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Sign reversal of the atomic scattering factor and grazing-incidence transmission
at x-ray-absorption edges
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We investigate a conjecture that the atomic scattering factor may change sign as the result of
strong dispersion near certain x-ray absorption edges. A corollary is that the refractive index of
matter is greater than unity in such regions. We find probable examples at the L»»i edges of alumi-
num and silicon. In these anomalous regions total external reflection at grazing incidence, which is
characteristic of x rays, does not occur at any angle. Rather, there is unusually high transmission at
grazing incidence for photon energies below the edge. This localized departure from total external
reflection is a sensitive probe of optical properties and may possibly find application in thin-film
notch filters for vuv or x-ray photons.

I. INTRODUCTION

f (co,O)=(mco l4trÃe )[1—e'(co)] .

In the x-ray range n (co) = 1 and k (co) « 1, so Eq. (2) may
be expanded to yield the more familiar relations

and

f~(co, O) =(mco 12trNe )[1 n(co)], — (2a)

f2(co, O) =(mco /2aNe )k (co) . (2b)

Here N is the atomic number density. Clearly, anoma-
lous dispersion in f, (co, O) which is sufficient to drive the
real part of the scattering factor negative would also yield
values of the index n (co) greater than unity.

The real part of the complex frequency-dependent re-
fractive index n(co)+ik(co) is normally less than unity
for photon energies above the valence-electron plasma
frequency co (commonly 10—20 eV), i.e., for vacuum ul-
traviolet (VUV) and x-ray photons. ' An important
consequence of this is total external reflection [in the lim-
it of k (co) =0] at an air or vacuum interface for all angles
of incidence greater than the critical angle 49„

sin8, =n(co),

where the angle of incidence 8 is measured with respect
to the normal to the surface. This characteristic of x rays
was first discovered by Compton in 1922 and is the basis
for the reflective optical elements employed in x-ray tele-
scopes and synchrotron-light-source instrumentation.

Speculations that n (co) exceeds unity near some x-ray
absorption edges have arisen from recent calculations by
Henke et al. of the complex atomic scattering factor
which suggest that the real part of the scattering factor
may become negative, contrary to conventional wisdom.
The connection of this sign change in the scattering fac-
tor to the index follows from the optical theorem, which
relates the atomic scattering factor in the forward direc-
tion f (co,O)=f, (co,O)+ifz(co, 0) to the complex dielec-
tric function e(co):

It may be worth remarking that f~(co, O) must be nega-
tive over a substantial frequency range to satisfy the iner-
tial sum rule. ' Clearly, f, (co, O) is negative for co&co,
where the refractive index is greater than unity. Howev-
er, in principle, negative values can also occur in regions
of strong anomalous dispersion at x-ray edges.

The resolution of the calculations of Henke et a/. is
not sufficient to establish the details of the dispersion at
the edges, but a sign change in f, (co, O) would have
several intriguing consequences. For example, in such
"anomalous" regions the intensity of forward x-ray
scattering, which is proportional to f, (co, O) +fz(co, O),
would show extremely deep minima. This would make it
possible to virtually extinguish the diffraction from
selected atoms in a crystal-structure determination by ap-
propriate selection of wavelengths. This tendency is al-
ready apparent in anomalous scattering near hard x-ray
edges"" where f, (co, O) becomes small, but remains
positive.

The original speculation, which is explored here, is
that the x-ray refractive index would be greater than uni-
ty over the small region near an x-ray edge at which the
x-ray scattering factor has a negative real part. In such
an "anomalous" range, total external reflection could not
occur at any angle. Specifically, where n(co) is nearly
unity and n (co) —1)0, but k(co) is small, there will be
negligible reflection at all angles. On the other hand, in
the "normal" regions which lie on either side of the
"anomaly, " the index remains less than unity and near
total external reflection would occur at grazing incidence.
Thus, an anomalous region would provide a wavelength
window in a grazing-incidence mirror through which
photons could pass into the material at all angles of in-
cidence. Photons with energies above the edge would
penetrate only a very short distance because of the high
absorption coeScient, while those with energies below
the edge should be transmitted through a relatively large
thickness of material.

This effect should provide a sensitive probe of optical
properties and it suggests the possibility of constructing a
narrow-band notch filter. Such a transmission filter
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would be qualitatively similar to the transmission-mirror

plus reAection-mirror filter studied by Bilderbach, ' but
would require only a single film and would not displace
the photon beam significantly.

