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A procedure is presented for calculating the electron self-energy within the dynamical GW ap-
proximation of Hedin (i.e., retaining the lowest term in the screened-Couloumb-interaction expan-
sion) which utilizes eigenstates and eigenenergies generated by the full-potential linearized
augmented-plane-wave method in the local-density approximation. For the dynamical dielectric
matrix, we propose a new plasmon-pole model which has a suitable limit to the static dielectric ma-
trix and has good behavior in a wide energy range. The self-energy is evaluated by using only the
valence and conduction bands. Results of the numerical tests for silicon presented show that the
Fourier representation for the dielectric matrix and the screened Coulomb interaction is useful for

calculating the electron self-energy.

I. INTRODUCTION

Despite its great success for determining ground-state
properties,! it is well established that conventional band-
structure calculations in the Hohenberg-Kohn-Sham
local-density approximation®® (LDA) cannot yield the
quasiparticle energy correctly. Thus, for example, the
band gap in the LDA is typically half of the experimental
value. This discrepancy is believed* ® to be due to the
density-functional formalism which is a ground-state
theory®3 rather than to the approximate formula of the
exchange-correlation potential. Therefore, we have to go
beyond the density-functional theory in order to calculate
the quasiparticle energy.’ 12

About a quarter of a century ago, Hedin'® proposed a
theory for calculating the self-energy in terms of the
screened-Coulomb-interaction expansion. Recently, Hy-
bertsen and Louie'' have shown that the lowest term of
this expansion—the GW approximation—is a good ap-
proximation to calculate the self-energy; they evaluate
the self-energy within the framework of the first-
principles pseudopotential method.!* The major purpose
of this paper is to propose an efficient calculational
scheme to evaluate the quasiparticle energy by using the
eigenstates and eigenenergies generated by the full-

potential linearized augmented-plane-wave'> (FLAPW)
method in the LDA. Another is to show the efficiency of
the plane-wave representation for the dielectric matrix
also within the APW framework and to present a new
plasmon-pole model which behaves well in a wide range
of energy and which has the correct static limit. This
model has poles away from the real axis, which supplies
numerical stability in actual computations.

In Sec. II, a procedure for calculating the self-energy is
presented and our plasmon-pole model for the dynamical
dielectric matrix is studied in detail in Sec. III. In Sec.
IV, the numerical results are presented for the self-energy
in silicon. Finally, Sec. V is devoted to a brief discussion
and concluding remarks.
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II. FORMULATION

Hedin'? gave an expression for the electron self-energy
in terms of the perturbation expansion in the screened
Coulomb interaction W:

3(1,2)=i [d3d4G(1,3)0(3,,4)W(4,1%), (1)

where the numeral denotes a set of space, time, and spin
coordinates, G is the electron Green function, and T is
the vertex function.!®

A. The GW approximation

We start with the GW approximation, in which we set
I'(3,2;4)=8(3,4)6(2,4) in Eq. (1),

dE'’

2(r,r’;E)=if = e BEG(r,r";E—E"YW(r,r;E') ,

(2)

and calculate the self-energy = with the eigenstates and
eigenenergies generated by a FLAPW band-structure cal-
culation. Denoting the eigenstate as

S (r)=(rlnk) , (3)

and the eigenenergy as ¢€,;, the Green function is ex-
pressed as

(PR ()
G(r,r';E)=2 ¢kr¢kr

- - 4
nk E——enk+i8nk ’ ( )

where 8,, =0 for €,, <p and 8,, =0 for e, >pu. Wis
expanded in a Fourier series as

W(r,r’;E)= z ei(q+G)rWGG’(q’E)e—i(q+G')r’. (5)
4,G,G’

Then we have
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ay—: (AE' _isp i(g+G)r
(nk|S(E)n'k)=i [ Z=e S (nklet|nk—q)
4 ,
n.,q,G,G
, , Wee(q,E)
X k— —i(g+G')r 'k GG .
{nik=gle k), ST ©
1 1
I
B. Screened Coulomb interaction el g, E)=u"Nq+G)ezi(q,E)u(g+G'), (8)

The screened Coulomb interaction is defined as
Wse(q,E)=€gi(q,E' w(g+G), )

where €gd(q,E) is the inverse of the dielectric matrix,
and v(q+G)=4x/|q+G|? is the bare Coulomb interac-
tion. For numerical calculations, it is convenient to in-
troduce a new quantity'’ for the dielectric matrix:

