) f dy[1 —6y(1 —y)]Pf~ oo 0

=0

providing the limit T-Nrp~ ao is taken a posteriori (in
any practical situation the sampling time is always finite;
more on this below).

We now turn to the Monte Carlo results. In Figs. 3—5
the normalized autocorrelation function C*(r) is present-
ed for a very low field F =500 V/m (Fig. 3), for an inter-
mediate field F =5000 V/m (Fig. 4), and for a high field
F=SX10 V/m [Figs. 5(a)—5(c)]. In all figures curve 1

represents the Monte Carlo computation if acoustic-
phonon as well as impurity scattering was assumed to be
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FIG. 5. Normalized velocity-velocity correlation function C*(t) for hea~y holes in p-type Ge at 4 K for I' = 5 X 10 V/m. Curve 1,
pure streaming; curve 2, acoustical-phonon scattering added. (a) first 5 periods, (b) periods 20-25, and (c) 55—60.
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equivalence of ensemble and time averages. As Fig. S(c)
shows, for the time average to be valid a finite time
suffices. Notice that the real time T =5 X 10 ' s suffices
to find the time average for any electric field, but the di-
mensionless time, N =T/7p where rp is the streaming
period, must increase when the electric field increases.
The same holds for the time T involved in
D —foC(r)dr, in order for convergence to occur and D
to be meaningful.

IV. RESULTS INCLUDING THE MOTION
OF LIGHT HOLES AND INTERBAND SCATTERING

'rp) (2~P3pm ] ) /eF 3 y1 p2,

where y =m, /m2. The drift velocities for the two bands
are [see (8)]

& v2 ) —= vd2= —,'vo2 =(Apso/2m 2)'

& v i &
= vdi =—,'vpi =-(~~o/2m

i
}'"=

& v» «r
(21a)

(21b)

When a heavy hole is accelerated to U02 it emits an opti-
cal phonon and it may then stay in the heavy-hole band
or be scattered to the light-hole band, in accordance with
the density of states in these bands. "' The interband
scattering times, denoting by ~z the scattering time from
the heavy-hole band to the light-hole band and by ~, the
scattering time from the light- to heavy-hole band, are
very simple for the streaming case; they are given by

y
—3/2(1+y3/2) r —r (1+y3/2)

We also introduce the relaxation time

1 1 1 1 (1+y )—=—+—=
ro2 3/y(1+y'")

(22)

(23)

The only observable diffusivity in the absence of
acoustical-phonon and impurity scattering is due to the
interband scattering. For this we have the well-known re-
sult"

(&v, ) —
& )) (24)

where v, and v2 are the fractions of holes in the two
bands. From detailed balance

we have

vi+vp= 1 (25)

vi —~/~)) v) —~/~, . (26)

Substituting (21b), (22), (23), and (26) into (24) we then
obtain

The motion of the light holes is similar to that for the
heavy holes. For pure streaming, the equations of the
previous section, with m2 replaced by m&, apply. The
diffusion coefficient of the streaming motion is likewise
zero. The transit period to reach the energy %coo is short-
er since the mass is smaller. As in (19) we have

ro2=(2A'p3om2 }' /eF,
(19')

y3/2( 1 3/y )2( 1+y3/2)
ll

( 1 +y2)3
(27}

With the effective masses given in Sec. II and the expres-
sions (19') and (21a) for rp2 and & v2 ), one finds (in rn ls)

Dii =64. 5/F (28)

F in V/m. The dependence on F of this D~~ was given by
curve 4 in Fig. 2. For rather pure samples
(N„~ 10 /m ) the interband diffusion coefficient
predominates for fields larger than 10 V/m. Below we
will see that already for lower fields the correlation func-
tion is drastically altered by the addition of light-hole
motion.

More detail is revealed by the MC computation of the
normalized velocity-velocity correlation function
C"(r)=C(r)l&v2) . Figures 6(a)—6(d), all referring to a
field of SX10 V/m, give the results for several time in-
tervals [Fig. 6(a), up to 5 periods; Fig. 6(b), periods
20 —25; Fig. 6(c), periods 55 —60; Fig. 6(d), periods
115—120]. The total time covered is =10 sec. (For
lower fields, similar results have been found when the
time period is correspondingly increased}. Curve 1 is
again the result for pure streaming when only heavy holes
are present; the field being 5 X 10 V/m, one finds for the
transit time of the passive region 7O2=7 ~ 6402X10 s.
These curves are therefore the same parabolas as seen in
Fig. 5. Then curves 2 show the results when both light
and heavy holes are present.

Though the light-hole contribution to transport is dis-
cussed in various papers (see, e.g. , Refs. 6 and 14), we are
not aware of any papers discussing the light-hole contri-
bution to the diffusivity under streaming motion. Figure
6(a) reveals that the first S periods do not cause too much
of a change. However, the contribution of the light holes
causes a kink with a slight maximum to appear. After 20
periods, Fig. 6(b), the maxima of the original parabolas
are considerably decreased due to transfer of heavy holes
to the light-hole band. Also, the period ~0 is more or less
divided into three parts; two submaxima have developed.
This is even more pronounced for larger times, see Figs.
6(c) and 6(d}. The submaxima are most likely associated
with heavy holes which are scattered twice to the other
band or back. We notice that the interband scattering
time is related to rp2 [see Eq. (23)] by the fraction
3/y(1+y )/(1+y ), which is very close to —,'. That is
why the oscillations with about ~0/3 develop; because the
factor ~/~02 is not exactly —,', however, a small gradual
shift occurs as is seen by comparing Fig. 6(c) with Fig.
6(d). In the latter picture a stationary periodicity has
developed which, in contrast to the effect of acoustical-
phonon scattering, shows no sign of damping out. So for

thrpere is no contribution of C(r} to the diffusivity
D~~. Altogether, however, the presence of light holes and
interband scattering drastically alters the correlation
function under otherwise "pure" streaming conditions.

