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Classical O(1V) Heisenberg model:
Extended high-temperature series for two, three, and four dimensions
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We present simple tables of integers from which it is possible to reconstruct the high-temperature
series coefficients through p'4 for the susceptibility, for the second correlation moment, and for the
second field derivative of the susceptibility of the 0(Ã) classical Heisenberg model on a simple

(hyper)cubic lattice in dimension d =2, 3, and 4 and for any N. To construct the tables we have

used the recent extension of the high-temperature series by M. Luscher and P. Weisz and some ana-

lytic properties in N that we have derived from the Schwinger-Dyson equations of the 0(Ã) model.
We also present a numerical study of these series in the d =2 case. The main results are: (a) the ex-

tended series give further support to the Cardy-Hamber-Nienhuis exact formulas for the critical ex-

ponents when —2 (N (2; (b) for N ~ 3 there are no indications of any critical point at finite p; (c)
the series are consistent with the low-temperature asymptotic forms predicted by the perturbative
renormalization group.

I. INTRODUCTION

High-temperature (HT) expansions have recently been
computed' through 14th order for the O(N) symmetric
P(P ) field theory on a simple (hyper)cubic lattice of di-
mension d=2, 3, and 4. As a particularly interesting spe-
cial case of this calculation, the HT series for the zero
field susceptibility y(N, p), for the second moment of the
correlation functions m' '(N, p), and for the second
derivative of the susceptibility with respect to the exter-
nal magnetic field H at zero field g' '(N, p)

dy/dH ~Ir
—

n have also been obtained for the O(N)-
symmetric classical Heisenberg model (sometimes also
called the ¹ectormodel). These series will be the sub-
ject of our consideration. Although for some special
cases significantly longer expansions are available, not-
ably for the N=O, 1, and 2 cases, in general this is
quite a valuable extension. Previously, HT series valid
for all N had been computed, through P for d=2, 3,
and 4 and later through P" for d=2 only.

The original results of M. Luscher and P. Weisz, kind-
ly made available to us by the authors, come as a large
numerical file from which all results may be reconstruct-
ed. We have shown that, for the 0 (N} Heisenberg mod-
el, it is possible to cast the coefficients of the HT series
into an explicit analytic form valid (at fixed d) for any N.
This follows from the fact that all correlation functions
are solutions of the Schwinger-Dyson equations of the
theory. More precisely we can express each HT
coefficient as a simple rational function of N with integer
coefficients.

In Sec. II we give tables for HT coefficients in the case
of d= 2, 3, and 4 dimensions, thus making a large amount
of information readily available in a conveniently unified

format. In Sec. III we present various numerical tests we
have performed on these series for the d=2 case and for
any N. For —2&N &2, we have compared the critical
exponent y of the susceptibility and the exponent v of the
correlation length with the exact formulas proposed some
time ago. For N & 2, we have confirmed and made more
precise our previous results on the location of the
nearest (unphysical) singularities in the complex inverse
temperature plane. For N 3, no indication of a critical
point at finite P has emerged from our numerical analysis,
whereas we show that the HT series for the susceptibility
and the correlation length are entirely consistent with the
asymptotic low-temperature behavior predicted by the re-
normalization group.

II. THE HT SERIES

Let us start by defining our notation. The variables of
the model are ¹ omponent classical spins of unit length,

u(x)=(u, (x), u2(x), . . . , u~(x)};

u (x)=v(x) v(x)=1,
(2.1)

arranged on the sites x of a d-dimensional (hyper)cubic
lattice. The Hamiltonian H is:

u(x) v(x+e„) . (2.2)

The sum over x extends over all lattice sites and
e, , e2, . . . , ed are the elementary lattice vectors.

As shown in Ref. 7 the HT expansion coefficients of
any correlation function of this O(N) model have a sim-
ple analytic dependence on N and can be expressed in
terms of a table of a small set of integers. In this section
we present our tables and illustrate how to construct
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y(N, P)= g (v(0) v(x))=l+ g y„(N)P";
X r=l

(2.3)

from them the HT coefficients through p' for the follow-

ing thermodynamic quantities: the susceptibility

the second correlation moment

m '(N P)= gx (u(0).u(x)) = g b„(N)P";
X r= 1

the second field derivative of the susceptibility

(2.4)

y' '(N P)= g ([u(0) v(x)][u(y) u(z)])„„„=3 3

Z, g, Z

—2+ g 1„(N)P'
r=l

(2.5)

Our tables for the HT expansion coefficients are organ-
ized as follows: (i) Tables I, II, and III for the coefficients

y, (N) of the susceptibility in dimension 1=2, 1=3, and

1=4, respectively; (ii) Tables IV, V, and VI for the
coefficients b, (N) of the second correlation moment in di-

mension 1=2, 1=3, and 1=4, respectively; (iii) Tables
VII, VIII, and IX for the quantities 1„(N) of the
coeScients of the second field derivative of the suscepti-
bility in dimension 1=2, 1=3, and 1=4, respectively.
From the Schwinger-Dyson equations we can see that

TABLE I. The structure in N of HT expansion coeScients y, (N) in (2.3) for the susceptibility in d=2 dimensions. In each section

of the table we give the information necessary to reconstruct the coefficients y, (N) following Eqs. (2.6), (2.7), and (2.8). Each section

is headed by the order r of the coefficient to which it refers. Then we give the set of exponents k, (r), kz(r), . . . appearing in Eq. (2.8)

for the denominator polynomial Q, (N). Since the expansions presented here do not extend beyond order r= 14, at most the first

seven exponents are nonvanishing. Finally we report the numerator P„(N)=gu' "~pj (r)N'. Examples are described in Sec. II.

k„k2s ~ ~

po(r)
p, (r)N
p2(r)N
p3(r)N

k„k2, . . .
r =7
3,1,1

«=2

12

«=3

72
32N

r=8
3,1,1

«=4

200
76N

r=9
3,1,1,1

r=5
1,1

2272
1176N

160N2

r=6
2, 1

12 480
11 504N

3216N
304N

r =10
4,2, 1,1

po(r)
p, (r)N
p2(r)N
p3(r)N
p4(r)N
p, (r)N
p6(r)N
p~(r)N'
p, (r)N

417 024
609 216N
331 872N
84480N'
10480N

512N

1 135 872
1 534 272N

747 648N
164000N

17 568N
748N

24 987 648
33 490 688N
16 697 024N2

3 937 760N
499 088N

33 288N'
928N'

541 900 800
1 068 128 256N

851 428 352N'
354 026 368N

83 381 952N
11 509 280N'

940 624N
42 944N

880N8

k), k2, . . .

po(r)
p&(r)N
p2(r)N
p3(r)N
p4(r)N
p5(r)N'
p6(r)N
p~(r)N
ps(r)N
p9(r)N
pro(r»"

p&2(r)N'
p$3(r)N'
p)4(r)N'

r =11
5,3,1,1,1

118251 847 680
317228 351 488N
365 993 254 912N2
237 682 079 744N

95 679 606 272N
24 859 140 608N
4 228 162 304N

470 195072N
33 693 152N'

1 501 536N
39 200N'

