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The effects of internal surface reflections on the transport of optical waves through random media

are considered theoretically. Simple closed-form expressions for both transmission through and

reflection from a finite slab are obtained for the following phenomena: the coherent backscattering
of light, the form factors of the optical memory effect, the frequency-dependent correlation func-

tions of static systems, the time-dependent correlation functions of dynamic systems, and the diffuse

reflectance and transmittance. In every instance surface reflections are found to cause significant,
sometimes dominant, effects under realistic experimental conditions. Good agreement is found be-

tween the theory and recent experiments for the optical memory effect.

I. INTRODUCTION

Light injected into a highly random medium is con-
sidered to undergo a random walk due to strong multiple
scattering. As a result of the discontinuity in refractive
index (impedance mismatch) at the sample surface, light
that attempts to exit through the surface may be internal-
ly reflected. This reinjection of the light can lead to a
drastic lengthening of the random walk inside the medi-
um, and thus to dramatic changes in properties which de-
pend upon the length of the optical path and its associat-
ed distribution function. Surprisingly, perhaps, the ran-
domness of the medium can greatly enhance the effective
surface reflectivity. Because of the strong multiple
scattering that destroys the directionality of the incident
beam, all exit angles have approximately equal probabili-
ty, so that a major fraction of the light attempts to exit at
angles greater than the critical angle for the total internal
reflection, 0, . This fraction may be easily seen to equal
cose, . For a refractive index of 1.5, the effective
reflectivity against air can approach 75%%uo if the surface
becomes highly reflecting at near grazing incidence, as is
often the case. With such a large reflectivity, internal
surface reflections become a dominant factor, and these
reflections have very recently been shown experimentally'
to have a dramatic influence upon the form factors of the
optical memory effect for both transmission and
reflection. Since the form factor in reflection is closely
related to the shape function of the coherent backscatter-
ing peak, ' most of the experimental results " for this
latter quantity are expected to have been significantly
affected by surface reflections. This is also the case for
other optical properties of current interest, such as the
frequency-dependent correlation functions for static sys-
tems, ' ' and the time-dependent correlation functions
for dynamic systems. ' Thus, it is clear that almost all
of the recent experiments involving optical transport
through highly random media (Refs. 1, 3, 5-12, 16-18,
20-22 and 24) are affected to a greater or lesser extent by
internal reflections at the boundaries of the sample. Ac-

cordingly, any theory that neglects this important effect
will necessarily be incomplete, while its use in the inter-
pretation of experimental data may lead to significant er-
rors.

The only prior theoretical treatment of these internal
reflections is a very recent, important paper by Lagen-
dijk, Vreeker, and De Vries that treats the coherent
backscattering peak and also pulse propagation. These
authors develop a formulation for the Green's function
that describes diffusive propagation of light in the pres-
ence of surface reflections. Although of intrinsic theoret-
ical interest, there are two problems with such an ap-
proach. The first is the practical one that all the various
phenomena described would now need to be recalculated
using this new Green's function. The second problem is
one of principle. The boundary conditions for the
diffusion equation are a vexing problem that is usually
resolved by fitting the diffusion equation solutions to the
solution of the Milne equation. But the Milne equation
solutions are also altered (in a presently unknown
fashion) by the reAectivities of the sample surfaces. Ac-
cordingly, there still exists a significant, presently un-
resolved uncertainty in the direct application of the
diffusion equation to samples with surfaces of arbitrary
reflectivity.

In contrast to this, we bypass the direct use of the
diffusion equation, and for each process we provide a
solution to the problem of surface reflections in terms of
the already known solutions that exist in the absence of
these reflections. As becomes apparent, such an ap-
proach is possible because successive passes of the light
through the medium are statistically independent, so that
the effects of surface reflections may be treated as simple
reinjections of the emergent light. In this way we are
able to obtain closed-form results for the coherent back-
scattering from a s1ab of finite thickness, something that
had not proven possible using the Green's-function ap-
proach. In a similar fashion, we also obtain simple
closed-form expressions for a finite-thickness slab for the
form factors of the optical memory effect, for the
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frequency-dependent correlation functions of static sys-
tems, for the time-dependent correlation functions of dy-
namic systems, and for the diffuse reflectance and
transmittance. The only case involving surface
reflections in which suitable quantitative experimental
data are currently available is the optical memory effect. '

Accordingly, we compare our theoretical results with
these experiments and find good agreement between
theory and experiment both in reflection and in transmis-
sion. Since internal surface reflections play a dominant
role in these experiments, we believe that the good agree-
ment between theory and experiment provides a
significant verification of our theoretical results, and sug-
gests that these may be used with some confidence in a
variety of realistic situations.

