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Hall efFect near the metal-insulator transition
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Hall-coefficient and dc-conductivity measurements have been made, with use of the van der Pauw

geometry, on uncompensated Si:As samples on both sides of the metal-insulator transition

(7.77X10' &N &32.8X10' cm, 8.55X10' &n, &8.60X10' cm ) in the temperature range
300 to 0.5 K. Much of the data was taken in temperature sweeps between 4.2 and 0.5 K at magnetic
fields between 0.5 and 15 T. The insulating samples exhibit variable-range-hopping (VRH) behavior
for RH(N, H, T) that is similar to the VRH behavior of o(N, H, T) and is Mott VRH in the tempera-
ture range of these experiments. The ratio of the Hall VRH characteristic temperature TOH and the
Mott characteristic temperature To as H~O and N~n, is in good agreement with the theoretical
prediction of Gruenewald et al. that (TOH /To) = 8. The metallic results indicate

RH(n, H, T) =RH(n, H}[1+m„(n,H}T' '] at sufficiently low temperature, analogous to earlier re-

sults for 0.(n, H, P and suggest a coefficient of the T' ' term for o.„~of order m„„—1.5m,„.The
values of R&'(n, H~O, T~O K) do not show the apparent critical behavior observed for Ge:Sb,
Kr:Bi, and a-Si:Pt and are essentially in agreement with the weak-localization theoretical predic-
tions of Fukuyama and of Shapiro and Abrahams. It is speculated that the differing "critical behav-
ior" of these metal-insulator systems results from a spin-orbit contribution (extraordinary contribu-
tion) to the Hall coefficient.

I. INTRODUCTION

In the last decade there have been substantial advances
in our understanding of electrical transport near the
metal-insulator transition (MIT). The theoretical predic-
tion' of the scaling of cr(n, T~O K) as n ~n, +, where n

is the carrier density (n =N for the weakly compensated
case, Nz «ND; N„ is the acceptor density, ND the
donor density, and our convention will be n for ND & n,
and N for ND & n, ) and n, is the critical density for the
onset of metallic behavior, has been confirmed in many
doped semiconductors and in granular metal sys-
terns. ' ' Many of these systems ' have yielded
Jtt=1.0 [p, =d Incr/d lne where e=(n n, )/n, ], in—agree-
ment with the weak-localization theoretical prediction,
but others, particularly Si:P, Si:As, ' Si:P+As, Si:Sb,
and Ge:As (Ref. 7) produce results with p close to —,'. On
the insulating side of the MIT, o(N &n„T~OK)~0,
and, at a finite but sufficiently low temperature
o(n & n„T)exhibits variable-long-range hopping (VRH)
behavior of either the Mott' or the Efros-Shklovskii
type. ' The characteristic temperature for this VRH con-
duction, To, approaches 0 K as N~n, , resulting from
the scaling of the localization length. There have also
been many magnetoresistance studies of these MIT sys-
tems on both sides of n, . On the other hand, the Hall
coefficient has been less systematically studied in the vi-

cinity of the MIT, particularly at very low temperatures.
Weak-localization predictions by Fukuyama' and by
Shapiro and Abrahams' lead to no scaling of the Hall
coefficient RH, while, on the other hand, theories, ' in-

corporating e-e interactions lead to different predictions
that might be interpreted as implying scaling of RH as

n ~n, +. Furthermore, calculations ' based on classical
percolation theory have suggested that RH should exhibit
scaling behavior with a characteristic exponent. In the
last few years there have been a number of Hall-effect
studies on different MIT systems. Results by Field and
Rosenbaum for Ge:Sb yielded RH'cc(n/n, —1) for n

to within 8% of n, Rohde .and Micklitz have reported
scaling of RH

' with virtually the same exponent for
amorphous Kr& „Bi„,while Lobl et al.~ have found
scaling behavior of RH for a Si:Pt, but with a somewhat
larger exponent. Stankiewicz et al. have also reported
scaling of RH

' for the magnetic semiconductor EuTe.
Nevertheless, Tousson and Ovadyahu find no evidence
for scaling of RH

' for In203
„

films. Our own measure-
ments of RH for metallic n-type Si:As samples were
motivated by the differing results near n, and a prelimi-

nary account of our results for Si:As does not indicate
scaling of RH

' as n n, +.
The primary and original motivation of the present

study was to investigate the behavior of RH(N, T,H) on
the insulating side of the MIT in the critical regime
characterized by the VRH conduction. Following the
pioneering calculation of Holstein, it was recognized
that it took at least three sites and interference between
different paths to produce a Hall effect in the hopping re-
gime. Later theoretical work ' extended Holstein's re-
sults to consider percolation paths between clusters and
to obtain explicit expressions for RH(N, T). In 1981
Gruenewald et al. , employing percolation theory, were
able to calculate both o(N, T) and the Hall mobility

pH(N, T) and demonstrate in the VRH regime that these
quantities are characterized by different characteristic
temperatures.
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Early Hall data ' in the hopping regime came before
Mott's prediction' of VRH conduction and the data
were thereore not analyzed in terms of Mott's tempera-
ture dependence, even though some of the data were in
the VRH regime. Fritzsche, in doped Ge, observed a
sharp slope reversal in R& versus T, representing a tran-
sition between the e, (electrons in the conduction band)
and ei (electrons hopping to empty impurity sites) con-
duction processes. Amitay and Pollak and later Klein
attempted to measure the Hall coeScient in the hopping
regime at low temperatures, but were only able to estab-
lish an upper bound, which proved to be below the
magnitude of the effect calculated by Holstein. Sasaki
was the first to plot the Hall coefficient versus T '~, but
did not claim that Rtt(T) obeyed the VRH law. The first
experimental results specifically showing the predicted
VRH temperature of Rtt(N, T) in the VRH regime were
reported for uncompensated Si:As. A more detailed
discussion of these results is presented below. Of particu-
lar interest is the comparison of the results for barely in-
sulting and barely metallic samples. The results for Si:As
as ~n n, ~~—0 seem to argue there is no vanishing of
n ( T~0 K) or dN /d p [the thermodynamic density of
states (DOS)] as n ~n„in agreeinent with Lee's predic-
tion. '

In the semiconductor field it has been well known
that the Hall (correction) factor 2 (Rtt = 3 Ine) depends
on the type of scattering (phonon or impurity) mecha-
nism. On the other hand, in ferromagnetic metals such
as Fe (Ref. 43) and Ni the dominant extraordinary contri-
bution to R& is proportional to the magnetization and
originates from the effect of the spin-orbit interaction.
There is recent evidence in paramagnetic amorphous al-
loys such as Zr, „Fe,(Ref. 45) that the Hall coefficient
can be dominated by the extraordinary term. In this pa-
per we suggest that spin-orbit contribution can make a
significant correction to R& near the MIT, even through
the system is paramagnetic, albeit with a somewhat
enhanced susceptibility. This correction is expected to be
increasingly important as n ~n, + because of the rapidly
increasing magnitude of the resistivity as the MIT is ap-
proached from the metallic side. It is argued the diff'erent

reported scaling behaviors of Rz ' can be explained as re-
sulting from this spin-orbit contribution to Rz, which is
most important near n, .

In Sec. II the background for the Hall effect near the
MIT is presented. Experimental procedures and samples
are discussed in Sec. III. The main experimental results
are given in Sec. IU. These results are considered and
discussed in Sec. V, which is followed by the principal
conclusions.

II. BACKGROUND

A. Scaling behavior of cr(n, T~0 K) near the MIT

Si:P+As, Si:Sb, and Ge:As (Ref. 7) all exhibit p close to
—,', with Si:P particularly carefully studied very close to n,
(to within 0.1% of n, ) by Paalanen et+al. Ge:Sb has ex-
hibited exponents between —,

' and 1 and has also shown
significant apparent compensation dependence. Recent
studies of compensated n-type Si by Hirsch et al. yield

p —1.0. The amorphous Si-metal and Ge-metal al-
loys' ' all show p-1, in agreement with the scaling-
theory prediction. ' The p- —,

' result for the uncompen-
sated n-type Si and Ge case is thought to arise from
electron-electron interactions, although this has not been
firmly established.