512N"

r =12
5,2, 1,1,1

79 855 288 320
184 191475 712N
175 887 863 808N2

89 758 213 632N
26 392 951 552N

4 510 598 528N'
433 283 904N

21 353 088N'
357 888N'
—3184N

80N'

r =13
5,3,1,1,1,1

10398 597 120000
25 994 174 791 680N
27 646 878 220 288N
16274 644 795 392N

5 778453 815 296N
1 262 144 117248N'

163 961 916416N
10904 109952N

77 551 488N
—39454 656%
—2 408 OOON '

—4064ON"
256N'

r =14
6,3,2, 1,1,1

336 120 973 885 440
1 020 323 217 014 784N
1 350405 061 607 424N
1 020 603 615 150080N

483 920 864 215 040N
148 402 198919 168N'
28 971 880 307 712N

3 268 548 640 256N
122 418059 008N'

—18 160 144 896N
—2 838 681 600N'
—157 779 456N"

—2 584 864N'
84432NI3

2752%'
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for any correlation function

P„(N}
„N =

¹Q„(N)
(2.6)

where P„(N) and Q„(N) are polynomials in the variable N
of the form

D(,r)

P„(N)= g p, (r)N~,
j=0
L(r)

Q„(N)= g (N+2I) '

f=1

(2.7)

(2.8)

The coefficients pj(r) in (2.7) are integers and the ex-

ponents k&(r) in (2.8) are positive integers. The values of

F(P,N)= g f,(N)P",
r=0

the N dependence of the HT expansion coefficient f„(N)
has the following structure:

the exponent s in (2.6), and of D(r) and L (r) in (2.7) and
(2.8}, respectively, depend on the function F(P,N) under
consideration. ' " The HT coefficients of y(N, P),
m' '(N, P), and y' '(N, P) also have this structure and for
them we always have s =r in (2.6).

The sets of integers p (r), k&(r), D (r), and L (r) for the
HT expansion coefficients y„(N), b„(N), and d„(N), are
reported in the tables as follows. The tables are divided
into 14 sections. Each section is headed by the order r of
the coefficient to which it refers and contains the infor-
mation necessary to reconstruct the coefficient following
Eqs. (2.6), (2.7), and (2.8). First we give the set of ex-
ponents k, (r), k2(r), . . . , kL~„i(r) appearing in Eq. (2.8)
for the denominator Q„(N). Since the expansions do not
extend beyond the order r= 14, at most the first seven ex-
ponents are nonvanishing. Finally, we give the
coefficients p (r) for the numerator P„(N) in (2.7).

As an example, let us construct in d=2 dimensions the
HT coefficient y5(N) of (2.3) and the coefficient d~(N) of
(2.5). For y&(N) we use Table I, and for d5(N) we use

TABLE II. The structure in N of HT expansion coefficients g, (N) in (2.3) for the susceptibility in d=3 dimensions. For the use of
the table see the caption of Table I.

k] y k2& ~ ~ ~

Po(r)
pi(r)N
p2(r)N
p3(r)N'

k„k2, . . .
T=7
3,1,1

T=2
0

30

T=3
1

300
144N

r=8
3,1,1

r=4
1

1452
666N

r=9
3, 1,1,1

r=5
1,1

28 272
19 116N

3024N'

r=6
2, 1

270 816
310296N
114312N2

13476N'

r =10
4,2, 1,1

po(r)
pl(r)N
p2(r)N
p3(r)N'
p4(r)N
p&(r)N'
p6(r)N
p7(r)N
p8(r)N'

15 626 880
27 729 888N
19020 144N2

6 271 680N'
989 304N

59 328N'

74489 472
129 538 464N
87 007 488N2
28 118784N
4 362 672N

258 354N'

2 847 568 896
5 193056 640N
3 778 300896N2
1 399 800 432N3

278 225 208N4
28 031 388N

1115856N'

108 255 780 864
274 456 495 104N
296 103049 728N2
177 344 398 656N
64 445 676 384N
14 541 739 920N'

1 987 352 808N
150093 888N

4 784 508N

k„k2, . . .

po(r)
p, (r)N
p2(r)N2
p3(r)N
p4(r)N

p6(r)N
p7(r)N'
p8(r)N
p9(r)N
p„(r)N"
pl&(r)N"
p„(r)N"
pl3(r)N'
p, 4(r)N'

r =11
5,3,1,1,1

41 222 946 816000
137 827 824 353 280N
204 681 013 383 168N2
178 043 163 816960N
100 715 199380 736N
38 875 384 707 840N
10440 501 635 712N

1 949 080 239 936N
247 560 454 704N
20 342 269 008N

971 521 080N'
20 393 856N"

r =12
5,3,1,1,1

195470 369 095 680
645 668 315 578 368N
947 108 563 906 560N2
813 739 409 599 488N
454 747 923 263 232N
173 480 151 209 088N
46077 593 061 312N

8 514 940 815 264N
1 071 698 638 656N

87 360 454 320N
4 143 560 904N'

86 473 548N"

T =13
5,3,1,1,1,1

11 135 576427 724 800
37 234 096 307 896 320N
55 589 350 635 700 224N2

48 958 061 664 927 744N
28 310386 659 250 176N
11 317910548 800 768N
3 205 796 898 092 544N

647 734 280 214 336N
92 551 274 785 344N8

9 107063 617056N
584 874 211 968N'

21 978 467 784N"
365 034 816N'

r =14
6,3,2, 1,1,1

632 609 126 775 521 280
2 510657 938 044 223 488N
4524841 591 275 257 856N
4905 292095 121 784832N
3 571 783 932 314 320 896N
1 847 293 475 548 572 672N

699 626 042 228 688 384N
197061 627 772 250 880N
41 467 574 110306 944N

6 484 097 497 687 296N
741 110387 409 216N'

59 988 858 732 OOON"

3 247 646 112432N'
105 152764464N"

1 534 827 960N'
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and

P5(N) =2272+ 1176N + 160N~

Q5(N)=(N+2)(N+4) .

In the case of d5(N) we have k&(5)=2 and k2(5)=1;
therefore d5(N) =P5(N)/N5Q5(N) with

P5 (N) = —548 352 —746 624N —322 112N —41 984N

and

Q5(N)=(N+2) (N+4) .

Table VII. In both cases we have s =r =5. Moreover,
since in both cases only two nonzero exponents k&(r) are
reported, we have L (5)=2. In the case of g&(N) we read
that k&(5)=1 and kz(5)=1, so that y&(N)
=P5 (N) /N Q5 (N) with

III. ANALYSIS OF THE HT SERIES
AND SCALING BEHAVIOR IN d=2

In this section we briefly discuss some of the informa-
tion that can be extracted from the HT series for general
N in d=2 dimensions. In particular we address the fol-
lowing three topics: (i) evaluating the critical exponents
in the interval —2 ~ N & 2; (ii) how the phase structure of
the model changes as N varies through N=2; (iii) the pos-
sibility of observing the scaling behavior for X 3.
Throughout this section, for convenience, we shall use
the variable P=P/N.