-10-'

ALUMINUM
REFRACTIVE INDEX

II. QUALITATIVE PHYSICAL PICTURE

Considerable insight may be gained from approximate
classical considerations in which photon scattering from
a system of bound electrons is divided into scattering
from electrons with binding energies less than the in-
cident photon energy and from those with binding ener-
gies greater than the photon energy. The former behave
as though they were "free" and to a good approximation
scatter according to the Thomson free-electron model. '

The phase of the polarization attributable to these elec-
trons lags the applied electric field by m at frequencies far
above resonance, and they contribute to the dielectric
function e(co) according to'

-10 4—

-10 3—

H, Ill

e(co)=1—(4nJV&e /m)co (3)

where JV is the integrated oscillator strength for all
transitions below the energy A~, provided co is far from
regions of significant absorption. In the classical limit
JV& is just the number of electrons with binding energy
below Ace.

The second group of electrons, those with binding en-

ergies significantly greater than the photon energy,
behave as though they were "bound" electrons. They
contribute an in-phase component to the polarization,
but except in the region of anomalous dispersion near
edges, this polarization is negligible relative to that of the
"free" electrons.

This situation is illustrated for aluminum in Fig. 1 in
which n(co) —1 derived' ' from experimental measure-
ments by dispersion analysis is compared with the predic-
tions of Eq. (3) using classical values of JV&. In making
this comparison the quantum-mechanical exchange of os-
cillator strength' between various core levels has been
neglected. We have also used the fact that the complex
dielectric function is nearly unity above co so that for
co) co Eq. (3) yields

n (co) —1 =@(co)'~ —1=—(2~JV&e Im ko

A similar comparison with classical values of JV'& is made
for the real part of the forward photon scattering factor
f, (co,O) of aluminum in Fig. 2.

Despite the extreme degree of simplification inherent
in Eq. 4, the approximation predicts the broad behavior
of n (co) above the valence-electron plasma frequency re-
markably well (co = 15 eV in aluminum).

Exceptions to this simple picture occur at edges where
the approximation fails badly, and below the plasma fre-
quency ~here valence or conduction electrons give a
strong, broad absorption. In these regions Rayleigh, i.e.,
resonant scattering, ' must be taken into account. In par-
ticular, at x-ray edges the polarization involving energy
levels responsible for the edge becomes very large and
resonant effects dominate. At energies below an absorp-
tion edge, transitions to the states responsible for the
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edge are virtual and the polarization is in phase with the
incident radiation, while well above the edge the transi-
tions are real and the polarization is 180' out of phase
with the incident field. Thus, the existence of a sign re-
versal in f, (a&, )0below an absorption edge depends on
whether or not the in-phase resonant polarization arising
from near-edge transitions is sufficient to overcome the
out-of-phase polarization from transitions at lower ener-
gies.

III. CANDIDATE SYSTEMS

Conditions favorable for a sign change in the x-ray
scattering factor include a strong absorption edge with a

PHOTON ENERGY iiu) (eY)

FIG. 1. The refractive index n(co) for metallic aluminum

plotted to emphasize the approximate power-law behavior of
n (co) —1 between x-ray absorption edges, after Smith, Ref. 14.
The dashed curve is based on a simple free-electron scattering
model in which electrons with binding energies less than the

photon energy scatter in the Thomson approximation, while

those with greater binding energies make negligible contribu-
tion to the scattering.
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sharp onset to provide an in-phase "bound-electron" po-
larization comparable to the out-of-phase "free-electron"
contribution. These conditions do not favor edges origi-
nating from levels with only a few electrons, especially s-
like levels with but two electrons such as K, L&, M&, etc. ,
edges. (A possible exception may be E edges in the
second-period elements, which lack a well-developed L
shell. ) More likely candidates are L»», , M,v v, etc. edges
which involve a large number of electrons.

Secondly, the edge in question must be sufficiently iso-
lated that the high-energy absorption tails of transitions
at lower energies are small at the edge. Otherwise, the
jump ratio at the edge will not be large and the edge not
sufficiently abrupt to give strong anomalous dispersion.
Further, absorptions at lower energies must have
sufficiently low total oscillator strength that their out-of-
phase polarization does not overwhelm the in-phase com-
ponent of the "bound-electron" transitions. These re-
quirements do not favor the 3 —d transition metals' in
which a strong, broad M-shell absorption extends
throughout much of the vuv. Together, these considera-
tions suggest that the L»»& edges of the third-period ele-
ments such as Al, Si, P, etc. , are among the most favor-
able candidates for sign reversal of f, (co,0). Other possi-
bilities include isolated M&v v edges in the fourth-period
elements and K edges in the second period.

