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A class of quasiperiodic superlattice structures, which can be generated by the concurrent
inflation rule A ~ A B and B~ A (where m =positive integer), has been studied both theoretically
and experimentally. Given that the ratios between the thicknesses of the two superlattice building
blocks, A and B, are chosen to be y(m)=[m+(m'+4)'~~]/2 (known as the "precious means"),
then the x-ray- and electron-diffraction peak positions are analytically found to be located at the
wave vectors q =2m A 'r[y(m)], where r and k are integers and A is an average superlattice wave-

length. The analytically obtained results have been compared to experimental results from single-
crystalline Mo/V superlattice structures, generated with m=1, 2, and 3. The superlattices were
grown by dual-target dc-magnetron sputtering on MgO(001) substrates kept at 700'C. X-ray
diffraction (XRD) and selected-area electron diffraction (SAED) showed that the analytical model
mentioned above predicts the peak positions of the experimental XRD and SAED spectra with a
very high accuracy. Furthermore, numerical calculations of the diffraction intensities based on a
kinematical model of diffraction showed good agreement with the experimental data for all three
cases. In addition to a direct verification of the quasiperiodic modulation, both conventional and
high-resolution cross-sectional transmission electron microscopy {XTEM)showed that the superlat-
tices are of high crystalline quality with sharp interfaces. Based on lattice resolution images, the
width of the interfaces was determined to be less than two (002) lattice-plane spacings {=0.31 nm).

I. INTRODUCTION

Artificial superlattices are a new class of materials,
usually prepared by alternately depositing very thin (& 10
nm) layers of two constituent materials. In this way a
film with a compositional modulation along the growth
direction can be formed. These new materials have been
shown to exhibit unusual behavior of many physical
properties, depending on the layer thicknesses of the su-
perlattice. For example, anomalies in lattice spacings, '

elastic moduli, ' and electrical resistivity, ' extreme
hardness, increased critical fields in superconductors,
and quantum phenomena in semiconductors have been
reported. Consequently the interest in superlattices has
increased rapidly during the past few years.

Normally the modulation is chosen to be periodic, but
in recent years much interest in superlattices with an
aperiodic layer sequence has evolved. This interest
stems partly from the discovery of quasicrystals in 1984
by Shechtman et aI. Although quasicrystals are perfect-
ly ordered, they cannot be described in the usual terms of
Bravais lattices or periodic spacing of unit cells (because
they lack translational invariance) and Bloch's theorem is
thus inapplicable. Instead these quasicrystals are quasi-
periodic, ' i.e., they have a deterministic aperiodic order
and they can be regarded as an intermediate case between

periodic and disordered solids. Since the three-
dimensional quasicrystals are very complex, it can be ad-
vantageous to study one-dimensional quasiperiodic struc-
tures, e.g., superlattices, in order to gain more insight
into the physical properties of quasicrystalline materials.

Merlin et al. ,
" using molecular-beam epitaxy, pro-

duced the first quasiperiodic superlattice in 1985 by alter-
nating thin GaAs and AlAs layers in a composite struc-
ture whose layer counts follow the Fibonacci sequence.
Since then, several experiments on superlattices based on
this sequence have been reported including one
paper concerning superconductivity of the Mo/V sys-
tem. ' The Fibonacci sequence can be
obtained by repeated applications of the concurrent sub-
stitution rules A ~ AB and B~ A, so that in successive
generations we get, A AB =ABA =ABA AB