A. The region —2&N (2
Computing Fade approximants (PA's) to the logarith-

mic derivative of the susceptibility is the simplest way to
study how the location of the nearest singularities in the
complex P plane depends on N. For most PA's of
suSciently high order that can be constructed with the

TABLE III. The structure in N of HT expansion coefficients y„(N) in (2.3) for the susceptibility in d=4 dimensions. For the use
of the table see the caption of Table I.

k ] p k2 y ~ ~ ~

po(r)
p](r)N
p2(r)N
p3(r)N'

r=2
0

56

r =3
1

784
384N

r=4
1

5392
2584N

r=5
1,1

148 672
106 224N

17 280N2

r=6
2, 1

2 034 560
2 442 336N

941 728N~

114688N

k],k„.~ .

po(r)
p](r)N
p2(r)N
p3(r)N
p4(r)N
p5(r)N
p6(r)N
p7(r)N
p()N

r=7
3,1,1

167 281 152
309 591 424N
221 412 288N2

75 893 248N
12 355 552N

758 784N

r=8
3,1,1

1 141 670400
2 094 884 992N
1 485 805 312N~

505 455 808N'
81 788 224N
4 999 832N

r=9
3,1,1,1

62 382 821 376
121 195 140 608N
93 884 139392N
36 861 548 736N

7 686 364 960N
803 568 400N

32 881 536N

r =10
4,2, 1,1

3 400 710586 368
9 100261 273 600N

10 369 670 408 192N
6 554 375 483 136N
2 506 705 466 240N

592 435 053 888N'
84 285 035 808N

6 583 610 112N
215 712 064N

k],k2, . . .

po(r)
pl (r)N
p2(r)N2
p3(r)N
p4(r)N
p5(r)N'
p6{r)N
p,'( )N
p()N
p9(r)N
p]0(r»"
p„(r)N"
p]2(r)N'
p, 3(r)N'
p]4(r)N'4

r =11
5,3,1,1,1

1 854 784 339 968 000
6 507 206 561 300 480N

10 144 726 549 250 048N
9 262 176095 203 328N'
5 493 689 774 611456N
2 219048 397 100032N'

621 825 382 745 600%
120 677 956 329 216N

15 867 628 423 360N
1 343 887 412 672N

65 868 866 304N'
1 413 310464N"

r =12
5,3,1,1,1

12 625 624 388 075 520
44 075 529 131 589 632N
68 381 820 807 036 928N2
62 142 501 325 361 152N
36 696046 625 317 888N
14 761 517 329 086 976N
4 120 910 196661 504N

797 038 775 468 160N
104487 262 760 192N

8 826 447 348 224N
431 657 516 320N'

9 244 527 744N"

r =13
5,3,1,1,1,1

1 031 680005 117050 880
3 668 974 340 257 087 488N
5 829 688 582007029 760N
5463 212 398 573 780992N
3 357 344071 618 248 704N
1 422 882 886 390 367 232N

425 692 335 370 364 928N
90424 684 925 898 496N
13 511 340 590 377 728N

1 382 638 894 146 176N
91 840 736 637 056N'

3 551 309 757 888N"
60413 709 312N'

r =14
6,3,2, 1,1,1

84 209 341 360 672 604 160
354 117002 807 089 299 456N
676 833 701 251 717 791 744N
778 434 448 512 363 003 904N
601 158 227 890 935 693 312N
329 388 213 282 312007 680N
131 902 761 502 374 287 360N
39 172 983 215 344 258 048N'

8 660 734 711 633 452 544N
1 417 064 748 813474 816N

168 739 537 213 635 072N '

14 166455 804010 752N"
791 991 379 982 784N '

26 371 601 439 200N'
394 346 385 408N'
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and

1v—
4 —2t

(3.l)

available HT coeScients, we find that the smallest posi-
tive pole (which we may call the critical pole from now
on) accurately reproduces the known critical singularities
for N=O, 1, and 2, and smoothly interpolates among
them as N varies continuously between 0 and 2.

It has been argued that for —2 & N (2 the critical ex-
ponent v of the correlation length and the critical ex-
ponent q of the spin-spin correlation function are, respec-
tively,

and 1 ~ t ~2. From the scaling relation y=(2 —g)v it
follows that the exponent of the susceptibility is

3+ty=
4t (2 t)— (3.4)

This latter formula compares well to a calculation of y
as the residue at the critical pole of PA's of the log-
derivative of the susceptibility. If, analogously, we com-
pute v starting with the second moment definition of the
correlation length

371=2————
2t 2

with

2'
N = —2cos

(3.2)

(3.3)

we find that the overall approximation is not as good.
We find, however, that a better agreement with the ex-

act formulas for both y and v can be obtained by a
different method which involves g' '(N, P). It is useful to
recall that y' '(N, p) =(p, —p) r . Assuming the va-

lidity of hyperscaling we have 2h —dv —y=0. Then we
can perform a critical point renormalization in order to

TABLE IV. The structure in N of HT expansion coefficients b, (N) in (2.4) for the second correlation moment in d=2 dimensions.
For the use of the table see the caption of Table I.

k] y k)) ~ ~ ~

pp(r)
p](r)N
p2(r)N
p3(r)N

r=1
0

1' =2
0

32

1' =3
1

328
160N

r=4

1408
640N

r=5
1,1

21 728
14232N

2208N2

r=6
21

156 928
171 072N
59 840N

6784N

k„k„.. .
T=7
3,1,1

r=8
3,1,1

r=9
3,1,1,1

r =10
4,2, 1,1

Pp(1)
p](r)N
p, (r)N'
p3(r)N
p4(r)N
p5(r)N'
p6(r)N
p7(r)N'
p8(r)N

6487 296
10904 512N
7 052 384N2
2 192 384N

328 688N
18 944N

21 596 160
34 468 352N
21 040 128N2

6 162 816N
878 208N"
48 640N

560 007 168
912 207 616N
585 628 864N2
190951 904N
33 905 168N

3 117448N
115616N

14 220 853 248
32 437 182 464N
31 140450 304N
16449 182 208N

5 251 439 360N
1 045 045 888N

127 390272N'
8 712 896N

255 616N8

k] sk2) ~ ~ ~

po(r)
p](r)N
p2(r)N
p3(r)N
p4(r)N4
p5(r)N'
p6(r)N
p7(r)N
p, (r)N'
p9(r)N
p]p(r)N'
p»(r)N"
p]q(r)N'
p»(r)N'
p]4(r)N'

r =11
5,3,1,1,1

3 549 643 407 360
10748 529 770 496N
14 330 317561 856N2
11099 228 633 088N

5 553 033 387 520N
1 888 211 571 200N

446 700 183 296N
73 788 019072N

8 364 424 672N'
620 464 608N

27 094 944N'
526 848N»

r =12
5,3,1,1,1

10920048 721 920
31 897 824 264 192N
40 878 320 844 SOON~

30 320 450 846 720N
14475 616055 296N
4 684 012402 688N'
1 053 225 265 152N

165 529 253 888N
17912071 424N

1 274 573 696N
53 696 896N'

1 013248N"

1' =13
5,3,1,1,1,1

398 311403 02S 480
1 152 646 176964 608N
1 467 863 723 606 016N2
1 086 S84 435 984 384N

521 655 212 892 160N
171 508 785 347 072N
39 822 249 767 936N

6 624 256 364 416N
788 536 224 640N

65 778 403 648N
3 655 303 744N'

121 407 936N"
1 818 880N'

r =14
6,3,2, 1,1,1

14 381 419069 440000
49 571 261 401 006 080N
76 559 245 123 780 608N
70 130377 503 539 200N
42 548 875 902 058 496N
18 101 157 266 890 752N'
5 581 472 628 355 072N
1 272 436 773 582 848N'

216726 437 780 480N
27 616 170 103 808N

2 605 954 492 416N'
177 259 542 528N"

8 230 177408N'
233 423 296N"

3 045 888N'
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estimate v. To this purpose, we form the HT series

[g(N, P)] =g„=p t„(N)P" and compute PA's to the func-

tion

d„(N)
(1 x)D—ln g x"

p t„N

at x=1.
Analogously, we can estimate y by computing PA's to

the function

d„(N)
(1 x)D—ln g x"

r =P r+1

at x=1. The results of this calculation with [5/5] and
[6/6] PA's are shown in Fig. 1. The convergence appears
to be very good over most of the interval —2 &X &2 ex-
cept near its ends, where it is somewhat slower, due to
the fact that the behavior of the series is less regular. No-
tice that we have not insisted on computing the best pos-
sible estimate of y and v for each value of N, but, for sim-

plicity, we have relied on a single numerical procedure
for the whole range of N. However, we can conclude that
the validity of 3.1 and 3.4 is clearly supported by our cal-
culation and the agreement is rapidly improving as more
HT coefficients are used.