The temperature dependence of o(n & n„T) at
sufficiently low temperatures has been shown to be of the
form 5o'(T)= o(T) —o(0)=m (n)T' resulting from e e-
interactions in the presence of strong impurity scatter-
ing. m(n) results from both Hartree and exchange
terms, but very close to n„m(n)~[D(n)] '~, where
D(n) is the difFusion coefficient, m (n) increases rapidly
as n~n, + since D(n, T=O K) is related to o(n, T=O
K) by the Einstein relationship

o(n, T=O K)=e (dN/dp)D(n, T=O K),
where dN/dp is the thermodynamic DOS and purport-
edly varies slowly and smoothly in the vicinity of n, ac-
cording to Lee. ' Accordingly, o (n, T=0 K) and
D(n, T=O K) should exhibit scaling behavior with the
same exponent p, which is just the prediction of weak-
localization theory. This has not yet been verified by ex-
periment. The scaling behavior of the ESR linewidth for
Si:As (Ref. 49) has suggested a larger exponent for D than
for a, but the analysis is complicated by the fact that the
linewidth does not go to zero at n, and there may be a
second contribution to the linewidth not related to car-

. rier diffusion for barely metallic samples.
On the insulating side of n„od,(N &n„T=OK) =0.

At finite, but at sufficiently low temperatures, o(N, T) is
dominated by VRH conduction of the form

(2)

where p =
—,
' for the Mott case' and p =

—,
' for the Efros-

Shklovskii case. ' The characteristic temperature To
scales to zero as N~n, . as has been well documented
for Si:As (Ref. 29) and other semiconductors. The behav-
ior of VRH in the critical region as N~n, has been re-
viewed by one of us. Sufficiently close to n,
[1 N/n, &0. 12 for—Si:As (Ref. 29)] the VRH is of the
Mott type at available temperatures for reasons discussed
previously. When the Hall data in the VRH regime are
discussed in Sec. IV, it is very important to compare the
Rtt(N, T,H) results with the o(N, T,H) results under
identical conditions since the temperature dependence of
Rtt(N, T,H) is much less than for cr(N, T,H) at low fields
for barely insulating samples.

Since the scaling-theory predictions of Abraham s
et al. ' for o(n, T=O K) there have been many experi-
mental reports ' showing o(n, T~O K) ~ (n ln, —1)"
as n ~n, +. Weakly compensated Si:P, SiAs, '

8. Hall efFect and magnetoresistance behavior

In this paper we consider the magnetic field H applied
normal to the van der Pauw disk along the z axis and the
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current density j along the x axis. We measure the Hall
voltage Vrr (Hall field E =p„„j„)=I„Rand thereby
determine the Hail resistivity p& =p „given by

~xy ~xy
pyx 2 2

~xx +yy +~xy ~xx

where cr =O.
yy

and at all experimental fields the Hall
angle (tanelr =p«„/p„„=cr„«Icr„„)is small and
0 zy & 0 010„„,allowing neglect of 0 zy in ihe denomina-
tor. Both O.

zy and o„zare a function of donor density
ND, temperature T, and the magnetic field H. Because
the Hall angle is small, one obtains p„,(H, T)Ip„„
(H=0, T)=cr„„(H=0, T)/cr„„(H,T), and the Hall
coefficient R«r(n, H, T)=p«„(n,H, T)/H can be written as

At low fields c«„„~H,but Eq. (4) illustrates the fact that
Rz can exhibit a field dependence because of the trans-
verse magnetoresistance (MR), which becomes more im-
portant as n +—n, +. MR studies of Si:As (Refs. 51 and
52}have demonstrated that

p„„(n,T,H) Ip„„(n,T, H=0) =~(n, H, T)

increases significantly as n~n, +. At sufficiently low
temperatures such that kT «g @AH, one finds

cr„„(n,T,H) =cr„„(n,H)[1+m„„(n,H)T'~

—b„„(n)H'ri],
in agreement with MR theory featuring e-e interaction.
By analogy, we assume

cr»(n, T,H)
Rrr(n, H, T)=-

H [cr„„(n,T=O K, H)]

p„„(n,H, T)
X p„„(n,H =0, T)

(4)

0 „(n,T,H) =Ho „'«(n)[1+m„«(n,H)T'

—b„(n)g(H,T)],
where g(H, T) ~H'~ for kT&&gp~H and g(H, T)
~H2/(kT)3«2 for kT))gp&H. Inserting cr»(n, T,H)
and cr„„(n,T, H =0) into Eq. (4), one obtains

R~(n, H, T) =R~(n, H =0, T =0 K)[1+mr'r(n, H)T'« b„(n)—g(H, T)[~(n,H, T)]2,

where mlr(n, H) =m„(n,H) 2m„„—(n, H =0) and
R&(n, H =0, T=0 K)=o„' (n)/cr„„(n,H =0)] . The
experimental objective is to determine Rrr(n, H=0, T
=0 K) by the extrapolation of data for Rrr(n, H, T) as
both T and H approach zero. Because the Hall voltage
Vz ~ H in the low-field limit, one rapidly loses sensitivity
at low fields and errors became significant for H & 0.5 T.
It was also found for the barely metallic samples studied
that, for T&2 K, R&(n, H, T) exhibited a T' depen-
dence. As a result it was decided to fit the Hall-
coefficient expression to the empirical expression

R&(n, H, T)=R&(n, H, T=O K)[1+mrs(n, H)T'~ ] .

(6)

The MR correction ~(n, H, T) reaches its maximum value
at T =0 K and is effectively at its maximum for
kT &&gp~H. Previous Si:As MR results ' have sug-
gested ~(n, H, T=0 K} of the form ~(n, H, T =0 K)
=[1+A (n}H'~ ]exp[f (n)H ], where exp[f (n)H ] was
explained ' as resulting from magnetic tuning of n, with
H. In the lower-field range, where f (n)H (& 1, one finds

R(n, H, T=O K)=R(n, H=0, T=O K)

X [1+[2A (n) —b„(n)]H'
+[A (n}] H+2f (n)H I .

Tousson and Ovadyahu have stressed, from their
In203 Hall-effect results, the importance of making
Hall measurements at very 1ow magnetic fields, where
their In203 samples show a negligible temperature
dependence. We have discussed the temperature and
field requirements previously. To summarize: (I) The

temperature T must be low enough to get into the T'
region which for Si:As with n ln, 1.028 requires T &2
K-0.01TF; (2) the magnetic field H must be small
enough such that the magnetic length Lz=(kcleH)'~
must be sufficiently greater than the correlation length
g(n) =go(n /n, —1) ". Furthermore, the magnetic tun-

ing of the correlation length ' must be negligible, i.e.,
5[n/n, (H) 1] must b—e small. From a pragmatic stand-
point it is sufficient that the magnetic field is low enough
so that the Hall voltage V~ is strictly linear with H. It is
worth emphasizing that among the standard n-type semi-
conductor MIT systems (Ge, Si, GaAs, Inp, InSb), Si:As
has the highest degeneracy temperature TF and smallest

go (largest n, ) and it is easiest to satisfy the T and H re-
quirements for Si:As when compared to the others that
have been studied near the MIT.

On the insulating side of the MIT, one combines the
predictions of Gruenewald et al. (in[a&(N, T) ]
~ ——3(To/T)'~ ), with the Mott prediction, '

(in[cr(n, T)]~ —(TO, T)' ), and obtains from p&=R&cr
the theoretical prediction in[Re�(n, T)]~ —', ( To /T )'~

=(To&IT)' . It is important to emphasize that the pre-
diction of the Gruenewald et al. is based only on the per-
colation among three site clusters. Taking account of
possible X, H, and T dependencies of the prefactors and
N and H dependencies of the characteristic temperatures
To and To~, we have fitted our data to the empirical ex-
pression

T (X H) I+~/4
Rn(N, H, T)=Ro(N, H, T)

This expression is only expected to be valid very near n,
(0.88 (N/n, &0.99) at temperatures below a characteris-
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tic temperature and at magnetic fields belo~ a critical
value that depends on N!n, .

C. Theoretical predictions for R~{n, T~0 K) near the MIT

Weak-localization- (WL-) theory predictions by
Fukuyama' and by Shapiro and Abrahams' for o findo„~(n In, —1) ", while o„„~(n /n, —1)",where v is the
localization-length exponent. As a result, WL theory
predicts no scaling of RH(n, T~O K) as n ~n, +. On
the other hand, calculations by Alt'shuler et al. ' have
obtained (5o„);„,=0 due to e-e interactions due to the
so-called g& and g3 processes. However, as has been em-
phasized by Fukuyama, the g2 and g4 processes have
not yet been calculated; hence the result (5o'„~);„,=0
should not necessarily be considered a general result.
These two different results can be summarized as

(5RH /RH )wt =5o
„

/cr„—2 5cr„„/a„„=0,
(5RH IRH );„,= —25o „„/e„„=25R/R,

(8a)

(8b)

where 5X=X—Xo for X =sr„„,cr„,RH, and R (R is the
sample resistance), with Xo the unperturbed value in the
absence of WL or e-e interactions. It is usefu1 to define
the quantity y =5(lnRH ) /5 lnR = (5RH /RH ) l(5R /R ).