Unfortunately, there are few x-ray or vuv refractive in-
dex measurements with which to compare these specula-

tions. Moreover, the estimated effect is beyond the accu-
racy of all but the most detailed direct theoretical calcu-
lations of n(co). An alternative approach is dispersion
theory which provides a means of analyzing experimental
absorption data to obtain indirect "experimental" values
of n (co) and f, (co, 0). Since absorption measurements at
edges are notoriously difficult, ' with uncertainties reach-
ing factors of 2 or more, most dispersion analyses have
avoided edge effects. Exceptions include recent disper-
sion studies of aluminum by Shiles et al. ,

' ' and of sil-
icon by Shiles and Smith and by Edwards. '

The dispersion theory results for the real part of the
scattering factor f, (co,0) of aluminum' ' modified by
the authors to account for structure at the E edge, and
the refractive index n(co) of both aluminum' and sil-
icon ' ' are shown in Figs. 2-4. In these materials the
index exceeds unity over a region some 30-eV wide about
the L&&»& edge. Maximum values of n (co) in this region
are similar for both elements and range from 1.015 to
1.03& depending on the details of the analysis.

The real part of the scattering factor at these L edges is
negative, with calculated extrema in the range of —4.4 to
—5.5 in aluminum and from —4.2 to —9.8 in silicon (see
Table I). These f, (co, 0) values are particularly striking
when compared to the Thomson (nonresonant) prediction
of a scattering factor below the L,««equal to the num-
ber of electrons with binding energies less than the pho-
ton energy, i.e., the number of valence electrons —three
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FIG. 2. The real part of the forward atomic scattering factor for aluminum as derived from the modified optical properties of
Shiles et aI., Refs. 15, 16, and 22 (solid curve). The dashed curve indicates the result for the simple model in which only electrons
with binding energies less than the photon energy scatter in the Thomson approximation.
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FIG. 3. The refractive index of metallic aluminum near the L»»I edge after Shiles et al. , Ref. 15 and 16. The aluminum L»»I
edge lies at approximately 72.4 eV.

for aluminum and four for silicon.
We conclude that, at least in these elements, the in-

phase resonant contribution to the polarization from the
2p electrons for photons with energies just below the
L»»& edge is roughly twice as strong as the out-of-phase
contribution of the valence electrons. Thus, the sign of
the scattering is reversed below the edge.

The strength of this sign reversal in aluminum and sil-
icon suggests that a similar sign reversal should occur for
other elements with a larger number of 3p electrons such
as phosphorous, sulfur, etc. The first few elements in the

fourth period are also possibilities. Potassium is a partic-
ularly interesting candidate because of the sharp absorp-
tion peak reported at the L&&», edge.

Our analysis of the absorption data gives no indication
of a sign reversal at the E edge in either aluminum or sil-
icon, in agreement with our qualitative discussion of s
levels.

The calculated values for n(co) and f, ( r00) at the
minimum value of the scattering factor are summarized
in Table I. To provide an estimate of the sensitivity of
the dispersion results to small errors in the strength of

TABLE I. Extremal values of the refractive index n {E,) and the real part of the atomic scattering
factor in the forward direction f ~

(E„O) for photons of energy E, at the L««, and K edges of metallic
aluminum.

E, {eV)
L», I» Edge

n (E,) f((E„O) E, {eV)
E Edge
n{E,) f, (E„O)

Aluminum
with 14%
reduction'
without
reduction'

Silicon
Shiles
Edwards'

72.3

72.3

99.7
98.0

1.034

1.043

1.015
1.035

—4.4

—5.5

—4.2
—9.8

1560

1560

1839
1860'

0.999927

0.999918

0.99997
0.99993

4.3 {1.9 )

5.2

2.5
7f

'Reference 16.
Reference 22.

'Reference 15.
dReference 20.
'Reference 21.
The mesh size of the published data is too great to locate this extremum accurately.
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FIG. 4. The refractive index of crystalline silicon near the L&~ ~~~ edge. The solid curve is taken from unpublished work of Shiles
and Smith, Ref. 20. The broken curve follows the composite of Edwards, Ref. 21. The silicon L&«&& edge lies at approximately 91.5
eV.

the L gg g~g absorption, two results are given: For alumi-

num they are taken from the published data of Shiles
et al. ,

' ' which include a 14% reduction in the reported

L«», absorption (made to bring absorptions estimated
from experimental measurements into conformity with
the f-sum rule), and from the reported measurements
without the 14% reduction. Similarly, for silicon the
values are from the independent studies of Shiles and
Smith and of Edwards. ' In all cases f&(co,O) is nega-
tive below the Lrrrrr edge, and from this we conclude
that the conjectured sign reversal in ft (co, O) is confirmed
to well within the uncertainties of the absorption mea-
surements.

IV. CONSEQUENCES

1.0-'-

0.8-

50

reflection at all angles so that the relevant optical proper-
ty is the transmission. This is given as a function of the
angle of incidence for a 0.1-pm-thick aluminum film in

Fig. 6.
At normal incidence such an aluminum film is partially

transparent below both the L and K edges, but at grazing
incidence —say for angles of incidence greater than
80'—it is a good reflector below 50 eV and from the

In terms of atomic scattering, the most striking feature
of a minimum in f, (co, O) below an absorption edge is the
deep minimum in the forward photon scattering ampli-
tude, f, (co, O) +f2(co, O) . The effect is most evident
below the edges where fz(co, O) is small and should be
particularly pronounced where f, (co, O) has zeros. In
condensed phases this minimum in atomic scattering ap-
pears as a sharp drop in reflectance and refraction at in-
terfaces.