AB A AB AB A =, etc. Although theoreticians
have paid most attention to the Fibonacci sequence,
several other quasiperiodic sequences have also been stud-
ied. ' ' However, to our knowledge, all experiments
up to now except one, ' in which a Thue-Morse' se-
quence was grown, have been constituted as Fibonacci
superlattices. Since superlattices with di6'erent quasi-
periodic modulations have been predicted to exhibit
diferent physical properties, 13-17 it is of interest to be
able to grow and characterize such various structures.
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In the present work, the diffraction properties of a
whole class of quasiperiodic superlattices, which can be
generated by the concurrent inflation rule A ~A B and
B + A, where A B means a sequence of m basic building
blocks of type A followed by the one single block of type
B, have been studied both theoretically and experimental-
ly. In the limit of an infinite superlattice, the ratios be-
tween the number of A and B blocks in these superlat-
tices approach the irrational numbers y(m) = [m
+(m +4)'~ ]/2, known as the mth "precious means. "
It is well known that the Fibonacci sequence, which is
based on the golden mean r [=y(1)], gives rise to
diffraction peaks for scattering vectors given by
q =2mA 'rr", where r and k are integers and A is an
average superlattice wavelength. In Sec. II, we present a
theoretical model leading to the more general analytical
expression q =2mA 'r[y(m)], which is valid for the
whole class of precious-mean superlattices. After a brief
description of the sputtering system, the sample prepara-
tion, and the analytical techniques in Sec. III, it is shown
in Sec. IV that the as-deposited Mo/V superlattices are
single crystalline with an interface width of two (002) lat-
tice spacings (0.31 nm) and the analytical expression is
verified for m=1, 2, and 3 by experimental x-ray-
diffraction (XRD) and selected-area electron-diffraction
(SAED) spectra. Furthermore, numerical calculations of
the electron- and x-ray-diffraction intensities based on a
kinematical model of diffraction and sharp interfaces
show good agreement with the experimental data for all
three cases.

o(m) is given by

cr(m) = 2 —m+(4+m )'~

2
for m =1,2, 3, . . . .

(2.3)
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where Q is the scattering vector and the summations run
over the zn which mark the lowest positions of 3 and B
blocks, respectively. F„~(()Q) is the Fourier transform
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II. THEORETICAL MODELS
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This section briefly outlines the relevant theory used in
the present work. A more thorough treatment has been
presented in Ref. 14. The diffraction peak positions are
in general given by the maxima of the Fourier transform
of the superlattice electron density. The subject of this
section is thus to write the charge density of a precious-
mean superlattice in a suitable form and to find the Inaxi-
ma of its Fourier transform. The electron density in the
growth direction of a superlattice, p(z), can be written as
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where p„(~)(z)is the electron density of building blocks
of type A (B) with thicknesses d„(~).For the class of se-
quences generated by the concurrent inflation rule
A ~ A 8 and 8~ A (for m a positive integer), which is
considered in the present paper, the zn is the set of points
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which is illustrated schematically in Fig. 1(a). The brack-
et notation [ J (the "floor") means the largest integer
smaller or equal to the entity within the brackets, and

FIG. l. Schematic representation of (a) the superlattice
where dA (&) represents the thicknesses of the A and B building
blocks and z„aretheir positions according to Eq. (2.2). (b) and
(c) show the two sublattices formed by the positions, z„"and z„,
of the A and 8 building blocks, respectively. The only
difference between the A and B sublattices is their lattice con-
stants d& (&) and d„,a„respectively.
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The two sums in Eq. (2.4) corresponds to the Laue func-
tion' in the periodic case and are thus the quantities that
determine the positions of the superlattice satellites.

It has been shown' that for the class of sequences con-
sidered here, the A blocks are forming a sublattice
defined by the set of points

with F' '=Q and F' '=1

the following relation holds

(2.13)

and l and n are integers; A is called the quasiperiodic
wavelength. The maxima of (2.11}will then occur for

Q =Q,„suchthat Z,„=O.
Now, defining the generalized Fibonacci numbers Fk

as

F' ' =mF' '+Fk ', for k 1,

z A=ad A+(d A —d A) n
B Ao' "(m }

(2.6) y =Fky+Fk (2.14)

where

dB dA ~ dA dA +dB

o "(m) =y(m) =
—,'[m +(4+mz)'~ ] .

