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Photoionization of deep impurity centers in semiconductors
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The frequency dependence of the photoionization cross section for deep semiconductor impurity
centers is calculated using a quantum-defect wave function with the correct normalization for the
bound state. The effects of nonparabolicity of the conduction and valence bands are included by us-

ing an expression for the energy-dependent wave vector based on the k p approximation. Compar-
ison with experiment has been made for the photoionization of manganese and copper impurities in

gallium arsenide.

I. INTRODUCTION

Since the advent of semiconductor physics, consider-
able effort has been devoted to calculating the cross sec-
tion of transitions between bands and impurities, this
problem presents a varying degree of complexity, depend-
ing on the type of impurity (effective mass or deep type)
and the type of transition (involving an impurity state de-
rived from the same or a different band) considered. In
particular, a lack of knowledge of the proper impurity
wave function often presents a major source of dilculty.

Pioneering work was performed by Bebb and Chap-
man, ' who borrowed the phenomenological quantum-
defect method (QDM) from atomic physics and applied it
to the case of impurities having a mixture of Coulomb
and short-range potentials. The 5-function model for
very deep centers was developed by Lucovsky. Very
shallow centers are described in the framework of hydro-
genic effective-mass theory. An up-to-date review on the
validity of the effective-mass theory and on isocoric im-

purities has been given by Pantelides. Bebb used the QD
wave function to calculate the optical-transition cross
section involving an impurity. Ridley derived an ap-
proximate analytical expression for the photoionization
cross section and its temperature dependence. In con-
trast to earlier work, contributions of Bloch functions
from both conduction and valence bands to the localized
states were considered. In 1982, Chaudhuri pointed out
a number of important deficiencies of the earlier work.
By eliminating unjustified approximations, correcting er-
rors, and using a method to compare the overlap in-
tegrals of the cell periodic functions, Chaudhuri derived a
rather general formalism to calculate the zero-
temperature cross section for both types of transitions:
band impurity transitions and photoionization or photo-
deionization. As an example and application of his
method, he chose GaAs. Unfortunately, the complexity
which arises due to the degeneracy of the valence band in
zinc-blende-structure semiconductors was not taken into
account. Recently, the frequency dependence of the pho-
toionization cross section of deep centers was described
by Perep and Yassievich using a zero-range potential
applicable to semiconductor crystals whose band struc-
ture can be described by the Kane approximation. The

wave functions were also constructed for deep centers (ac-
ceptors) with an arbitrary relation between the band-
gap-width, energy level, and spin-orbit splitting of the
valence band. More recently, Coon and Karunasiri' de-
rived an analytical expression for the photoionization
cross section of impurity atoms using the quantum-defect
wave function for the impurity ground state and the
Green-function formalism within the parabolic approxi-
mation for the energy of the photoexcited carrier. They
obtained that the peak position of the photoionization
cross section for donor impurities in Si and Ge is given at
the ionization energy of the impurity center. However, it
is well known from experimental evidence that for accep-
tor impurities the peak of the cross section is shifted to
higher photon energy.

In this work, our aim is to further develop the phenom-
enological approach used by Chaudhuri in order to pro-
vide a description of electron transitions involving an im-

purity center, with the inclusion of first-order nonpara-
bolicity corrections to the energy-band structure for
diamonds- and zinc-blende-structure semiconductors.
The influence of this effect has been considered important
in the calculation of high-field transport equations for
electronic devices. " By way of application, we shall cal-
culate the photoionization cross section for manganese
and cooper deep acceptors in gallium arsenide.

II. PHOTOIONIZATION CROSS SECTION
OF THE IMPURITY CENTER

The wave function of the electron in the presence of
the impurity potential may be represented by the sum of
Bloch functions:

g, ( r) =g F«P«,
n, k

where n is the band number, k is the wave vector, and the
I'„k are slowly varying envelope functions satisfying the
well-known effective-mass equation

g[D„~k kp+ U(r)5„]F (r)=EIF„(r) .

Here, U and El are the potential and energy of the im-

purity center, and the quantities D„~ are a set of numbers
defined by'
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p P„;P~
nm ~nm ap 2X r

2mp mp, Ep —E;

where the summation over i is over all those states on the
unperturbed problem not belonging to the degenerate set
n (valence-band wave function in GaAs), Eo is the energy
of the degenerate state, E; is the energy of the unper-
turbed state, P„; are the momentum matrix elements be-
tween the different bands evaluated at the degeneracy
point, and mp is the free-electron mass. We see that the
numbers D„~ in the theory of degenerate bands have the
same significance as the inverse effective mass in the
theory of simple bands, which may be determined, for in-
stance, from cyclotron resonance experiments. Since
most of the work has been reported in cubic or zinc-
blende materials, we use the k p method as a basis for
calculation.