Two groups ' have studied the dependence of y on
Rz for the two-dimensional (2D) electron gas in Si inver-
sion layers. They find y-2 as R&~0 and y decreases
approximately linearly with increasing R z. (Bishop
et a/. find y-0.4 at Rz =12 kQ. ) These results are in
good agreement with the dominance of e-e interactions at
small Rz and the increasing importance of WL with in-
creasing Rz. Ordinarily one expects 0 & y & 2 when po-
tential scattering is dominant; however, y can be larger
than 2 when spin-orbit (s.o.) scattering is very important,
and this has been reported for quasi-2D electrons in (@-

type-InSb/i-GaAs) by Kichigin et al. Although spin-
orbit scattering is not expected to be dominant for most
n-type semiconductors (3D case) near the MIT, there is
good reason to believe that the s.o. interaction can make
an important contribution to the Hall coefficient and this
will be discussed below. The result in Eq. (8b) was origi-
nally derived for the 2D case, but has been claimed to
be valid for the 3D case. The experimental situation for
the 3D case near the MIT is not yet well understood.
Tousson and Ovadyahu found y-0 for their In203
films. Preliminary results for barely metallic Si:As sam-
ples yielded 0.4&y &0.6 with no particular magnetic
field or donor-density dependence.

Another theoretical approach that takes into account
many-body interactions for good metals has been Fermi-
liquid theory. Kohno and Yamada have derived a gen-
eral expression for the Hall coefficient including many-
body effects based on Fermi-liquid theory. The result is
supposed to be exact with respect to the most singular
terms concerning quasiparticle damping. These authors
find o z

~
y& and o. „~1/y&, where y& is the quasiparti-

cle damping rate for a quasiparticle of momentum p. As
a result, RH remains finite and there is no predicted scal-
ing of R~ as y ~0 basically a result similar to WL re-

suits for RH. There has been recent interest ' ' in apply-
ing Fermi-liquid theory to disordered systems near the
MIT. Ho~ever, recent Si:P experimental results for the
spin susceptibility and specific heat in the dilution-
refrigerator temperature range have demonstrated the
importance of localized moments for barely metallic sam-
ples, and these results are not in good agreement with
Fermi-liquid theory, and the relevance of Fermi-liquid-
theory predictions for transport near n, is certainly in
doubt.

D. Spin-orbit contribution to the Hall effect near n,

It has been well known since the classic paper of
Karplus and Luttinger that the spin-orbit contribution
is responsible for the extraordinary or anomalous contri-
bution to the Hall effect observed in ferromagnetic met-
als. In doped semiconductors near the MIT, the magneti-
zation is very weak because of a small spin susceptibility
that is only slightly enhanced over the Pauli susceptibility
on the metallic side of the MIT. As a result, it would be
surprising to expect an anomalous contribution to RH
from the spin-orbit interaction for doped semiconductors
near n„even though it is to be noted that Nozieres and
Lewiner, using a two-band model, developed the theory
of the anomalous Hall effect for semiconductors. Howev-
er, Trudeau et al. recently discovered that, in the
paramagnetic amorphous alloy Zr, „Fe,RH(T) is close-
ly related to the valence (spin) susceptibility X, ( T).
These authors note the anomalous contribution is
enhanced in the paramagnetic regime because of the large
value of the electrical resistivity (RH,„,~p X„,
p-1.7X10 Qcm for x-0.35). For the doped semi-
conductors that are barely metallic the spin susceptibility
is several orders of magnitude smaller, but, on the other
hand, the resistivity p(n), because it is scaling toward
infinity as n ~n, +, can easily be 2 orders of magnitude
larger close to n, . Thus it appears necessary to seriously
consider the spin-orbit contribution to RH(n) as n ~n, +.

At the present time there is no satisfactory theory of
the spin-orbit contribution to RH near n„even though
there have been theoretical efforts ' to consider the
effects of the s.o. coupling on the disordered electron gas.
Lacking on appropriate theory, we will use the expression
given by Trudeau based on the earlier work of Berger,
namely

RH—-Ro+(2e /Poh'gP~)A, ,P2„X,,

where Ro is the Hall coefficient in the absence of the s.o.
interaction, g, is the spin susceptibility of the valence
electrons which corresponds to the impurity-band suscep-
tibility in the MIT case, and As, is a measure of the
strength of the s.o. interaction, which in the present case
corresponds to the impurity s.o. interaction. In the fer-
romagnetic metals and also in the paramagnetic alloys
Zn& Fe„ the important contribution to k, , arises
from d-band states and A, , involves orbit matrix ele-
ments ((i ~L~n ) ) and an energy denominator, which is
characteristic of the d-band splitting for Fe. The ground
impurity states in n-type semiconductors are predom-
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inantly s-like and it would, at first sight, appear that there
would be no contribution for s-like states. It has recently
been shown that a new contribution can arise from the
gradient of the impurity s.o. interaction and that this
contribution will be most important for s-like orbital
states. This leads to A, , in Eq. (9) being replaced by a
s.o. frequency 0, , ~ (BE;„/Bx), where BE;„/Bxis one
diagonal component of the field-gradient tensor. The
most important qualitative aspects of Eq. (9) are (1) this
s.o. correction term is only important for large p„„and
becomes increasingly important as the MIT is ap-
proached from the metallic side; y„is very small for MIT
systems, even with an enhanced susceptibility near n„
but this is counterbalanced by the large increase in p as
n ~n, +,' (2) A, , is likely to be large for high-Z impuri-
ties. These factors make it likely that RIr(n) can show
scaling behavior for high-Z impurity MIT systems arising
from the second term in Eq. (9).

III. EXPERIMENTAL PROCEDURES

The initial data were obtained in an electromagnet at
the University of Rochester (UR) at fields between —1

and + 1 T in the temperature range 1.4-300 K. After in-
itial superconducting-solenoid (SS} runs at fields up to
11.5 T at UR, the importance of achieving lower temper-
atures made it advantageous to carry out He-refrigerator
experiments in the 15 T SS at the Francis Bitter National
Magnet Laboratory (FBNML) at the Massachusetts In-
stitutes of Technology. Experiments at the FBNMI.
were carried out between 4.2 and 0.5 K. One advantage
of the UR electromagnet data was the possibility of field
reversal permitting an experimental check of Hall-voltage
(VH) ofi'sets for the van der Pauw-geometry samples.
Field reversal was not possible when employing the su-
perconducting solenoids.

are more susceptible to doping inhomogeneities. The
"cloverleaf" geometry was employed on some samples be-
cause it reduces the systematic errors due to the contact
placement and it also reduces errors due to doping inho-
mogeneities. The four "cloverleaf" slots, approximately
90' apart, were cut with a diamond-coated wafering saw.

B. Concentration determination

Because we are concerned with the critical behavior of
the Hall coefficient RH(n, H =0, T +0 K—) as n ~n„an
independent determination of the concentration scale is
required and one cannot employ the result
RH = A (n, T)Inc as a measure of the room-temperature
(RT) carrier density and the As donor density ND. There
is now evidence that the Hall correction factor A (n, T)
may be donor specific and is larger for Si:As than for
Si:P. The most sensitive determination of the relative
concentrations of the samples is obtained from the ratio
ro =p(4. 2 K)lp(RT) =R(4.2 K)/R (RT) measured accu-
rately on each sample. This ratio varies by a factor of 7
for 7.7(N(10.3X10' cm, whereas p(RT} changes
by only 20% in the same range. The absolute scale ro
versus ND for Si:As was determined using our ro and

p(RT) values and the p(RT}-versus-ND scale determined
for Si:As determined by Newman et al. using the
neutron-activation-analysis method. For the three most
metallic samples at 17.9 X 10', 20.9 X 10', and
32.8X10' cm, respectively, the ro approach had be-
come much less sensitive and the concentrations were
determined using mostly the p(RT} values, but also em-

ploying the Hall results as a check, noting that the Hall
factor A (n) approaches 0.87 in the strongly degenerate
limit. ' The ro-versus-ND scale is shown in Fig. 1, and
represents an extension of that shown earlier. The
values of ro and p(RT) for the samples measured in this
study are listed in Table I.

