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We report the first full band-structure calculation of the linear optical properties of strained

(Si)„/(Ge) „superlattices on Si(001) substrates for n =2, 3,4. We use a semi-ab initio minimal basis

orthogonalized linear combination of Gaussian orbitals technique, in conjunction with a linear ana-

lytic tetrahedra method, to obtain 7(co). We find that the expected anisotropy in these novel materi-

als is large and almost entirely due to the strain in Ge rather than to the lower symmetry of the su-

perlattices compared to the bulk materials; in a simple picture it results from an alignment of more

bonds (antibonds) along the superlattice axis than perpendicular to it. The pure superlattice

features are only observed near the absorption edges, they di8'er from superlattice to superlattice,
and are the real signature of each superlattice. Most of the features of the response function at fre-

quencies away from the absorption edge are found to be due to bulklike transitions.

I. INTRODUCTION

The fundamental understanding of the electronic and
optical properties of superlattices has presented new and
interesting challenges in both theoretical and experimen-
tal physics. From a more practical point of view, the
possibility of designing structures which exhibit desired
optical or electronic properties is very intriguing. In re-
cent years the strained (Si)„/(Ge)„(001)series of superlat-
tices, in particular, have received a great deal of atten-
tion. ' This is partly because of their interesting physi-
cal features such as the effect of the strain on the band
gap, and the possibility of growing a direct-band-gap su-
perlattice from constituent materials which have indirect
band gaps. Also, the prospect of interfacing these super-
lattices grown on a silicon substrate with silicon-based
technology seems feasible.

Much of the theoretical work' ' on these superlattices
has been concerned with understanding the electronic
band structures. The related experimental work con-
sists mainly of electroreAectance measurements. Al-
though such measurements are particularly sensitive to
transitions at critical points, they do not yield informa-
tion on transitions at all frequencies. Our main goal in
the present work is threefold: (1) to obtain quantitative
values for the dielectric tensor of these materials over a
wide range of frequencies, (2) to understand the source of
the anisotropy in the dielectric tensor, and (3) to study
linear optical properties near the absorption edges, where
one expects these properties to differ from bulklike prop-
erties due to new transitions to the folded bands.

The calculation of V(co) requires the knowledge of ener-
gies and momentum matrix elements throughout the en-
tire Brillouin zone. In the past, the linear combination of
Gaussian orbitals (LCGO) technique has been used to
calculate the band structures of a variety of bulk mater-
tials. " In the direct-space version of the LCGO
method, both the orbitals and effective single-site poten-
tials are expanded in terms of Gaussians. ' ' ' ' This
expansion allows for the analytic evaluation of the Ham-
iltonian and overlap matrix elements in real space, ' '
which facilitates the computation. The method, and
slight variations of it, have been used by a number of
researchers to calculate a wide range of electronic prop-
erties of different materials. ' ' '

Huang et al. ' have used a semi-ab initio, minimal-
basis, direct-space LCGO method to calculate the band
structures of group-IV elemental and III-V compound
semiconductors. The results of these calculations, be-
tween the range —15 to 10 eV, have been compared with
experimental values for bulk Si and Ge. ' Their results
for the valence and lower conduction bands are in good
agreement with experiment. In a recent publication' we
demonstrated that a semi —ab initio, minimal-basis
LCGO technique, in conjunction with the Xa (Refs. 14
and 17) method for constructing the potentials of the
constituent bulk materials of the strained (Si)„/(Ge)„su-
perlattices (n =2, 3,4, 5) on Si(001), can be used to calcu-
late the band structure of these superlattices. In our im-
plementation of the LCGO method the local single-site
effective potentials and basis functions for bulk Si and Ge
are constructed by adjusting the o. for each bulk material
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to produce the correct lowest bulk band gap. We then
use these bulk orbitals and potentials to construct the su-
perlattice basis and effective potentials. In this manner
we do not do any fitting to the superlattice properties.
The band gaps that result from the calculation should
thus be identified with the observed transitions, in con-
trast to self-consistent density-functional calculations
where the band gaps must be adjusted with quasiparticle
corrections, or more approximately by an upward shift
in the conduction bands. For all the superlattice band
structures in the present work we find the band gap to be
indirect. Our calculations' are in good agreement with
experimental results.

In the present work we have used essentially the same
approach to construct the Hamiltonian and overlap ma-
trix elements for each superlattice, which are then used
within a "supercell" scheme to obtain the band-structure
and momentum matrix elements. We employ the linear
analytic tetrahedra method (LATM) of Gilat and Rau-
benheimer and of Lehnmann and Taut' to evaluate the
frequency-dependent dielectric tensor.