For those materials in which the I 6-I 7-I 8 separations
(Fig. I) are small as compared to the energy difference be-
tween these states and higher valence and conduction
bands, the most useful formulation of k p perturbation
theory has been given by Kane. The states at the band

U„(k)= '

a„(isp)+b„(x iy }—— +c„(zp)
2

a„(isa)+b„—(x+iy) +c„(za),
2

Ul, (k)= '

(x +iy)
2

(x iy )—.
2

edges are put into two groups: group 3 includes the
closely bunched states of interest, i.e., I 6, I 7, and I 8,

' and

group B includes the remainder. k.p interactions be-
tween A and B are removed to lowest order, giving a "re-
normalized" interaction matrix between the states in 3
which is then diagonalized exactly. When the spin-orbit
interaction is included, the sixfold-degenerate (with spin}
valence-band states split up into the doubly degenerate
light- (E~z) and heavy- (Ezz ) hole band state, I s, and the
split-off (E, ) band state I 7. For k in the direction of z
corresponding to one of the crystal symmetry axes, the
doubly degenerate cell periodic wave functions which re-
sult from the diagonalization of the Hamiltonian
D„=D„~k k13 may be written as

where o. and p are spin functions, and a„,b„,c„are real
coefficients; the index n refers to the bands E,
(conduction-band energy) EI,E, . The general expressions
for a„, b„, and c„may be written as

Eg

a„=kP(E„+E + ,'6)/N, —

&zs
1l 3N fl

c„=E„(E„+E+ —26)/N,

where N is a normalizing factor and the E„are the solu-
tions of the following cubic equation:

E'(E'+Eg)(E'+E +b, ) k2P (E'+E +——'b, l=O (6)

with P the momentum matrix element between the
valence and conduction bands, E is the band gap at
k =0, and 6 is the energy of the valence-band spin-orbit
coupling. Note that the zero of the energy scale has been
taken at the top of the valence band. The energy variable
in Eq. (6) is

E' =E —E —fi k /2m p . (7)

FIG. 1. Conduction and valence bands of GaAs in the vicini-
ty of the center of the Brillouin zone. Ez is the energy level of
the impurity center.

Therefore, when diagonalized, D„yields the energy
bands at each k in the vicinity of k=0. The coefficients
of the various terms in D„are parameters similar to
effective masses and can be expressed in terms of the
second derivatives of the energy bands in particular
directions. In this approximation, the envelope function
F (r) [Eq. (2)] satisfies the following effective-mass equa-
tion:
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2 e
V — F„(r)=E~F„(r)2m„Kr (9)

with m„ the effective mass corresponding to the ap-
propriate band at the center of the Brillouin zone and E
the dielectric constant of the crystal. At this point, we
borrow the well-known phenomenological QDM from
atomic physics by replacing the ionization energy of the
impurity by

mn8

K fi 2v

EOI
Q2

n

(10)

where v„ is, in general, a nonintegral defect quantum
number corresponding to the appropriate band. In this
approximation, Chaudhuri obtained an envelope func-
tion which is irregular at the origin, but normalizable.
With the exact norinalization, the QD function F may be
written as

[E„( —i fiV )+ U(r)]F„(r)=ELF„(r) .

The impurity wave function will be given by Eq. (1)
with the Bloch functions given by Eqs. (4). It is possible
to derive a more accurate version of the k-p model by in-
cluding additional perturbative interactions caused by
other lower and higher bands. ' However, we confine
ourselves to the three-level Kane model because, despite
its obvious limitations, it appears to describe features of
the zone-center extrema with reasonable accuracy. One
notable advantage of the Kane model is that it also serves
well for compounds such as GaAs, InP, etc.

In this paper, we shall consider only acceptor impurity
states, where the main contributions to the coemcients
F„(r) comes from the top of the valence band (fourfold
degenerate) and the top of the spin-orbit —split-off' band
(doubly degenerate), and the only nonzero ones are
Fh(r), F&(r),F,(r), which take into account the contribu-
tion to the state of the center from the heavy-hole band
(hh), the light-hole band (lh), and the spin-orbit —split-off'
band(s). Because of the different symmetry of the con-
duction band, the coefficients F, (r) are negligible, see
Ref. 9. This contribution decreases with increasing dis-
tance to the band from the impurity level.