II. THEORY

Although it is possible to treat the general case of a
finite-thickness slab directly, and from this derive all spe-
cial cases, we start by considering a slab of infinite thick-
ness with one boundary. This permits us to develop the
rationale behind our treatment of the various phenomena
in a simple, transparent fashion and to display in each
case the essential effects of the surface reflections. Fol-
lowing this, the more complicated generalization to the
finite-thickness slab with two (different) partially
reflecting boundaries is carried out.

A. One boundary —coherent backscattering

We begin with the coherent-backscattering peak from
a nonabsorbing, infinite half-space with one partially
reflecting boundary. For normal incidence, the shape
function for this peak, y(q) may be written

y(q)= f e'~'*P(x)d x, (1)

where q =k sin8 is the component of the scattered wave
vector k, which is parallel to the boundary, and P(x) is
the normalized probability that a photon injected at some
point on the boundary will have moved a transverse dis-
tance x along the boundary before exiting. Since the
scattering angle 8 is always very small, the integral in Eq.
(1) is taken as two dimensional. This does not imply, of
course, that the photon's random walk starts and ends on
the boundary, and Eq. (1) is also correct for continuous
injection, as well as for any other reasonable model for
optical transport. Following Lagendijk, Vreeker, and De
Vries, we will neglect the dependence of P(x) on the an-
gle of incidence. This approximation is not only a good
one, but is also not easily relaxed, since its abandonment
would require the use of transport theory rather than
diffusion theory, as well as the use of an anisotropic sur-
face characterized by various unknown parameters which
could not be easily obtained from experiment.

From the point of view of Eq. (1), the mechanism
whereby the photon is displaced by x is quite irrelevant,
so that normal photon diffusion, multiple reflections in-
terspersed with normal diffusion, or any other physically
reasonable set of processes are all covered equally wel1.
Far above the optical Anderson transition ' where

kl' ))1(/' is transport mean free path), the various pho-
ton paths may all be considered to be statistically in-
dependent. The same is also obviously true for successive
passes of the light through the medium, so that the prob-
abilities for these are simply additive, and P(x), which
appear in Eq. (1), is a simple sum over all the different
ways in which a photon injected at the origin can exit at
X.

Our model of the optical transport is thus the follow-
ing: A photon injected at the origin undergoes normal
diffusion and may exit at x. The probability for this is
t, P&(x), where t, is the surface intensity transmission

coefBcient, and the superscript 1 denotes the fact that the
photon has passed once through the random medium.

P, (x) is the usual normalized probability density that is
used in Eq. (1) to treat the coherent backscattering in the
absence of surface reflections. Since each step in the ran-
dom walk is independent not only of the previous step
but also of the succeeding one, the "decision" of a photon
at the last scattering event to head towards the boundary,
which is considered to lie just outside the line of scatter-
ers, is unaffected by the reflectivity of the boundary.
Thus, reflection at the boundary corresponds to an in-
dependent reinjection of the photon, which then proceeds
to execute a second, independent, random walk. As the
sample albedo is assumed to be unity, all the light
reflected back into the medium ultimately reappears at
the boundary. Denoting the fraction of the incident light
that the boundary reflects back into the medium by r, the
probability that the photon will exit at x after one inter-
mediate reflection (two passes through the medium) is

t, rP2(x), where

P„+,(x)=fP„(x')P,(x—x')d2x' .