The results of our LATM calculation of the e'(co) indi-
cate that the optical anisotropy in the superlattices is
large. We show that the main features of the 7(co) at fre-
quencies far from the superlattice absorption edges are al-
most entirely due to bulklike transitions. In particular,
most of the anisotropy is due to strain in the Ge. We also
argue that the larger response in the direction of the su-
perlattice axis can be attributed to a greater alignment of
the bonds (antibonds) in this direction. The pure super-
lattice features are only observed near the absorption
edges. These features differ from superlattice to superlat-
tice, and are the real signature of each superlattice.

The paper is organized as follows. In Sec. II we give a
brief description of the band-structure calculations. In
Sec. III, the results of our calculation of the 7(co) using
these bands and employing the LATM are presented. We
analyze these results and discuss the source and the size
of the large anisotropy, and the absorption edge behavior,
in Sec. IV.

II. BAND-STRUCTURE CALCULATIONS

The details of the direct-space LCGO method have
been adequately discussed in the literature. ' ' '
Below we give a summary of this approach and other de-
tails relevant to our problem.

The crystal charge density for each constituent bulk
material is estimated at a large number of points in real
space from the superposition of the Hartree-Fock atomic
wave functions. ' ' The exchange-correlation potential
is then constructed using the Xa method, by setting the
parameter cz for each bulk material to produce the
correct lowest-energy band gap of that material. This is
done by initially choosing some reasonable value for a
and constructing the exchange-correlation potentials ac-
cording to the Hohenberg-Kohn-Sham local-density-
functional approximation. ' ' The total effective bulk
crystal potential then is written as superposition of
effective single-site potentials V(r). Using a least-
squares-fitting procedure the effective single-site potential
for each bulk material is then expanded as follows:

V(r)= — e ~" +gC e
Z —.2 3'w"

(2.1)

where Z and C are the expansion coefficients and differ
for each type of atoms; P and y are Gaussian exponents.
Usually nine Gaussians are sufficient to provide a good fit

up to a radial distance of about 8 a.u. Typically 12
Gaussians for each bulk material are used. The first term
in Eq. (2.1) describes the short-range behavior of the
Coulomb potential.

—a,. r 2 —a, r 2

Next, s-type (e ' ), p-type (xe ', etc.), and d-type—a,.r
(xye ', etc.) Gaussian orbitals are used to construct
the contracted atomiclike orbitals as follows:

@zan, (r) =QS&q, „6(a„,r,pq, s, ), (2.2)

—a„r2

where G( a„,r,p, q, s) =x~y~z'e " are the Gaussian
functions and 2)~~, „are the expansion coefficients to be
determined. The index n runs over the number of Gauss-
ians included in the expansion of each orbital type; typi-
cally 14 Gaussians per orbital are used for each bulk ma-
terial. The exponents of these Gaussians are chosen to
range between a, =0.15 to a&4=250000. Note that in
the minimal orbital scheme the basis for Si consists of
nine orbitals (Is, 2s, 2p, 3s, 3p) and for Ge 18 orbitals
( ls, 2s, 2p, 3p, 3d, 4s, 4p). The expansion coefficients are
determined by solving the Schrodinger equation with the
single-site potential V(r). Once the basis orbitals are
determined, the Hamiltonian matrix elements for a wave
vector k, at which the lowest-energy band gap for each
bulk material occurs, are constructed as follows. The
contributions from the single-site potentials are summed,
and added to the kinetic term to form the total crystal
Hamiltonian. The Hamiltonian matrix elements are ob-
tained by expressing the Hamiltonian operator in the
nonorthogonal basis of the Bloch states, which, for a
given k, are formed from the atomiclike orbitals. The
Hamiltonian matrix thus formed is then diagonalized. If
the lowest-energy band gap for each bulk material is not
in agreement with experimental value, a new a for that
material is chosen and the process is repeated until the
correct value is obtained. We note that this is not, of
course, a self-consistent procedure.

Note that the above functional form of the single-site
potential and basis functions allows analytic evaluation of
the all the multicenter integrals involved in the calcula-
tion. ' ' The analytical form of these integrals are given
in Appendix A.

Once the single-site potential and atomic-like orbitals
for each constituent bulk material are known we proceed
to calculate the band structure of the strained
(Si)„/(Ge)„superlattices on Si (001) substrate as follows.
We expand the semi —ab initio bulk silicon and germani-
um single-site potentials over the appropriate lattice sites
of each superlattice. The superlattice atomic-like basis is
taken as the direct sum of the constituent bulk atomic-
like basis. These orbitals are then used to form Bloch
states. Using these 81och states the superlattice Hamil-
tonian and overlap matrix elements within a "supercell"
scheme are constructed. In this scheme the overlap ma-
trix elements are given by
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[SAa], , = y e'""'"'gyes, n, „
s(A, A) m n