(2 7)
d„/dB=y (2.15)

and it can be shown that the kth rational approximant to
y is given by F»/F», . Further, given that d„and dB
are chosen such that

We use the convention that superscript labels refer to the
sublattice in question and subscript labels refer to the
corresponding building block. dB" (d „")is thus the size of
the thinnest (thickest) building block in the sublattice
given by the positions of the original A blocks as is
shown in Fig. 1. The corresponding equations for the B
layers read „dB(n—ly),277

(2.16)

it is possible to rewrite the equations corresponding to
(2.12) for the two sums in Eq. (2.10) as

Q = n+-2m l
ln

zB=ndB+(d B—dB)
n B A B B( )

where now

(2.8)

and

A"=dB (y+ 1/y ),

dB =dB+md„, d„=dB+(1+m)dA, o (m}=y(rn) .
(2.9)

Since o "(m)=o (m)=y(m), Eqs. (2.6) and (2.8) imply
that the A blocks of the original superlattice form a
quasiperiodic lattice on its own which difFers from the
corresponding lattice formed by the B blocks only in the
lattice constants d„"(B) and d„(B),as is demonstrated in
Fig. 1 for m=1. These lattices are, however, difFerent
from the original lattice except in the special case of the
Fibonacci lattice where m = 1.

It is now possible to rewrite Eq. (2.4) as

Q = n+-2n l
lN AB

Z(„= B dB(n —ly)y,2'
A

A =dB(y +1) .

(2.17)

The condition Zl„=Q now reduces to n =rFk and
1=rFk, with r and k being integers. Applying this to
Eqs. (2.16) and (2.17) and using Eq. (2.14) then leads to
the following relation for superlattice peak positions, i.e.,
for the positions of the peaks of the two sums in Eq.
(2.10):

igz" igz~
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In

with z„"and z„given by Eqs. (2.6) and (2.8).
It has further been shown that, provided that z„

satisfies Eq. (2.2}, the following relation holds:

Q», = Bry, rkcZ .
2'
A

(2.19)

(2.18)

Finally, noting that A =yA, we conclude that for
d„/dB=y the sums in (2.10) have peaks at the same Q
values Q„„givenby

2m I
Q = n+-

ln

=2~Z)„=
A

[n(dA —dB) ldB]—
A=dB+

d„—dB

(2.12)

It can be seen from Eqs. (2.16) and (2.17) that if Q» „and
Q» „.are two superlattice peak positions according to
(2.19}, then the wave vectors Q =Q» „+Q»„will also
satisfy Zl"„=0and thus give rise to diffraction peaks, as
is also shown experimentally by both XRD and SAED in
Sec. IV.

The numerical calculations of the diffraction spectra
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shown in Sec. IV have been obtained by applying a
kinematical model where the scattered intensity I(Q) is

given by the relation

I(Q)= g f„exp(iQz„)2, (2.20)

where the summation now runs over the atomic planes at
positions z„and the scattering factor f„for each plane is
assumed to be Q-independent and proportional to the
atomic number X„ofthe element occupying the plane in
the case of x-ray diffraction and proportional to i%„ for
electron diffraction. Furthermore, the interfaces are as-
sumed to be sharp, i.e., all atoms in a certain plane n are
taken to be either Mo or V atoms.

To summarize this section we conclude that if the tile
sizes in a precious-mean superlattice are chosen such that
d„/dpi =y, the superlattice peak positions can be labeled

by two integers [„"]which are given by Eq. (2.18). Linear
combinations of these Q values will also correspond to
diffraction peaks, labeled [„]+[„").

III. SAMPLE PREPARATION AND ANALYSES

Single-crystalline Mo/V superlattices were grown epit-
axially on (001)-oriented MgO substrates. The films were
grown in a diffusion pumped sputtering system, with an
ultimate pressure of 2 X 10 Torr (2.7 X 10 Pa),
equipped with two circular dc planar magnetron
cathodes (with diameter =50 mm) directed towards the
substrate. In order to create the quasiperiodic modula-
tions of the superlattices with as high accuracy as possi-
ble, two individually computer-controlled shutters, one
for each rnagnetron, were used. The computer control
together with a pneumatic operation of the shutters made
it possible to control the deposition time for each layer
with an accuracy of 0.1 s. In order to reduce intermixing
in the interfaces, the opening of one shutter was delayed
by 0.25 s after closing the other. A more detailed
description of the deposition system is given in Ref. 21.