Summing all such processes, we have

P(x)=Nt, (P~+rP~+r P3+ ),
where the constant N is chosen such that P(x) is normal-
ized to unity, and is easily seen to be N=(1 r)lt, . —
Since normalization always eliminates t, from our final

results, in what follows we simply omit this factor.
Denoting the characteristic function of P(x) (its Fourier
transform) by M(q), we have M„+,=M„M, =(M&)"+',
so that we may immediately write for y,

y=(1 r)M, g (rM~ )"—=(1 r)yol(1 —ry0), —
n=0

where yo=M, is the usual coherent-backscattering peak
shape function in the absence of reflection. We note that
M„(0)=1, so that the normalization factor (1 r) could—
also have been obtained at the end of the calculation sim-
ply by requiring that y(0) = 1. We will find it convenient
to normalize the remainder of our results in this way.
We also note that the effects of absorption can easily be
included by using the appropriate form for P„and multi-
plying r by the (now less than unity) albedo, thereby in-
corporating the fact that a reflected photon may be ab-
sorbed before it can return to the surface. Accordingly,
in what follows we no longer explicitly discuss absorp-
tion.
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In Fig. 1(a), we plot as a function of r the half width of
the coherent-backscattering peak normalized by the half
width for r =0. We assume continuous injection and use
the form for yo given by Akkermans, Wolf, and May-
nard. We note that the resulting curve is a universal
one and well illustrates the major effects of the surface
reflections, which is to drastically narrow the peak. Also
shown are the results of Lagendijk, Vreeker, and De
Vries for two different choices of the boundary condi-
tions, one appropriate to r =0, and the other appropriate
to r =1. As expected, our results fall, for the most part,
midway between these two.

In general, the surface reflectivities of the various sam-
ples used in most of the previous coherent-backscattering
experiments " are unknown. For the studies that used
polystyrene spheres in water, however, there are two
sources of reflection that may be estimated. The first is
total internal reflection at the external glass-air surface of
the sample cell. For this r=0.75, leading to a drastic
threefold reduction in peak width. This reflection can be
effectively masked out in a properly designed cell, and,
assuming that this has been done, a much smaller, intrin-
sic reflection still remains. This is the Fresnel reflection
at the internal water-glass interface, which may be es-
timated to yield r=0. 12. This leads to a 10%%uo reduction
in peak width. Accordingly, surface reflection effects can
range from small (but not negligible) to very large, de-
pending upon experimental conditions and so must be

carefully considered in all future experiments. We recall
the well-known effect that a matte surface can become
highly reflecting at near grazing incidence, so that most
samples will have a significant reflectivity which may
prove difficult to characterize experimentally. Under
some circumstances, index matching techniques' can be
used to minimize these reflection effects.

F =(1 r) F—o/(1 r+Fo—) (4)

In Fig. 1(b), we plot the normalized half width of the
form factor versus r. Also this curve is universal. As
may be seen, F falls rapidly with r, and, for r =0.75, the
half width of F is —,

' its value for r =0. There are current-
ly no experiments that may be compared with Eq. (4},
since available data are for the finite-thickness slab. '

C. One boundary —frequency-dependent correlations

The electric field —electric field frequency-dependent
correlation function

C'(Q) = (E(co)E*(co+Q))

B. One boundary —the optical memory effect

The form factor F for the optical memory effect' in
reflection is simply related to the square of the coherent-
backscattering peak, ' i.e., F =y, and Fo=yo, where Fo
is the form factor for r =0. Accordingly, we have

0.5

O
z
Np

is related to the pulse-shape propagation function I(t) by
2I(t)= f e' ' E(co)dc@

= f e'"'(E(co)E"(co+Q))dQ,

where I(t) is the time-dependent intensity at the output
of the medium for a 5 function input. Inverting the
transform, we have that C' is the characteristic function
of I, i.e.,

(5)

0.5

This is a very general, system-independent result. Under
the assumption of statistically independent photon paths,
the intensity-intensity frequency-dependent correlation
function C' is related to C'by

0
0 0.5 0

r e flectivit y r
0.5

C'(Q) = (I(co)I(cu+Q) ) —(I(co) ) (I(co+Q) )

FIG. 1. Half width H (r) for arbitrary effective surface
reflectivity r normalized by H(0) for reflection from an infinite
half-space. (a) Coherent backseat tering peak. (b) Optical
memory effect form factor. (c) Frequency-dependent intensity
correlation function. (d) Time-dependent dynamic intensity
correlation function. These curves are all universal. In (a) the
two dashed curves are obtained from the results of Ref. 26 for
two different values of the diffusion equation boundary condi-
tions. The upper dashed curve is for boundary conditions ap-
propriate to r =0, while the lower dashed curve is for those ap-
propriate to r =1.