To conclude, we want once more to stress the major re-
sult of our calculations. For this purpose, let us write the
expression for the average drift velocity, & v ) = vd, for a
two-band semiconductor. From (21) and (26} it follows
that
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( v ) —vg —v(vd, +v2vd2 —vdz(1+ y ) /(1+ y )

= 1.027 39vdz, (29)

where we take into account the value of y =0.122 25. So
we have encountered the very special situation in which
the longitudinal diffusion coefficient [see Fig. 2 and Eqs.
(27) and (28)], as well as the velocity-velocity correlation
function (see Fig. 6), changes drastically, but the average
drift velocity [(29)] remains almost the same when, in ad-
dition to the heavy holes, the light holes are taken into
account. The peculiarity is in the streaming motion (or
close to streaming motion), when a carrier can emit an
optical phonon several times before any other scattering
in the passive region occurs; this situation was discussed
in detail in our paper.

But let us now come back to the results of previous
publications, ' ' ' where transport in p-type semicon-
ductors was studied taking into account the contributions
from both bands. In the above papers and in other publi-
cations, the main attention was paid to the importance of
interband scattering by acoustic phonons. In all these
cases, the ratio of the light- to the heavy-hole concentra-
tion was equal or less than the corresponding ratio of the
density of states in the bands, i.e., v, /vz(y [in our
case, v, /v2=y, see Eqs. (26), (22), and (19')]. As soon as

the average probability of scattering of a light hole to the
heavy-hole band due to the interaction with the acoustic
phonons equals the intraband scattering of heavy holes,

the average drift velocity of the light holes is higher than
that of the heavy holes due to the difference in the
effective masses, so vz, vd2/y (in our case

v» = vdz/&y). So the contribution of light holes to the

average drift velocity can be proportional to &y, i.e.,

vd
~ vd2(1+v y)/(I+y ) [compare with (29)]. If we

use our value of y, we can easily see that instead of vdz

for the one-band approach, we can get 1.29vd2 for the
two-band approach. The coupling of heavy- and light-
hole bands via acoustic-phonon scattering gives a contri-
bution to the noise of the same order of magnitude as the
noise calculated for the heavy-hole band only, and this is
analogous to the additional contribution to the average
drift velocity. We have not discussed this in the paper
since from our point of view this is an obvious result,
which is always automatically present in Monte Carlo
simulations. Instead of that, we considered the condition
when the acoustic-phonon scattering became unimpor-
tant. Due to this, the diffusion coefficient of the heavy
holes tends to zero for close to streaming motion, so that
only diffusion due to the interband scattering (24)
remains.

ACKNOWLEDGMENTS

This research was sponsored in part by the Natural
Sciences and Engineering Research Council of Canada
under Grant A-9522. This research was supported in

part by FCAR (Quebec).

'On leave from the Institute of Semiconductors of the Academy
of Sciences of the Ukrainian S.S.R. Prospect Nauki 45,
252 650 Kiev, U.S.S.R.

'Hot Electron Transport in Semiconductors, edited by L. Reggi-
ani (Springer-Verlag, Berlin, 1985).

2S. Komigama, Adv. Phys. 31, 255 (1982).
3Striming i Anizotropnij Raspredelenija U Skreshchenich Polijach,

edited by A. A. Andronov and J. K. Pozela (Nauka, Gorkij,
1983).

4F. M. Peters, W. Van Puyrnbroeck, and J. T. Devreese, Phys.
Rev. B 31, 5322 (1985).

V. Bareikis, A. Galdikas, R. Miliusyte, and V. Viktoravicius, in

Proceedings of the Sixth International Conference on Noise in

Physical Systems, Natl. Bur. Stand. (U.S.) Spec. Publ. No.
614, edited by P. H. E. Meijer, R. D. Mountain, and R. J.
Soulen (U.S. GPO, Washington, D.C., 1981),p. 406.

6C. Jacoboni and L. Reggiani, Rev. Mod. Phys. 55, 645 (1983).
7R. Brunetti and C. Jacoboni, Phys. Rev. Lett. 50, 1164 {1983);

Phys. Rev. B 29, 5739 (1984).

sV. A. Kochelap, V. Mitin, and N. A. Zakhleniuk, Zh. Expt.
Theor. Fiz. 9S, 1495 (1989) [Sov. Phys. —JETP 68, 863

(1989)].
K. M. Van Vliet and A. van der Ziel, Physica 99A, 337 (1979).

' R. Kubo, J. Phys. Soc. Jpn. 12, 570 (1957).
''M. Costalo and L. Reggiani, Phys. Status Solidi B 58, 461

(1973).
~G. L. Bir and G. E. Pikus, Fiz. Tverd. Tela (Leningrad) 1,

1642 (1959) [Sov. Phys. —Solid State 1, 1502 (1960)]; 2, 2287
(1960) [2, 2039 (1961)].

' R. Brunetti, C. Jacoboni, and L. Reggiani, J. Phys. (Paris)
Colloq. 42, C7-117 (1981).

' V. M. Ivashchenko, V. U. Mitin, and N. A. Zakhleniuk, Phys.
Status Solidi B 115, 245 {1983).
S. Bosi, C. Jacoboni, and L. Reggiani, J. Phys. C 12, 1525
(1979).

'6V. V. Mitin, Fiz. Tekh. Poluprovodn. 9, 1413 (1975) [Sov.
Phys. —SenMcond. 9, 932 (1975)]; 10, 1562 (1976) [10, 928
(1976)].