This is illustrated for the reflectance of a vacuum-
aluminum interface near the LI&»& edge for various graz-
ing angles in Fig. 5. At both the L&& &&&

and the K edges
there are precipitous drops in refiectance. (The effect is
not seen for the K edge in this figure since it is apparent
at this edge only for angles of incidence of 89' or more. )

In these regions of strong dispersion there is negligible

I
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FIG. 5. The reflectance of an aluminum film O. l-pm thick for
s-polarized light at various angles of incidence as calculated
from the optical constants of Shiles et al. , Ref. 15 and 16, but
modified to include K-edge structure, Ref. 22.
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TABLE II. Correlation of the energy corresponding to a
given critical angle O, with the energy at which the transmission
extrapolates to zero in an aluminum film below the L edge. The
former energy is the solution of n (E)=sinO, ; in a nonabsorbing
medium it is the upper limit of photon energies for total exter-
nal reflection and, hence, zero transmission. The graphical
determination of the energy intercept for zero transmission is
good to approximately +0.1 eV.
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O,

(degrees)

30
45
60
70
80
85

E for
n (E)=sinO,

(eVj

17.2
21.0
29.1

40.0
58.7
65.6

Zero-transmission
intercept

(eV)

17.2
20.9
29.0
40.0
58.8
65.7

FIG. 6. The transmittance of a metallic alurninurn film 0.1-

pm thick for s-polarized light at various angles of incidence as
calculated from the optical constants of Shiles et al. , Refs. 15
and 16, but modified to include E-edge structure, Ref. 22.

L»»& edge to roughly 300 eV or beyond. However, for
photon energies from approximately 60 eV to the L»»,
edge, there is a narrow window of particularly high
transmission corresponding roughly to the region in
which n (co) = 1 and k (co) (& l.

The reflectance and transmittance curves provide use-
ful insights into the solution of Fresnel's equations for an
absorbing thin film. This will be explored elsewhere.
Here we stress that below the L»»& edge there is not a
sharp cutoff in transmission at photon energies for which
the angle of incidence exceeds the critical angle 8, .
Rather, the curves are rounded with a small transmission
extending toward lower energies as a result of the small
absorptive component in the complex refractive index.
However, extensions of the straight portion of the
transmittance versus log energy curves in Fig. 6 (for a
given value of 8) intercept the zero-transmittance axis at
the energy for which the real part of the refractive index
satisfies the critical angle condition (Eq. 1). In the ab-
sence of absorption there would have been an abrupt
transition to total external reflection, and hence zero
transmission, at this energy. Table II compares the inter-
cept energy with the values of the index providing solu-
tions of Eq. (1) for a given angle below the L»», edge.
These results indicate that measurement of transmission
as a function of angle can be used to infer the x-ray re-
fractive index to a good approximations in "anomalous"
regions of transparency where n (co) & l.

X-ray filters based on total external reflection have
been proposed' and are especially attractive for use with
high intensity sources, since they absorb little energy at
unwanted wavelengths. However, total external
reflection is achieved at typical x-ray edges only for small
grazing angles necessitating long and narrow films in any

practical device. On the other hand, total external
reflection occurs at smaller angles of incidence for vuv
and soft x-ray wavelengths. As demonstrated here for
the aluminum and silicon L»»& edges, there are regions
of strong dispersion where the real part of the scattering
factor varies rapidly with energy and actually changes
sign. The result is a sharp transmission window bounded
by regions of relatively high reflectance. Maximum
transmissions of 40 to 50% are achievable suggesting that
the effect could be exploited for notch transmission filters
in the vuv and soft x-ray regions.

A tabulation of the calculated reflectance and transmit-
tance of a 0.1-pm-thick aluminum film and the
reflectance of an opaque aluminum surface for various
angles of incidence has been deposited with the American
Institute of Physics (AIP) Auxiliary Publication Ser-
vice.

Note added in proof. Eberhard Spiller has reported
measurements of the refractive index of carbon in Co-C
multilayers that show an index greater than unity over a
13-eV range near the E edge. The local maximum value
reported is 1.0046 at 288 eV. This is in line with the con-
jecture in Sec. III of the present paper on possible sign re-
versals of the scattering factor at E edges of second-
period elements. The amount by which the index exceeds
unity at the carbon E edge is roughly one-seventh of that
at the L edge of aluminum reported here. The relative
sizes of these two effects is attributable in part to the
larger number of electrons involved in the L-edge transi-
tions. See E. Spiller, Brookhaven National Laboratory
Report No. BNL 52176, 1988, p. 139.
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