X dr 6 a, A,p„q, ,s, 6 a„,a,p2, $2, $2 (2.3)

and the Hamiltonian matrix elements are given by

[H„a];, = g e * gg2),
R, (A) m n

r

X fdrG(a, A,p„q„s, )( ——'V')G(a„, B,p„q2, s2)
L

—g Z(Q) g fdr 6(a, A,p„q„s&)
O(A) u(A, O)

exp[ —P(Q)[r —R„(A,Q)]')
X

~r —R (A Q)~
G(a„,B,p2, q2, s2)

u

+ g g QC~(Q) f dr G(a~, A,p&, q&, s, )
O(A) u(A, O) w

Xexp[ —y (Q)[r —R„(A,Q)) ]

X G (a„,B,p2, q2, s2 ) (2.4)

where A and 6 each refer to different atomic types. Vec-
tors R, (A), which are centered on an atom A in the cen-
tral unit supercell, locate the centers of all the other su-

percells labeled by s. The collective indices
i„—= Ip&, q~, s& ]„and ja =—[p2, q2, s2]a label the different

types of orbitals on atoms A and 5, respectively, while in™
dices m and n indicate the different Gaussian orbitals
used in the expansion of the wave functions. Index 0 la-
bels the different atomic planes perpendicular to the su-
perlattice axis z and vectors R„(A,Q) locate the atomic
sites, labeled by u, on the Qth plane and are centered on
the A atom in the central supercell. The potential expan-
sion coefficients for the atoms on the Qth atomic plane,
Z(Q} and C„(Q), and the corresponding exponent P(Q)
and y (Q), are defined in Eq. (2.2)

Typically we restrict vectors R„(A,Q) to lie within a
sphere of radius equivalent to eight nearest neighbors
from the central atom A. The lattice sums over R, (A)
must be carried to full convergence. We include interac-
tions up to seven nearest neighbors, from the central
atom, A, in the summation. Adding in further neighbors
changes the calculated energy values by less than 0.001

I

eV.
To simplify the calculation, we reduce the dimensions

of the Hamiltonian and overlap matrix elements by
orthogonalizing the valence Bloch states of each atom in
the supercell to the core Bloch states of al/ the atoms in

the unit cell. Within the minimal number of orbitals
scheme we identify the core and valence states of Si as
(ls, 2s, 2p) and (3s, 3p}, respectively, while for Ge the core
and valence states are ( ls, 2s, 2p, 3s, 3p, 3d) and (4s, 4p), re-

spectively. For example, for (Si)4/(GE)4 the Hamiltonian
and overlap matrices are 108X108 ([9+18]X4=108)
before orthogonalization to the core states and
32X32 ([4+4]X4=32) after. The Hamiltonian is then
diagonalized in the orthogonalized basis. The diagonali-
zation of these smaller matrices typically lead to energies
within 0.02 eV of what would be obtained from a full cal-
culation. ' The full details of orthogonalization are given
in Appendix B.

Once the eigenvalues and eigenstates of the superlattice
Hamiltonian are obtained, the momentum matrix ele-
ments can be constructed. These matrix elements are
given by

ik-R, (A)
2) „fdr G(a, A,p„q„s, )( —iRV)G(a„,B,p2, q2, s2),

i j s(A, E) m n

(2.5)

Superlattice

(Si)2/( Ge )2

(Si)3/( Ge )3

(Si)4/( Ge )4

Direct gap

1.87
1.22
1.37

Indirect gap

0.78
0.77
0.78

TABLE I. Band gaps (from this calculation) for (Si)„/(Ge)„
superlattices in eV.

where L and M label the eigenstates of the Hamiltonian
and 8' is the unitary matrix which transforms the Bloch
states to the eigenstates of the Hamiltonian.

The band structures of strained (Si)„/(Ge)„superlat-
tices on Si(001) for n =2, 3,4 along certain directions in
the Brillouin zone (see Fig. 1) are given in Fig. 2 and the
direct and indirect band gaps are summarized in Table I.
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FIG. 1. The strained (Si)&/(Ge)4 superlattice Brillouin zone
and its irreducible segment.

We have already discussed the important features of
these bands and compared our results' with experimental
values ' and the results of other theoretical calculations.
The overall agreement is good (see Table III of Ref. l).
However, we have pointed out' that use of a minimal
basis leads to small inaccuracies in the band structure. A
case in point is the small magnitude of the splitting of the
first and second pairs of the zone-folded states of Si4Ge4,
at I, in the present calculation (see Fig. 2). With
minimal basis LCGO we observe these splitting magni-
tudes to be about 0.01 and 0.03 eV, respectively, com-

(b)

8

0— 0-

—8
R X X

2
Q)

1

0

X

FIG. 2. Energy band structure of the strained (Si)„/(Ge)„superlattices. (a) (Si)z/(Ge2, (b) (Si)3/(Ge3), (c) (Si)/4/(Ge)4 (note that
the interface bonds lift the fourfold symmetry about the crystal axis, rendering points L, and L2 distinguishable).
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TABLE II. Critical points at I for (Si)4/{Ge)4 (the labels have been described in the text).
1&UIP'l~ &I'—= —,'(I&vip„lc & I'+ l&v IP Ic) I ).

