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Improved form of static scaling for the nonlinear magnetization in spin glasses
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An improved form of static scaling for the nonlinear susceptibility, ZNL =Zs —(M/H), is given

in which the argument of the scaling function is linear in t, i.e., gNL —H ~ iG(t/H i) with

y+P. This allows for a linear instead of the usual logarithmic scaling plot and a closer exam-

ination of the scaling fit relative to experimental error. Application is made to several spin glasses
including Cdo.6Mn0. 4Te. Significantly lower T, and larger y are found compared to previous

analyses.

gNL = rsF(H'/rv) (2a)

or

gNL = H'~ '"+s'G(H'/r'), (2b)

where P is the order-parameter exponent and p y+P.
T, is the critical temperature and y is the critical ex-
ponent of the leading term @AH in the expansion of gNL
in powers of H, i.e., g2-t ". If for small H an experi-
mental region can be accessed where gNL-H, the criti-
cal exponent y may be determined by the selection of T,
to give the best straight-line fit on a plot of lngNL vs lnt,
i.e., a two-parameter At. However, this usually involves
the greater inaccuracy of working at small gNL and fur-
ther from T, where corrections to scaling may be impor-
tant. Of course to determine P as well, the next higher-
order term is needed and ultimately one has recourse to
the full scaling plots with Eqs. (2a) and (2b). y, P, and

Both dynamic and static critical scaling have been ex-
tensively used as supporting evidence for phase transitions
in spin glasses and other random magnets. We have re-
cently presented a new approach to dynamic critical scal-
ing' in which the reduced temperature r (T—T, )/T,
appears linearly in the argument of the scaling function,
and for conventional dynamics the scaling is now ex-
pressed as'

g&&T ~p/2vf (r/~ I/zv)

This formulation allowed for a linear scaling plot wherein
a more critical evaluation of the scaling fit relative to ex-
perimental error could be made, instead of the usual log-
log plot which tends to conceal departures from good scal-
ing. In addition, the presence of a clearly identifiable and
accurately measured feature such as the peak of g"(r0, T)
led to a procedure for separately determining P/zv, zv,
and T, independent of each other. We wish to consider
here an analogous formulation of static scaling which
again leads to a much more revealing linear scaling plot.
As we found in the dynamic scaling with T, and zv, ' the
data are generally shown to be consistent with a
significantly lower T, and larger y than in previous analy-
ses.

Static scaling of the nonlinear susceptibility, gNL= (go —M/H), where go is the zero-field susceptibility,
has been traditionally expressed as

T, are then selected to give the best collapse of all the
data onto a single curve in a plot of gNL/ts or
gNL/H s "+s vs H /t"+s. As t~ 0, the abscissa extends
over very many decades so that it is plotted on a log scale.
In addition, the log scale for gNL/H s/"+s compresses
the larger values of ggL where the data are most accurate.
Both effects conspire to hide departures from good scaling
which may easily exceed experimental error by significant
amounts.

To avoid these pitfalls of the log plot, we follow our re-
cent suggestion for dynamic scaling and simply recast the
argument of the scaling function for gNL to be linear in t,
&.e.,

gN —Hs " sG(r/H "s) (3)

where G is a scaling function. Since typically (y+P) )4
and P=0.6, even for H varyin over a factor of 10, a
linear scaling plot gNL/H s "+s vs t/H /("+s) is feasible
and qualitatively resembles gNL vs T itself, allowing a
more critical examination of any departures from good
scaling relative to assumed experimental error. If gNL had
some unique and accurately measurable identifying
feature such as the peak in g"(ro, T), one could follow our
procedure for dynamic scaling ' and separately and in-
dependently determine 2P/(y+P), 2/(y+P), and T, [note
the correspondence in Eqs. (1) and (3) of (y+P)/2~ zv
and H col. However, even though the absence of such a
feature prevents this, so that the linear scaling plot still in-
volves a three-parameter fit, its great advantage over the
log plot remains in that it provides a much more revealing
test of sealing with the most accurate portion of the data.
This will now be illustrated with a few examples.

