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We present a systematic investigation of the low-lying levels and Zeeman splittings of transition-
metal ions in diluted magnetic semiconductors having the zinc-blende or the wurtzite structure.
The site symmetry of the magnetic ions is T, in the former and C,, in the latter. The present for-
malism permits a general derivation of the energies of the levels in the lowest terms of the (3d)"
configurations for all the iron-group ions including the effects of the spin-orbit coupling and Zee-
man interaction up to second order. The g factors of all levels are obtained including the anisotropy

of the Iy states of Co?™ and Cu®*.

I. INTRODUCTION

Diluted magnetic semiconductors' (DMS’s) are materi-
als obtained by alloying a II-VI compound 4 "B"!, where
A and BV! are elements of the groups II and VI of the
Periodic Table of the elements, respectively, with MB",
where M is a transition-metal ion. Usually, the element
M enters the structure substitutionally at A sites in the
compound A"BY!, The chemical formula of the result-
ing compound is 4,_,M, B, x being the atomic concen-
tration of M. The Mn-based DMS’s have, until recently,
received the greatest attention. Since the ground state of
Mn?? is S ,, the crystal field has a negligible effect on
its magnetic properties and isolated Mn?" ions in DMS’s
behave as if they were free. Other doubly ionized
transition-metal ions exhibit ground terms possessing or-
bital as well as spin degeneracies. In this paper we
present a systematic investigation of these transition ions
in zinc-blende and wurtzite semiconductors. In the form-
er, the symmetry of the site of the impurity is tetrahedral
(point group T,;) whereas in the latter a slight distortion
along the [111] direction yields trigonal symmetry (point
group Cj,). Excluding Mn?", all the doubly ionized
iron-group ions have ground states that are either D or F
terms. The values of L and S are symmetrical with
respect to the half-filled 3d shell so that a study of ions
whose shell is more than half filled yields automatically
information about those for which the 3d shell is less
than half full. However, the order of the crystal-field-
split levels is reversed and the spin-orbit coupling con-
stant A changes sign. Therefore we need only study four
of the transition-metal ions. Symmetry arguments show
that, while a D term splits into a doublet I'; and a triplet
Ts in the presence of a tetrahedral field,> F terms split
into I',+T',+T,. It can be shown® that the ground mul-
tiplet of an ion in the (3d)" configuration in a field pro-
duced by a tetrahedral arrangement of negatively charged
ions is I'; for n =5, T, for n =2 and 7, I'; for n =1 and
6, ', for n =3 and 8, and I'5 for n =4 and 9. We expect
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a fundamental difference between the behavior of Fe?*
and Ni** on the one hand and of Co** and Cu®" on the
other, because while the number of electrons in the form-
er is even, in the latter it is odd. By virtue of Kramers’
theorem, all eigenstates of Co?™ and Cu®" have even de-
generacies and thus must always exhibit paramagnetism.
Fe?* and Ni?* can have both degenerate and nondegen-
erate states. It turns out that, in the crystals under study,
the ground states of Fe?™ and Ni’" are nondegenerate
and are, to first approximation, nonmagnetic. However,
in the presence of a magnetic field, the Zeeman interac-
tion mixes the states of the lowest term giving rise to a
temperature-independent paramagnetism (Van Vleck
paramagnetism).

We first develop a general formulation of the effective
spin Hamiltonian of D terms in a crystal field of
tetrahedral symmetry. The study includes all levels in
the lowest terms of the (3d)" (n =6 and 9) configurations.
The calculations are carried out to second order in the
spin-orbit interaction and in B for the lowest orbital
states and to first order in B for the excited states as func-
tions of the spin quantum number S. Thus the present
work generalizes that of Weakliem* who made a
thorough study of the optical spectra of Ni**, Co?™, and
Cu’” in tetrahedral sites in crystals in the absence of a
magnetic field. The results are subsequently applied to
the cases of Fe’* and Cu?*. A study of the magnetiza-
tion of Fe’* in CdTe is also presented. It reveals that,
even in the cubic field, the magnetization M is anisotrop-
ic in the regime in which M is not a linear function of the
magnetic field B. To illustrate the effect of a trigonal dis-
tortion we obtain the temperature dependence of the
differential magnetic susceptibility of Fe’*™ in the
wurtzite-structure semiconductor CdSe and determine its
anisotropy in the low-temperature regime. These results
are in good qualitative agreement with the experiment.>®
The second part of this paper is devoted to the study of F
terms in a tetrahedral field. The general theory follows
the same lines as that for the D terms and is applied to
Co’" and Ni**.
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II. SPIN HAMILTONIAN
FOR ADTERMIN A T,; FIELD

