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Surface magnetism in an exactly soluble many-body periodic-cluster model of bcc iron
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An exact solution of a two-dimensionally periodic two-site cluster, a I001I two-layer thin film

with body-centered-cubic (bcc) crystal structure, is presented for iron. The purpose is to study the
surface magnetism of bcc iron in a full many-body approach. The model consists of five d orbitals

per site per spin, with interatomic hopping terms, a one-electron occupation energy for each orbital,
and an on-site Coulomb interaction of the fullest generality allowed by atomic symmetry. A realis-
tic local-density-approximation single-particle electronic structure is used. Crystal-field effects in

the iron-film structure are discussed. The many-body energy-level spectrum and thermodynamic
averages of energy and spin of the system are calculated. The physical picture for the enhancement
of magnetization at the true iron surface is discussed.

I. INTRODUCTION

The study of magnetism at the surface of transition
metals has been a very active field in recent years because
of both the fundamental and the technological impor-
tance of these materials. Intense research activities have
been carried out for various metals, alloys, and chem-
isorbed systems. ' Earlier experiments showed that Fe,
which is a bulk ferromagnet of magnetic moment 2.22pz
(p~ is the Bohr magneton) per atom, had a magnetically
"dead" (i.e., paramagnetic) surface. This result stimulat-
ed great interest in understanding mechanisms which
determine the surface magnetism of transition metals.
Later transmission Mossbauer spectrum measurements
at ultrathin Fe(110) film indicated that the appearance of
surfaces actually enhances the magnetization at surface
layers of Fe. The observation of the magnetically dead
surface is now believed to be due to contaminated Fe
surfaces.

A theoretical understanding of the enhancement of
magnetization at Fe surfaces presents the challenge of a
full many-body problem. Transition metals have a very
narrow one-electron d-band width, which is of magnitude
comparable with the intra-atomic Coulomb interaction.
As a consequence, both band-structure effects and the
Coulomb interaction must be properly taken into account
in any calculation. However, this is practically intract-
able, because of the large number of particles in a macro-
scopic crystal. The traditional way of dealing with this

problem takes the one-particle picture as basic and in-
cludes many-body effects only in the form of a suitably
averaged single-particle exchange-correlation potential.
This approach has been successful in explaining proper-
ties of both bulk crystals " and clusters. ' ' A fairly
good result of the enhancement of magnetization at the
Fe(001) surface has also been achieved' by using this ap-
proach. However, there are also exceptions, which in-
volve many-body effects that cannot be taken into ac-

count by this sort of averaging. A well-known example is
the valence-band photoemission satellite, ' approximate-
ly 6 eV below the Fermi level, in face-centered-cubic Ni.
A successful theoretical treatment, among others, ' to
this problem was introduced by Victora and Falicov in a
periodic small-cluster approach.

The purpose of this paper is to carry out a full many-
body calculation to investigate the surface magnetism of
Fe, and find the "driving force" for the enhancement of
magnetization at Fe surfaces. It would be interesting to
know what the roles of the two competitive effects, i.e.
band-structure effects and many-body interactions, are in
determining the electronic and magnetic properties of
this highly correlated system in the presence of surfaces.
The method used in this work is the periodic small-
cluster approach. ' It treats the band-structure effects
and the electron-electron interaction on an equal footing.
It has been successfully applied to various systems where
local many-body effects are important: the photoemis-
sion behavior in bulk' and surface' Ni; magnetic prop-
erties of bulk Fe, Co, and the Fe-Co alloy; ' '

intermediate-valence behavior in Ce; ' alloying in the
Cu-Ag-Au system; electronic, magnetic, and supercon-
ducting properties of a heavy-fermion system; a
four-atom cluster Hubbard model; and the electron-
lattice interaction in the Hubbard model; as well as
thermodynamic properties ' and valence-bond forma-
tion. ' In this approach, a model Hamiltonian which ex-
plicitly includes band-structure effects and many-body in-
teractions is solved exactly. The problem is made tract-
able by modeling the sample as a finite-size crystal with
periodic boundary conditions. This is equivalent to solv-
ing exactly a many-body problem with integrals in k
space restricted to a limited sampling. It has proved to
be very good at determing spatially uniform and short-
range properties. Because of the limited size of the clus-
ter, one would not expect to get a sharp phase transition
in this approach, but indications of possible mechanisms
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involved in long-range correlations can also be obtained.
The computational overhead is drastically reduced by the
full use of group-theoretical techniques.