B. The region N )2

As is well known, for N & 3 the 0 (N) model is asymp-
totically free and no critical singularities are expected to
occur at any real finite P. This is well confirmed by our
study of the log-derivative of y(N, P). In a systematic
study of all PA's for N) 3 no convincing indication has
emerged of the presence of a critical point at a finite real
P. Rather, as N varies between 2 and 3, most PA's con-
sistently indicate that the critical pole collides with
another pole producing a pair of complex conjugate poles
that slowly move into the complex plane and, as N~ &e,

reach the limiting points P+-—0.33(i+i). This is illus-
trated in Fig. 2, where we have plotted the real and imag-

TABLE V. The structure in N of HT expansion coefficients b„(N) in (2.4) for the second correlation moment in d=3 dimensions.
For the use of the table see the caption of Table I.

k„k2, . . .

po(r)
pl (r)N
p2(r)N2
p3(r)N

r=1
0

r=2
0

72

r =3
1

1164
576N

r=4
1

8064
3888N

r=5
1,1

204 528
146 124N
23 760N

r=6
2, 1

2 456448
2 929 248N
1 122 528N2

136080N

ki, k„.. .

po(r)
p)(r)N
p, (r)N'
p3(r)N
p4(r)N'
p5(r)N
p, (r)N'
p7(r)N
p()N

r =7
3,1,1

170289 792
312 319968N
221 383 920N~

75 264 960N
12 170904N

743 616N

r=8
3, 1,1

956 823 552
1 728 273 408N
1 206 868 608N2

404 721 600N
64 724 352N

3 921 696N'

r=9
3, 1,1,1

42 088 707 072
80 027 621 760N
60 705 869 280N~

23 384 805 744N
4 800 525 624N

495 870 684N
20 110032N

r =10
4,2, 1,1

1 820 564 029 440
4 769 433 145 344N
5 321 186 764 800N2
3 295 384 254 720N
1 236 516916608N

287 290 885 440N
40 275 314208N

3 107 523 840N
100 804 176N

ki, k2, . . .

po(r)
p, (r)N
p, (r)N'
p3(r)N
p4(r)N'
p5(r»'
p6(r)N6
p7(r)N
p, (r)N'

p9(r)N
P lO«»"
P l I (r)W"
P l2(r)N'
p 13(r)N"
p, 4(.)N'4

r =11
5,3,1,1,1

776 696 905 728 000
2 669 258 856 775 680N
4076 555 067 445 248N~
3 647 307 112 190976N'
2 121 429 738 632 448N

841 182 276069 120N
231 709 799 815296N
44 274 759 493 440N

5 741 865 229 488N'

480 498 609 168N
23 310434 136N'

495 849 600N"

r =12
5,3,1,1,1

4095 660 376 719360
13 934 832 721 330 176N
21 070 456 869 617 664N
18 668 449 163 280 384N
10 756 490 095 534 080N
4 227 254 991 461 376N'
1 154 847 354 120 192%

219020 166457 344N
28 215 891 209 472N'

2 347 567 763 904N
113324 238 144N '

2 400 521 184K"

r =13
5,3,1,1,1,1

256 698 768 799 825 920
885 687 727 893 184 512N

1 365 396 429 834 780 672N
1 242 082 941 562 257 408N

741 684 670 798 319616N
305 895 801 259 154 688N

89 237 579 848 134 144%
18 527 188 676 264 256N'
2 712 711410020416N

272 727 691 809 312N
17 842 958 870 016N'

681 157 898 376N"
11 463 937 344N '

r =14
6,3,2, 1,1,1

15 959 759 305 121 464 320
65 126 313 374 826 627 072N

120 776 409 770 039 967 744N
134799 493 109438 742 528N
101 075 961 535 383 207 936N
53 821 049 308 716 331 008N'
20 972 091 994 847 557 632N
6070 560 956 664 671 232N
1 310640 195 233 880 576N

209 854 631 867 283 456N
24 507 398 880206 592N'

2 022 286 243 464 576N"
111357 392 644 800N'

3 659422931 136N'
54 103051 872¹'
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inary parts of the nearest pole in the first quadrant of the
complex P plane, versus the variable z =1—1/N chosen
for convenience. The plot has been obtained as follows:
we have considered a set of equally spaced values of z
given by zI=l/30 with 0~1~30 and, for each zI, we
have computed all possible [m /n] PA's to D In[y(N, P)]
with both rn and n & 3 and m + n & 9 (there are 18 such
approximants). At z=0 (i.e., N=l), for each PA, we
have chosen the pole P ™")nearest to the known value
of P„namely P, =0.44. . . . We have then simply com-
puted the mean value Po over all approximants and taken
the rms deviation as a rough measure of the error. The
evolution with N of the critical pole is then computed
with the following iterative procedure: when z =zI with
I & 0, for each available PA we have chosen the pole
P( ~") nearest to P&, and computed the mean value PI
and the rms deviation.

Precisely the same procedure for estimating the critical
singularity can be carried out for D In[m' '(N, P)] and
D In[y' '(N, P)] yielding results which are perfectly con-
sistent with the ones previously obtained for the suscepti-
bility. These sets of "independent measurements" might

be combined resulting in a significant reduction of the er-
ror bars. It should also be noticed that, for N &2 the
nearest singularity (which is the critical point) is algebra-
ic and therefore it can be located with high precision by
PA's of the log-derivative, whereas for N ~2 the nearest
singularity changes its nature and although it is still
detectable by the same numerical procedure, it can only
be located with a somewhat greater uncertainty.

In the N = 00 case we have been able to map out' the
whole set of unphysical singularities (all of them being
branch points of second order) and in particular to locate
the nearest ones at kg+-—+0.32162(1+i). This is per-
fectly consistent with our results for finite N. Since we
also expect that the quartet structure of the nearest
singularities of the N=00 case persists down to finite
N ~ 3, the class of PA's we have considered, having at
least four poles, appears to be the most reliable one.