First, we consider Cd06Mn04Te. A recent suggestion
that the critical behavior of this system may be more akin
to a random field, rather than spin-glass transition, was
based on the very large zv=13 found in a scaling with
conventional dynamics of Ag' [g,q —g'(ro, T)]/g~ on a
log-log plot, the equally good scaling on a log plot using
activated dynamics, and the presence of significant short-
range type-III antiferromagnetic order, especially for
higher Mn concentration (see Ref. 6 for further references
and details). However, more recently, ' the much more
accurate analysis of g"(co,T) proceeding from Eq. (1)
showed a clear preference for conventional over activated
dynamics over most of the critical region. In Ref. 1, in ad-
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dition to addressing the question of conventional versus
activated dynamics it was also shown that there was a
general tendency in previous work to overestimate T, and
underestimate zv in dynamic scaling. We now demon-
strate a similar situation in the static scaling of a frequent
overestimate of T, and underestimate of y.

gNL has recently been measured by Mauger, Ferre, and
Beauvillain in Cd06Mn04Te and using a log-log scaling
plot the following parameters were deduced: T, 12.37
+'0.05, y 3.3+ 0.3, and P 0.9+ 0.2. Figure 1(a) is a
scaling plot according to Eq. (2) (on the more revealing
linear scale) of the ZNL data presented in Fig. 1 of Ref. 7
with the parameters just cited. In Fig. 1(b) we have plot-
ted the very same data with a rather diferent selection of
parameters, i.e., T, 12.14, y 4.4, and P 0.6. Clearly,
the latter selection gives as good a scaling fit as in Fig.
1(a), indicating insufficient exploration of the parameter
space in estimating the error bars reported in Ref. 7. It is
unfortunate that the gNL data in Fig. 1 of Ref. 7 did not
cover a wider range of field and get closer to T, so that
from the linear plot alone one could distinguish between
two choices. We were guided in our selection of P and

T, by the values P 0.59~0.05, T, 12.13+ 0.1, and
zv 11.4+ 1, which we determined from our new more
accurate approach to dynamic scaling. ' While Ref. 7 also
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(a)

claimed agreement of their value of P with dynamic scal-
ing, the quoted work covered only slightly more than
three decades of frequency compared to five in Ref. 1, and
even on a log plot a less accurate fit to good dynamic scal-
ing may be detected compared to Ref. 1. With regard to
T„Mauger et al. claim agreement with the value found
from the temperature at which the slow relaxation of the
field-cooled magnetization changes sign with step cooling
of 0.05 K. However, this procedure overestimates T, in
the same way as a determination of T, from the peak in
the so-called dc susceptibility, "gd,." Due to the inordi-
nately long relaxation time near T„ true equilibrium is
impossible to achieve on laboratory time scales and the
peak in ~, keeps moving to lower temperature as the tem-
perature is swept more slowly. The change of sign re-
ferred to is clearly exactly what one would expect on pass-
ing through the peak of gd, . Moreover, even if there is no
peak but only a break in gd, this same change in sign is
likely to occur near the break as well because of lack of
equilibrium. Thus leaving aside questions about behavior
very close to T„we believe that at least within the frame-
work of conventional dynamic scaling the appropriate pa-
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(a) Linear scaling plot of the dc nonlinear suscepti-
bility, ZNL Zo

—M/H data for Cdo6Mno4Te from Fig. 1 of
Ref. 7. 0 is in units of G. (b) Equally good scaling fit of same
data with more reliable parameters T, and P determined from
dynamic scaling of g"(co,T) in Ref. 1. Note larger y and lower
T, than in (a). Symbols +, x, o, and e correspond, respectively,
to H 10, 18, 30, and 55 G.