The freshly cleaved MgO substrates were, after being
blown free from dust with dry N2, immediately inserted
into the vacuum chamber and placed on a tantalum plate,
which could be heated resistively. When the pressure
was lower than 2X10 Torr (2.7X10 Pa) the sub-
strates were annealed at 800'C for 1 h in order to pro-
duce as clean and well ordered a substrate surface as pos-
sible. [This method has been shown to give a good (1 X 1)
low-energy electron-diffraction pattern in an ultrahigh-
vacuum system. ] Before the deposition was initiated, the
substrate temperature was lowered to 700'C and the tar-
gets were sputter cleaned for 5 min with the shutters in
closed position. The pressure of argon (99.9997%) was
kept constant at 6 X 10 Torr (0.8 Pa) during sputtering.
The temperature was measured through a boron-silicate
window by using an infrared pyrometer. It was calibrat-
ed to a Chromel-Alumel thermocouple placed in a hollow
MgO dummy substrate covered with a thin film of Mo
and placed at the substrate position. The pyrometer
reading was not found to be affected by the plasma at the
temperatures of interest.

The deposition rates were determined by growing two
periodic superlattices with different ratios between the
deposition times of the individual Mo and V layers. The
rates were then calculated from the equations

v 1v + M t ]Mo ~1

Pv t2v +PMo t2Mo —A2

(3.1a)

(3.1b)
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FIG. 2. Schematic representation of the two building blocks,
A and 8, used to realize the superlattices. Each of the two
building blocks, A and 8, consists of two sublayers of different
materials, Mo and V. The individual layer thicknesses of the
grown superlattices with different m values are shown in the
figure.

where rv and rM, are the deposition rates of V and Mo,
respectively, t is the shutter opening time, and the sub-

scripts 1 and 2 denote the different superlattices. The su-

perlattice period A was determined from the superlattice
satellite peak positions in x-ray-diffraction spectra. The

0
deposition rates were found to be 1.6 A/s for Mo and 1.3
A/s for V at target voltages and currents of 350 V and
0.3 A and 290 V and 0.7 A, respectively.

The computer program controlling the superlattice
modulation during growth is capable of generating any
periodic or quasiperiodic sequence expressible by the
2X2 matrix formalism described by Ref. 22. In the
present work the quasiperiodic sequences have generation
matrices of the form
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which is equivalent to using the concurrent inflation rule
A ~A B and B~A. To assure that two layers of the
same material are not deposited next to each other, the
generated sequence consists of two building blocks, A
and B, each divided into two sublayers of different ma-
terials, in the present work Mo and V, respectively.

Quasiperiodic Mo/V superlattices were grown using m

values of 1, 2, and 3. In these superlattices the ratios be-
tween the number of A and B blocks are given by the
golden mean y(1), silver mean y(2), and bronze mean
y(3), respectively. The layer thicknesses have been
chosen according to Eq. (2.15) so Eq. (2.19) could be used
for analytical predictions of the superlattice peaks posi-
tions in the diffraction spectra. Figure 2, shows a

schematic representation of the building blocks with the
individual layer thicknesses of each superlattice. The
films were grown to a total thickness of 1 pm.

Cross-sectional transmission electron microscopy
(XTEM) and SAED studies were performed by using a
Philips EM400T electron microscope operated at 120 kV
and the high-resolution work was carried out using a
JEOL 4000EX microscope operated at 400 kV. The in-

cident electron beam was directed along the [110] zone
axis of the film. The sample-preparation technique for
XTEM of thin films described by Ref. 23 was used. The
final thinning of the specimen was done by ion-beam mil-

ling.
For the x-ray analyses, a wide-range goniometer with a

FIG. 3. Transmission electron micrograph showing the first 59 layers of the I= 1 (Fibonacci} superlattice, the thick and thin V
layers (bright), each accompanied by a Mo layer (dark), corresponds to the A and 8 blocks (shown in Fig. 2), respectively.
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proportional detector was used and the accuracy in 20
was 0.01'. Unmonochromized Cu radiation containing
both characteristic Ka& and Eu2 radiation was used and
the peaks corresponding to the Ka2 line were numerically
stripped from the spectra using a Philips APD 1700
software package.