C. The scaling behavior

In this section we shall test the consistency of our HT
series with the low-temperature asymptotic behavior

TABLE VI. The structure in N of HT expansion coefficients b„(N) in (2.4) for the second correlation moment in d=4 dimensions.
For the use of the table see the caption of Table I.

kl, k2, . . .

p0(r)
p, (r)N
p2(r)N
P3(r)N

k„k„.. .
«=7
3,1,1

«=2

128

«=3
1

2832
1408N

r=8
3,1,1

r=4
1

27 136
13 312N

r=9
3,1,1,1

r=5
1,1

959 680
702 192N
115584N

r=6
2, 1

16 151040
19720 832N
7 724 928N

951 296N'

r =10
4,2, 1,1

p, (r)
p, (r)N
p2(r)N
p3(r)N
p4(r)N
p5(r)N
p6(r)N
p7(r)N
p8(r)N

k„k2, . . .

po(r)
Pl(r)N
p2(r)N2
p3(r)N'
p4(r)N
p&(r)N'
p6(«)N
p~(r)N

p9(r)N
p 10(«»
p»{r)N»
p»(r)N"
p 13(r)N'

p 14(r)N I

1 575 485 952
2 955 271 552N
2 140 822 464N

742 289 920N
121 964 512N

7 541 760N

r =11
5,3,1,1,1

28 879 815062 323 200
102 378 553 513410 560N
161 239 676 408 152 064N
148 666 001 675 055 104N
89 006 105 574 980 608N
36 266 849 530 573 824N
10244 203 588 587 008N
2 002 390906 712 832N

264 955 564 933 312N
22 562 936 229 056N

1 111049 564 160N'
23 932 495 872N»

12 493 123 584
23 272 901 632N
16 748 932 096N2

5 773 515 520N
944 190208N

58 179 584N'

r =12
5,3,1,1,1

216 530004 580 761 600
764 285 889 698 856 960N

1 198682 248 083 537 920N
1 100 805 870 174 306 304N

656 580058 020 503 552N
266 604 473 757 765 632N

75 069 176 785 358 848N
14 632 000 577 171456N

1 931 291 291 716096N
164 110301 646 080N

8 066 351 629 056N'
173485 039 616N"

777 512 669 184
1 534 940 407 296N
1 207 213 671 296N

480413 164 736N
101 269 408 288N

10674 780 688N
439 466 880N

r =13
5,3,1,1,1,1

19319406 570 850 222 080
69 499 395 312 584491 008 N

111676 686 703 381 053 440N
105 798 518 171 713929 216N
65 691 477 730 512060 416N
28 110327 506 185 798 656N'

8 484424 698 101913600N
1 816568 754087 937 792N

273 333 893 436 789 504N
28 140 364 968 530048N

1 878 876000 983 936N'
72 969 437 442 240N"

1 245 846 703 104N'

47 674 193215 488
129 188 999938048N
149 021 446 676 480N
95 292 480 070 656N
36 835 340 799488N

8 788 221 455 616N
1 260405 480 576N

99 111836 544N
3 265 020 928N

r =14
6,3,2, 1,1,1

1 711622 510853 583 011 840
7 271 127085 008 241 557 504N

14037406 139695 761 457 152N
16303 538 995 747 631 398 912N
12 710610237 272 546082 816N
7 027 845 454 667 695 079 424N
2 838 449 718 304007 905 280N

849 704 044 878 926 000 128N
189235 937 563 564 521 472N
31 167 765 763 170514944N

3 733 325 830 186285 056N'
315069 272 149 701 632N"

17 694 907 693 559 040N'z
591 540 304 853 120N'

8 875 762483 200N'



41 CLASSICAL 0(N) HEISENBERG MODEL: EXTENDED HIGH-. . . 11 501

predicted by the perturbative renorrnalization group at
the three-loop level for the susceptibility y(N, p),

where

b (N) =2m.N/(N —2) (3.7)

y„(N,P) = c(N)[b (N)P]

X exp[2b (N)P] 1+—+ .h

and for the correlation length g(N, p),

g„(N,P)= c'(N)[b(N)P]

h'
Xexp[b (N}P] 1+ +

(3.5)

(3.6}

and h, h' are nonuniversal O(1/N) quantities that have
been computed for the square lattice. ' In both formulas,
however, the 1/P corrections are quite small.

The presence of unphysical N-dependent singularities
in the vicinity of the real p axis might explain why the
approach to asymptotic scaling has appeared so elusive in
both HT (Refs. 14 and 15) and Monte Carlo' ' analyses
of O(N) models, for small ¹ Actually in the first such
studies the behavior of the thermodynamic functions had
usually been investigated over ranges of p not extending

TABLE VII. The structure in N of HT expansion coefficients d, (N) in (2.5) for the second field derivative of the susceptibility in
d=2 dimensions. For the use of the table see the caption of Table I.

k] )kgb ~ ~ ~

po{r)
p](r)N
p2(r)N
p3(r)N'
p4(r)N
p5(r)N'

k] yk2y ~ ~ ~

—32

r=7
3,1,1

r=2

—512
—280N

r =3

—3072
—1792N

r=8
4,2, 1,1

r=4
2, 1

—122 624
—166 848N
—7] 616N2
—9 352N'

r=9
4,2, 1,1

r=5
2, 1

—548 352
—746 624N
—322 112N2
—41 984N

r=6
3,1,1

—27 150336
—54 673 920N
—42 256 128N2
—15 468 352N
—2 639 744N
—167 328N

r =10
5,3,1,1,1

po(r)
p](r)N

p, (r)N'
p4(r)N
p, ( )N'
p()N
p7(r)N
p8(r)N

p„(r)N"
p]](r)N"

k] yk2& ~ ~ ~

po(r)
p](r)N
p2(r)N
p3(r)N
p4(r)N
pq(r)N'
p (r)N
p7(r)N
p, (r)N'
p,'( )N

p, ( )N'
p„(r)N"
p»(r)N»
p]3(r)N
p]4(r )N'

p, 5(r)N'
p„(r)N"
p, ( )N'
p]8(r)N'

—105 922 560
—209 727 488N
—159 507 968N2
—57 489 664N
—9 657 344N
—604 160N'

r =11
5,3,1,1,1

—87 235 189 800 960
—302 120 698 904 576N
—462 634 718 855 168N
—412 802 695 299 072N
—238 127 192064 OOON
—93 129 870 897 1S2N'
—25 175 575 072 768N
—4 702 254 317 568N'
—594 699 031 552N
—48 508 057 344N
—2 296 123 904N'

—47 753 216N"

—25 281 232 896
—71 046 963 200N
—84 638 801 920N
—55 620065 792N'
—21 962 561 536N
—5 316976 768N'
—769 097 472N
—60 729 200N
—2 003 496N

r =12
6,3,2, 1,1,1

—42 102 500 811079 680
—174 022 97002S 443 328N
—325 422 570 506 551 296N
—364 504 234 447 077 376N
—272 929 226 814 914 560N
—144 393 618 748 334 080N'
—55 629 526 732 750 848N
—15 850247 225 260032N
—3 356 268 047 056 896N'

—525 713098 575 360N
—59 980 137 570 816N '

—4 834 680 108 672N"
—260 263 368 064N'

—8 373 860 992N'
—121 445 920N'"

—91 090 452 480
—250 749 534 208N
—292 433 149 952N
—188 051 248 128N
—72 666 583 040N
—17226 163 712N
—2 443 206 656N
—189 579 584N