2o6(q) =866 tulg+G)a 3 (vkle "9 |c k+q) {ektgle

v, ¢,k

Now, €;¢(q) is a Hermitian matrix which is easily in-
verted by using the eigenvector Ug;(g) and eigenvalue
Ei(q)Z

> €669 Ugi(9)=Ug;(q)e;(q) (10)
<
or
_ 1
ealg) = z UGi(q)Z(—qTU,-L:(q) . (11)

We propose a new plasmon-pole model to evaluate the
dynamical dielectric matrix with a correct static limit.
We assume that the dynamical dielectric matrix has the
same form as Eq. (11) with the same matrix Ug;(q):

€ E)= 3 Uglg)——Ub(q) . (12)

Ei(q,E)

Our plasmon-pole model has the following form,

where u(g+G)=[v(g+G)]"*=V4n/|q+G|.

The dielectric matrix €;5:(g,E) is calculated by using
the Bohm-Pines random-phase approximation (RPA) and
a plasmon-pole model. The static dielectric matrix,
€66(q)=%;6(q,0), is calculated within the RPA by us-
ing the eigenstates and eigenenergies generated by the
FLAPW band-structure calculation:

iq(k+G")r
[vk ) u(g+G’) . 9)
€ck+q  Euk
[
Ci(q) C,(q)
1 1+ l 9 (13)

©(@.E)  |El-wl(q |El+torg)

for the time-ordered dielectric function with a real-
energy variable E. We replace |E| by E for the retarded
(physical) dielectric function. The choice of parameters,
C;(g) and w,(q), is given in the next section.

C. Self-energies

Using Eqgs. (8), (12), and (13) in Eq. (7), we obtain the
final form for the self-energy from Eq. (6):
(nk|2(E)|n'k ) ={nk|Zsex(E)|n'k )
+{nk|Zcou(E)ln'k) , (14)

where

(nk|Zgpx(E)n'k)=—3 3 (nkle"" " |n k—q){n,k—qle """ n'k)u(qg+G)

n ¢,G,G’

X 3 Uglq) |1+ Cle) 9 UL (ghulg+G")

. -—_ iG’ u
- Gi'd IE—s,,l’k_q[—co,-(q) )E—snl‘k_q|+w,?‘(q) g
(15)
for the real number of E, and
(nk|Zcou(ENn'k)=3 3 (nkle9" 6 n k—g){n,k—qle """ n'k ) u(g+G)

ny q,G,G’

XS Uglq) o) Uigl@)ulqg+G') (16)

; Gi\q E_En,,k—q_wi(q) ic\qlulqg .
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D. The self-energy correction
to the local-density approximation

We estimate the self-energy correction by the diagonal
term of Eq. (14) with the quasiparticle energy E,; :

AS  (Epy ) =2 (Eu)— VX, (17
with
3,4 (E)={nk|=(E)|nk)
and
=(nk|V*[p(r]ink) ,

where p(r) is the valence-electron density, and V*(p) is
the exchange-correlation potential in the local-density ap-
proximation. Hybertsen and Louie!! have shown that the
contribution of the off-diagonal term to the self-energy
correction is small. In the numerical calculations which
follow, we will give the correction up to the first deriva-
tive of the self-energy:

dznk
dE E=¢,;
A3, (E ) =AZ,, (e, [1+
: d=,,
dE E=¢,,

III. PLASMON-POLE MODEL
FOR THE DIELECTRIC FUNCTION

Our plasmon-pole model for the retarded dielectric
function is given by Egs. (10) and (12) and by

1 1 1

———=14+C,(q) - 19

a@E) Y Eag) Eretie) 1

The parameter C;(q) in Egs. (19) and (13) is taken as
Clgr= 2 (20)
4 2Rew,(q) ’

with the plasma frequency for the uniform valence-
electron density n: w’>=4xn. This condition gives the

p
suitable high-frequency limit:

S 1+ w; as E— o0 (21)

~ —_— — .

€,(q,E) E?