A. Samples

Most of the data reported came from samples prepared
from an uncompensated Si:As ingot 35 cm long and 5.0
cm in diameter, Czochralski grown along a ( 111)crystal
axes which was purchased from MACOM. Earlier trans-
port studies ' of Si:As near the MIT were made on sam-
ples prepared from this same ingot. The As concentra-
tion varied from 5.0X10' cm at the seed end to
11X10' cm at the end, with the critical density N,
(8.5(N, (8.6X10' cm ) near the center of the ingot.
Several more metallic individual Si:As wafers were ob-
tained from MACOM in order to obtain a greater range
of n In, —1 on the metallic side of the MIT. The van der
Pauw —geometry disk samples (6 and 3 mrn in diameter)
were prepared for Hall measurements as described previ-
ously. ' The larger 6-mm-diam sample allowed the
placement of the welded 0.002-in. Auo 9sSno oz wire leads
relatively closer to the sample edges, thus reducing sys-
tematic errors in the measurement of the resistivity and
Hall coefficient. However, the larger-diameter samples
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~ ~ s ~ ~ I a ~ ~ I ~ ~ ~ I ~ ~ ~ ~ a I ~ ~ ~ ~ a ~ ~ ~ ~ l ~ ~ ~ ~0 c

0 10 20 30
N (10'8 cm')

FIG. 1. ro=p(4. 2 K)/p(300 K) vs donor density for uncom-
pensated Si:As, CI, determined by Shafarman (WNS) (Ph.D.
thesis, University of Rochester); Q, determined by Koon
(DWK) (Ph.D. thesis, University of Rochester).
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TABLE I. Si:As samples. (LN denotes liquid nitrogen and RT denotes room temperature. )

Sample
no.

1 ("A4-2-X-1")'
2 ("B10-X-2")
3 ("B10-X-3'*)
4 ("B13-3-X-1")'
5 ("C9-X-2")
6 ("D9-X-1")

(ccD9-X-2 &)b

8 ("F6-X-1")
9 ("B1-Y-1")
10 ("A1-Y-2")
11 ("C1-Y-1")

fp

10.94
5.78
5.21
4.47
2.94
2.34
2.11
1.47
0.64
0.60
0.58

(10' cm )

7.77
8.12
8.21
8.36
8.78
9.14
9.30

10.2
17.9
20.9
32.8

pRT
(mQ cm)

8.13
7.90
7.84
7.75
7.85
7.33
7.08
6.84
4.22
3.44
2.30

R, /R2
(H=O, T=4.2 K)

0.92
1.21'
1.54
0.78
0.36'
1.04'
0.80'
2.37'
1.002'

1.35'

Measurements

'He, He, LN, RT
He, He, LN, RT

'He, He, LN, RT
'He, He, LN, RT
'He, He, LN, RT
'He, He, LN, RT
He, He, LN, RT

'He, He, LN, RT
He, LN, RT
He, LN, RT
He, LN, RT

'
—,
' -in. -diam disk.
—'-in. -diam disk with "cloverleaf" structure.

'pRT values obtained for the van der Pauw disk did not always agree with comparable pRT values for the
bars discussed in Ref. 4. pRT values have not been used in determining N, except for the three most
concentrated samples.
Some magnetic field and temperature dependencies of Ri/R2. at 4.2 K, less than 5% variation for

0 & H & 14 T; at 0.52 K up to 100% variation at highest fields for some samples.
'Negligible magnetic field and temperature dependencies ( & 5%) over entire range of H and T.
'Only studied between 4.2 and 1.4 K for —1 & H & 1 T; no appreciable dependence of R

& /R2 on H and
T.

C. Measurement circuits and instrumentation

The six different van der Pauw configurations are
shown in Fig. 2(a) and yield resistances R „Rz, R 3, R ~,
R5, and R6, where R = V, /IJ. The Hall resistances R5
and R6 corresponds to the voltage leads on opposite
corners of the square (180' apart on our circular disks).
van der Pauw has found the resistivity p and the Hall
resistivity pH given by

V) Vg
I I

~ V ~a
I

~ Vp~w
I I

V) V~

P4
I

VARI

V)

~ e e

~e aery ~

Xea any~ ~

~t R )+R2
ln2 2

Rs+R
PII 2

Ri
R2

(1Oa)

(lob)

where t is the sample thickness (which must be constant)
and f(R, /R2) is the asymmetry-ratio correction given
for small x by

Valtmeter Current Source

Ammeter

f (x)=1— x-ln2

2
( ln2 ) ( 1n2 )

4 12

Microcomputer Switch/Control Unit

where x = (R, —R 2 ) /(R, +R z ). The Hall coeflicient is
obtained from RH =10 pH/8, where pH is in units of 0
cm, RH is in units of cm /C, and 8 is the magnetic in-
duction in teslas (T). All values of pH, and consequently
of RH, have been found to be negative, consistent with
negatively charged carriers in an impurity band. The
measurement of six different resistances yields some
redundancy and provides an additional check on the
homogeneity of the doping. R, /R2 —1 is an indirect
measure of anisotropic doping variations. Because of re-

FIG. 2. (a) van der Pauw configurations (after Ref. 74) with
the current leads hooked to the electromagnetic field (EMF)
source; V1 and V2 are used to measure the voltage drop; (b)
configuration of various instruments, microcomputer, and
switch-control unit. The dashed lines represent IEEE-488
buses.
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ciprocity one has R, =R&, Rz =R4, and R5(B=0)=R,
—R2 = —R6(8 =0), where ~R ~(8 =0)

~

=0 results for a
perfectly homogeneous sample due to voltage offset re-
sulting from imperfect placement of the leads. Measure-
ment of the ratio R i /R2 (or R

& /R4) gives some informa-
tion on the doping homogeneity of the individual sample.
The results for R l/R2 at T=4.2 K and zero magnetic
field are listed in Table I. The R, /R2 values range be-
tween 0.36 and 2.37. In general, the metallic samples
have a very small or negligible dependence of R, /Ri on
temperature or magnetic field. Some of the insulating
samples have an appreciable variation of R, lR2 with
temperature and magnetic field. In genera1, the H depen-
dence of R, /R ~ is largest at the lowest temperatures (0.5
K). Some portion of R, /R2 —1 is just a geometric factor
resulting from the position of the leads, although this is
expected to be small from van der Pauw's error
analysis. While one might have anticipated larger devi-
ations of R, /R2 from unity for the more insulating sam-
ples (larger ro values), the data do not support that ex-
pected trend.

A block diagram of the circuits and instruments em-
ployed is shown in Fig. 2(b). The IBM PC/XT micro-
computer (with an IEEE interface board) controlled both
the Keithley 181 nanovoltmeter and the Hewlett-Packard
HP-3488 A switch-control unit featuring a 4X4 matrix
switching module. The PC/XT connected the four sam-
ple leads to the appropriate current-voltage leads for each
configuration [see Fig. 2(a)] to be measured. For each
configuration the current and voltage leads are reversed
to avoid thermal-gradient effects and Rj is the average of
V /I with the current ffow in the two directions. The
number of readings obtained for each configuration de-
pended on the desired variance, which was set with the
PC/XT software. The current (3 &I (100 pA was typi-
cally stable to 100 ppm and the noise voltage per reading
was of order 30 nV. For R5 and R6, 75 readings were
typically required, allowing us to measure pH as low as 1

pQ cm, corresponding to a Hall coefficient RH as small as
0.01 cm /C for a field of 1 T. This corresponds to an
electron density of 6X10 cm, or nearly 2 orders of
magnitude greater than n, . Even with some reduction in
the sensitivity at the lowest currents employed at the
lowest temperatures to avoid sample heating and non-
Ohmic effects, the sensitivity was adequate to measure
RH to better than 25%.

Errors introduced because the sample leads are not
precisely at the edge of the disk of diameter D have been
considered by van der Pauw. For leads in from the
edge a distance d, the error are, respectively,
bp/p= d l(21n2)D —and ERH/RH-— 2d/mD. For a-
typical realistic case d-0. 25 mm and d =6 mm, one
finds a systematic error of 2.5% for RH and 0.1% for p.
An analysis of the "cloverleaf"-geometry samples has
been considered by Koon.

D. Cryogenic rigs

For measurements in the Varian Associates elec-
tromagnet (UR) the samples were heat-sunk to a Cu
block and electrically insulated from the Cu with a thin

Electrical connections
at top of p11enolic piece

Manganin wires from samples

phenolic endpiece

Carbon resistor

phenolic support shelves

ISI+

I — —
1,
—i =—Pits samples

,1:—,=-:=I;
Au:Sn sample leads

Micropipette support rods

anganin wires

FIG. 3. Sample holder for cryogenic rig employed for
superconducting-solenoid runs at the Francis Bitter National
Magnet Laboratory and at the University of Rochester.