Both C'(Q) and C'(Q) are normalized to unity at Q=O,
since it is assumed that JI(t)dt =1. We have also impli-

citly assumed that C' is not sensitive to the particular
value of co (basic laser frequency} and that Q/co « 1. The
foregoing has also been derived in a model-dependent
fashion by Edrei and Kaveh' and by Genack and
Drake. '

In analogy with our discussion of the coherent-
backscattering peak, I(t} in the presence of surface
reflections can be written as

I(t}=N(I, +rIz+r I3+ ),
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where I, is the pulse shape obtained after one pass, i.e.,
no surface reflections, N is a normalization constant, and
the pulse shape after n + 1 passes is

I„+,(t}=f I„(t')I,(t r—')dr' . (6)

Writing Co for the (known) electric field correlation func-
tion in the absence of surface reflections, we immediately
obtain

C'=(1 r)CO—/(1 rCO) —.
We note that because I(t) is asymmetric, C'(Q) is gen-
erally complex. Experimentally, ' one measures the in-
tensity correlation C'(Q), rather than C'(Q), and in order
to compute C' in terms of its value in the absence of
refiection, Co, the phase P(Q) of Co must be known. In
terms of this, we have

C'=(1 r) Co/—[1+r Co —2r(Co)' cos(P —$0)],
where both Co and Co are assumed normalized such that
Co(0) =Co(0)= I, and (()0=/(0).

For an infinite half space, Edrei and Kaveh' have ob-
tained

C' (x)=e

where

(E(0)E'(t)) = f e ' 'I(Q)dQ .

We note that for randomly moving particles and the
small frequency shifts Q which are relevant here, the fre-
quency spectrum of the scattered light is broadened
symmetrically around coo, the frequency of the incident
monochromatic laser beam, so that I(Q)=I( —Q) and
the dynamic electric field correlation function is both
symmetric and real. Reinjecting the broadened spectrum
into the medium leads to additional symmetric spectral
broadening. Since each spectral component is indepen-
dent of all the others, as are all the passes through the
medium, we have for I„+,(Q),

I„+,(Q)= f I„(Q')I,(Q Q—')dQ' . (9)

Writing

I(Q)=N(I&+rIz+r I3+ ),
where N is a normalization constant, denoting the
intensity-intensity time-dependent correlation function in
the presence of surface refiections by C (t), and the corre-
sponding function in the absence of these reflections by
Co(t), and again using the fact that for independent pho-
ton paths the intensity correlation function is the square
of the (real) electric field correlation function, we have

x =(1+6)(6kl'Q/co)' C =(1 r) Co/(1 r+—Co)— (10)

and b, =0.7104 from the boundary conditions of the
diffusion equation. Extending the calculation to include
the phase P, we find P(x ) —Po =x.

In Fig. 1(c), we plot the normalized half width of C'
versus r, where once again a rapid decrease of the half
width with increasing r is evident. We note that also this
curve is a universal one.

The experiments of Genack' were performed on fine
rutile particles embedded in a polystyrene matrix with
polished surfaces. For this system r may be estimated to
be r =0.9 if the polished sample surface is reflecting. For
such a high refiectivity, Eq. (8) predicts that the half
width of the correlation function will be reduced to a
mere 1% of its value in the absence of surface refiections.
Lagendijk, Vreeker, and De Vries have estimated that
such a high reflectivity will broaden the reflected pulse
shape by a less dramatic, but still very substantial factor
of 3. We must note, however, that for transmission
through thick samples, which corresponds to the experi-
ments, ' the effects of surface reflections are much less
important but may still prove significant depending upon
experimental parameters.

D. One boundary —tine correlations

In a system of moving particles, the scattered electric
field E(t) fluctuates randomly with time. The spectral
density I (Q) is given by

I(Q)= f 'e"'(E( 0}E'( )r)dr .

Inverting the transform, we have for the dynamic electric
field correlation function

where we have assumed that Co is normalized such that
Co(0) = 1.