—6 161 920N

r =13
6,3,2, 1,1,1

—416 219 862 788 997 120
—561 523 419632 369 664 N

—1 026 945 647 521 038 336N
—1 123 604 171 268 816 896N
—820 895 488 379 191 296N
—423 367 602 534 203 392N'
—158 909 666 164 817 920N
—44 105 169 752 195 072N
—9 100 893 088 256 OOON'
—1 390497 680 946 176N

—154 984 159 232 OOON'
—12 228 237 683 712N"

—645 801 055 744%'
—20432 227 328N'

—292 061 184N'"

—25 509 872 271 360
—90 236 056 764 416N

—141 279 803 998 208N~
—129018 898 219008N'
—76 227 082 387 456N
—30 544423 879 680N'
—8 458 645 201 408N
—1 617 274 658 560N

—209 086 720 768N
—17 399 326 912N

—838 286 656N'
—17 702 048N"

r =14
7,4,3,1,1,1,1

—138 739 954 262 999040
—1 496 819676 609 830 191 104N
—3 417 055 430 559 324438 528N'
—4 782 129 114510564261 888N
—4 595 089 247 620 632 150016N
—3 218 011 327 485 241 196 544N
—1 701 792 134400 127 533 056N

—694 844 122 797 083 099 136N
—222 086 594 520 095 752 192N
—55 999938 891 368 628 224N
—11 171 567 854489 735 168N'
—1 759 969 529 538 605 056N"
—217 447 513487 ""."992N'
—20 793 034 272 038 912N'
—1 505 364 135 603 968N'

—79 619382 179456N'
—2 896 359 558 848N'

—64 639 771 520N'
—665 697 152N'
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significantly beyond a neighborhood of the unphysical
singularities. Since the distance of these singularities
from the real P axis grows with N, their influence will be
stronger for small ¹ More radical explanations of the
aforementioned difficulties such as the one assuming the
existence of a conventional phase transition' at finite P
find no support in our calculations.

The best way to cope with these singularities in a nu-
merical study, as shown in Ref. 12 in the X = ~ case,
would be to introduce a convenient conformal transfor-

mation for P. This requires a detailed knowledge of the
location and of the nature of the singularities that, for
now, we only have in the X = ~ case. Such an approach,
however, has been attempted in the case of O(3) and O(4)
(Ref. 18) with reasonable results. Here we prefer to try a
different method.

Let us first gain some confidence in the actual possibili-
ty of computing the low-temperature asymptotic behav-
ior from our HT series, by showing how to calculate the
quantity b (N) defined in (3.7) and appearing in (3.5) and

TABLE VIII. The structure in N of HT expansion coefficients d„(N) in (2.5) for the second field derivative of the susceptibility in
d= 3 dimensions. For the use of the table see the caption of Table I.

k„k~, . . .

po(r)
p, (r)N
pz(r)N
p3(r)N
p4(r)N
p, (4)N'

—48

r =2

—1248
—660N

r =3
1

—12 480
—6912N

r=4
2, 1

—851 712
—1 128 192N
—474 OOON
—61 236N'

r=5
2, 1

—6 573 312
—8 786 880N
—3 725 856N'
—483 840N'

r=6
3, 1,1

—565 908 480
—1 137490 944N

—877 991 616N~
—321 566 208N'
—55 124 016N
—3 514 968N'

r=7
3,1,1

—3 849 744 384
—7 739 114496N
—5 976 661 248N~
—2 190260 352N
—375 495 552N
—23 938 560N'

k„k„.. .

po(r)
p, (r)N
p (r)N
p3(r)N
p4(r)N4
p~(r)N
p()N
p7(r)N
p (r)N
p9(r)N
p (0( r)N
p»(r)N»

r=8
4,2, 1,1

—1 607 361 822 720
—4 630 934 495 232N
—5 658 731 108 352N~
—3 815 032 300 032N'
—1 545 703 906 176N
—383 951 922 240N
—56 942 341 632N
—4 600 824 312N
—154 867 284N'

r=9
4,2, 1,1

—10 146 634 334 208
—29 145 299 066 880N
—35 515 117682 688N
—23 883 563 143 680N'
—9 654 774 400 512N
—2 393 329 321 728N'

—354 292 592 640N
—28 580 124 768N

—960 719616N'

r =10
5,3, 1,1, 1

—4 986 778 413 957 120
—18 502 905 604472 832N
—30 434 129 019 666 432N~
—29 229 711 376 023 552N
—18 173 047 179460 608N
—7 663 189 901 412 864N'
—2 231 748 901 824 768N

—448 039 233 434 880N'
—60 661 040 264 064N"
—5 267 106 682 272N
—263 609 235 360N'

—5 754914 568N»

r =11
5,3,1,1,1

—29 957 292 231 229 440
—110697 821 461 807 104N
—181 359 443 339 575 296N
—173 526 582 721 855 488N
—107 505 154 356 572 160N
—45 183 600 633 858 048N'
—13 119088 167 641 088N
—2 626 537 796 155 392N
—354 741 723 247 872N
—30 735 239 578 752N
—1 535 369 868 288N'

—33 465 664 512N"

k„k~, . . .

po(r)
p, (r)N
pz(r)N~
p, (r)N
p4(r)N'
p', ( )N
p()N
p7(r)N'

p()N
p lo(r)N
p»(r)N»
pU(r)N"
p, 3(r)N
pl4(r)N'
p„(r)N"
p„(r)N"

pls(r)N"

r =12
6,3,2, 1,1,1

—25 424 963 775 485 706 240
—112568 160566 969 892 864N
—226 122 593 284 806 672 384N
—272 739 288 108 751 650 816N
—220 335 024 310830 366 720N
—125 926 002 861 175 824 384N'
—52 429 589 825 842 464 768N
—16 133 360 608 103 531 520N
—3 682 631 735 427 354 624N'
—619 886 922 488 017 920N
—75 677 317494 258 048N'
—6 492 816409 650 048N"

—369 850 295 426 784N'
—12 514445 149 200N"

—189708 636 600N'

r =13
6,3,2, 1,1,1

—147 436 255 220 890 337 280
—649 808 498 848 293 715 968N

—1 299 512 129 528 339 103 744N
—1 560 658 843 095 801 004 032N
—1 255 571 803 469 692 796 928N
—714 760 376 636 548 620 288N
—296 490 805 364 682 670 080N
—90 920 656 735 938 183 168N
—20 688 048 472 922 093 568N'
—3 472 336 842 523 894 272N

—422 813491 673 485 824%'
—36 192084 771 724 800N»
—2 057 419 542 670 080N'

—69 492 377 025 984N'
—1051 829 121 024N'

r =14
7,4,3,1,1,1,1

—566 463 587 862 368 653 148 160
—3 043 875 242 905 724409 348 096N
—7 576 777 562 322 913437 155 328N

—11 598 723 404 301 679 271 608 320N
—12 226 130280460910006894 592N
—9 415 725 334 597 698 602 139648N
—5 486072 371 880 331 913 592 832N

2 470 783 134 534 602 565 992 448N
—871 335 330057 596064 906240Ns
—242 243 678 099 334 349 271 040N
—53 184931 154 543 324258 304%'
—9 193953 185 463 740 998 656N "
—1 241 394 935 192 535 991 296N '

—129075 746 454 058 556 160N'
—10 102 244 514482 628 864N'

—573 981 185 124034 560N"
—22 283 021 804 865 984N '

—527 221 923 353 952N'
—5 719 330 613 520N'
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(3.6). Consider first g(N, P). If (3.5) is valid, for
sufficiently large P we have

B (N, P) =—D In[y(N, P)]+ =b (N) . (3.8)
1 %+1
2 (N —2)P

However, even for rather small values of P, b(N)
may be estimated as follows. Let us approximate
D in[y(N, P)] in (3.8) by a diagonal PA and fix P at a
value P, =I3,(N) which makes B (N, I3) stationary. Then,
if such a value can be found and is not too small or un-

reliably large, it is reasonable to take the quantity
B (N, P, ) as an optimal estimate of the constant b (N).
We have checked that in the N = 00 case, in which arbi-
trarily long HT expansions are available, this procedure
rapidly converges to the correct result.