IV. EXPERIMENTAL RESULTS

In Table I are listed the eleven Si:As samples, four in-
sulating and seven metallic, with their values of p(RT),
ro=p(4. 2 K)/p(RT), R l /R2 at 4.2 K, and H =0 T, and
their donor densities as already described in Sec. III B.
All but the three most concentrated samples (17.9 X 10',
20.9X10', and 32.8X10' cm ) were studied at the
FBNML in a superconducting solenoid at fields up to 15

Mylar film. The Cu block could be heated with a nonin-
ductively wound heating coil and was situated inside a
vacuum-tight can which could be filled with He ex-
change gas. A calibrated (between 1.5 and 100 K) ger-
manium resistor thermally sunk to the Cu block was uti-
lized to monitor the sample temperature. Temperature
between (1) 4.2 and 50 K were obtained with liquid eHe
as the refrigerant, (2) 55 and 77 K were obtained with
pumped liquid N&, and (3) 77 and 100 K with the heater
using liquid N2. The magnetic field was oriented to nor-
mal to the disks to within 21' by rotating the electromag-
net.

A second type of low-temperature inset was employed
for the solenoid experiments. No copper block could be
employed because of eddy-current heating. The samples
were mounted on the holder shown in Fig. 3, which is at
the bottom of the cryogenic insert which fit inside the
He-refrigerator Dewar at the FBNML. The samples

reached thermal equilibrium with the He exchange gas
above 1.3 K and with the He liquid below 1.3 K. Moni-
toring the sample temperature with the resistance p( T), it
took about approximately 5 min to react at thermal equi-
librium above the He A, point and 1 min below the A,

point, with equilibration time decreasing as the pressure
above the He liquid was lowered. Equal intervals in 1/T
were selected to permit calculation of the logarithmic
derivative, as discussed previously.
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FIG. 4. (a) Conductivity and (b) Hall-coefficient data for
three metallic and one insulating Si:As samples between 1.4 and
300 K. The Hall data were taken at I= 1 T.

FIG. 5. (a) Conductivity and (b) Hall-coefficient data for the
7.77X10"-cm sample vs T ' for various magnetic fields for
0.5 (T & 4.2 K.

T in the temperature range 0.5(T &4.2 K. The latter
three were only studied in the electromagnet ( —1 & H & 1

T) for 1.4& T &300 K.
Figure 4 gives an overall view of the temperature

dependence of three metallic samples and one insulating
sample for both o ( T) and R//( T) between 1.4 and 300 K.
The insulating sample shows a continuous decrease in
o(T) and increase in RH(T) as the temperature is
lowered. The most metallic sample (n-2n, ) shows a
continuous increase in o(T) (but with a substantial fiat-
tening as T~0 K) and a nearly-temperature-independent
value of RH, which is the smallest of the four samples.
The 10.2X 10' -cm metallic sample shows a minimum
in o(T) between 10 and 20 K, but RH shows a much
smaller T-dependent variation. In fact, for a11 four of
these samples the temperature variation of RH(T) is
much less than that of o (T), and we need to look more
closely at the temperature dependencies of o ( T) and
RH(T) as T~O K.

A. Insulating samples —low-temperature behavior
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o(T) and RH(T) for the 7.77 X 10' -, 8. 12X 10' -, and
8.21X10' -cm Si:As samples are shown in Figs. 5 —7
(the data for the 8.36X10'-cm sample have been given
earlier ). The following trends are noted in all of these
figures. Both o ( T) and RH( T) exhibit a reasonable fit to

0.7 0.8 0.9 1.0
y -1/4 (K-1/4)

1.2

FIG. 6. (a) Conductivity and (b) Hall-coefficient data for the
8. 12X 10' -cm sample vs T ' for various magnetic fields for
0.5(T(4.2 K.
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the Mott VRH law when plotted versus T '~, although
the Hall data show more scatter because of the small Hall
voltages, particularly at low fields. Some of the Hall data
at the higher fields (15 and 10.9 T) show a distinct up-
turn at larger values of T ', which may represent a
change from Mott hopping to Efros-Schklovskii VRH or

FIG. 7. (a) Conductivity and (b) Hall-coeScient data for the
8.21X10"-cm ' sample vs T ' for various magnetic fields for
0.5 & T &4.2 K.

may represent a magnetoresistance contribution, or a
contribution that correlates with an appreciable change
in R, /R2 at high magnetic fields and low temperatures.
The slopes of lno. or lnRH with T ' increase substan-
tially with increasing magnetic field, representing in-
creases in the characteristic temperatures To and TOH
with H. In general, the temperature variation of RH is
less than that of a( T). As an example from Fig. 6, cr( T)
at H = 6 T varies by a factor of 3, while RH(T) at H =6 T
varies by only a factor of 1.6 over the same temperature
interval. From our previous analysis, the best overall fit
to the data is for the Mott exponent p= —,

' and a
temperature-independent prefactor oo(N, H). The uncer-
tainties in the analysis of the Hall-coeScient data are
much larger, but also seem to be best fitted by a
temperature-independent prefactor R o(N, H) [see Eq.
(7)]. The smaller temperature dependence of RH(N, H, T)
relative to o (N, H, T) in the VRH regime results from the
smaller value of TOH(N, H) relative To(N, H), in qualita-
tive agreement with the theoretical prediction of
Gruenewald et al. As will be further discussed below,
TOH mimics the behavior of the Mott characteristic tem-
perature in terms of the density and field dependencies,
but is smaller by an approxiinately constant factor. Re-
cently, similar Hall data for n-type compensated CdSe in
the VRH regime have been reported by Roy et al.

From the fitting of the VRH data in these figures to
Eqs. (2) and (7), the parameters era(N, H), To(N, H),
Ro(N, H), and TOH(N, H) have been determined and are
given in Table II. The behavior of these parameters with
donor density and magnetic field will be discussed in Sec.
V.

B. Metallic samples —low-temperature results

It has been stressed in Sec. II of the importance of ob-
taining RH(n, H, T) in the limit as both H and T ap-

TABLE II. Hall parameters for insulating samples. {+,no temperature sweep at this magnetic field; —,parameter could not be
experimentally determined. )

~ (10" cm-')

7.77

8.12

8.21

8.36

op {S/cm)
Tp (K)
Rp (cm /C)
Tpa (K)

op {S/cm)
Tp (K)
Rp (cm /C)
Tpa «)
op (S/cm)
Tp (K)
Rp (cm /C)
TpH «)
o.

p {S/cm)
Tp (K)
Rp (cm /C)
TpH (K)

0.0

58
3.2

53
1.4

0.5

123

51
0.9
0.72
0.09

2.0

72
7.3
0.65
0.52

65
3.4

0.64
0.33

H (T)
3.0

176
210
0.46

11

69
4.0
0.67
0.44

6.0

300
520
0.36
28

110
33

0.57
2.1

94
18

0.56
1.4

84
12

0.62
1.1

10.9

980
2250
0.23
95

180
147
0.46
8.1

140
80

0.45
6.3

130
64

0.49
4.9

15.0

1670
4600
0.16
220

390
560
0.32
27

280
330
0.33
21

200
200
0.42

12
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FIG. 8. Hall resistivity p„„vsH at T = 1.4 K for the metallic
samples 8.78 X j P&s 9.14X 10&s 9.62 X 10&s and 1P.2 X 10&s

cm

2.0

proach zero in order to avoid magnetoresistance contri-
butions to RH and to avoid magnetic field tuning of
n, (H) and thereby obtain the correct behavior of
RH(n, H~O, T~O K) as n ~n, +. Figure 8 shows the
Hall resistivity p„„versusH for four metallic samples
taken at 1.4 K in a UR electromagnet. For all four sam-
ples p„exhibits excellent linearity in the field range
—10&H & 10 kG. These data show a slope difFerence of
less than 40% between the 8.78X10' - and 10.2X10'-
cm samples, thereby suggesting there is no significant
scaling of RH since n in, —1 is, respectively, 0.027 and
0.19 for these two samples. Similar data taken at 4.2 K
showed the same excellent linearity and indicated only a
very small temperature dependence of p„.In experi-
ments at the FBNML we were unable to carefully explore
the field dependence in the low-field region and there may
have been errors in RH. because of uncertainties in the
field for H & 1 T.

Figures 9—12 show o(T) and RH(T) plotted versus
T'/, the predicted temperature dependence [see Eq. (6)]
at sufficiently low temperatures. It is apparent in Fig. 9
that the 8.78X10' -cm sample shows deviations from
T' behavior for T & 2 K, whereas the 9.30X10' -cm
sample yields a reasonable fit to T' behavior at the two
lower fields up to 4.2 K, but not at the higher fields,
where n, (H) tuning and magnetoresistance corrections
may have become significant. One observes a significant
field dependence of RH(n, H, T) that can be associated
with the magnetoresistance contribution in Eqs. (4} and
(5}. It is also worth mentioning that the 0.5-T data in
Fig. 12 for the 10.2X 10' -cm sample shows significant
scatter, but is only slightly smaller (-12%) than RH ob-
tained from the slope in Fig. 8 for the 10.2X10' -cm
sample at T-1.4 K. Even though there were problems
with occasional points at low fields (H & 1 T) taken in the
superconducting solenoid, the extrapolated values of
RH(T, H~O) obtained from RH(T, H) versus Hplots--
were in very satisfactory agreement with the low-field
electromagnetic results for —1 &H & 1 T. From the
RH(T, H) data in Figs. 9—12 the extrapolated values
RH(T =0, KH) have been obtained (see Table III) and
these results are plotted versus H in Fig. 16(a).