In order to get an analytic expression for the photoion-
ization cross section of the impurity center, it is necessary
to know the envelope function near the center zone. As-
suming a Coulomb potential Eq. (8) reads

center, and may be used to calculate the various transi-
tion probabilities involving impurity states. Specifically,
the differential cross section for photoionization of an im-

purity center, i.e., the effective cross section of the center
for absorption of light accompanied by the release of car-
riers, in the well-known dipole approximation, is

2 2 ' 2
4m a&Ace E,z m„

ir„(%co)= gv'~ E, mo

x I(q„„lzly„&I'p(E„), (13)

where ao (=e /iiic) is the fine-structure constant, fico is
the photon energy, p(E„) is the density of the continuum
states at the band energy E„at which the transition takes
place, and g is the degree of degeneracy of the state on
the center. Here the direction of the z axis is chosen
along the photon polarization direction. The factor
E ff /E, is the so-called effective-field ratio, which takes
into account the fact that the electric field E,z, which is
effective in inducing a transition, is different from the
average field E, in the medium. Using the wave func-
tions given by Eq. (4), the matrix elements in Eq. (13) can
be written explicity as

(1(t„i, lzIP„) = f e '"'zF„(r)p„od r (14)

with the overlap integrals of the cell periodic functions at
k for the band n defined as p„o=(U„klU„&). For the
valence band, they are given by

Pho

pro =v' I /3bi +&2/3c&,

p, ,0=&2/3b, —&1/3c, .

(15)

8ir aohco E,s
rr„(fico) =

3g E mo

"(v„a„')'ID (v„)I'f (y„)I p„ol'
X +, p(E ),

y„(1+y„)"

In order to reduce Eq. (14) to a one-dimensional in-
tegration, exp( —ik r) is expanded in the well-known
spherical Bessel functions, averaging over all directions
of the unit vector k, the general formula for the transi-
tions cross section may be written as

'2 '2
mn

F„(r)=

where

1

~4 ( e) ~ +'~~ I (v +1)~ &n~n

X ID(v„)lr " exp( r/v„a„')—,

' —1/2

where

f(y)=cos 8 . —(v+1)cos[(v+2)0]sin[( v+ 1)8]
sin8

'2

(16)

(17a)

ID(v)l'= 1—X
1

lsin(vir)l 2 0 (v —m —1) (v —m)~

(12}

in which

H=arctan(V'y ) (17b}

Here a„*=Xiii /m„e . Equations (1), (1 1), and (12) give
the wave function of an electron or hole at the impurity

and

y =(kva*) (17c)
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The effect of nonparabolicity of the conduction and
valence bands on the energy levels of our system is taken
into account in the density of states p(E) as a function of
the energy, and in Eq. (17c) in the following manner:
Equation (6) for electrons in the light-hole valence band
may be rewritten as

Ak
2 g

l
(1+bI ),

[E(1+bi) E—]E(1+b()[E(i+bi)+b, ]kI'=
E(1+br )+25/3

(19)

(E —R k l2mo E—)(E Ak—12mo)(E f—i k l2mo+b, )

kP—(E —fi k /2mo+2b, /3)=0 . (18)

In the neighborhood of the light-hole valence-band edge
where the energy tends to zero when k tends to zero, Eq.
(18) may be simplified to

where bl =ml Imo and ml is the effective mass of holes in
the light-hole valence-band edge. Equation (19) is in
agreement with the expression obtained by Blakemore. '

In particular, for semiconductors such as GaAs, the
effective mass of an electron or hole is much lower than
its free-electron mass mo. So we may neglect (milmo)"
for n )2; then Eq. (18) reduces to the form

fi k E(E E)(E—+b, )
E(E Es)(E—+5)— E(E+b, )+(E Eg)(—E+b, ) E(E Eg) ——

2mo

Using the same value of k P from Eq. (19) in Eq. (20) we obtain

2E(E E)(E+—b ) g~k~ 2(A' k~/2mo)

3E (1+bI)(E+2b/3) 2mi 3E (1+bi)(E+2b, /3)

kP (—E+2b, /3)=0 .