Transition

~l v ~lc

I"q„ I 3,
"

U 3c

r,',, -r,',"

Tr„,-r„,
Tr„,-r„,

r;-r»,

~E (eV)

1.37
1.38
1.69
1.38
1.39
1.70
2.05
2.06
2.37
2.08
2.09
2.4
2.43
2.44
2.75

I & DIP'lc & I' (a.u. )

0.0
0.0
0.0
0.001
0.001
0.0
0.0
0.002
0.0
0.0
0.0
0.0
0.0
0.0
0.104

I & U IP, Ic & I' (a.u. )

0.0
0.0
0.0
0.0
0.0
0.002
0.0
0.0
0.002
0.0
0.0
0.0
0.220
0.0
0.0

Critical point

Ml
Mi
Ml
Mo
Mo
Mo
Ml
M2
Ml
Mo
Mo
Mo
Mo
Mo
Mo

pared to others, eg. , Hybertsen et al. and Froyen
et al. , who get 0.1 and 0.2 eV. However, because even
the correct values of these splittings are small, and also,
because in each pair of zone-folded states at least one of
the states has zero-momentum matrix element with the
top valence states (see Table II and also Table II of Ref. 2
and Table III of Ref. 3), we do not expect the above inac-
curacy to affect the optical properties noticeably.

III. LINEAR RESPONSE FUNCTION

Within the independent-particle model, the expressions
for Vi(co) and 7&(co) are given by standard perturbation
theory: '

QPR(xx) =QP„(yy) =r(xx+yy),
R R

QPii ( zz ) =pzz,
R

QP„(ij)=0, i',
R

(3.3)

2

X 5(E ;
—

iiico )]dk , (3.4)

where i,j =x,y, z and ~=4,p=8 for even- and
~=8,@=16 For odd-period superlattices. The nonvan-

ishing components ofVz(co) are then given by

7~(co) =— g f f; [P;P; 5(Ei; fico)]dk,—
7T m CO, BZ

I,J
and

2

2

( )
1 irie

m BZ+2
I,J J1

P;P;
dk,

(E~; fico)—
(3.1)

(3.2)

e", (co)= g f f,, [P;,P,', 5(E,, —%co)]dk,
m' mco, . rz 'J

4.
I J

(3.5)

where P,J(k) is given by (2.5) and f, =f, f are Fermi—
factor differences. In 7, (co) there is no singular piece pro-
portional to co

' because of time-reversal symmetry; the
co divergent term vanishes for filled bands because the
effective mass tensor is periodic in the Brillouin zone and
the integral over the Brillouin zone of the derivative of a
periodic function is zero.

We utilize the symmetry groups of even-period (Dih)
and odd-period (Did) strained (Si)„/(Ge)„superlattices
on Si(001) to take the dielectric tensor to its irreducible
form. This is accomplished by applying the operators for
the group elements R of the D21, or D2d point groups,

PR, to the expansion dyadics ij of the dielectric tensor
7(co)=g;,e;,ij. We find

where ez(co)=@i"(co)=@~~(co) and IZ stands for an irre-
ducible segment of the first Brillouin zone (see, e.g. , Fig.
1).

We evaluate Eqs. (3.4) and (3.5) using the LATM by di-
viding the irreducible zone evenly into rectangular paral-
lelopipeds and further reducing these into six constituent
tetrahedra. The momentum matrix elements are taken to
be constant over each parallelopiped and set equal to the
value at the center, while the energies are calculated at
the vertices of each tetrahedron. ' Note that since the
Brillouin zone for these superlattices is tetragonal, the ir-
reducible zone is evenly divisible by rectangular paral-
lelepipeds, and there are no difficulties in dealing with the
zone boundaries. The integral over constant energy sur-
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faces is evaluated with a typical resolution of about 0.02
eV or less, and we typically divide the irreducible zone
into 1000 rectangular parallelepipeds.

We obtain et(oz} from ez(co} by the Kramers-Kronig re-

lation. Our results for 72(rzz} and VI(co} are preseted in

Figs. 3 and 4, respectively. These are the first evaluations
of e(az} for these superlattices. However, we would like
to point out that using a minimal number of orbitals in

the linear combination of Gaussian orbitals method, as

we have done here, leads to higher conduction bands that
are not very accurate even for bulk materials. ' Also the
scheme leads to oscillator strengths that are too small.
We expect these deficiencies to carry over into our super-
lattice calculations. In particular, we expect the real
size of the response functions to be considerably scaled

up from the values obtained here.

