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Measurements of activated conductivity for well-resolved Landau levels at filling factors u =1, 2,
and 3 reveal a large exchange contribution to the energy gap, both at v=1 and 3 (the familiar
exchange-enhanced g factor) and for the first time demonstrate a similar contribution at v=2.
These results provide a measure of the large-wave-vector limits of the spin-wave and magnetic-
exciton dispersion relations. The surprisingly strong magnetic field dependences of the measured

energies are caused by the disorder present in the system.

I. INTRODUCTION

Quantization of the energy levels of a two-dimensional
(2D) electron gas in high magnetic fields leads to the ap-
pearance of the quantum Hall effect, ' while the high elec-
tron densities in such systems make electron-electron in-
teractions signi6cant. The elementary excitations of the
strongly quantized system consist of magnetoplasmons
(with m =1) and spin-waves (with m =0, b,m, =1) with
energies

%co( k ) =m fico, +b m, g 'lstt B+b ( k, B),
where co, is the cyclotron frequency and g'p&8 is the
"bare" spin energy. The term b,(k,B) represents the con-
tribution of the excitonic binding to the energy of the ex-
citation, ' and is caused by the electrons' Coulomb in-
teractions. Optical excitations such as cyclotron reso-
nance and electron spin resonance measure the k =0
magnetic exciton and leave the system in a nonequilibri-
um state. This is the result of Kohn's theorem, which
says that center-of-mass motion (with k =0) is unaffected
by electron-electron interactions, so that b, (k =0)=0.
There has recently been a report of the measurement of
the magnetic-excitation densities of states in a light-
scattering experiment in which a considerable breakdown
of wave-vector conservation has occurred.

In this paper we consider the measurement of the ion-
ization energies {k~00 limit) of the magnetic excitons
for both magnetoplasmons and spin waves. This is done
by measuring the energy gaps at the integer quantum
Hall condition, from thermal activation of the diagonal
conductivity cr . Thermal activation probes the popula-
tion of unbound electrons in thermodynamic equilibrium,
when the Fermi energy lies in the gaps between Landau
or spin-split levels. It is already well known that spin
splittings are strongly a@ected by electron-electron ex-
change which gives rise to the exchange-enhanced g fac-
tor. ' Enhancements of over ten times the original bare

~c=
4tre„col,

which is about 170 K at 10 T.

(2)

II. EXPERIMENTAL DETAILS

The present communication reports activation mea-
surements of the energy gaps at Landau-level occupan-
cies, U=l, 2, and 3, performed on four high-mobility
GaAs-Gap s6A1034As heterojunctions (grown at the Phi-
lips Research Laboratories, Redhill) and spanning the
electron concentration range 3 X 10' to 2.7X 10" cm
with mobilities from 1.5 X 10 to 2.6 X 10 cm /V s.
Temperatures in the range 0.5 to 12 K were measured us-
ing carbon-glass or germanium resistance thermometry,
taking care to ensure that thermal equilibrium was estab-
lished before measurements were made. The heterojunc-
tions have Hall bar geometry, and so the measured values
of p „were converted to v „„using

pxx
xx

p +py
where p„~ has its exact quantized values, h /ie, when the
p„minima are in their activated regions.

spin splitting have been observed. For electrical conduc-
tion to occur, the excitation produced (in this case a spin
wave) must be ionized; an activated conductivity experi-
ment therefore probes the large-k limit of the excitation
dispersion relation, which corresponds to a well-
separated electron-hole pair (in a magnetic field, k =r/l„
where I, is the cyclotron radius). We now extend this
concept to the quantum Hall condition at vn, h/eB =2,
where it will be seen that the exchange energy again
makes a substantial contribution to the activation ener-
gies. The magnitude of the exchange energy is of order
E„the Coulomb energy, where

2
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FIG. 2. Typical Arrhenius plots for v =2, for the three sam-

ples G139, G142, and G148. The dashed line shows the expect-
ed behavior when the Landau levels are broadened with a
Gaussian form of half-width 3.4 K.
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in Sec. V that many aspects of this behavior can be attri-
buted to the finite-level width.