By using the unitarity of the matrix Ug;q(q), we obtain
1 F
Zoelq, E)~ HELZ 8o as E— oo . (22)

Note that especially the macroscopic dielectric function
has the correct limit:

wz
emacro(q)E)=[60_Ql(q,E)]_l~1_ P

72 as E—>o . (23)

The frequency sum rules are
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w 1 T
_ = 24
fo dEEImei(q,E) > b (24)
and
fowdE E Imegil(q,E)=— —;T %866 (25)

in our model. Since the correct f-sum rule!! for the last
equation should be

(—7/2)wle(q+G)@&g+G')p(G—G')/p0),

where €(¢g +G) is the directional vector for ¢ +G and
p(G) is the Fourier component of the valence charge den-
sity. Our model has the correct f-sum rule for diagonal
elements, but not for off-diagonal elements. We can re-
cover the correct f-sum rule, if we assume an appropriate
energy dependence in Ug;(q) in Eq. (12). However, for
calculating the self-energy, the lower-energy part
(E <w,) in the dielectric function is important, and is
well described without the energy dependence of Ug;(q)
because the limit of E =0 is assumed to be correct in Eq.
(12). The exact f-sum rule is not a necessary ingredient
for our purpose.

The w;(q) is determined so as to obtain the correct
static limit: €,(E,q)—¢;(q) for E —0, which gives

lo; (@) *=w} /[1—1/8,(q)] . (26)

Now we allow w;(g) to be a complex number in the form
of

£.(q) 172

E‘(q)_l

1—iy (27)

wi(‘])zwp (1+y2)1/2 ’

where a real nondimensional parameter y has been in-
cluded for fitting the dielectric matrix to results of a com-
plete (full-energy) calculation of the dielectric matrix in-
cluding both frequency and wave-vector dependences.
The value for y is typically taken as y =0.2 for semicon-
ductors.

In the actual calculations, we use the RPA result for
the static dielectric matrix, as mentioned in the preceding
section. The RPA calculation is performed by using the
eigenenergies and eigenstates generated by the FLAPW
band-structure calculation within the local-density ap-
proximation.

We briefly mention the difference between our model
and the generalized plasmon-pole model introduced by
Hybertsen and Louie.!! Their model has a plasmon pole,
wgg(q) for each set of g, G, and G’, and requires the

correct f-sum rule. However, we could not obtain a suit-
able solution of wgg(g) for some sets of g, G, and G’ due
to the limitation of the simple form of the model func-
tion. On the other hand, our model has physically suit-
able plasmon poles, w;(q), for all i and ¢, which are al-
ways greater than w,. However, as mentioned above, our
model does not satisfy the correct f-sum rule for off-
diagonal elements.

Figures 1 and 2 show some elements of the dielectric
matrix as functions of the energy for Si. The real parts of
the dielectric matrix are shown in Figs. 1(a) and 1(b) for
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FIG. 1. Real part of €' with G=G'=0 for Si. Solid line is
the present model, dashed line the generalized plasmon-pole
model of Hybertsen and Louie (Ref. 11), and dotted line the
full-energy calculation by Walter and Cohen (also taken from
Ref. 11). (a) For g=(0,0,0) and (b) for q=(1,0,0)27/a.

g =0and ¢ =(0,0,1)27/a, respectively. Note that the re-
sults of our plasmon-pole model agree well with the re-
sults of the full RPA calculation done by Walter and
Cohen'® based on the pseudopotential band structure.
The generalized plasmon-pole model proposed by Hy-
bertsen and Louie is also shown in Fig. 1. The agreement
among these curves is sufficient to calculate the electron
self-energy, although the discrepancy might affect the re-
sult by about 0.1 eV at the most.

In Fig. 1(b), we see that our calculated results for
Ree (E) correctly changes from being a decreasing
function to an increasing function at around 15 eV. This
behavior is due to the imaginary part (the y parameter) in
the plasmon frequency w;(q) in Eq. (27). The Walter-
Cohen'® result and the Hybertsen-Louie'! result have
zeros around E =15 eV, while our model does not have
such a zero. We could have such a zero if we chose an
appropriate y parameter slightly smaller than 0.2. How-
ever, the zero is not crucial for our purposes. The imagi-
nary part of the dielectric matrix is shown in Fig. 2 for
g =0. Our model reproduces well the result of Walter
and Cohen as a whole, which is due to the use of the y pa-
rameter (y =0.2). The model of Hybertsen and Louie
gives a 8 function around E =16 eV, which causes the
divergent behavior also in the real part.

For the purpose of calculating the real part of the elec-
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FIG. 2. Imaginary part of € ! with q=(0,0,0) and

G=G’'=(0,0,0) for Si. Solid line is the present model; dotted
the full-energy calculation by Walter and Cohen (Ref. 18).

tron self-energy, the y parameter is just a convenient tool
to avoid the accidental error in the numerical calculation
coming from the procedure of the n, summation in Egs.
(15) and (16). Actually, the choice of the y parameter of
y <0.25 affects the results only on the order of 0.01 eV
for the electron self-energy in Si. However, the y parame-
ter will have a physical meaning when we attempt to
determine the imaginary parts of the included quantities
in a self-consistent way in the future.