(b)

zz- Si&ae~
z

80 szz(~)

18-
~ ~

16- sI

14- V

12

10- Zg Cd

8-
6-
4—

00 1 2 3 4 5 6 7 8 910
ENERGY (eV)

80-

14-
~ 18-

CQ

10-
8-

z I ~ I

0 1 8 4 5 6 7 8 910
ENERGY (eV)

zz—

80—

18-

Si~Ge~

14-
18
10-

4-
2-
O

z I t I ~ I ~ I I I I I ~ I ~ I ~

0 1 2 3 4 5 6 7 8 9 10
ENERGY (eV)

FIG. 3. ez(co) for strained (Si)„/(GE)„superlattices [solid lines: ez(co); crosses: ez'(co)]. (a) (Si)z/(Ge)z, (b) (Si),/(Ge)z, (c)

(Si)4/( Ge )4.
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IV. RESULTS AND DISCUSSION

A. High-frequency features ofVI(r0) and 72(aI)

From Figs. 3 and 4 it is evident that in all the superlat-
tices the main features in VI(ro) and e2(oI) are very similar
at frequencies higher than those near the absorption
edges. This is not unexpected: Since the matrix elements
between the valence and the folded conduction states are

generally 5 —20 times smaller than those between the
valence and bulk-like conduction states (also see Tables
II—IV), one would suspect that the optical response
would be dominated by the bulk optical properties of sil-
icon and germanium. This can be verified quantitatively
from a simple macroscopic model for the dielectric func-
tion of a superlattice, where the superlattice is considered
to be constructed from slabs of bulk Si and strained bulk
Ge (see Fig. 5}. These slabs are assumed to be of finite

18
Si~Ge~

14

10 10

a I a I a I ~ I a I ~ I a I a I s I

0 1 8 3 4 5 6 7 8 9 10
ENERGY (eV)

I I I i I I I a I a I, I ~ I i I018345678910
ENERGY (eV)

10 s I ~ I . I . I ~ I ~ I s I, I a I s012345678910
ENERGY (eV)

FIG. 4. 7, (co) for strained {Si)„/(Ge)„superlattices [solid lines: e~(m); crosses: e~ (co)]. (a) (Si)2/(Ge)z, (b) (Si)3/{Ge)3, (c)
(Si) /(Ge) .
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TABLE III. Critical points at 1" for {Si)2/{Ge)2 {the labels have been described in the text).
I&via'lc&l:——'(l&ulP„lc&l +I&vis Ic&l').

Transition

pT ~I ZF
10 1C
T IZF
20 lC

Iz IzF
0 jc

PT I ZF
20 2c

Iz IzF
0 2C

I& ~ItsT

Tr,„-r„,
I",~I js,

AE {eV)

1.87
1.89
2.19
2.11
2.13
2.43
2.32
2.34
2.63

I&ulP'Ic&l' (a.u. )

0.056
0.12
0.0
0.0
0.0
0.0
0.173
0.04
0.0

I&vlP, lc&l' (a.u. )

0.0
0.0
0.166
0.0
0.0
0.0
0.0
0.0
0.2

Critical point

Mp
Mp

Mp
Mp
Ml
Mp
Mp
Mp

Mp

size but much smaller than the wavelength of the per-
turbing light beam so that the beam sees an effective
dielectric function.

For a transverse applied field Er (i.e., normal to the
crystal axis which in this case is taken to be the z axis) we
have

Therefore, we have

—1 1 esi 1 aoe+
~ZZ 2 PZ PZ

Si Ge

yielding

(4.6)

ET+ET=ET', (4.1)

+"
2 4m 4m

e —1
T

ET —= ET . (4.2)
4m.

Using (4.2), the effective dielectric tensor components
e""(co)=e ~~(co) are given by

e (co)=e""(co)=@~~(co)= —,'(es;+e'o, ) . (4.3)

On the other hand, for a longitudinal field EI =Ez we
have

~L ~siEL ~GeEL (4.4)

where e is the indicated component of the effective
dielectric tensor. The averaged induced polarization then
is given by

es 1 eH, —1 ELP= — +
4cTEg; 41TE~e E

(4.5)

from the continuity of the tangential electric field across
an interface. Therefore, the average induced polarization
is given by

p i (psi+poe)
2

2esfeoe

esi+ &oe
(4.7)

To evaluate the macroscopic response functions (4.3)
and (4.7) one needs 7i(co) and 72(co) for bulk Si and
strained Ge. We calculate the band structures of bulk Si
and uniaxially stressed Ge (with lattice constants as given
in Table V) in the same manner as in the superlattice us-

ing the minimal basis LCGO approach. The band struc-
ture of silicon obtained from the minimal basis LCGO
method has already been presented and discussed by
Huang et al. ,

' and will not be repeated here. We
present the band structure of strained Ge in Fig. 6(a) and
the corresponding'(co) and 7, (co) in Fig. 7.