3
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0.6 1.0 1.4

'r 1/2 (K1/2)
1.8

FIG. 9. (a) Conductivity and (b) Hall-coeicient data for the
8.78X10' -cm sample vs T ' at various magnetic fields for
0.5 & T & 4.2 K.
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FIG. 12. (a) Conductivity and (b) Hall-coefficient data for the
10.2X10"-cm ' sample vs T' for various magnetic fields for
0.5 & T & 4.2 K.

TABLE III. Hall parameters for metallic samples. (+, no temperature sweep at this magnetic field; —,parameter could not be ex-
perimentally determined. ) (Units: o, in S/cm; RH, in cm'/C; m„„,m&, and m„,in K ' '.)

N (10' cm )

8.78

9.14

9.30

10.2

o (T=O K)
mxx

RH (T=O K}
mH

mxy

o(T=O K)
mxx

RH {T=0 K)
mH

mxy

cr (T=O K)
mxx

RH (T =0 K)
mH

mxy

o (T=O K}
mxx

RH (T=O K}
mH

mxy

40
0.012

68
—0.057

87.3
—0.080

120
—0.085

0.5

118
—0.076

0.61
0.043
—0.11

2.0

33
0.22
1.31

—0.09
0.35

56
0.067
1.17

—0.054
0.080

79
—0.004

0.86
0.011
0.010

H (T)
3.0

103
0.016
0.73

—0.001
0.031

6.0

24
0.40
1.71

—0.18
0.62

43
0.18
1.31

—0.10
0.26

67
0.047
0.99

—0.032
0.062

93
0.047
0.79

—0.024
0.070

10 9'

16
0.59
2.1

—0.22
0.86

32
0.25
1.52

—0.13
0.37

57
0.069
1.13

—0.068
0.070

84
0.035
0.85

—0.043
0.027

14 35

10.6
0.85
2.5

—0.25
1.45

25
0.32
1.70

—0.16
0.48

48
0.092
1.20

—0.074
0.11

71
0.066
0.90

—0.047
0.085

'H at 10.0 I for the 10.2X 10' -cm samples.
H at 15.0 T for 9.30X 10"-and 10.2 X 10' -cm ' samples.
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TABLE IV. Results for more metallic samples. (4 denotes values that could not be determined from

experimental data. )

(10» cm
—

~)

17.9
20.9
32.8

o (N, T=O K, H=O)
(S/cm)

370
480
750

m

(K '
)

—0.006
0.0013
0.003

~HO

(cm'/c)

0.35

0.17

mug

(K
—I /2)

0.008

—0.007

The o (n, T,H) data shown in Figs. 9—12 are similar to
those reported previously 2s, 29, so, si Beyond a critical field
the slope m„„(n,H} becomes less sensitive to the magnet-
ic field and is positive and increases with field; whereas at
zero field m„„(n)changes sign with density near
n/n, —1.04, and again near n/n, -2.4, at sufficiently
high fields m„„(n, H } is always positive and increases sub-

stantially as n~n, +. The values of m„„(n,H) and
o„„(n,H, T=0 K) obtained from Figs. 9-12 are given in
Table III. The more limited results for the three most
metallic samples are shown in Table IV.

Tousson and Ovadyahu have stressed the importance
of making the Hall measurements at very low fields.
Their results suggest that R~(H, T}becomes temperature
independent at sufficiently small fields. Our own results
are qualitatively consistent with the In20& „results in
that m„„(n,H) [see Eq. (6)] becomes small as H~0, as
seen in Table III. In particular, mz appears to remain
negative as H ~0 for the 8.78 sample, while for the 10.2
sample mz changes sign near H=3 T and becomes
slightly positive at H-0. 5 T, although the error bars are
large for the latter data. Although most of the Hall data
came from temperature sweeps at constant field, we also
took data versus magnetic field at fixed temperatures
(T-0.5, 2, and 4.2 K). Figure 13 shows fields sweeps at
4.2 and 0.48 K for the three metallic samples
(8.78X10', 9.30X10', and 10.2X10' cm } of the
Hall resistivity p, . One notes upward curvature from
the expected p„o-R&Hresults due to the magnetoresis-
tance contribution that is most pronounced for the

1.0

8.78X10' -cm i sample (n/n, —1-0.028), which is
closest to n, . For the 9.30X10' - and 10.2X10' -cm
samples one has nearly linear behavior of p„ for H (2 T
and H & 3 T, respectively. On the other hand, the
8.78X10' -cm sample already exhibits an approximate
15% nonlinearity at H-2 T, as seen from Fig. 13. It is
possible the 8.78 X 10' -cm sample shows some up-turn
or nonlinearity because of the larger anisotropy
(R, /R2 =0.36), but we emphasize that this sample shows
magnetoresistance behavior in very good agreement with
earlier results ' on bar samples. The same is true of the
temperature dependence, as determined by the magnitude
of mar(n, H). Figure 13 clearly shows the largest temper-
ature dependence for the 8.78X10' -cm sample and
that the temperature dependencies increase with increas-
ing field. Figure 13, along with the result in Table III,
clearly suggests that as n ~n, + it is necessary to go to
smaller values of both H and T to obtain the correct
asymptotic values of p„(H~0, T~0 K) and
Rz(H~O, T~O K). It has been asserted that this is
only possible with dilution-refrigerator measurements.
The present data for Si:As for n/n, —1&0.028 suggest
T-0.5 K is adequate to obtain the correct asymptotic
value of R~(H~O, T~O K). If one were to approach
n, much more closely, as for Si:P (Ref. 2)
[(n /n, —1);„=0.001], then measurements to very much
lower temperatures would be required.

V. DISCUSSION

The VRH results on the insulating side of n, will be
considered first, followed by a discussion of the metallic
results. Finally, a comparison of R~(N~n, , T~O K}
will be made with R&(n~n, +, T +0 K) to ascer—tain
what can be said about R& at n —n, .

A. VRH-regime Hall results

0.5

0.0
0 5

H (T)

10

FIG. 13. Hall resistivity p„~ vs magnetic field H for the
IO'88.78X10' -, 9.30X10' -, and 10.2X10' -cm metallic sam-

ples at T=4.2 K (X) and T=0.48 K (0).

Shown in Fig. 14(a) values of the characteristic Hall
temperature T~&(N, H) versus the Mott temperature
T~(N, H) for the four insulating samples at a variety of
magnetic fields (see Table II). The data indicate an ap-
proximately linear relation between Tz& and To, with

To~ approximately an order of magnitude smaller than
T~ Nevertheles. s, the ratio T~~(N, H)/T~(N, H) is not a
fixed constant and is a function of both 1V and H, as has
been discussed previously [the field dependence of
(T~~/T&&)'~ was shown in Fig. 3 of Ref. 40]. The varia-
tion in ( T~ii /T~ )' can be as much as 15% between 2 —3
and 15 T. Figure 14(b) shows the extrapolated zero-field
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FIG. 14. (a) TOH vs To for the four insulating samples at vari-
ous magnetic fields (see Table II); (b) the zero-field extrapola-
tions of TOH /To and ( TOH /To)' vs donor density.

ratios TpH/Tp and (TpH/Tp)' versus donor density.
TpH/Tp increases from 0.06 to 0.11 from the 7.7X10'-
to the 8.36X10' -cm sample, while (TpH/T)' in-
creases from 0.49 to 0.59. If one extrapolates this latter
result to n, (n, —8.55 X 10' cm ), one obtains
limH —p )v ( TpH /Tp) =0.63+0.02.