FIG. 1. Typical Arrhenius plots for v =1 and 3, for two sam-

ples (G139 and G148) at a variety of different electron concen-
trations and hence magnetic fields.

If the Landau levels are assumed to be discrete energy
levels, and the energy gap hE satisfies AE &)k~T, then

e„„is given by

b,E
xx o "P

2k Z8
(4)

where the prefactor o 0 has been related to some
minimum metallic conductivity ' which is thought to
be independent of temperature. The main objective of
this paper is to discuss the energy gaps hE; however, the
values of oo as deduced from Arrhenius plots of ln(cr„„)
versus 1/T, will be discussed in Sec. V. The data present-
ed below are initially analyzed in terms of this simplified
model which is found to be a good approximation at
higher magnetic fields. A more careful analysis involving
three possible models for the density of states in a
disorder-broadened Landau level is given in Sec. V.

Typical Arrhenius plots obtained at U =1, 2, and 3 are
shown in Figs. 1 and 2. All the plots have substantial
straight-line regions, but curve away from the straight
line at high temperatures when the p„„minimum is poor-
ly resolved and conduction is no longer activated. In ad-
dition, some curvature is evident at the low-temperature
extremes of some of the plots. This is conventionally at-
tributed to the onset of hopping; however, we will show

III. MEASUREMENT OF THE EXCHANGE-ENHANCED

g FACTOR AT v = 1 AND 3

The energy gaps calculated from the Arrhenius plots
for U =1 and 3, such as those in fig. 1, are plotted against
magnetic field in Fig. 3. The energies for both occupan-
cies lie on the same straight line, of slope 4.9 +0.2 K/T.
Using hE =g*'p&B, this slope gives an enhanced g fac-
tor of 7.3, almost 20 times its bare value, 0.44, as mea-
sured by electron spin resonance (ESR) in bulk GaAs. '3

The enhancement factor is even greater compared with
bare values found in heterojunctions. ' This is the largest
value of g" so far reported in GaAs, which emphasizes
the low level of disorder in these samples. Nicholas
et al. report a value of 6.23, but their 20 EG, with a
mobility @=4.5 X 10 cm /V s at n =8. 1 X 10' cm, has
somewhat more disorder than those in the present study.
The effect of disorder on g** is discussed in Sec. V in re-
lation to the level populations and the spin-wave disper-
sion curve.

The origin of the exchange enhancement is the
electron-electron interaction in the system, as calculated
by Ando and Uemura, ' who derived the formula

g pg~ g lMg~ +y y [JN~'(q)] (nay'$
V(q) 2

z, e(q, O)

in which V(q) is the Fourier transform of the Coulomb
interaction, e(q, O) is the static dielectric function of the
electrons, and nz &, and nz &

are the populations of the
two spin-split N'th Landau levels. Jzz. is related to the
wave-function overlap between electrons in the Xth and
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N'th Landau levels. Equation (5) represents the energy
required to excite a well-separated electron-hole pair with
total spin 0 and is the large-k limit of the spin-wave
dispersion relation show schematically in the inset of Fig.
3.

In the high-field case studied here we may ignore
Landau-level overlap and set N=N'. The magnitude of
the exchange energy may then be expected to be dominat-
ed by the spin-population difference and J~N(q). This
should lead to a significant difference between different
Landau levels. Furthermore, the density of states may
also be broadened differently for different levels. In prac-
tice, however, the results shown in Fig. 3 suggest that the
exchange enhancement is the same in the first two Lan-
dau levels, and is determined only by the total field. This
appears to be rather different to recent calculations of
Haldane and Rezayi, ' who have calculated the pair
correlation functions at short range for a system of six
electrons in the N=O and N =1 Landau levels. They
find that in this regime the wave-function overlap is con-
siderably smaller in the higher level.

Finally we note that the energy gaps of Fig. 3 are ap-
proximately linear in B. Since the Coulomb interaction
gives a B' dependence, our observations suggest that
there is an additional B dependence caused by other fac-
tors. A strong possibility is the overlap of levels in the
presence of disorder giving a nonsaturated population
difference between levels, particularly at low fields. This
would be in agreement with activation, ' ' capaci-
tance, specific-heat, ' and magnetic susceptibility
studies of the Landau-level density of states. These con-
clude that there is a significant tail to the density of states
which can be accounted for by the addition of a constant

background to a series of Gaussian peaks. Such a back-
ground may be explained by assuming that the 2D EG
contains long-range spatial inhornogeneities.