The rest of this paper is arranged as follows. Section II
presents the Hamiltonian and discusses the crystal-field
effects in the Fe-film structure. Section III describes the
method of calculation. Section IV presents and discusses
the results. The conclusions are summarized in Sec. V.

II. THE HAMILTONIAN

+ g Vpv2PCipaciva Cii.a Ciga
i;p, v, A, , 4;cr, o'

(2.1)

Here i,j (=1,2) label atoms in the cluster; iLt, v, j(,, p
(=1,2,3,4,5) label the five d orbitals; and o, cr' are spin la-
bels. The single-particle hopping terms t,„, are
parametrized according to the Slater-Koster scheme.
Note that the two-atom cluster allows for only nearest-
neighbor hopping; in the restricted crystal the second-

FIG. 1. The two-atom cluster in the two-layer bcc structure.
With periodic boundary conditions this cluster, which forms an
infinite two-layer slab, is equivalent to sampling the surface Bril-
louin zone at the zone center y (see the text for details). For
each site in the cluster, there are only four nearest neighbors, in-

stead of eight as in the bulk bcc structure.

The Hamiltonian for bulk Fe metal is described in Ref.
19. Here the same two-atom cluster, the smallest non-
trivial bcc crystal, is chosen, but with periodic boundary
conditions applied only in a two-dimensional plane to
form a two-layer Fe film with (001) orientation (see Fig.
1). The z axis is perpendicular to the film. This is
equivalent to a restricted sampling of one point in the
surface Brillouin zone (SBZ), i.e. the y point, the center
of SBZ. In this structure, each atom has only four
nearest neighbors instead of eight as in the bulk bcc crys-
tal, i.e. only the four in the adjacent layer survive. There
are five d orbitals per atom per spin; in the presence of a
cubic field, as in bulk Fe metal, these orbitals split into a
triplet t2 and a doublet eg. In the two-layer bcc struc-
ture discussed here the environment for each atom is rad-
ically different from that in a bulk bcc crystal. The d or-
bitals further split into more energy levels. This crystal-
field effect is one of the major features of the results ob-
tained here.

The model Hamiltonian contains both single-particle
and two-particle terms:

H g tip j vCipacj va+ g EpCipaCip
&)J i JM ~ &i 0' I,P, cT(i')

EEe = —l5d1NN+ 5 d2NN ~ (2.2a)

4', d, NN
—

—,'d2 (2.2b)

where

26E, +35E, =0,
g 2g

(2.3)

and d, NN and d2NN are the contributions to the energy
shift from each of the first and second neighbors, which
must be determined before the crystal-field splitting in
the two-layer Fe-film structure can be calculated. From
the Eqs. (2.2) and the value of the d-level splitting in the
bulk Fe one obtains an equation relating d»N and d2NN.
To determine d, NN and d2NN, one more condition is
necessary. It is assumed that

d2NN ~d1NN (ddo )2~(ddo )1 (2.4)

Although this assumption is not rigorous, it is physically
quite reasonable. The values of (ddcr)2 and (ddo ), are
taken from the fit data given in Ref. 19. It gives
(dd o ) /2(d der ), =0.594. Thereby one can easily get, from
the bulk data analysis, d, NN

= —0.246 eV and
d2NN= —0. 146 eV. (In this contribution, energies are
measured in eV below the Fermi level of bulk Fe metal,
unless otherwise indicated. )

By applying the same crystal-field-effect analysis, the
energy shifts in the case of the two-layer Fe-film stucture
are obtained,

a l g 1NN l 5 2NN

P 15 1NN l5 2NN

y 6 c 4 1NN &gd2NN

(2.5a)

(2.5b)

(2.5c)

where the subscripts a, P, y 5, and c, refer to the five d or-
bitals of symmetries (r —3z ), (x —y2), xy, yz, and zx, re-
spectively. The position of the d levels of the Fe-film

nearest neighbor of an atom is identical to itself. The
intra-atomic Coulomb interactions V„z& most generally
allowed by atomic symmetry are used. They include a
direct Coulomb integral U, an average integral

J =
—,'[J(e,e )+J(t2, t2 )],

and an exchange anisotropy

b J =J(eg, eg )
—J(t2g, t2g ) .