If we form the [6/6] PA for D In[a(N, P)] and plot the
quantity B(N, P) versus P for various values of N, we ob-
tain Fig. 3.

Our estimate of b (N) by B (N, P, ) has been plotted
versus 1/(N —2) in Fig. 4. It should be pointed out that
similarly good results are already obtained using the

TABLE IX. The structure in N of HT expansion coefficients d„{N) in (2.5) for the second Geld derivative of the susceptibility in
d=4 dimensions. For the use of the table see the caption of Table I.

kiykpy ~ ~ ~

po(r)
pl (r)N
p2(r)N
p3(r)N
p4(r)N
ps(r)N

kl, k2, . . .

—64

r=2
1

—2304
—1200N

r=8
4,2, 1,1

r =3
1

—322 56
—17408N

r=4
2, 1

—3 111424
—4062 336N
—1 686 528N2
—216 272N

r=9
4,2, 1,1

r=5
2, 1

—34077 696
—44 876 032N
—18 780 800N2
—2 420 736N

r =10
5,3,1,1,1

r=6
3,1,1

—4 180 119552
—8 324496 384N
—6 371 176448N2
—2 317069 184N

—395 282 816N
—25 128 192N'

r=7
3,1,1

—40 604 565 504
—81 048 264 704N
—62 174067 712N
—22 659 064 320N
—3 871 555 584N

—246 374 400N

r =11
5,3,1,1,1

po(r)
p&(r)N
p~(r)N'
p3(r)N
p4(r)N
ps(r)N
p6(r)N
p7(r)N
p8(r)N
p9(r)N
p ip( r)N
p»(r)N»

—24 255 906 840 576
—69 690 457 571 328N
—84 935 606 534 144N
—57 129480 969 216N
—23 103 679 267 840N
—5 731 696 640 256N'
—849 465 039 872N
—68 618 721 376N
—2 309 856 912N

—219 340 863 700 992—630 154460 823 552N—768 003 387 981 &24N—516 599037 659 136N—208 930233 8&0 576N—51 834 928 012 2&8N
—7 682 271 283 200N
—620 552 941 184N
—20 888 414 20&N

—154 597 395 781 386 240
—575 249 505 878 278 144N
—948 788 693 853 274 112N
—913661 759 641 092 096N
—569 523 842 320 334 848N
—240 769 879 216 277 504N
—70 297 676 563 985 40&N
—14 148 384 831 046 144N
—1 920 311908 716032N
—167 130489237 88&N

—8 382 825 183 872N'
—183 366 515 072N»

—1 332 928 768 880 148 480
—4 954 940 633 417 515 008N
—8 165 049 637 374 263 296N
—7 856 226 314252 320 768N'
—4 893 418 701 997 932 544N
—2 067 313 537 839 226 880N
—603 224 263 886 856 192N
—121 340 633 334 513 664N
—16461 110770298 880N
—1 432 044 220 229 120N

—71 800 765 981 696N'
—1 570073 444 352N"

k„kq, . . .

po(r)
p, {r)N
p2(r)N

p4(r)N4

p, (r)N'
p6(r)N
p, (r)N
p8(r)N
p9(r)N
P Io( r)N
p»(r)N»
p12( r)N'

p, 3(r)N"
p, 4(r)N'
p„(r)N"
p16(r)N'
pl~(r)N'
p, 8(r)N'

r =12
6,3,2, 1,1,1

—1 624 806 042 760202 158 080
—7 250 504 560045 077 823 48&N

—14 676 830 206 665 034 825 728N
—17 835 069 642 341 027 414 016N'
—14 512 293 879 109498 437 632N
—8 351 550 692 670 013 390 848N s

—3 500 180490056298 971 136N
—1 083 812 024 563 230 830 592N'
—24S 853 772 149 371 043 840N'
—42 119634 210 625 754 112N

5 168 223 372 754 683 904N '

—445 471 112725 139200N»
—25 481 512 871 003 648N '~

—865 417 069 809 536N"
—13 162 025 182 720N '

r =13
6,3,2, 1,1,1

—13 539 897 576 306 140774400
—60 336925 144 900 561 797 120N

—121 976 190862 251 679 285 248N
—148 038 970 168 862 591 418 368N
—120 317691 762 579 335 020 544N
—69 165 378 407 145 114927 104N
—28 958 608 067 410 813222 912N
—8 958 693 612 858095 632 384N
—2 055 303 562 471 214096 384N
—347 611 375 618 754 758 656N
—42 624913 277048 983 552N'
—3 671 876 230455 658 496N"
—209 928 435 438 289 920N'

—7 126 529 292 423 6&ON'
—108 344 872 599 552N'

r =14
7,4,3,1,1,1,1

—74 794 808 420 177295 452 405 760
—406 671 970071 656 995 252 862 976N

—1 024082 616739 858 104 251 842 560N
—1 585 562 940639 389 981 891 100672N
—1 689 &63 400 509 973 307 204 829 184N
—1 315 379 322016 849045 127 954432N

—774 319294 707 161 370498 433 024N
—352 180 187 369 188 333 891 944 448N
—125 367 195 749 740 355 429 400 576N
—35 164485 418 836 553 102 950 400N
—7 785 187 929 458 720078 422 016NI
—1 356 374454 938 285 078 888 448N"
—184479093 797 537 375 545 344N'
—19310883 210 596 332 345 344N'
—1 520743 979 256 862 806 528N'

86 892 001 158 211 352 320N s

—3 390 539 345 394453 120N'
—80 589 312 225 452 800N'

—877 820 376 834048N'
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FIG. 3. The quantity 8 (N, P) defined in (3.8) plotted vs P for

various values of N Din[y(N. ,P)] which enters in the definition
of 8 (N, P) has been approximated by the [6/6] PA.

FIG. 1. The critical exponent y of the susceptibility and v of
the correlation length computed by the method described in

Sec. III A. The solid line is the Cardy-Hamber-Nienhuis predic-
tion (3.4) for y, the dashed line the prediction (3.1) for v. In the
case of y we have presented the results from the [5/5] PA by
stars and the ones from the [6/6] PA by open circles. In the
case of v we have represented the results from the [5/5] PA by
crosses and the ones from the [6/6] PA by open squares.

[5/5] PA since even relatively low-order approximants
have a stationary point, which always occurs for P=0.5.
Notice that this value of P is somewhat larger than the
radius of convergence of the HT series de6ned by the
nearest singularities heretofore discussed.