Using these results and Eqs. (4.3) and (4.7), we obtain
macroscopic estimates for the effective 7,(co) and 72(co).
The results are presented in Fig. 8. Comparing these re-
sults and the microscopic calculation (Figs. 3 and 4), it is
evident that the main features (including the anisotropy)
are well reproduced by this simple macroscopic model.
This indicates that the prominent features of ez(co) and

e2 (co) in all of the superlattices studied here indeed arise
mostly from bulklike transitions. In particular, the two
main peaks correspond to E, and E2 peaks in bulk Si and
Ge. Note that in the superlattices these peaks are
broader and weaker than the corresponding peaks in the

TABLE IV. Critical points at I for Si3/Ge3 {the labels have been described in the text).
I & ulr'lc & I'=-,'(I & ula. Ic & I'+

I & ulr„lc & I ).

Transition

T IZF0~ lc
Iz IzF0~ tC

ZF
0 2C

ZF
lc 2c

I „~I ls,r„r„,

AE {eV)

1.22
1.54
1.22
1.54
2.10
2.42

I&vie lc&l' (a.u. )

0.0
0.0
0.0
0.0
0.170
0.0

I&vlP, lc&l' (au)

0.0
0.0
0.0
0.0
0.0
0.367

Critical point

Ml
Ml
Mp
Mp
Mp
Mp



5120 E. GHAHRAMANI, D. J. MOSS, AND J. E. SIPE 41

Substrate

5.43 5.43

0

TABLE V. Lattice constants in A.

Si
QT

Ge
T

5.82

matrix element at any point in the Brillouin zone can be
replaced by an average momentum matrix element, the
expression for e~(co) in this model becomes

'2

&z (co)= — l(P')I g f f;,6(E,, fi—co)dk,
l, J

constituent bulk materials. This is particularly true for
ez(co) where, in the macroscopic model, the response is a
simple average of the bulk response. Since the e2(co)

peaks in bulk Si and Ge are at slightly different frequen-
cies, the averaging broadens and weakens the e'z(co) peaks
in superlattices; since the E, peak in Si occurs about 1 eV
higher than in Ge, the corresponding E& peak in super-
lattices is very broad and weak, while the E2 peak, which
occurs more or less at same frequency in both bulk ma-
terials, is a sharp and large peak in the superlattices. The
features of ez (co) arise from a more complicated function
of bulk properties, and the frequency shifts of the peaks
are not very important.

(4.8)

B. Source and size of the anisotropy

From the above result it is also evident that the most of
the anisotroppy is due the bulk properties. To illustrate
this point further we repeat the macroscopic calculation
with no strain in Ge (see Fig. 9). In this case the calculat-
ed anisotropy almost completely vanishes. Therefore,
away from the absorption edges, the anisotropy in the su-
perlattices is mostly due to the strain in the Ge.

The relative magnitudes of ez(co) and e~z(co) in the su-

perlattices can thus be understood if one can explain the
relative magnitudes of the corresponding response func-
tions in strained Ge. The effects of strin on the band
structure and momentum matrix elements, and therefore
the optical properties, is complicated. To seek a simple
physical explanation for the anisotropy that we have cal-
cualted here, we consider an empirical bonding-
antibonding tight-binding model, ' which is simple and
physically very intuitive. Assuming that the momentum

lX

R -5

—13

—15
L X U, K

(b)

Esi

Esi

—15
L X U, K

FIG. 5. A macroscopic model for the superlattices.

FIG. 6. Energy band structure of bulk materials. (a) Bulk
strained Ge (note that because of strain the U and E points are
not equivalent), (b) bulk Ge.
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where al is optically isotropic. When Ge is uniaxially stressed
we have

~(pa)~2cc(r )2— Q a a =x,y, z (4.9)
E2 ( Cd ) =E2 ( Cd ) = E~2~( Cd ) ac

Q T

4

2

and where t is the ath component of the bond (anti-
bond) vector which points along a bond (antibond) be-
tween two atomic sites in a unit cell; Q is the lattice con-
stant in the cath direction. Now, in a cubic bulk material
such as Ge, we have t, ty t and therefore the materi-

Qq
2

Using the values of Table V we find

(4.10)

18

&:(cd)
Strained Ge

18

Ma eros copi c
w

Calculation
Zg* Cd

14

123

10

14

123
CQ

1 0

8

I a I I I i I

0 1 2 3 4 5 6 7 8 9 1 0
ENERGY (eV)

4

2

0 ' I a s I s I I I a I ~ I I I I I a

0 1 2 3 4 5 6 7 8 9 10
ENERGY (eV)