IV. NUMERICAL RESULTS:
SELF-ENERGY FOR SILICON

We assume the lattice constant of Si to be 10.263 a.u.
We use the FLAPW method and the Vosko-Wilk-Nusair
exchange correlation'® within the LDA of density-
functional theory. The parameters for the FLAPW cal-
culation were taken as follows. Inside the muffin-tin
sphere, the angular-momentum expansion was truncated
at / =6 for the charge density and potential, and at /=3
for the wave functions. This / =3 value is rather small,
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FIG. 3. Convergence of the self-energy for the n, sum in Eq.
(16). Solid lines stand for the valence states; dotted for the con-
duction band.
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FIG. 4. Convergence of the self-energy for the G and G’
sums in Egs. (15) and (16). Solid lines denote valence states; dot-
ted, conduction states.

which gives a larger gap compared with more accurate
calculations with / =7, but the difference is only 0.03 eV.
In the interstitial region, about 750 reciprocal-lattice vec-
tors were considered in the Fourier representation of the
charge density and potential. The LAPW functions with
wave vectors |k+ G| <K ax=2.7 a.u. were used in the
expansion of the eigenfunctions leading to about 90 basis
functions. Nineteen inequivalent sampling k points and
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TABLE I. Self-energies for several states (in eV).

LDA GW Corrections
ry, —10.60 —11.16 —0.56
s, —11.41 —11.72 —0.31
s, —10.19 —9.75 0.44
| Y —11.25 —10.54 0.71
X —10.98 —11.59 —0.61
Xsy —10.73 —11.23 —0.50
X —9.17 —8.99 0.18
Ly, —10.97 —11.58 —0.61
L,, —10.37 —11.01 —0.64
Ly, —11.18 —11.56 —0.38
L, —10.30 —9.88 0.42
L, —9.77 —9.35 0.42

the linear tetrahedron scheme were used for the
Brillouin-zone integration. We took the same parameter
values for evaluating the matrix element in the self-
energy calculation. We treated four upper occupied
bands as the valence bands and took into account 85 con-
duction bands. These limited choices for parameters
reduce the computing time without changing the result
very much.

We tested the convergence for the n, sum and the G
sum in Egs. (15) and (16). With N, standing for the total
number of the n, summation, the convergence can be ex-
pressed as (1/N )% Figure 3 shows that this a value is 2,
which is common for all states. Figure 4 shows the con-

TABLE II. Quasiparticle energies for several states in eV. E, is the fundamental energy-band gap.
Our “Hartree-Fock” result is only a first-order perturbation result described by the first term in the
large parentheses of Eq. (15).

LDA Hartree-Fock approx. GW approx. Expt.®
Present (GB)" Present (HL)'

r, —11.95 —17.11 —12.21 (—12.04) —12.5+0.6
s, 0 0 (0) 0 (0) 0
yse 2.55 8.92 (9.27) 3.30 (3.35) 34
Ty, 3.17 10.24 (11.04) 4.19 (4.08) 42
X —7.82 —11.13 —8.11
X —2.84 —3.86 (—3.84) —3.03 (—2.99) —2.9° 3.3+0.2°
X 0.65 6.48 (6.87) 1.14 (1.44) 1.3¢
L,, —9.63 —13.79 —9.92 (—9.79) —9.3+0.4
L, —6.98 —9.78 —17.31 (—7.18) —6.7+0.2
Ly, —-1.19 —1.61 (—1.48) —1.26 (—1.27) —1.2+0.2, 11.5¢
L, 1.43 7.66 (8.13) 2.15 (2.27) 2.1, 2.440.158
L, 3.35 9.90 (10.16) 4.08 (4.24) 4.15%0.18
L,,—Ly, 2.62 9.27 (9.61) 3.41 (3.54) 3.45
E 0.52 6.35 (6.43) 1.01 (1.29) 1.17

“Reference 20, except where noted.

YReference 21.
‘Reference 22.
dReference 11.
‘Reference 23.

fReference 24.
EReference 25.
"Reference 26.
'Reference 11.
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vergence of the G and G’ sums: The convergence is like
(1/Ng)P with B=2.5. Here Ng is the number of the G
summation, and is also the dimension of the dielectric
matrix of Eq. (9) which is inverted to obtain the inverse
dielectric matrix of Eq. (12).

