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Electron-hole liquid model for high-T, superconductors
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We show that the hole concentration dependence of T, in YBa2Cu306+ - and Ndi+ Ba2--
Cu30y type superconductors can be understood within a model electron-boson hole liquid that
possesses a linear sound mode like the one in liquid He. The electronic specific heat follows a T'
law near T 0. The metal-insulator transition found in these compounds is proposed to be con-
nected with the vanishing of the sound velocity at small carrier densities.

There is now strong theoretical' and experimen-
tal ' evidence that the holes in the Cu02 plane are re-
sponsible for the high-T, superconductivity. These holes
are mobile and can form 'So pairs due to some lattice
mechanism still largely unknown. In addition there are
mobile, unpaired electrons which reside in some other
bands. There seems to be at least moderate evidence that
the conduction in the c direction is due to the electrons
and in the ab plane it is due to the holes. " Since the hole
pairs are strongly bound' and hence small in size, we
may treat them in first approximation as bosons' with
charge g 2e. There is some evidence' that such pairs
exist even above T,. For purposes of the present paper we
need no model for their binding.

With this as the starting point, we work out next the
coexistence of electrons and hole bosons with uniform
densities n, and ntt, respectively. The effective masses are
correspondingly m, and mz. We use the plane waves for
electrons. From here on the model is roughly the same as
the one used previously for electron-hole liquid' or metal-
lic hydrogen. ' There one had two interpenetrating Fermi
liquids, whereas here we have a mixture of a Fermi and a

I

Bose liquid. As a first approximation we replace the lat-
tice with a neutralizing background.

Applying the hypernetted-chain (HNC) theory, one
may write an expression for the total energy and derive
variationally the Euler-Lagrange equations (EL) (Ref.
15) in k space in terms of the liquid-structure factors
S„(k),Stttt(k), and S,tt(k). The spectrum of elementary
excitations is then calculable from these structure factors.
Since the details of the EL equations are otherwise largely
irrelevant for the present discussion, we only quote the
main results needed here from Ref. 15. The most impor-
tant fact is the small-k behavior of the structure factors

S„(k)—P yk,

Stttt(k) -Pk,
S„(k)-PJyk,

where y 4ntt/n, and p a constant which can be deter-
mined by numerical solution of the EL equations. Apply-
ing now the Feynman wave function for excitations, one
obtains with Eqs. (1) two branches at small k:

5 k lt k Q 2p ym, +mtt ze)(k)— SeeSgg Seg ak
2(m, S„+mttStttt) 2P(ym, +mtt) Q mme

We identify the first one, e&(k), as a sound mode with ve-

locity

u, - l't/2P(mtt+ ym, ), (3)

whereas the second mode, e2(k), is of plasma type. One
should notice that the small-k behavior of these modes is
solely dictated by the Coulomb interaction and hence in-
dependent of HNC approximation. If we were to switch
oN' the cross Coulomb force which is attractive, we would
obtain two separate plasma modes, because one would
then have S,tt(k) 0 and a k behavior for S„and Stta.
The local charge neutrality would require the density pa-
rameter to have a value y 2.

The linear mode here is similar to one proposed in the
acoustic plasmon model of superconductivity. ' In fact, it
may be difficult to distinguish it from the present model
experimentally. In the two-dimensional case we obtain
two "acoustic" plasmons with small-k behaviors, k ' andk, but their role for superconductivity' is not pursued
further here.

With these preliminaries we are ready to work out the
consequences of this model to the thermodynamics of
high-T, superconductors. The spectrum that we obtained
is exactly the one Landau' first proposed to explain the
properties of liquid He. In what follows we neglect the
plasma branch e2(k) because it presumably lies higher
than 1 eV. Clearly then the thermodynamics of our
electron-boson system would be identical to the one in

He but now without rotons. If there were no roton exci-
tations in He, the condition for the A, transition would be
that the density of phonons be equal to the density of He
liquid at T T&, i.e.,

2tr2 (ktt T„')"
npp(?&)

45 ( )5 nHe (4)

where u 238 m/s is the velocity of the first sound. The
temperature T& turns out to be 7.3 K. The same equation
(4) applies to the boson part of the electron system as well
with Tz T„mH, mp, and nH, np. By taking the ra-
tio of Eq. (4) for the two systems, we obtain a scaling
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equation
4/5

C nHe ~He

ng (T, ) ma

i/5

(5)

~00

Inserting the following' numbers relevant for YBaq-
Cu307 and He, T, 90 K, ng=5x10 ' cm, m~
= 20m„and nH, 0.02185 A, one obtains for the elec-
tron sound velocity the value u, = 5500 m/s, a number
slightly higher than the lattice velocity of sound. ' For-
tunately u, is not very sensitive to mq and np which are
poorly known. So, for example, using m~ 2m, instead
gives the value u, 8600 m/s. To our knowledge there ex-
ists no direct experimental evidence of electron sound ex-
cept some anomalies found in the attenuation experi-
ments ' near T, in Y-Ba-Cu-0 superconductors. If one
approaches T, from above, the attenuation can increase
because the new sound mode becomes operative near T,.
Just like in liquid He, the electron sound mode exists even
at T & T, until all boson-hole pairs are broken. The be-
havior of the attenuation coefficient o~' is very different
from the one in normal superconductors where one has a
sudden drop at T, .