(20)

E(E Eg )(E+—6)
X E(E+6)+(E Es)(E+—b, )+E(E Es)—— =0 (21)

Usually, near the center of the Brillouin zone, E is less
than both E and h. Expanding various quantities in Eq.
(21) and retaining up to the third-order terms of the ex-
pansion we get

A similar solution to Eq. (22) may be derivated for the
split-off valence band and conduction band within the
same approximation. Then, we only write the results for
the conduction band,

(22)

where the nonparabolicity factors are given by

Ak =E(1 aiE+piE —yiE +6IE ), —2 3 4

2ml

with

R'k =E(1+a,E+P,E +y, E )
2m

(24)

1+2bl 1 1

1+bi E 2
+ (23a)

CXc

1 —2b,

1 —b,
1

E +26 l3
(25a)

1+3bl 3

1+b,
1 1

3E 2h
(23b)

1 —3b, 1

1 b, E(E+6)—
1 1 1

Eg+2b, /3 Eg b+Es

aHd

1+4b(
V(

3
2A

2
1 1

3E 2h
(23c)

E +26/3

1

(E +26/3)
(25b)

(25c)

1+5bl
1+bl 2h

1 1

3E 2h
(23d)

From the dependence of crystal moment on energy E as
given by Eqs. (22) and (23), we get an expression for the
density of states, including the spin degeneracy, as
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2 21/2 3/2

IEI' (1 a—iE+PiE y—iE +5iE )'
I

1 2a—iE+3PiE 4—yiE +55E I (26)

for the light-hole valence band. In this approximation
the quantity y& in Eq. (17c) is related to the binding ener-

gy by the relation

yi= — (1 aiE+—PiE yiE—+5iE ) .
I

(27)

On substitution of this expression for p&(E), the total
cross section for photoionization in the approximation
E & b, is given by

cr(Aco) =cr/, (Ard)+cri(fied), (28)

4mao E,ff
0 i, (fico) =

3g&Tt'

2' '2
mg

mo

with

2 "(vi, rii,'}'ID(vi, }I'f(vQ }

y 1/2(1+y )
+

h
(29)

and

4m@0 E,ff
rri(fico}=

3g v'E E,
m

mo

'2

2 '(v, a;) ID(v, )I f(y, )

~ 1/2( 1+~ )1+v

(30)

where o„(fico) is the cross section for the transition be-
tween the nth valence band and the impurity center
which can be written in the form

this material. The results are shown in Fig. 2, which also
gives the experimental values for these impurities. As we
can see the theory is in agreement with the experiment in
predicting the peak position, in contrast to either the hy-
drogenic or the 5-function model. From this fit we have
obtained the efFective-field ratio (E,rr/E, ) to be about 2.
When the impurity level ionization energy EI exceeds the
spin-orbit splitting 6 (curve 2) the feature of the frequen-

cy dependence of the photoionization cross section is
smoothed out in comparison with the cross section corre-
sponding to the impurity level energy of manganese
(curve 1}. Recently, Lowney and Kahn' have calculated
the density-of-states effective masses for the valence band
of GaAs using the full k p theory finding important
effects of nonparabolicity in the effective masses. When
the perturbing effects of other bands on the valence bands
are included, the heavy-hole valence band can no longer
be parabolic and the nonparabolicity factors of the light-
hole valence and are slightly different of those given by
Eqs. (23). We have included these interaction effects on
the valence bands through the density of states and the
parameter y given by Eq. (17c} in the photoionization
cross section, however, these effects on the dependence of
the photoionization are shown to be relatively unimpor-
tant.

Up to now we have only considered the process in
which a neutral impurity atom becomes ionized when a
photon is absorbed (photoionization), the process in
which an ionized impurity becomes neutral with the ab-
sorption of a photon (band impurity absorption) has not
yet been investigated. In this case both the conduction
and the valence bands are involved. Let us specifically
consider transitions between an acceptor state and a

where
35

2

1 —2a E+3P E 4y E +55 E—
1 E( a(E+PiE— y—iE +5iE )l—%co

(31)

Equations (28)—(31) define the magnitudes and frequen-
cy dependences of the photoionization cross sections. Al-
though these expressions are quite lengthy, there is no
fundamental diSculty in using them for calculations, as
they contain, apart from the impurity center ionization
energy EI, only the known parameters of the valence
band, such as the spin-orbit splitting energy 5 and the
effective masses m& and mI, which describe the band
spectrum of the small wave vector k.

In order to analyze the frequency dependence given by
these equations, we did a specific calculation for two
values of the ionization energy El in gallium arsenide
(Eg=1.519 eV, 5=0.34 eV): Ei=0. 11 and 037 eV cor-
responding to manganese' and copper' impurities in

c= 30-
Ch4
Cl

O
Z 2-5-
I-
4J~ Z,o-
CO
Vl
O
O
Z0

I.O-
O
M
Cl

0.5-

I

0.3

%can(eV)

I

0.6
I

0.7

FIG. 2. Frequency dependence of the photoionization cross
section for two levels in gallium arsenide: 1, El =0.11 eV (Mn);
2, EI=0.3'7 e& (Cu). The levels are measured from the top of
the valence band. Crossed curve, experiment; dotted curve,
theory.
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conduction-band state. Because of the degeneracy of the
valence band, the matrix element for transition between
the impurity center and the conduction band is given by