Following Ref. 19, a value of U is chosen to be 4.9 eV and
the other interaction parameters are set in the ratios
U:J:bJ =56:8:l. (The results are insensitive to the exact
values of these ratios. ) The next largest contribution is
the nearest-neighbor Coulomb term, which in the cluster
makes a constant contribution and can be neglected.

It is clear that the crystal-field effect is, in the dilayer,
quite different from that of the bulk, because the atoms in
these "surface" layers have fewer neighbors. A straight-
forward calculation shows that, in the case of bulk Fe
metal, the energy shift of the doublet e and the triplet
t2 caused by crystal-field effects can be expressed as
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TABLE I. Hamiltonian parameters (energies are in eV below

the Fermi level of bulk Fe metal). The subscripts a, P, y, 5, and

c refer to the d orbitals of symmetries (r' —3z'), (x' —y'), xy, yz,
and zx, respectively.

(ddo)
(dd1T)

(dd5)

0.771
—0.508

0.091

E
Ep
Ey

1.211
0.822
0.969
0.969
0.969

4.9
0.7
0.088

III. METHOD OF CALCULATION

With five d orbitals per atom per spin, there are 20 or-
bitals in the two-atom cluster. Simple combinatorial ar-
guments yield 4845 states for four holes in the cluster.
Clearly, the two-atom cluster model for Fe has a very
large manifold of states. The symmetries inherent in the

structure can be easily obtained. All the parameters in
the Hamiltonian (2.1) for the film are summarized in
Table I. It should be emphasized here that the crystal-
field calculations are made so as to keep constant the
center of gravity of the d manifold. The large change
found for the (x —y~} orbital is in fact caused by a con-
sistent change by the other four orbitals and a large re-
sulting motion of the center of gravity.

Since metallic Fe has a magnetic moment of 2.22pz
per atom (Ref. 3) and the method allows only an integral
number of particles in the cluster, the configuration
chosen is four d holes in the neutral state of the cluster.
In this configuration, there is an average of two holes per
atom; therefore the maximum possible magnetic moment
per atom is 2.00pz. The s-like conduction band of Fe
metal can be treated as an electron reservoir which has
"absorbed" four electrons and is not explicitly included
in the calculation.

Hamiltonian (2.1) must be exploited to reduce the size of
the matrices to be diagonalized. In fact, there are many
symmetries in the system. First, total spin in the cluster
is a good quantum number. For the case of four holes in
the cluster, there are 825 singlets, 990 triplets, and 210
quintets. Furthermore, there is also a space-group
decomposition, which is very eScient in reducing the ma-
trix size.

The space group for the two-layer, two-atom cluster
(Fig. 1) is a nonsymmorphic one, or order 8. The origin
of the coordinates is chosen at site 1. There is only one
translation (the indentity translation) in the cluster.
There are two fourfold and one twofold rotations around
the z axis (C~„C~„C4,'). There are also four twofold
screw axes parallel to the x-y plane (their rotation part is
formed by one of the four point operations
Ct„,Ct~, C2d, C2d. }. This nonsymmorphic space group
possesses five irreducible representations with the follow-
ing degeneracies: y, (d =1), yz (d =1), y3 (d =1), y4
(d =1), ys (d =2). These representations correspond to
the center of the two-dimensional square Brillouin zone
(which extends over the region —2m /a (+k„kk
~2m/a, where a is the cubic lattice constant of the bcc
structure). The character table of the group is given in
Table II.

The two-layer structure discussed here can be obtained
directly from the original bulk structure discussed in Ref.
19 by symmetry reduction. There are compatibility rela-
tions between the irreducible representations of the group
of the two-atom cluster bcc bulk structure and those of
the two-layer structure (see Table III). With a complete
set of matrices that transform according to these irreduc-
ible representations, it is possible to project out sets of
symmetrized basis states. Since the representations can-
not mix, this is equivalent to a block diagonalization of
the Hamiltonian. In the case of four holes in the cluster,
the largest block is 252X252, a considerable reduction
from the original 4845 X4845 matrix. The various block
sizes are shown in Table IV. The solutions obtained by
diagonalizing these blocks are exact solutions of the full
Hamiltonian for the cluster.