FIG. 2. Linear scaling plots of the nonlinear susceptibility
zNL Zo M/H in (Feo ~sNio.—ss)7sP&6B6Als. H is in units of G.
Data scaled is that above 23 K from Fig. 4 of Svedlindh et al.
(Ref. 11). Symbols z, s, a, v, +, x, o, and e correspond, respec-
tively, to H 0.4, 0.6, 1, 2, 4, 6, g, and 10 G. (a) Scaling plot
using P and T, as determined from dynamic scaling in Ref. 1 of
Z"(co, T) data from Ref. 12. (b) Linear scaling plot using pa-
rameters y, P, and T, given in Ref. 11 as determined from
ZgL.„Zo dM/dH. Clear depa—rtures from good scaling are
seen.
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rameters for CdnsMne4Te are zv 11.3~1, p 0.59
+0.05, y 4.4~0.8, and T, 12.14~0.15. Levy' finds

y 4.8 in Cdo 75M no 25Te; In any quoting of T, it is im-
portant that it be specified relative to, say, the peak in
Z'(tu) for some co in order to allow comparison of our par-
ticular sample and temperature scale with other work on
this compound. We found ' the peak in Z' (97.5 Hz) to be
at T 13.19 K, for example, compared with 13.37 K in
the sample and temperature scale used in Ref. 6. Howev-
er, this has no bearing on the critical exponents.

As a second illustration of the utility of the linear scal-
ing plot using Eq. (3) we reanalyze the very detailed mea-
surements of gNL in the amorphous metallic spin glass
(Fee ~sNies5)758&sPsA13 by Svedlindh et al. " They mea-
sured ZNL, „(T,H) Ze

—dM/dH with great accuracy by
using a small ac modulation (0.01 G) superimposed on the
much larger dc field and using static scaling found y 3.4,
P 0.38, and T, 22.6 K. These values of P and T, con-
trast with p 0.62+e'e5 and T, 22.0+e'f found in our
reanalysis' of Z"(to, T) data of Svedlindh et al. ' on the
same material using our new approach to dynamic scaling
of Z"(to, T) mentioned above. However, Svedlindh et al.
in Ref. 11 also measured the dc susceptibility
ZNL Ze

—(MFc/H), where MFC is the field-cooled sus-
ceptibility, but did not scale this data. While, of course,
one needs to be concerned with irreversible (nonequilibri-
um) effects close to T, as mentioned in Ref. 11,examina-
tion of their Figs. 1 and 4 would indicate good equilibrium
for the gNL data in Fig. 4 above 23 K. We have, therefore,
scaled this data for T)23 K guided by the p and T, cited

above as determined from our dynamic scaling of g"(to, T)
and the result is shown in Fig. 2(a). The scaling fit with

y 4.3+II', P 0.62~0.05, and T, 22.0~0.2 is excel-
lent and contrasts with the scaling of the same gNL data
shown in Fig. 2(b) using the parameters from the analysis
of gNL „quoted in Ref. 11 above. Thus again there seems
to be an overestimate of T, and an underestimate of y.
The departure from good scaling in Fig. 2(b) would ap-
pear far less severe on the usual log plot.

We finally address the discrepancy cited above of the
parameters from dynamic scaling' of Z"(m, T) and static
scaling of gNL on the one hand, as compared with those
from ggL „on the other. In the scaling of the gNL „data,
temperatures far above T, were used (T—34 K), i.e.,
t~0.5, where corrections to scaling are likely to be
significant. If the data are restricted to 23.7 ~ T ~ 27.7
K one gets a comparable scaling fit of gNL „with y 4.18,
p 0.45, and T, 22.2 as with the y 3.4, p 0.38, and
T, 22.6 found by Svedlindh et al. " Finally, it is worth
remarking that one can get an equally good fit with

y 4.28, P 0.62, and T, 22.0 [our choice from ZNL and
Z"(ta, T)] by omitting the 23.7 K ZNL „data, although we
have no other reason to advocate this.

In summary, we have presented a modification of the
usual static scaling which allows for a linear scaling plot
and more direct examination of any departure from scal-
ing relative to experimental error and have shown its utili-
ty with several examples. In addition, we suggest a past
general tendency to overestimate T, and underestimate y.
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