The values of @=2.0 and B=2.5 are the optimum
values in the range 40-90 of N, and Ng; however, the a
and 3 parameters tend to have a larger value for larger
N, and N values, i.e., the convergence is even better.
Therefore, the self-energies calculated with the parame-
ters N, =84 and N;=95 contain a numerical error of
about 0.06 eV. The quasiparticle energies relative to the
valence-band top have a typical error of 0.02 eV. The
same order of errors comes from the g-space (the first-
Brillouin-zone) integration. When the errors coming
from the dielectric function are also considered, the typi-
cal error is inferred to be 0.2 eV for the self-energy and
0.1 eV for the relative quasiparticle energy to the
valence-band top.

Figures 3 and 4 also show that since the tangents of the
lines are almost independent of the states, we can expect
to obtain fairly good results for the relative quasiparticle
energy with even smaller numbers of N; and Ng, e.g.,
N,;~Ng;~50.

Table I shows the self-energy corrections to the LDA
result which are evaluated by Eq. (18). The correction
has a negative sign for the valence band and a positive
sign for the conduction band. Table II presents results
for the quasiparticle energies compared to the experimen-
tal values?® 2% and other theoretical results. The agree-
ment between our results and the results of Hybertsen
and Louie'! is remarkably good if we consider that these
calculations are based on different calculational schemes:
We used the LAPW wave functions, while Hybertsen and
Louie used the pseudo-wave functions and we assumed a
different plasmon-pole model. Table II also shows the
“Hartree-Fock” results: In our case, it is only a first-
order-perturbation result obtained by using LDA eigen-
states, which is not an exact Hartree-Fock result. On the
other hand, the calculation of Gygi and Baldereschi was
performed self-consistently in the Hartree-Fock approxi-

TABLE III. Fock and the SEX and COH terms [defined in
Egs. (15) and (16)] in the self-energy (in eV).

Fock SEX COH
r, —17.37 —4.44 —6.97
s, —13.02 —4.01 —17.80
s —5.43 —1.95 —7.68
Iy, —5.79 —1.90 —8.43
X, —15.90 —4.56 —7.23
X4 —13.36 —3.89 —7.48
X —4.95 —1.85 —17.09
Ly, —16.76 —4.70 —17.11
L,, —14.78 —3.92 —7.29
Ly, —13.20 —4.02 —7.65
L, —5.68 —2.08 —7.68
L,, —4.83 —1.81 —7.43
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mation. These two results show a reasonable agreement
between them.

V. DISCUSSIONS AND CONCLUDING REMARKS

Table III shows the decomposition of the GW self-
energy to the screened-exchange (SEX) term [Eq. (15)]
and the Coulomb-hole (COH) term [Eq. (16)], together
with the Fock term [the contribution from the first (unit)
term in large parentheses of Eq. (15)]. We can observe a
remarkable difference between the valence- and
conduction-band contributions in the SEX term, while
none is seen in the COH term. The same kind of
difference is seen in the Fock term. This property comes
from the vicinity of ¢ =0 in the first-Brillouin-zone in-
tegration in Eq. (15). This means that a substantial part
of the band gap comes from the long-range property of
the Coulomb interaction through the SEX term.

We assumed four upper occupied bands as the valence
bands in Si—a choice which is also reasonable for III-V
compounds. However, for II-VI compounds, it is not
easy to choose the valence band, because the d bands of
the group-II element (Zn, Cd, etc.) appear in the energy
region of the valence bands: considering the d bands as
the valence bands together with the s and p bands re-
quires a more careful treatment for the plasmon-pole
model of the dynamical dielectric matrix. In this context,
another problem shows up in Eq. (17), where we used the
LDA exchange-correlation potential with the valence-
electron density to estimate the LDA counterpart of the
self-energy. This reference to the LDA potential works
well in Si, but it is not generally guaranteed for other sys-
tems. Therefore, an all-electron treatment, including
core electrons, is needed for a more consistent theory.

In conclusion, we have presented a procedure for cal-
culating the self-energy correction by using the eigen-
states and eigenvalues generated by a LDA-FLAPW
method. A new plasmon-pole model is proposed, which
appears to be a useful approximation with correct behav-
ior in a number of limits. A test calculation for Si has
shown that the procedure gives quasiparticle energies
very similar to the pseudopotential calculation of Hybert-
sen and Louie. The self-energy decomposition into the
SEX and COH terms implies that the long-range
Coulomb interaction is responsible for the band-gap
correction through the SEX term.
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