18

14

~ ~

'i Strained
18

14

r ~

1 0 10

—1 0 ~ I I I

0 1 8 3 4 5 6 7 8 9 1 0
ENERG Y (eV)

~ ~

a I I I I ~ I ~ IV ~ I I I ~ I I I

0 1 2 3 4 5 6 7 8 9 1 0
ENERGY (eV)

FIG. 7. Dielectric function for strained Ge [solid lines:
E2(cd), E( (cd); crosses: E2 (Cd), E", (cd)] (a) E ( ),2(cbd. ) E [(cd) ~

FlG. 8. Macroscopic calculation with Ge strained [solid
lines: Ez(cd), E, (cd); crosses: Ez*(cd), Ej'(cd)]. (a) Eq(cd), (b) E~(cd).
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e2'(co)
=1.15 .

ez (co)
(4.11)

20-

Macroscopic calculati on

( Ge not strained )

8-
6-
4—

2-
~ I s ) I I a I a ( a I i ( i I i I a

0 1 2 3 4 5 6 7 8 9 10
ENERGY (eV)

Macroscopic calculati on

I8 - ( Ge not strained )

10

Although in reality the anisotropy is a complicated func-
tion of frequency, and varies from 0 to about 50% (see
Fig. 7), we see from this simple argument that solely from
the bond (antibond) orientation in the strained material
we can expect a 15% anisotropy.

C. Unique superlattice features

The superlattice optical properties differ from the bulk-
like properties at the absorption edge due to new transi-
tions to the folded bands. However, the magnitude of the
72(to) at these frequencies is about 2 orders of magnitude
smaller than bulklike features at higher frequencies, due
to the fact that the momentum matrix element between
zone-folded (ZF) states is about an order of magnitude
smaller than the bulklike matrix elements. Because we
employ the LATM, in which the momentum matrix ele-
ments are approximated as uniform over each rectangu-
lar parallelepiped and equal to their value at the center of
the parallelepiped, the actual shape of the response func-
tion is not accurately given at the absorption edge. To
examine the nature of the band edges more carefully, we
have evaluated the effective masses at the band edges and
determined the nature of the critical points. The results
are summarized in Tables II-IV, where we use the fol-
lowing labeling scheme: The I », is a bulklike conduc-
tion state corresponding to usual I » state in the bulk
zinc-blende semiconductors. The I „",I 2,", I 3,", and I 4,

"
are the first, second, third, and fourth zone-folded states
in increasing order of energy. The triply degenerate bulk
valence I 25, state is split by the tetragonal deformation
into a p, -like state, labeled by I'„, and two p,p like
states. The later states are degenerate for n =3 (labeled
I, ), but are split for n =2,4 because of the missing four-
fold rotation axis. In the latter case these states are la-
beled by I 2, and I"„in increasing order of energy. From
these results it is evident that the real signature of each
superlattice occurs only at the superlattice absorption
edges. However, this signature is very weak and it would
be hard to detect in a simple absorption experiment due
to contributions from the indirect transitions in the bulk
substrate.

In conclusion then, we have carried out the first full
band-structure calculation of the linear optical properties
of the strained (Si)„/(Ge)„(001) superlattices. We have
used a simple macroscopic calculation, to show that most
of the features of the response function at frequencies
away from the absorption edge are due to bulk-like tran-
sitions. We found that the expected anisotropy in these
novel materials is large and almost entirely due to the
strain in Ge. In a simple model the larger size of
response in the direction of the superlattice axis is due to
the fact that the bonds (antibonds) are mainly aligned in
this direction. The pure superlattice features are only ob-
served near the absorption edges. These features differ
from superlattice to superlattice, and are the real signa-
ture of each superlattice.
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APPENDIX A: ANALYTIC EXPRESSIONS
FOR THE MULTICENTER GAUSSIAN INTEGRALS

Then a general Gaussian-type orbital centered on A is
defined as follows

As pointed out in the text, all integrals involved in the
construction of the overlap and Hamiltonian and
momentum matrix elements can be evaluated analytical-
ly. The full derivations of analytic results of this type are
discussed by Sanders. ' Below we only present the final
expressions.