The theoretical prediction by Gruenewald et al. is
(TpH/Tp)' =

—,
' or TpH/To=0. 15. The theory makes no

prediction of how the ratio should depend on N and H.
From Fig. 14(a) (or Table II) one sees TpH and Tp vary by
more than 1000, while the ratio varies by less than a fac-
tor of 2. The agreement of the experimental ratio at
H =0 and n, with the theoretical prediction is surprising
and perhaps fortuitous. The theoretical calculation
might not be expected to be valid for barely insulating
samples where e-e interactions, correlated multiple-
electron hopping, and the Coulomb-gap problem might
be important. However, these features would be expected
to be important for the o (N & n„T,H=O) in the critical
regime where the data ' ' now strongly suggest that
Mott VRH is dominant at easily obtainable temperatures.
The reasons for the dominance of Mott VRH in the criti-
cal regime have been discussed in detail elsewhere. It
seems reasonable to suppose that these same reasons are
applicable in explaining the VRH behavior of
RH(n & n„T,H +0) in the critical re—gime

One cannot overemphasize the point that experimen-
tally we have not been able to accurately establish that
both rr(n &n„T)and RH(N &n„T)have exactly the

0.8

U

o 0.4

Ct

0.2-
o 777

812
82E
836

0.0
0

I ~ ~ ~ a ~ I I ~ I I ~ I ~ ~ ~, I I E

5 10 15

FIG. 15. Hall-coefficient prefactor Ro(W, H) [see Eq. (7)] vs

magnetic field for the four insulating samples.

same VRH exponent p —
—,', nor have we been able to ex-

perimentally establish that the prefactors o p(N & n„T)
and Rp(N &n„T)have the same temperature depen-
dence or lack of temperature dependence. The variation
of RH(N, T) with T is too small to accurately indepen-
dently determine pH and R p(N, T). We have employed

pH =p =
—,
' in obtaining the parameters ToH and To,

which is certainly plausible and is strongly suggested by
the theory. Considering the small variations in
(TpH/Tp)' with N and H, it does not seem worth ad-
dressing physical reasons for these variations, since if pH
was slightly different from p, this would also change the
experimental ratio TpH/Tp. Suffice it to say that data
seem to provide strong support for the prediction of
Gruenewald et al. that (TpH/Tp)' ——'„but it seems

unwise to attribute much significance to the slow varia-
tion of ( TpH /Tp )'~ with N and H.

The results differ in detail from those obtained for
compensated n-type Cd:Se by Roy et al. Their samples
show a negative magnetoresistance in the low-field range
and the Mott characteristic temperature Tp(H) decreases
with increasing magnetic field (the opposite of the Si:As
results discussed above), which is consistent with the neg-
ative magnetoresistance. Their parameter KH(H}
KH(H) = [TpH(H}/Tp(H) ] ) increases with increasing
magnetic field (0.3 & H & 1.0 T), whereas out ratio,
[TpH(H)/Tp(H)], decreases with increasing magnetic
field. These two sets of results can be viewed as qualita-
tively consistent with each other if for SiAs n, (H) in-
creases with H, while, for Cd:Se, n, (H) decreases with H.

Figure 15 shows Rp(N, H) versus H for the four insu-

lating samples. There is an increase of Rp(N, H) as
H~O. There is also an increase in Rp (N, H~O) as
N ~n, . An extrapolation of R p(N, H ~0) to n,
yields R p(N =n„H~0)-0.73+0.02 cm /C From.

Table II and Fig. 14(a) we see that Tp0-0. 09 K at
H -0.5 T for the 8.36X 10' -cm sample where
1 N/n, =0.—022. As N~n, previous results ' have
demonstrated that Tp(N, H=0) scales to zero as

[g(N)], where g(N) is the localization length. MR
studies ' have shown a rapid increase in Tp(N, H) with H
and Table II shows the same rapid increase of both
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To(N, H) and To(N, H) with H. As discussed earlier, "
the rapid increase of To(N, H) is not yet well understood;
however, it is clear that as N~n, the magnetic length
LH [LH=(ficleH)' ] becomes much less than the zero-
field localization length, even at low fields. Since the
magnetic tuning problem of how n, (H) varies with H is
not yet well understood, it is more difficult to say how the
field-dependent correlation length g(N, H) varies with H.
Based on the data in Table II, it seems plausible that
TOH(N, H) may approach a finite but small value as
N~n, (H=0). However, this characteristic tempera-
ture TOH(N~n, (H=O)) will be so small at H&0. 5 T
that the VRH temperature dependence of RH(N, H, T) in

Eq. (7) will not be observable in the available temperature
range. In this sense the prefactor Ro(N~n, , H~O)
represents the Hall coefficient right at the MIT and
should be compared with the metallic sample result for
RH(n )n„H~O, T~O K) as n ~n, +.

2.0

Q
E

1.0
Cl

CL
I

X 8.78
0 9.14

1 0.2
mxx

1.0—

0.8

mxy—————mH

Io pi

0 5 10 15

B. Metallic regime Hall results 0.6

The low-temperature Hall results presented in Sec.
IV B demonstrate it is possible to extract the zero-field,
zero-temperature value RH (n, H=0, T=O K) from the

R H( n, H, T) data. Figure 16(a) shows the values of
RH(n, H, T=O K) versus H for the four metallic samples
closest to the transition. RH(n, H, T=O K) seems to
show an approximate linear dependence on H with a
slope that increases as n ~n, +. In Sec. II the expression

RH(n, H, T =0 K) =RH(n, H =0, T =0 K)

X [ I+ [2A (n } b„~(n})—H'~

+ A (n)H+2f (n)H2j,

where the parameters A (n) and f (n) have been deter-
mined from MR studies. ' ' The data in Fig. 16(a) might
seem to suggest 2A (n) —b„(n)« A (n) and that
2f(n)H is negligible in this field range. However, the
number of points and their experimental accuracy are
insufficient to rule out a small H' term. Furthermore,
one cannot explain the slope and field variation with just
the A H term. The A (n) have been determined from
Si:As MR measurements. ' The A H term is not only a
factor of 3-4 too small, but also does not vary rapidly
enough with density n. The addition of the
[2A b„H'~ +2f (n—)H ] term, which can appear ap-
proximately linear over much of the field interval for ap-
propriate values of f (n) and 2A b„„,improves th—e re-
sults substantially. f (n} has been determined previously
from MR measurements on bar samples; ' however, it
should be recognized the current distribution in the van
der Pauw disk samples is more complicated than in bar
samples and may not lead to the same ratio
p„„(n,H, T~O K)lp„„(n,H =0, T~O K)=~(n, H, T
~0 K). The Hall data only extend to 0.5 K, whereas the
MR data were taken down to 0.05 K. This also means
the b„~g(H,T) term in cr„(n,T,H) is only marginally
into the low-temperature regime where g (H, T) ~H'
since at very low fields (H-0. 5 T) gp~H is comparable
to kT. Our numerical analysis yields good agreement

0.4

0.2

0.0 '-
4 ——8——&——i 2 H(T.}&-1 6--4—

—0.2— ~ ~

FIG. 16. (a) Extrapolated zero-temperature Hall coefBcient
Ro(N, H} [see Eq. (7)] vs magnetic field for four metallic sam-
ples; (b) the values of m„„,mH, and m„~vs magnetic field for the
8.78 X 10' -, 9.14X 10' -, and 10.2X 10' -cm metallic samples.

with the data in Fig. 16(a) for f (n) values about 30—40%%uo

smaller than those found for the bar samples at lower
temperatures and for 2A (n) —b„(n) in the range
(0.025 —0.055)T '~ . The coefficient 2A b„ is certain—ly
smaller than A, but the H' term in RH(n, H, T=0 K)
is only a few percent at 1 T and should not lead to
significant errors in the determinaton of
RH(n, H~O, T=O K). It would be desirable to have
more points in the low-field range to more accurately
determine the magnitude of the H' term, but this
would only be possible at much lower temperatures
where k T «g p~H. We should emphasize the MR
corrections to RH(n, H, T) are larger when kT «gp~H
than in the range kT-gp~H, so that the present data de-
scribe the situation satisfactorily in our view.