We might note that exactly the same calculation is im-
plied by Eq. (9) gives Co itself, when we consider the suc-
cessive frequency broadenings of the scattered light after
each scattering event. In this case, of course, the relative
weights of the different "passes" (i.e., orders of scattering)
are not r", but may be denoted by W„, while for a single-
scattering event

(E(0)E'(r)) =exp( —r/2(r, ) ),
where the average single-scattering correlation time ( t, )
is determined by the particle diffusion constant. In this
simple way we immediately recover Eq. (5) of Rosenbluh
et al. ' for Co.

Using the compact form

Co=exp[ —(1 +b, )+6t (/t, )]

given by Pine et al. ,
' we plot in Fig. 1(d) the normalized

half width of the intensity correlation function C(t)
versus r. Also this curve is universal, and displays the fa-
miliar rapid decrease with r. All the dynamic reflection
experiments published to date' ' ' involve polys-
tyrene spheres in water for which, as already discussed,
the minimum possible value of the reflectivity is r =0.12.
Accordingly, for all these experiments the observed half
width is at least 20go too narrow, while further substan-
tial narrowing is possible if the data are contaminated by
additional reflections from the cell windows. Clearly, the
effects of surface reflections must be considered in all fu-
ture careful work.
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E. Two boundaries —the finite thickness slab

As is now apparent, the success of our method depends
upon the fact that for each process considered there is an
underlying quantity, say P(x), which is convoluted upon
reinjection, while the process itself involves the Fourier
transform of this convolution. This leads to the simple
summations over all powers of the basic transform, say
M, (q), which represents our final answer. Accordingly,
we no longer write out the underlying convolutions, but
instead work directly with the basic transforms. For the
infinite half-space there was only one basic transform,
corresponding to a single pass through the medium in
which the photon returns to the input surface. Here we
denote the corresponding transform for the slab by Mz.
We note that Mz depends, of course, upon the slab thick-
ness L. The second basic transform for the slab corre-
sponds to a single pass through the medium in which the
photon arrives at the second surface. We denote this
transform by M~.

These two basic transforms correspond to different
quantities for the different processes. In the absence of
surface reflections, the coherent-backscattering peak
shape is MR(q), the memory effect form factor in
reflection is Ma(q), and in transmission Mz(q), the elec-
tric field frequency correlation function in reflection is

M~(Q), and in transmission Mr(Q), while the dynamic
electric field correlation function is Mz(t) in reflection,
and Mr(t) in transmission. We recall that the intensity
correlation functions are the squares of the corresponding
electric field correlation functions. As before, we assume
that Mz (0) =Mr(0) = l. In most instances, both Mz and

Mr are available for the finite slab without surface
reflections in one or more of the references already cit-
ed. The one important exception to this is the phase
of the frequency-dependent electric field correlation func-
tion, which does not appear to have been given explicitly
before. The total transforms which include all the inter-
nal multiple reflections and transmissions we denote by R
for reflection and '7 for transmission. These are related
to the various processes already listed above, coherent-
backscattering peak, correlation functions, etc. , in the
same way as are the corresponding Mz and Mr. R and
5'are also normalized such that %(0)=V(0)=1.

We label the initial input surface by 1, the second sur-
face of the slab by 2, and assume generally different
reflectivities r, and rz for these two surfaces. In Fig. 2(a)
we display the six different elementary diagrams we will
need. As shown in the figure, R corresponds to direct in-
jection of the incident light at surface 1 followed by a
random walk which returns to the same surface. For the
finite slab the albedo is no longer unity, but rather 1 —tD,
where tD is the diffuse transmittance of the slab. Accord-
ingly, we have R =(1 tD)M„. T corresponds to —direct
injection of the incident light at surface 1 followed by a
random walk which reaches surface 2. Accordingly,
T = tDMy . R

&
corresponds to reinjection of the light at

surface 1 due to a surface reflection which is then fol-
lowed by a random walk which returns to the same sur-
face, so R, =r]R. T, corresponds to reinjection of the
light at surface 1 due to a surface reflection followed by a

random walk which reaches surface 2. Accordingly we
have T, =r, T. In a similar fashion, we have R2=r2R,