55

50-
cn

C 45-

El=0.05 eV

(P,& Izlg ) =p,„(k)g f e '"'zF„(r)d r, n =h, l, s (32)

where an analytical result of the overlap integrals p„(k)
can be obtained by the k-p perturbation method, '

k P„
Pnm nm E (O) E (O)

nm (33)

Assuming that P„ is isotropic and using the sum rule
for momentum matrix elements between states n and m, '

we finally obtain

Z0 35-
0
4J
cn 30-
V)
CA0 25-
K

20-
O
I- l3-
K
O
Cl
cO (0

05-

00 I I I I

2 4

~ ~

El = 0.1 ev ~

I I I

8 IO 12 14 (6

X = EC/El

m, mo Eg+5
lp, „(k)I'=—

6 mo m, Es+26/3

cr(A'co) = /1 [or, (fico)+cri(fico)+cr, (fico)] G, (E), (35)

where

4n.a() E,q
3&X

E+6
X

Eg +25/3

2
m,

mO

2 T

1 mc mO —1
6mO m,

(36)

3//2

G, (E)=
I

(1+a,E+P,E +y, E )

X(1+2a,E+3P,E +4y, E ), (37)

2 "ID(v. )lf (y„)
cr„(fico)=

[y(1+y)n]1/2m

and

3/4

xnan

n =h, l (38)

2 *ID(v, )lf' (y, ) m,o., (%co)=
[y (1~y ) s]1/2 mz

(v, a,")
X

(1+a/E, )'"

3/4

(39)

In Fig. 3 we display the variation of the absorption cross
section as a function of the energy x =E, /EI corre-

X (1+a,E+P,E +y, E ) . (34)

The quantity lp„(k)l is equal to zero at k=0, since the
electron energy in the conduction band E, =0. This can
also be shown to be an exact result from the orthogonali-
ty of the Bloch wave functions. Thus, we write the
cross-section formula which should be valid for small en-
ergies of the conduction band,

FIG. 3. Band impurity transition of the photoionization
cross section for GaAs as a function of the normalized band en-
ergy x =F., /E& for the center binding energy Er =0.05 and 0.1,
using a nonparabolic conduction band (crossed curve) and a
parabolic conduction band (dotted curve).

sponding to binding energies EI=0.05 and 0.1 eV, re-
spectively, including the effects of nonparabolicity of the
conduction band (dotted curve). For comparison we also
plot the variation of o (x) as a function of x, assuming a
simple parabolic band model (crossed curve). We find, as
expected, that the peak position of cr is shifted to lower
energies when the ionization energy of the impurity
center decreases (hydrogenic limit); while, on the other
hand, the photoionization cross section is approximated
to the 5-function limit (Lucovsky's results) when the ion-
ization energy increases. The effect of the nonparabolici-
ty on o. is significant at the peak position; however, this
contribution is negligible for large x.

III. CONCLUSIONS

In summary, we have calculated cross sections for both
photoionization and band impurity tranasitions in the
quantum-defect model scheme including the effects of
nonparabolicity of the conduction and the valence bands.
The effect of the band nonparabolicity on the energy lev-
els is taken into account by using an expression for the
energy-dependence wave vector based on the k p approx-
imation. The frequency dependence of the photoioniza-
tion cross section for manganese and copper impurities in
gallium arsenside are calculated and these results are
compared with the experimental results obtained in Ref.
15. Finally, it is worth mentioning that our method, such
as Lucovsky's method, does not yield any information on
the internal structure of the center on the energy of the
deep level, but does make it possible to obtain, with good
accuracy, the frequency dependence of the photoioniza-
tion cross section in a vital frequency interval. In addi-
tion, it makes it possible to take into account details that
are essential for this interval, such as the influence of the
spin-orbit interaction and the difference between the car-
rier masses. This explains a number of qualitative
features of the behavior of the photoionization cross sec-
tions.
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We are aware that, in contrast with the hydrogenic im-

purities, the defects dominated by short-range interaction
may exhibit strong dynamic coupling to the lattice due to
the high degree of localization of the bound particles, act
as a nonradiative recombination center with large proba-
bility of rnultiphonon emission, etc. , and that a truly
quantitative understanding of any particular deep-level

problem requires that a self-consistent calculation be per-
forrned of the electronic spectrum in which the minimum
of the total energy of the many-electron system can be es-
tablished. Ridley has shown that at low temperature
the effect of the phonon coupling is to rise the apparent
threshold, and it is very small.
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