Figure 16(b) shows m„„(n,H), mH(n, H), and m„~(n,H)
versus H using for the latter the relationship
m„(n,H}=mH(n, H}+2m„„(n,H}, as discussed in Sec.
II. One observes that m„„(n,H) becomes more positive
with increasing field for all four samples, although
m„„(n,H =0}is negative for three samples. On the other
hand, mH(n, H) becomes more negative with H, but
mH(n, H~O) is positive for the 9.30 and 10.2 samples.
The quantity m„(n,H) is positive for all samples (except
for the 10.2 sample at 0.5 T) and also increases with field.
An alternative way of addressing this question is to plot
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the quantity 5RH /RH versus 5a„„/a„„,where
5RH =RH(n, H, T) R—H(n, H, T =0 K) and 5a„„
=a„„(n,H, T) a—„„(n,H, T =0 K). Such a plot yields a
slope y (see Sec. II), which is in the range 0.4 & y &0.6.
The expression in Sec. II yield y = —mH /m„„=2—m„ /m„„andone obtains an average over the different
samples and fields (m„/m„„)—1.5. The theoretical
prediction by Alt*shuler et al. ' is 5o„=0due to e-e in-
teractions; however, this calculation only considers the g &

and g3 processes. There is not enough known about
m„„(n,H) for other MIT systems at the present time to
reach any general conclusions on the behavior of the tem-
perature dependence a„(n,H, T). There is certainly a
need for additional theoretical consideration of
m„(n,H)

The scaling behavior of R& ' for Ge:Sb, Si:As, and a
reanalysis of some earlier Si:P data is shown in Fig. 17.
The data for Kr, „Bi„(Ref.23) and a-Si:Pt (Ref. 24) also
exhibits scaling behavior similar to that Ge:Sb, al-
though the latter yields a larger yields a larger exponent
pH. The errors for our Si:As RH(n, H~O, T~O K)
values are definitely less than 10% and one is forced to
conclude that any scaling behavior for Si:As (and also
Si:P) is very small and would have to be characterized by
a very much smaller exponent, if any at all. When this
data was first discussed, we noted that it was the
higher-Z impurity MIT systems (Sb, Bi, and Pt) that ex-
hibit scaling behavior and suggested this might result
from the impurity-s. o. interaction. At that time we were
unaware of the important role of the s.o. interaction for
the extraordinary Hall effect for ferromagnetic metals
and to RH as described in Eq. (9), for the amorphous
paramagnetic alloy Zr, „Fe„.Le us now discuss the
nature of the second term in Eq. (9) near the MIT for the
n-type semiconductors.

As already noted, the spin susceptibility is very small
for the n-type semiconductor systems b'„—10 cgs units
for Si:P (Ref. 74)] near n, Howev. er, p,„(n,T~O K) be-
comes much larger as n ~n, +, although it may not truly
diverge in a finite magnetic field when s.o. interactions
are important. Perhaps the most important difference be-

10,
\

tween the present MIT systems, at least for the n-type
semiconductors, is the orbital character of the states near
the Fermi level that are responsible for the conduction.
For the ferromagnetic metals and for the paramagnetic
alloys like Zr& „Fe„,this orbital character is d-like,
whereas for the impurity band near n, the character is
predominantly s-like, even though in individual Bloch
states near the minimum of one of the degenerate
conduction-band valleys is predominantly p-like. Thus,
one might expect the orbital matrix element (4, ~L~%; )
to be negligible. However, it has been demonstrated
there is a s.o. contribution resulting from the internal
electric field gradient that is actually largest for s-like or-
bitals because the field gradient is largest close to the im-
purity nuclei. In Eq. (9} the quantity A. .. which is a
perturbation-theory result between the d bands, is re-
placed by the s.o. frequency 0, , =(p~/m'c)(BE;„/
Bx). The average (BE;„/Bx)~eZ, s~illq(n, r=0)~,
where ~%z(n, r =0)~ is the probability the electron is at
the impurity nucleus, and Z,z=Z; —

Z& is the difference
between the Z of the impurity and the host. The largest
values of 0, , are found for the Ge:Sb and the smallest
for Si:P, where the s.o. contribution is negligible. The
contribution to RH depends on the quantity 0, , r, where
w is the elastic scattering time. The calculations suggest
that there can be a very significant contribution to RH
from the s.o. interaction for n-type Ge:Sb and we suggest
that the "scaling" observed for RH ' results in a term like
the second term in Eq. (9) and can, in principle, arise
from a combination of the host and impurity s.o. interac-
tions. However, given the theoretical predictions ' for
a„„(n,H) ~(e /iri)[g '(n)+ —,'L, ,'+LH '], where g(n) is
the correlation length and L, , (L, , =QDv, , ) is the
characteristic s.o. length, then p„„(p„„~a„'at low
fields) stops increasing when g(n) approaches L, , or L~,
whichever is smaller. In this case if one approaches n, +
closely enough, one should see a flattening of RH ' and
the end of scaling. For n-type Si the s.o. lengths L, , are
5601, 1601, and 321 for Si:P, Si:As, and Si:Sb, respectively,
as inferred from ESR linewidth measurements for bare-
ly metallic samples where 1 is the elastic mean free path.
The situation is less clear for n-type Ge, but one might
expect a very short value of L, , for Ge:Sb.

C. Comparison between metallic and insulating Hall
coef8cients as n, is approached

Ch
Gl

D

N/Nc-1

FIG. 17. Normalized reciprocal Hall coefficient 1/N, eR&
[where RH=RH(X, T~O K, H~O)] vs reduced donor density
for Ge:Sb ( X), SiAs (+), and Si:P (0).

Despite earlier reports of scaling behavior of R& '

as n ~n, +, the evidence presented above for Si:As, and
also inferred for Si:P, suggests that RH

' for these
smaller-Z impurity MIT systems does not exhibit critical
behavior, implying that the number of carriers remains
finite as n ~n, +. From the insulating side for the transi-
tion, the extrapolation of the four insulating Si:As sam-
ples yields a value of the prefactor [see Eq. (7)] of
Ro(N =n„H~0)-0.73+0.02 cm /C This is .32%
smaller than the RH(n =1.027n„H~0, T~0 K)=1.08
+0.05 cm/C value found for the least metallic sample.
While these results are nearly consistent with one another
and suggest that RH(n, H +0, T &0.01TF} var—ies
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smoothly through the transition, the 32% difference be-
tween the two numbers is outside the stated errors and
may reflect systematic discrepancies from several sources.
The exponent p& may, in fact, not be equal to the Mott
exponent p, and as a result the parameters To~ an
R (N, H~0) may require correction. Data over a much
larger temperature range would certainly improve the
determination of these parameters, although one might
need temperatures that are 2 orders of magnitude lower
for the barely insulating samples to obtain enough varia-
tion in R&(N, H ~0, T) with T. It is possible, even if it
seems unlikely, that n, (H} tuning with H is important at
low fields (H 2 T) and this has not been properly ac-
counted for very close to n, . We have suggested the field

is low enough when p„„~H,and our electromagnetic re-
sults have accurately confirmed this linear behavior for
—1&H &1 T. Nevertheless, the requirement that one
keeps Ltt ))g(n, H) as n ~n, (H) is a very stringent con-
dition, and the lack of understanding of n, (H) tuning at
low fields only compounds the problem. In our
extrapolation we have employed n, (H =0)
=8.55 X 10' cm . A significantly larger value of
n, (1 &H & 2 T) would improve the agreement.

At the present time the data on both sides of the transi-
tion for Si:As seem to be consistent with one another.
Very close to n„RIt(n,H~0, T} slowly increases with
decreasing temperature for both metallic and insulating
samples. However, this temperature dependence de-
creases with decreasing magnetic field analogous to the
In203 „caseof Tousson and Ovadyahu. The data in
the VRH regime are consistent with the theoretical pre-
diction of Gruenewald et al. ; however, measurements
over a much larger temperature range are required to
conclusively experimentally establish that ptt =

—,'.

VI. CONCLUSIONS

The Hall measurements for Si:As have given the first
experimental evidence that the Hall coef5cient in the
hopping regime exhibits VRH behavior that as N ~n,
appears to be in good agreement with the theoretical pre-
diction of Gruenewald, even though it was not possible to

accurately, independently determine the VRH exponent

ptI for Rtt(T). The metallic Si:As samples show a
smoothly varying R&(n, H~0, T~O K} as n ~n, +,
contrary to some other MIT systems, but in agreement
with the weak-localization predictions of Fukuyama'
and of Shapiro and Abrahams. ' The temperature depen-
dence of R~(n, T) of the metallic samples yields the result
m „/m „=1.5 at sufBciently low temperatures into the
T' regime and this corresponds to the quantity
1'= —(5Rtt/Rtt)/(5o„, /o„„')=0.5. This result is
characteristic of potential scattering and is intermediate
between the weak-localization prediction (y=0) and the
current e-e interaction prediction.

An explanation is offered for differing critical behavior
of Rtt(n, T~0 K, H ~0) of diff'erent MIT systems
which depends on the impurity spin-orbit interaction that
has been well known for ferromagnetic metals and has re-
cently been found to be important for the amorphous
paramagnetic alloy Zr, ,Fe„. This spin-orbit contri-
bution is proportional to p yA, , and is important for
large-Z impurity MIT spin systems near n, because of the
large, diverging increase in p, as n~n, +, despite the
very small values of the spin susceptibility of these MIT
systems. For the usual case (ferromagnetic metals),
where the spin-orbit mechanism has contributed to Rz,
the orbital character has been d-like, whereas the orbital
character of the impurity MIT systems is predominantly
s-like, and a new type of spin-orbit contribution to Rz
is required that emphasizes the role of the s component to
the wave functions near n, .
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