In Figs. 2(b) —2(d) we combine these elementary dia-
grams so as to describe the total random walk. There
are, of course, various ways of doing this, but we believe
that the combinations we have chosen lead to the sim-
plest method of calculation. In Fig. 2(b) we show the two
different ways of starting the random walk. We label
these by S» and S,z, where the first subscript indicates
the initial surface, and the second subscript the final sur-
face. In Fig. 2(c) we show the two different ways in
which the random walk may continue, and in Fig. 2(d}
we show the four different ways in which it may end. In
these diagrams, a dashed line corresponds to a process
which may be repeated an arbitrary number of times. In
terms of the elementary diagrams of Fig. 2(a), we have

S» —R,S&2 T, (1 la)

C„= QRi T, g Rz Tz
n=o m=o

= T, Tz/(1 —R, )(1—Rz ),
Czz C» C

(1 lb)

(1 lc)

R Sll g Cli El)+S,z g Czz Ez)
n=0 rn =0

(12a)

V—NT Sl1 g C~l) Elz+St zg Czz Ezz
n=0 m=0

(12b)

where Nz and Nz- are normalization constants. Defining

and

D =(1—R, )(1—Rz) —T, Tz, (13a}

N =(1—r, rztD) —(1—tD)(r&+rz r, rz), —

we have

(13b)

and

A =N„[R (1—Rz)+ Tz]/D,

N& =N/[(1 —tD )(1 rz )+rztD], —
(14a)

(14b)

7 =Nr T/D,

X~=X/tD .

(ISa}

(15b)

E„=1/(1 —R ) ), Ez, = Tz/(1 —R, )(1—Rz), (1 ld)

E,z
= T, /(1 R, —)(1 Rz ), Ezz —= 1/(1 Rz ) . (1—le)

Note that C is bounded by 0~ C ~ 1. The lower limit is
reached when any of the quantities r, , r2, or tD vanish,
while the upper limit is reached when r j

= r2 =1. Since C
itself may be repeated any arbitrary number of times, we
have
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which is 1 —r, for reflection, and 1 —r2 for transmission.
We thus obtain

2
(16a)

(16b)

F)

Sia ( b)

]k
I

w r
Es)

2

E, gg

2

It is easily verified that p and ~ indeed sum to unity, and
that they pass to the proper limiting values for various
special cases, including the interesting limit r, =r2=1,
where p=~= —,'. We note that the effects of internal sur-

face reflections generally make ~ greater than ta. This
may be easily seen by considering the special case of
r, = r2 =r, for which

r/tD = [1 r(1 —2rtD )
—]

which exceeds unity when tD & —,', as is usually the case.
For r=0.75 and tD =0.1, for example, r/tD =2.8. (The
general rule is that the reflections tend to move both p
and r towards their litniting values of —,.) Since the mea-

sured diffuse transmittance may be used to estimate the
transport mean free path l*, erroneously large results for
this latter quantity can be obtained if the effects of sur-
face reflections are neglected.

FIG. 2. Diagrams used in the calculations for the finite thick-
ness slab. (a) Elementary diagrams. (b) Start of random walk.
(c) Continuation of random walk. (d) End of random walk. A
dashed line corresponds to a process that may be repeated an
arbitrary number of times, while a large dot corresponds to an
internal surface reflection. The values of the various diagrams
are listed in the text.

It is straightforward to verify that A and 5'both pass to
the proper limiting forms for various combinations of the
parameters r „r2, and tD going to either zero or to unity.

F. Two boundaries —diffuse reflections and transmittance

Our calculations have assumed that the intensity of the
injected light is unity, so that the sum of the total diffuse
reflectance p and the total diffuse transmittance v is
p+~=1. In a real experimental situation, there may be
some true specular reflection of the incident beam which
reduces the injected intensity. As is well known, if the re-
fractive index is 1.5, this loss of intensity is only 4% for
the case of normal incidence assumed here. We em-
phasize that r&, for example, which may reach 0.75, is a
result of integrating over all internal angles, and is thus
very much greater than this 4% specular reflection for
normal incidence. In a comparison of experiment with
theory for the special case of very high index media with
smooth surfaces which have a high reflectance at normal
incidence, it may be necessary to multiply both p and ~
by the normal incidence surface transmittance. In gen-
eral, however, for matte surfaces and moderate refractive
indices, no such correction will be required.