IV. RESULTS AND DISCUSSION

The m=1 (Fibonacci} superlattice was investigated
both by conventional and high-resolution XTEM and by

SAED. In the bright-field XTEM image shown in Fig. 3,
the MgO substrate and the first 59 layers of the superlat-
tice can be seen, verifying the modulation corresponding
to the concurrent inflation rule A ~AB and B~A. The
thick and thin V layers (bright}, each accompanied by a
thinner Mo layer (dark}, corresponds to the A and 8
blocks, respectively, as shown in Fig. 2. A few threading
dislocations which originate at the substrate-film inter-
face can also be seen.

SAED patterns from the MgO substrate, the
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FIG. 4. SAED patterns from (a) the MgO substrate, (b) the substrate-film interface, and (c) the superlattice. In (d), the orientation
of the epitaxial film is shown schematically.
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FIG. 7. Experimental and numerically calculated x-ray 8-28
spectra from the Fibonacci (m=1) superlattice. Analytically
predicted peaks are labeled with the corresponding indices [„"].

FIG. 5. High-resolution XTEM micrograph of the m =1 su-

perlattice close to optimum defocus showing one A and one 8
block where the MO layers appear darker due to higher atomic
number. The (002) and (110) lattice fringes, which are parallel
and perpendicular to the superlattice layers, respectively, are
clearly resolved. The average interface width is estimated to be
two (002) lattice plane spacings ( =0.31 nm).
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substrate-film interface, and the superlattice are shown in
Figs. 4(a)—4(c). The patterns show that the film is grown
with a 45' rotation around the surface normal of the sub-
strate as shown schematically in Fig. 4(d). Since no
change of the SAED pattern was observed when the
selected area aperture (diameter = l pm) was moved
along the film, it can be concluded that the film is single
crystalline.

A high-resolution XTEM micrograph of the superlat-
tice is shown in Fig. 5. Lattice fringes which are parallel
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FIG. 8. Experimental and numerically calculated x-ray 8-28
spectra from the m=2 superlattice. Analytically predicted
peaks are labeled with the corresponding indices ["„].
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FIG. 6. Overview of x-ray 8-28 spectrum from the m =1 su-
perlattice. The peaks labeled e.p. are due to escape-peak phe-
nomena of the x-ray detector.

FIG. 9. Experimental and numerically calculated x-ray 8-28
spectra from the m=3 superlattice. Analytically predicted
peaks are labeled with the corresponding indices [„"].
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and perpendicular to the superlattice layers correspond
to (002) and (110}lattice planes, respectively. The inter-
faces between the Mo (dark) and V layers (bright) are lo-
cally atomically sharp but over a larger area steps in the
+[002] direction are observed. The average interface
width is estimated to be two (002) planes (=0.31 nm).
The relatively sharp interfaces obtained are, we believe,
due to a negligible bulk diffusion but a relatively high sur-
face diffusion at 700'C in combination with a fast shutter
mechanism and the interruption of the film growth for
0.25 s between each layer. The latter allows the surface
of the growing film to relax between each deposited layer.
The steps of kl [002] lattice plane is most probably due
to deposition of incomplete layers. Although such a
smearing of the interfaces with +1 lattice plane will be
visible in the calculated diffraction spectra, the effect will
only be slightly decreased intensities of the satellite
peaks. ' The assumption that the interfaces are atomi-
cally sharp is thus suScient for reliable numerical calcu-
lations of the diffraction peaks is described in Sec. II.