Disorder with a length scale comparable to the mag-
netic length will also have a direct effect on JNz
effectively screening electron-hole pairs which are
separated by a distance greater than the disorder length.
This is discussed further in Sec. V.

IV. EXCHANGE ENHANCEMENT
OF THE LANDAU-LEVEL SPLITTING AT u =2

Figure 4 shows a plot of AE versus 8 for the energy
gap between the (N=0, l ) level and the (N =1, 1 ) level.
Neglecting the Coulomb interaction, this energy would
simply be the single-particle energy EE=Aco, —g*p~B
(where g' is the bare g factor, and A'co, »g "psB). This
is the dashed line in the figure: except at very low fields,
all the U =2 data lie well above this line, demonstrating
clearly the importance of the exchange interaction at
U=2. The exchange contribution, measured from the
difference in slope between the activated energy gaps and
the single-particle energy, is shown in the lower part of
the figure, and at higher fields tends to 7+1 K/T,
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FIG. 3. A plot of b,E vs B obtained from the activation mea-
surements at U =1 and 3. The dashed line shows the bare Zee-
man splitting. The inset is the dispersion relation for spin waves
at this occupancy, with the energy in units of the Coulomb ener-
gy Ec.

I I

5

Nagnetic Field (T )

FIG. 4. b.E vs B for the U=2 activation data (+). The
dashed line is bE =%co,—g p&B, the single-particle energy sep-
aration in the absence of the exchange interaction. The dots
show the exchange contribution b.(k, B) obtained by subtracting
this energy from the experimental data. The inset shows the
singlet (solid line) and triplet (dashed line) magnetic exciton
dispersion relations for u =2, in units of Ec.
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significantly larger than the exchange contribution to the
spin splitting at U = 1 and 3.

Other authors' have noted that there can be some
discrepancy between the activation and single-particle
gaps, but have not directly associated the difference with
the Coulomb interaction. Recently, Pinczuk et al. have
reported the observation of the magnetoplasma density of
states in light-scattering experiments, but do not have a
clear explanation of the mechanism for the breaking of
wave-vector conservation.

Kallin and Halperin ' have calculated the dispersion
relations for the elementary neutral excitations of 2D
electrons at U =1 and 2, with and without a reversal of
the electron s spin. Following the discussion at the begin-
ning of this communication, the energies measured above
at v = 1 and 2 should be the large-wave-vector asymptotes
of the (N=O, t)~(N=O, l) (spin-wave) and the
(N =0, l )~ (N = l, l ) (spin-reversed magnetic exciton)
dispersion curves. Kallin and Halperin calculate these
asymptotes to be (m /2)' e /4~sos, l, =688' kelvin for
U = 1, and half that value for U =2. These were calculated
for a perfect 2D system and we would expect that in-
clusion of the finite z extent, as first done by Ando and
Uemura, "will reduce the Coulomb interactions by about
50%, as has also been found for the fractional quantum
Hall ground state. ' Another important factor, as al-
ready mentioned above, is the inhuence of disorder.

The data shown in Fig. 4 give an exchange energy of
about 40 K at 5.5 T, approximately 50% of the value cal-
culated by Kallin and Halperin for the perfect 2D system
at u =2, and thus in good agreement with theory, given
the finite z extent. The more rapid decrease at lower
fields (linear as opposed to 8'~ ) is attributed to the
effects of disorder. These may enter in two distinct ways:
firstly, the density-of-state broadening will reduce the
Landau-level population difference of the ground state of
the system, thus reducing the exchange interactions, by
analogy with Eq. (5); secondly, the disorder will break up
the exchange interactions at longer range. From the esti-
mates given below (and from other measurements on
heterojunctions' ) we do not expect much Landau-
level overlap above 1 T. However, the disorder also
reduces the ionization energy. Excited magnetic exciton
states with radii r ) Id, where Id characterizes the length
scale of the disorder Auctuations, will be effectively ion-
ized. This effect will be field dependent, since the impor-
tant length scale in the calculations is the cyclotron ra-
dius, and so the magnetic excitons are larger at lower
fields, sensing the disorder more. This is equivalent to
defining a critical ionization length of order I„, ~kl„
which gives a critical value of k ~ ld /1, . Thus the ioniza-
tion energy falls faster than the expected B' depen-
dence from the Coulomb energy.