The coupled Euler-Lagrange equations leading to be-
haviors given by Eqs. (1) have the property that at densi-
ties nq & n, the equations cease to have a solution. This is
based on our past experience of the numerical solution of
the EL equations. At the critical density n, the sound ve-
locity goes through zero. At densities higher than n, the
sound velocity is the linear function of n~ —n, . Applying
Eq. (4) again, now for the boson part of the mixture sys-
tem at two diff'erent boson densities na(1) and na(2) and
corresponding transition temperatures T, ~

and T,q, we ob-
tain another scaling law

i /4 5/4
T,p na(2) ng (2) —n,

na(1) na(2) —n,
' 3/2

na(2) n, —
6

na(I ) n, —

We have used this formula in Table I and Fig. 1 to com-
pare our prediction with experimental data from Refs. 8
and 10. The trend is clearly correct in both cases. We can
now interpret the density n, to be the point where the
metal-insulator transition takes place, because below n,

1.00
0.88
0.80
0.60
0.40

Tc

90
74
64
42
23

Expt.

90
78
70
48
24

TABLE I. Superconducting transition temperature T, in

YBaqCu306+, . The first column lists the x values and the third
column corresponding experimental T, values from Ref. 8. The
middle column is the prediction of Eq. (6) assuming that nz is

proportional to x, as is explained in Ref. 8 with n, =0. Temper-
atures are in K.
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the electrons and bosons can no longer coexist. In an
analogy with electron-hole liquid, the exciton gas is the
stable phase below n, Since ele. ctrons are mobile mainly
in the c direction and the hole bosons in the ab plane, it is
likely that their excitonic state is nonmobile "heavy fer-
mion" and hence this phase would be an insulator. One
may indeed speculate that the large effective mass found
in heavy-fermion systems may be of excitonic origin of
this type. It would occur in the cases when the energy of
electron-hole boson liquid never gets below the excitonic
limit.

We can also understand the fact that in many of the
compounds T, gets lower after some maximum T, when
the carrier density is further increased. According to Ref.
10 this happens when their density parameter p,h & 0.22.
Here we have assumed nq —n, to be proportional to p,h.
This diminishing of T, can be understood by the simple
fact that for all electron systems the effect of Coulomb
correlations get smaller when the density is increased,
hence the electrons and bosons decouple. In this case the
EL equations would predict S,a(k) 0 and appearance of
two separate plasma modes instead. Therefore at high
carrier densities, one can have normal BCS-like supercon-
ductivity, if any. In particular, the high-T, superconduc-
tors are characterized by the existence of electron sound.

FIG. 1. Transition temperature T, as a function of p.q, the
mobile sheet holes per Cu site. Experimental data for
La&-~Sr Cu04, Nd&+„Baz-~Cu30y, and La~+ Baz-„Cu30y
are from Ref. 10. The solid line shows the theoretical result cal-
culated from Eq. (6) assuming nz —n, to be proportional to p,h.

The uppermost point of Tl compound is used to fix the scale of
the solid line.
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We should also point out that roles of electrons and holes
can be interchanged. Therefore the recent findings of
electrons forming pairs can also be accommodated
within the present model. The formula predicting the T,
when the velocity u„density ng, and effective mass m~
are known reads, according to Eq. (4), as follows:

]/4
45 mgng

ka Tc
2x

(7)

r

p 1 uD

p 3 u,

3

where up is the Debye velocity. The experimental results
concerning the linear term seem to be sample depen-
dent, so we postpone any further discussion of the y(0)
term. We have analyzed the experimental data at temper-
atures from 3 to 10 K using the Debye model for the lat-
tice specific heat. The result depends very much upon the
Debye temperature ep and the set of experimental num-
bers used. The values of u, for Y-Ba-Cu-0 scatter from
2000 m/s for eD 500 K, Ref. 23, to 4000 m/s for
ep 400 K, Refs. 19 and 25. The values are now smaller
than the ones obtained from liquid He but the order of
magnitude is the same. The results for Tl and Bi com-

Next we want to point out that our model predicts the
boson part of the electronic specific heat to be the cubic
function of T like the one for the lattice part at low tem-
peratures. This is again a direct consequence of the fact
that our model is liquid He without the rotons. Except at
the very lowest temperatures, many measurements' '

seem to give results in agreement with a T law. Assum-
ing that the electron contribution gives a linear term, we
can write the specific heat in the form

c y(0) T+ (P'+P )T

where the ratio of the bosonic and lattice specific heats is

given by

pounds would be similar. The existence of this extra bo-
sonic T term helps to increase ep to better fit ' the lat-
tice specific heat for T& T,. Unfortunately we cannot
make a more definite statement at this point until more
accurate specific-heat data become available. To separate
out the lattice contribution would require data for a single
specimen from T~ T, down to T=O. Near T, a sub-
stantial fraction of pairs are broken. This will modify the
T behavior and add a BCS correction to the electronic
specific heat. This requires a more thorough treatment of
the mixture system including the deviations from linearity
in the excitation spectrum.

Finally we should point out that the electron component
does not change the supercurrent which is then deter-
mined by the superfluid density of the boson component
alone. This has been verified experimentally for He- He
mixtures and hence by analogy should also work here.

As a conclusion we may say that the present model can
serve at least as a qualitative framework for understand-
ing some of the properties of the new superconductors.
The thermodynamics of the bosonic part of high-T, com-
pounds is identical with liquid He without rotons. The
most important corrections would be due to the anisotropy
which would give directional dependence of the electron
sound. Furthermore, near T, one should add the effect of
BCS quasiparticles as well. According to the present
model, the difference between a high-T, and a normal su-
perconductor is the large gap in the former case and the
high carrier density in the latter case. Also, in the normal
superconductors no electron sound would exist.
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