The diffuse reflectance or transmittance is obtained by
summing all the reflected or transmitted intensities and
then multiplying by the surface transmission coeScient,

III. COMPARISON WITH EXPERIMENT

The only available quantitative data which appears
suitable for comparison with our theoretical expressions
are the very recent results by Freund, Rosenbluh, and
Berkovits on the optical memory effect. ' Using index
matching techniques, these authors showed that for some
samples internal surface reflections played a dominant
role in determining the width and shape of the memory
effect form factors for both reflection and transmission.
These samples were composed of a dilute concentration
of fine rutile particles in a polystyrene matrix which took
the form of a thin slab. Although the slab surfaces ap-
peared matte for near normal incidence, at smaller glanc-
ing angles the surfaces became reflecting. Accordingly,
we can expect that above the critical angle total internal
reflection occurs, leading to r, =rz =0.78. Since the slab
thickness L is known, the only undetermined parameter
is the transport mean free path l . We obtain this by
matching the theory to the experiments in reflection,
where the form factor is sensitive to l', and we then use
this value to compare theory with experiment for
transmission. We emphasize that in making this latter
comparison there are no longer any adjustable parame-
ters.

Writing y =qL, the two basic transforms we require
may be written

MT =y /sinh(y), (17a)

M„=sinh(ytD )sinh[y (1 tD )]/[ytL, (1 tD )s—inh(y)], —

(17b)

where in view of the various approximations already
present in these form factors (diffusion theory, point,
rather than continuous injection, b, =0, etc.), we have, for
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0.5

tween theory and experiment for the case of transmission.
As before, the solid curve includes the effects of the inter-
nal surface reflections, while the dashed curve is the
theory without these. The internal reflections are readily
seen to be important here also. We note that the substan-
tial level of agreement between the theory which includes
these reflections and the experiments is obtained with no
adjustable parameters, so that this agreement provides a
significant verification of the theory.

0.25 0.5 0.75

O. I

0.05
0

qL

simplicity, set tD =1'/L. The results of the analysis are
displayed in Fig. 3. In Fig. 3(a), we show the match be-
tween theory and experiment for tD=0. 38 as the solid
curve, while the broken curve is the theoretical result in
the absence of internal surface reflections. The dominant
role of these reflections is strikingly evident. Using the
above value of ti„we plot in Fig. 3(b) a comparison be-

FIG. 3. Memory effect form factors for a thin slab in (a)
reflection and (b) transmission. The data points are from Ref. 1.
The solid curve in (a) is a fit to the theory which includes inter-
nal reflections, Eq. (14), as described in the text, while the
dashed curve is the theory without reflections. In (b) there are
no adjustable parameters, and the solid curve includes internal
reflections, Eq. (15), while the dashed curve neglects these.

IV. SUMMARY

We have presented simple, closed-form expressions for
a finite-thickness slab with arbitrary surface reflections
for a wide variety of phenomena in both reflection and
transmission. These phenomena include the shape of the
coherent-backscattering peak, the form factors of the op-
tical memory effect, the frequency-dependent correlation
functions for static systems, the time-dependent correla-
tion functions for dynamic systems, and the diffuse
reflectance and transmittance. A major advantage of the
approach we have used is that it permits retention of a
substantial body of prior theory, since we have shown
how to express the effects of internal reflection in terms
of the results already obtained- in the absence of these
reflections. In every instance we have found that the
effects of internal surface reflections are significant, and
in some cases dominant. We have applied the theory to
available data on the optical memory effect and found
good agreement with experiment. The results presented
here together with the important prior results of Lagen-
dijk and coworkers, make it abundantly clear that inter-
nal surface reflections need to be considered in almost all
theoretical and experimental work on optical transport in
random media. We note that in the propagation of vari-
ous other kinds of waves through random media, such as
sound waves or electron waves, important impedance
mismatches at sample boundaries may also occur and re-
sult in significant internal reflections. We suggest that
the methods developed here may prove useful also for
these systems.
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