X-ray 8-28 spectra were taken in the small- as well as
the high-angle regions from the superlattices with m =1,
2, and 3, however the spectra always showed a much
richer superlattice structure in the high-angle region,
which is evident in the overview spectrum from a Fi-
bonacci (m=1) superlattice shown in Fig. 6. For this
reason we limited the calculations of the XRD spectra to
this region. Figures 7-9 show the experimental and nu-
merically calculated spectra for difFerent m values togeth-
er with the analytically predicted peaks, which are
marked and assigned with their indices [„"]according to
Eq. (2.19}.

The agreement is striking and best for the silver-mean
and copper-mean superlattices which might indicate that
they have shaper interfaces or smaller fluctuations in lay-
er thicknesses than the golden mean superlattice. Not-
able also is that the largest peaks seem to appear in a
more periodic way for larger m values. This can be un-
derstood intuitively by considering the quasiperiodic su-
perlattices as periodic repetitions of A blocks interrupted
by single B blocks at positions determined by the quasi-
periodic sequence used. The numbers of consecutive A

blocks will be m or m +1, and in the limit when m ~~
a superlattice with a finite thickness will become periodic.
The true quasiperiodic wavelengths were found to deviate
from the desired As by as much as 15% determined by
fitting the calculated spectra to the experimental spectra.
This deviation may be explained by target erosion and
small fluctuations in the pressure that affect the deposi-
tion rates, which in turn also leads to deposition of in-
complete layers and therefore smeared interfaces.

The SAED pattern of Fig. 10, which is the same as in
Fig. 4(c) but obtained with a larger camera length, shows
a large number of superlattice reflections around the
(000) and (002) Mo/V reflections. In the intermediate
part, with low intensity, the pattern was further exposed
to increase the re'solution. Some intensity can be seen all
the way between the (000} and (002) reflections, which is
due to the fact that quasiperiodic superlattices have
infinitely many satellites between two major reflections.
A densitometer recording of the pattern together with a

numerically calculated spectrum is shown in Figs. 11(a}
and 11(b) and the analytically predicted peaks are marked
at their positions and assigned with indices [„"]according
to Eq. (2.19). The densitometer scan of the (000) satellites
was made on the normally exposed side of the primary
beam in order to achieve as true intensity distribution as
possible. A very good agreement between the analytical-
ly calculated, the numerically calculated, and the SAED
pattern can be seen for the peak positions. However, the
intensity distribution of the satellites does not fit as well

FIG. 10. SAED pattern showing the {000) and (002) Mo/V
reflections and the superlattice satellites. The part of the
diffractogram which is marked with arrows has partly been fur-
ther exposed in order to resolve as many peaks as possible.
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FIG. 11. The intensity distribution of the difFractogram of Fig. 10 together with the numerically calculated spectra. (a) and (b)
show the satellites around the (000) and (002) Mo/V reflections, respectively. The position of the analytically predicted peaks are
marked and indexed with their respective [„"].

as in the case of XRD, which may be due to several ar-
tifacts, such as dynamic effects during electron
diffraction, nonlinear intensity response of the photo-
graphic plate, imperfect interfaces, and small fluctuations
in the layer thicknesses.

To summarize, the present work shows that dual target
dc magnetron sputtering can be used for preparation of
high-quality single-crystalline Mo/V superlattices. A fast
computer-controlled shutter mechanism enables the
growth of superlattices with sharp interfaces and well-
defined (quasiperiodic) orders. Furthermore for precious
means quasiperiodic sequences obtained by the con-
current inflation rule A ~A B and B~A, the largest
satellite peaks in XRD and SAED are analytically shown

to occur for scattering vectors q =2@A 'r[y(m)]",
where r and k are integers, A is an average superlattice
wavelength, and y(m) =

—,'[m +(m +4)' ], provided
that the ratio of the thickness of the building blocks A
and B is chosen to be y(m). This result is verified for
m = 1, 2, and 3 both by experimental and numerically cal-
culated spectra.
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