IV. RESULTS AND DISCUSSIONS

In the earlier Fe work, ' two different sets of Slater-
Koster parameters are used. The first set is chosen to

TABLE II. The character table of the two-atom-cluster nonsymmorphic space group for the two-
layer thin-film structure of Fig. 1. The symbol v stands for the vector which connects the two atoms in
the cluster. Note that ~ is not a translational operation in the system.

I
C2

2

C4, C4
2

C2„,C2y
7

2

C2d s C~d
7

Vl

y2

3 3

ja
V5

1

1

1

1
—2

1

1
—1
—1

0

1
—1
—1

1

0
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TABLE III. Compatibility relations between the representa-
tions of the group for the bulk structure and those for the group
of the two-layer thin-film structure. The original representa-
tions are given in Ref. 19.

Energy Symmetry Degeneracy

TABLE V. One-particle eigenvalues (energies are in eV below

the Fermi level of bulk Fe metal) for two-layer bcc Fe-film

structure. The degeneracies shown in the table are per spin.

Original representations of
the bulk structure

Il
I2
I3
r,
r,

Reduce to the following
representations

of the two-layer structure

1

r2
3'i 72
'V3 Xs
74Xs

—0.410
—0.021

0.229
1.709
2.054
2.443

r2
$1

3 2~Vs

3 4~Ps

p4
y3

Hl
H2
H3
H4
Hs

r3
f4

'Y3 74
PlXs
72Xs

reproduce, in the absence of interactions, the calculated
paramagnetic local-density-approximation band structure
of Moruzzi et al. at 1 and H points. This set of pararn-
eters models an unsaturated ferromagnet. The second set
of parameters is different from the first set by an artificial
shift of the e and ti levels to get a fully saturated fer-
romagnet. It is shown in this work that a fully saturated
ferromagnet can be produced by the presence of surfaces.

A useful way to understand the many-body calculation
is taking a Hubbard-model-like interpretation in which
the single-particle energy levels are shifted by the ex-
change interaction J into single-particle majority- and
minority-spin levels. This is, of course, only an approx-
irnate picuture, since in the full many-body approach
configuration interaction mixes all one-particle levels;
nevertheless, this does provide a clear physical picture.

From the analyses in Ref. 19, it is known that the
reason for obtaining an unsaturated bulk ferrornagnet by
fitting the band-structure result is that the exchange split-
ting is not sufficient to bring the highest one-electron (h~,
which can accommodate three electrons or holes of each
spin orientation) majority-spin level below the closest
minority-spin level. Therefore the fourth hole ends up in
the majority-spin h~ level, and thus produces an un-
saturated ferromagnet. The one-particle levels of the
two-layer Fe-film structure are presented in Table V.
One can see that in the two-layer Fe-film case the d-band
is shrunk and the one-particle energy levels split and
rearrange themselves as the result of the appearance of
surfaces. The top three levels are separated by 0.64 eV,

which is smaller than the exchange splitting J =0.70 eV.
When Coulomb interaction is turned on, the spin states
split by approximately J, which is now suScient to bring
all the majority-spin levels of the top three one-particle
energy levels below the lowest minority-spin level of
y2/y5 symmetries. (The other three one-particle energy
levels are too far away to matter). Therefore, in the
ground state the four holes in the cluster are all in
minority-spin levels, i.e., one in y2, one in y&, and two in

the y2/y5 manifold. It is thus expected that the ground
state of the Fe film is a fully saturated ferromagnet. This
is consistent with the calculated many-body ground state
of y4 symmetry.

It is clear from the above analyses that while Coulomb
interaction is an essential requirement for the formation
of ferromagnetic ground states, the change from the un-

saturated bulk ferromagnet to the saturated surface
(thin-film) ferromagnet (i.e., the enhancement of magneti-
zation at surfaces) in Fe is dominated by one-particle pa-
rameters (band-structure effects), i.e., the band narrowing
and the crystal-field effects. This may give a better un-

derstanding of the fact that the band-structure calcula-
tion' works fairly well on the surface magnetization
problem of this highly correlated system.