The ideal dispersion curve is shown in the inset of Fig.
4. The turning points have been identified by Pinczuk
et al. in an elastic light-scattering experiment. Assum-
ing a reduction due to the finite z extent of the order of
50%, they find quantitative agreement with the calcula-
tions of Kallin and Halperin. '

At U =1 and 3 the discrepancy is much larger, with the
measured values being about 20%%uo of the predictions for

spin-wave excitations. In this case the energy splittings
are substantially smaller (typically 10—20 K) and we ex-
pect there to be a significant overlap of the two adjacent
spin states. An overlap of about 30% of the total states
would be sufficient to reduce the exchange terms by a fur-
ther factor of 3, through the term (n~ & nN

—
&) in Eq. (5).

This is consistent with reasonable values of the level
broadening, of order 10 K.'

Thus we may account for the magnitude and B depen-
dence of the energy gaps using the theory of Kallin and
Halperin as a starting point and considering the effects of
disorder on both the population difference (nz. t

n—z ~)
and the wave vector of the ionized electron-hole pair.

V. LANDAU-LEVEL BROADENING

The energies in Fig. 4, and to a lesser extent those in
Fig. 3, fall below the straight lines at very low fields. This
behavior is caused by broadening of the Landau levels.
An estimate of the Landau-level widths at U=1, 3 and
U =2 may be obtained by extrapolating from these data to
zero field; the full widths obtained by this method are
I =3 K for v =1,3 and I =10K for u =2.

A more thorough analysis of these Arrhenius plots al-
lows us to derive both the width and the approximate
shape of the Landau levels. It should be emphasized that
the width and shape deduced will be those of the extend-
ed state region, in contrast to those measured in Refs.
17—22. According to theories of localization, the extend-
ed states only account for a few percent of the total num-
ber of states, and lie close to the center of the levels.

If the upper Landau level has a density of states D(E),
then the number of electrons populating the upper level is
given by

n= ED EdE, (6)
EF

where f (E) is the Fermi-Dirac distribution function. If
we assume that o. ~ n, then this equation reduces to Eq.
(4) when D(E) is a 5 function and the energy gap
hE &&k~ T.

The U=2 and 3 activation measurements discussed
above have been reanalyzed using three models for D(E).
The U =1 data are omitted from this analysis because,
with the exception of one point, all the data in Fig. 4 lie
close to the straight line. The models used for the shape
of D(E) are rectangular, Gaussian, and Lorentzian: the
Lorentzian distribution has a large number of states in its
tails, and represents an approximation to the Gaussian
plus constant background D(E) which fits the experi-
ments of Refs. 17—22 and is caused by the occurrence of
long-range inhomogeneities in the 2D EG. ' The
Gaussian distribution is obtained from self-consistent
treatments of short-range scattering, with the inclusion of
higher-order scattering processes. Finally, the rec-
tangular distribution is suggested by theories of localiza-
tion which show that extended states occupy a narrow
band at the center of the total D(E), with a sharp cutoff
at the "mobility edge. "

The results of these analyses are as follows: the Gauss-
ian and rectangular models both fit the Arrhenius plots
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for the v =2 and v =3 data very well. In particular, they
produce a low-temperature curvature similar to, or
slightly less than, that of the data. A typical fit is shown
in Fig. 2. The Lorentzian model produces too much
low-temperature curvature and may therefore be discard-
ed. The average values deduced for I,&2 at v =2 and 3

are shown in Table I; the difference in the broadening ob-
tained from the two models is related to the different
definitions of half-width in the two cases. The Gaussian
distribution has tails outside the region E =hE/2+I, &2,