Let r „denote a distance between a point A with coor-
dinates ( A„, A», A, ) and a field point (x,y, z). Vector r„
is then given by

rz =(x —A„)x+(y+ A )y+(z —A, )z

2
p, q, ,

—a r„G(a, A,p„q„s, )=x„y„z„e (A2)

r6 a, A,p&, q&, s& 6 a„,B,p2, q2, s2 = I„IvI, ,

(A3)

The overlap integral between two Gaussians centered on
points A and B (a two-center integral) is given by

XAX+1AY+ZAZ . (A 1 ) where
I

—(a AP+a BP )m n

a A+a„Bp=
aT

AP=P —A,
aT =a +a„

I„(ar, AP„,BP„)=
aT

' 1/2 [(pl +p2 )/2

f2, (p&,pz, AP„,BP„)
(2ar )'

pi P2
fk(p), p2, AP„,BP„)=g +5~+1k(AP„) ' . (BP„) Ij=01=0

p& p!

and similar expressions for I and I, Note that. , the notation [p/2] indicates the largest integer part ofp/2 and 5J+& k

is Kronecker 5.
r

The overlap between two Gaussian-type orbitals centered at A and B with a Gaussian e " ' (a three-center integral),
of the type appearing in the last term of Eq. (2.4), is similarly given by

where

rG a, A,pj, q„sj e '6 a„,B,p2, q2, s2 =gI„aT, AE„,BE„ Iv aT, AE„BEv I, aT, AE„BE, (A4)

—(am AE +an E +~wCE )g=e
a A+a„B+y CE=

aT

am+an+Xw .

(AS)

where

J =a„(2pz+1)fdr G(a, A,p&, q&, s& )G(a„,B,p2, q2, s2) —2a„fdr G(a, A,p&, q&, s& )G(a„,B,p2+2, q2, s2)

The kinetic and momentum integrals are expressed in terms of two-center overlap integrals as follows. For the kinet-
ic integral we have

fdr G(a, A,p„q„s, )( —
—,'V )G(a„,B,p2, q2, s2)=J„+J»+J, ,

fdr G(a, A,p„,q„s, )G(a„,B,p2
—2, q2, s2)
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and similar expressions for J and J, . The momentum integrals are given by

fdr G(a, A,p„q„s, ) G(a„,B,P2, qz, sz)=pz fdr G(a, A,p&, q„s, )G(a„,B,pz
—1,qz, sz)

—2a„dr 6 a, A,p), q, ,s, 6 a„,a,p2+1, q2, s~ (A6)

with similar expressions for the B/By and B/Bz terms.
The Coulomb integral is given by

p~2

f
C

dr G(a, A,p&, qi, si )
l l

G(a„,B,p2, q2, $2)
r,

l~»i 1 l«2} (
—1)'(CE„)

( —1) s p!fz(p ~,pz, AE„,BE„)g
le/2! 1 lM»l (

—1)"(CE )
X g (

—1)qe~ q!f (q~, q2, AE, BE~) g, g, ,
s"

~f +~/ is/2l 1 [N/2J (
—1 ) ( CE )

X g (
—1)'E' s!f, (s„s2, AE„BE,) g —,g, ,

E'
s=0 e=O ' U=0

XFI ~+M ~+& .(aTCE—), (A7)

where

1E=
4aT

L, =p —2a,I=q —2b,
X:—s —2c,
aT=a +a„+P,

lb~&s= ba&a+& g ~a, v;e, elbe&c .
0 C'(0)

(81)

The condition for orthogonality requires that

&balbn &vc=o (82)

atoms of type (b, ). Similarly, lb„&c represents a core
Bloch state (CB) of the atoms of type (A). We construct
a new VB state lb/, &s as follows:

a A+a„8+PCE=
aT

Substituting (81) into (82) we get

&bclbn & vc+g &~a, v e c &belbn &c c=o (83)
==e

—(a AE +a„BE +PCE ) 8 C'0"

Fh(Q)=f dwe 2 w ". To determine the coefficients A a series of simultaneous
equations must be solved. However, since the overlap be-
tween different core states is small we assume

Note that the function Fh(Q) satisfies the recursion rela-
tion &bo-lbn &c c=&c,c&o,n (84)

Fh+ )(Q) = [(2h + 1)F„(Q)—e ~] (Ag) With the above approximation (83) gives

and is related to the error function ~~, v, nc= &bulb, n & v—c (85)

,
)

&7r erf(y)
2

APPENDIX B: THE ORTHOGONALIZATION
TO CORK BLOCH STATES

(A9)
Substituting (85) into (Bl) we get

lb' &a = lb' & v g g lbe &c& be lb' &cv .
0 C(O)

(86)

Let lb/, & v be the abstract state representing the three-
dimensional superlattice valence Bloch (VB) state of the

In the actual calculation the orgonalization procedure is
applied to the Hamiltonian, overlap, and momentum ma-
trices. In the new basis the Hamiltonian matrix is given
by
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(HA, t jv v=&b~lHlb~ &vv

=&bwlHlba&v v g g & "AIHlbn&v'c&bnlba&cv 2 2 &hAlbo&v'c'&bel~lbt &c v
0 C(Q) 0 C'(8)

+g g g & &bilbo&vc&bolHlbn&cc&bnlha&cv
fl C(O) 0 C'(0)

The momentUm and overlap matrix in the new basis are obtained similarly.
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