The many-body density of states (MBDOS) is the best
way to show the spectrum of energy eigenvalues of the
Hamiltonian (2.1). At each eigenvalue, a peak of
weight equal to the degeneracy at that energy is plotted.
In a finite system, this results in a discrete set of spikes,
which have been broadened artificially into a Gaussian of
0.1 eV half-width. Figure 2 shows the MBDOS of the
two-layer Fe film. Comparing with the bulk result' one
can immediately see that the spectrum is shifted toward
the Fermi level and most weights of MBDOS are close to
the Fermi level. This shift is a direct consequence of the
band narrowing and the one-particle level rearrangement
due to the appearance of surfaces.

The periodic small-cluster model can also provide the

TABLE IV. Sizes of blocks of the various representations for the two-layer thin-film-structure space
group.

S=2
S=1
S=0

31
117
119

r2

27
121
106

21
127
94

X4

27
121
106

52
252
200
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FIG. 2. The eigenvalue spectrum (many-body density of
states) for the two-layer Fe film. In this plot, energies are mea-

sured in eV aboue the Fermi level of bulk Fe metal, E&"'". The
negative values here correspond to energies below E&"'".

a
~SW

IQ

cn

FIG. 4. The thermodynamic average of S' for the two-layer

Fe film.

eigenstates, allowing one to compute various thermo-
dynamic quantities as functions of temperature. This is
done by simply calculating the desired quantities for each
eigenvalue, multiplying by the appropriate Boltzmann
factor, and adding.

In this work, thermodynamic averages of energy E and
spin square S of the Fe film are calculated. Results are
presented in Figs. 3 and 4. These results are similar to
those of the saturated ferromagnet given in Ref. 19,
where an artificial shift of e and t2 levels is applied.
However, there are also some differences between the two
sets of results. First of all, the energy value is much
smaller in the present Fe-film calculation, due to the band
narrowing and the crystal-field effects discussed above.
Secondly, as temperature decreases the (S2) curve in the
present contribution raises much steeper than the result
given in Ref. 19 for the saturated ferromagnet. The ap-
pearance of these differences is actually quite natural: the
electronic structure of the present Fe film is of course
very different from that of the bulk' with just a shift of
one-particle occupation energies, although both systems
have fully saturated ferromagnetic ground states.

V. CONCLUSION

-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

log [Temperature (eV)]
10

FIG. 3. The thermodynamic average of energy for the two-
layer Fe film.

A many-body periodic-cluster model of 3d electrons
for a I001I dilayer of bcc Fe has been studied to explore
the modification of electronic structures and the enhance-
ment of magnetization in the presence of surfaces. This
approach incorporates both band-structure effects and
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many-body interactions on an equal footing. This model
is undoubtedly too simple to reproduce all the rich elec-
tronic and magnetic behavior of this important metal;
however, it presents an exactly soluble model for such a
highly correlated system, and gives accurate information
about some properties; it especially provides a clear phys-
ical picture to understand the mechanism which deter-
mines the surface magnetism of this system.

It is found that crystal-field efFects play an important
role in determining the essential features of the electronic
structure in the presence of surfaces. The ground-state
properties are dominated by the one-particle terms in the
Hamiltonian. The enhancement of magnetization at Fe
surfaces is shown to be due to the change of one-particle
energy levels at surfaces, although Coulomb interaction is
an essential requirement for the formation of ferromag-
netic ground states. On the other hand, there is no doubt
that the electron-electron interactions are important in
determining some other properties, e.g, photoemission
behavior and band narrowing as observed for other sys-
tems. '

Improvements to the model have been considered. It is
believed that three d holes per Fe atom is more sensible
for the "weak" ferromagnet Fe. In this case there are six
d holes in the two-atom cluster. The ground state is an
unsaturated bulk ferromag net of magnetic moment
2.00pz per atom, which is very close to the experimental
value of 2.22p~ per atom. Also there is still room for

flipping the majority-spin hole to produce a fully saturat-
ed ferromagnet at surfaces. This scheme will of course
give a much better description of the surface properties
of Fe. However, preliminary calculations showed that
one has to expand the size of the cluster to get the extra
room for flipping the majority-spin hole. Unfortunately,
the number of many-body states (i.e., the size of the
Hamiltonian) increases exponentially with the size of the
cluster. A four-atom cluster, the next smallest one for
bcc structure, has approximately 10' states for six holes
in the cluster, which is impossible to handle by use of any
currently available computer, even after the factorization
by the full use of group-theoretical techniques. The
present model is restricted to very small clusters; never-
theless, it is very helpful to predict general trends and get
a clear physical picuture for highly correlated systems.
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