whereas the rectangular one does not. Much more
significant is the large difference in broadening for the
two occupancies; at v =2 the widths are 3-5 times larger
than at v=3. We attribute this to the suppression of
screening at complete filling of separate Landau levels.
In contrast, the spin-split levels are thought to have con-
siderable overlap, as discussed above, and the screening
therefore remains effective. This idea was first introduced
to explain a filling-factor dependence of the cyclotron res-
onance linewidth; the samples studied here have a
strong peak in the cyclotron-resonance linewidth at v =2
which can be over five times larger than at v = 1, but have
a less pronounced difference for v=2 and v =3. The
origin of the large linewidth at v =2 lies in the inability of
a completely filled Landau level to respond to local po-
tential Auctuations which are small compared with the
energy splitting. For the spin-split case, the splitting is
smaller and the overlap of adjacent levels leaves the elec-
trons free to screen the local disorder potential. Finally,
it should be noted that there appears to be a significant
increase in I &&& with magnetic field.

The broadening is also partly responsible for the low-
temperature curvature of some of the Arrhenius plots of
Figs. 1 and 2. At low temperatures, electrons are
thermally excited predominantly to the tails of the upper
Landau level, and so the apparent activation energy is
lower than that obtained from the higher temperature
data.

An alternative mechanism which is often invoked to
explain low-temperature curvature is that of variable
range hopping, which Ono has predicted to have the
temperature dependence

0 0- —exp[( —To/T)'~ ]j,

where To depends on the density of states at the Fermi
energy, and on the magnetic length. However, Ebert
et al. ' have made a thorough investigation of this effect
at v=3, and find that although their low-temperature
data fits Ono's formula, the resulting value of To gives a
density of states at the Fermi energy 36 times larger than
that in zero field. Since, at v =3, the Fermi energy is in
the gap between spin-split levels, this value is clearly un-
realistic. The data presented in this paper do not probe
this temperature region as closely, but would produce
similar values for To, with a considerable sample- and
electron concentration dependence, if analyzed in the

TABLE I. The fitted "density-of-states" half-widths.

Minimum Gaussian

4.8 K
0.95 K

Rectangular

6.7 K
2.3 K

same way. The experiments of Ebert et al. , and the alter-
native analysis of the low-temperature curvature in terms
of Landau-level broadening given above, suggest that the
observation of true hopping conduction may be more
difficult than previously assumed.

The values of O.
o deduced from the Arrhenius plots of

Figs. 1 and 2 show considerable scatter. In general, these
were found to be grouped around (l —2)e /h with a
scatter of typically a factor of 3. Illumination of the sam-
ple produced significant variations in the values of o 0 ob-
tained, presumably because of the change in disorder and
homogeneity associated with persistent photoconductivi-
ty. Earlier measurements of the conductivity minima in
silicon devices ' attributed the value of o.

o to the
minimum metallic conductivity, but found a considerable
spread of values of around 2 orders of magnitude. How-
ever, it has recently been suggested that this number is
accurately quantized for the fractional quantum Hall case
in GaAs/Ga, „Al„As heterojunctions. The analysis
given at the beginning of this section suggests that o o will
be significantly affected by the density of states when the
level broadening becomes comparable with hE. In addi-
tion, 0.0 is an inherently more difficult quantity to mea-
sure than hE; small deviations from thermal equilibrium
have a marked effect on 0.0 while inAuencing hE only
slightly.

VI. CONCLUSIONS

We report an enhanced g factor of 7.3, from activation
experiments at Landau-level occupancies v =1 and 3, in
GaAs/Ga& „AI„As heterojunctions. An even larger ex-
change contribution to the Landau-level separation is ob-
served at v=2. These energies correspond to the large
wave-vector ionization limits of the collective excitations
of the system, which are spin waves and magnetic exci-
tons, respectively. Some discrepancies in the magnitude
and magnetic field dependences of the ionization energies
compared with simple theory are attributed to residual
level overlap and disorder, with a further reduction due
to the finite z extent of the electrons' wave functions.

The finite width of the extended state region of each
level leads to anomalously low activation energies at low
fields. Analysis of the results in this regime suggests that
the extended states occupy a region, of the width of a few
kelvins, at the center of each Landau level, and that few
extended states occur outside this region.
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