An analogous procedure can be followed in the case of
the correlation length, in which it will be convenient to
compute the quantity

r
~

v I w I r I I r I r

[e( )

Re(8 )

I T I I I 0 I ~ I % I % I v I % I w

8gO
~ gggg$ ~ ~ gO

I ~ I I I . l ~ I l I a

0.5 1.0

FIG. 2. The "average" real part (solid squares) and imagi-
nary part (solid triangles) of the nearest pole (in the first qua-
drant of the complex P plane) of the [m /n ] PA's to
D in[a(N, P)] plotted vs z =1—1/N. (Only PA's with m, n & 3
and m +n & 9 are taken into account. )

0.0 0.5
1/ (N-2)

1.0

FIG. 4. The quantities 8 (N, j3, ) (circles) and 8'(N, P, )

(crosses), taken as approximations of b(N), vs 1/(N —2). The
solid line represents b (N).
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B (N, 13)= —D 1
' ' + =b(N) .

P (N —2))8

(3.9)

It should be observed that, in this case, for N & 3.5, the
[6/6] PA to D in[/ (N, P)/))3] has a real pole for P=0.5.
This, however, appears to be an accidental feature of this
approximation level and, in this range of N, we may con-
sider the [5/5] PA instead. In Fig. 4 we have also report-

ed, for various values of N, the quantity B'(N, P, ). In
conclusion it appears that both B (N, P, ) and B'(N, P, )
reproduce b (N) rather accurately

Once we have checked that our HT series are entirely
consistent with the low-temperature asymptotic struc-
tures (3.5) and (3.6), we feel safer in trying to also com-
pute the quantities c (N) and c'(N) in (3.5) and (3.6), for
which we have no prediction from the perturbation
theory. By applying the same procedure we estimate
c(N) as follows: we shall form the HT series for the
quantity

(NP)b(n)P[y(NP)](N2)/(N+))exp 4~P%+1 p-
. [c (N)](N

—2)/(N+ i) (3.10)

As before, we shall estimate c (N) by forming diagonal PA s to C (N, f3) and fixing P at a point P, which makes C (N, 13)
stationary. (In some less favorable case, in which a stationary point does not exist, we fix P at the point of slowest varia-
tion. ) Again we have checked that this procedure converges rapidly to the expected result in the case N = oo.

A similar procedure may be followed for g (N, P)/P forming, however, the HT series for
' (N —2)/N

C'(N, P) =b(N)P— '
exp( 4rrP—) = [et(N)] 'E(N, )

(3.11)
b (N)P p~ oc

Also in these cases, the stationary points consistently
occur for f3=0.5. The results of these computations have
been reported in Fig. 5, where we have plotted versus
1/(N —2) both the quantities

and

A '(N, P, ) =——ln[C'(N, P, )
' '/c'( )]

= —ln[c'(N)/c'( oo )]
A(N, P, )= —ln[C(N, P )

+" ' '/c(oo)]

= —ln[c (N) /c( oo ) ]

where C(N, P, ) and C'(N, I3, ) have been computed by the
[7/7] PA. We recall that c ( oo ) =n /16 and c'( oo )=& I /32.

It has to be noticed that both A (N, P, ) and A'(N, 13, ),
for sufficiently large N, seem to be well represented by the
same linear function of 1/(N —2). Our results appear
then to be successfully fitted by the expression

c(N)/c ( oo ) =c'(N)/c'( oo ) =exp
(N —2)

0.5
1P (0-2)

1.0

FIG. 5. The quantities /t (N, P, ) {circles) and A '(N, P, )

(crosses), defined by (3.12) and (3.13) vs 1/(N —2). The solid
line represents a fit to these quantities by the expressions
t/(N —2) with t =3.1.

with t =3.1. Of course, if we properly take into account
the uncertainty of our estimates, which is larger for small
N, observing that the [6/6] PA and the [7/7] PA results
still differ up to 10%, the evidence for the above formula
is not compelling. However, it is interesting to recall
that, some time ago, arguments have been given for the
validity of a similar exact formula (with r =1+ir/2) in
the case of c'(N). '

Estimates of c(N) and of cc'(tN) have been previously
obtained from various approaches including HT
series, ' ' ' Monte Carlo simulations, ' ' finite
volume approximation, 1/N expansions, HT
series, ' and Monte Carlo simulations ' for Symanzik's
"improved" Hamiltonians, designed to produce a faster
approach to the scaling behavior.

Tables collecting the estimates for cc'(tN), at various
values of A", obtained by these computations can be found
in Refs. 19, 20, and 28. We only recall that, although the
various aforementioned methods produce results of the
same order of magnitude, they still disagree by up to a
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FIG. 6. The scaling defect of the susceptibility 5y(N, P) com-

puted as a function of P by the [7/7] PA of the HT series for
(3.10) compared to the same quantity as obtained from the
Monte Carlo data of Refs. 24 and 25 and of Refs. 17 and 22 in

the cases of N=3 and N=4, respectively.

FIG. 7. The scaling defect of the correlation length 5g(N, P)'
computed as a function of P by the [7/7] PA of the HT series for
|,'3.11) compared to the same quantity as obtained from the
Monte Carlo data of Refs. 24 and 25 and of Refs. 17 and 22 in
the cases of N=3 and N=4, respectively.

factor 3 for small N, while for N & 5 the spread of the es-
timates is narrower and all of them essentially agree
within the errors.

Keeping in mind that the probable errors are, in gen-

eral, not smaller than 10%%uo, let us now compare briefiy
some previous results to our best estimates for c (N) and
c'(N) obtained by using the [7/7] PA with our HT series.
As far as the susceptibility is concerned, we find

c(3)=0.00941. This result may be compared with the
value 0.011 suggested by the Monte Carlo simulation of
Ref. 21 and with the value 0.0063 obtained in Ref. 18 by
conformally transformed HT series. For N=4 we get
c(4)=0.0357, to be compared with the estimate 0.0334
from the Monte Carlo simulation of Ref. 22 or the value
of 0.032 obtained from the HT calculation of Ref. 18.
For N=5 our value is c(5)=0.0616 while the only avail-
able Monte Carlo estimate ' is 0.056. In Fig. 6 we have
compared the so-called susceptibility scaling defect,
namely the quantity 5y(N, P)=—C(N, P)' +"~' " com-
puted as a function of P by the [7/7] PA of the HT series
for 3.10, with the same quantity extracted from the
Monte Carlo data of Refs. 24 and 25 for %=3, and of
Refs. 17 and 22 for N=4.

Similarly, studying the correlation length, we find
c'(3)=0.008 76 to be compared to 0.008 85 indicated by

the Monte Carlo renormalization group method of Ref.
23, while the Monte Carlo simulation of Ref. 24 rather
suggests some value between 0.012 and 0.014. For N=4
we find c'(4) =0.0378 to be compared to the value 0.0365
indicated by the Monte Carlo simulation of Ref. 22 For
N=5 our value is c'(5)=0.063 and may be compared to
the Monte Carlo estimate 0.072 in Ref. 21, or to the finite
volume estimate 0.0615 in Ref. 27 or to the value 0.05 ob-
tained in Ref. 28. Finally, in Fig. 7 we have reported the
scaling defect of the correlation length, namely the quan-
tity g'(N, P)=C'(N, P) ' ', computed as a function
of P by the [7/7] PA of the HT series for 3.11, and we
have compared it with the same quantity extracted from
the Monte Carlo data of Refs. 24 and 25 for N=3 and of
Refs. 17 and 22 for N=4.
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