A. General formalism

In this subsection we derive the spin Hamiltonian of a
D term in a tetrahedral environment of negatively
charged ions. When L =2, the only significant part of
the crystal potential can be expressed as

VAT,)=xa[ L% +L% ¥+3IL}—6L2—12] (1)

where a is positive and the + and — signs hold for Cu**
and Fe?”, respectively. Here L, =L, *iL, and L,, L,
and L, are the components of the angular momentum
operator along the cubic axes x, y, and z. The orbital an-
gular momentum states of the free ion are eigenvectors of
L, and are denoted by |M,) (M;=2,1,0,—1,—2). In
the presence of the T field the D term splits into I'; and
I'5 with basis functions

Ty u;=10),
u,=2"12(12)+1-2));
L5 vy =[—1),
vo=2"1%([2)—1-2)),
vo=—1[1). )

Eo(T;)+2u,Bh-S
| (AS+uBR)-UT

(AS+ppBn)-U
H

Here Ey(I';) and E(I's) are the unperturbed energies of
the I'; and I'5 states, respectively. Two new quantities U
and I are introduced, their definition being

{u,lLlv,)=U,, (6)

and
(v |Llv,)=—1,, (M

(v=1,2 and «,k'=+,0,—). The components of I obey
the commutation relation I XI=iI and can thus be treat-
ed exactly as an angular momentum operator with quan-
tum number I =1.

The Schrodinger equation Hy=E1 can be rearranged
replacing the 5(2S +1)-component vector ¥ by a compos-
ite of two vectors, namely ¥'*' and ¢'> of dimensions
2(2S +1) and 3(2S +1), respectively. The Schrodinger
equation is equivalent to two coupled equations which
can be solved for '3’ and ¢'>’ by iteration keeping terms
up to second order in A and ugB. This yields the effective
spin Hamiltonians for the I'; and I'5 states. They are

Eo(Ts)+2upBA-S—(AS+uyBa)I |
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The functions #, and u, belong to the rows of the I'; rep-
resentation of T, generated by 2z’—x’—yp? and
V'3(x2—y2), respectively. The choice of phase in the
wave functions v, , vy, and v_ is selected so that they
generate the same matrix representation  as
—z(y +ix)/V'2, xy, and z (y —ix)/V'2, respectively.

We write the Hamiltonian operator of the problem as a
supermatrix divided into diagonal square blocks of
2(2S +1) and 3(2S +1) dimensions corresponding to
the 22S+1) |u;,,Mg) states (i=1,2; Mg
=S,8S—1,...,—S+1, —S) generated by the orbital I';
levels and to the 3(2S +1) |v;,Mg) (i =+,0,—) vectors
belonging to the I's levels. We consider the Hamiltonian

H=H,+H,_, +H, 3)

where H_ is the Hamiltonian of the ion in the crystal field
excluding the spin-orbit coupling H, , =AL-S. The term
H, is the Zeeman energy in a magnetic field B=BAT, i.e.,

The expression for the Hamiltonian matrix H in the
states (2) is

1
EO(F3)—E0(F5)

X (AS+pupBR)-UUT-(AS+p,BR) (8

and

1
Eo(r5)_E0(r3)

X (AS+puzBh)-UU-(AS+uzBh) . (9)

To proceed further we express U'U and UU" in terms of
pseudoangular momentum operators:
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u'u= 42’6’6(1—1 )+ 3 (€8 +e8

1 ]l){II]

i<j
—i 2 Gijk’éi’e\jlk (10)
i)k
and

UU'=382,(2+0,)—38,8,0, +V3(6,8,—8,8,)0,

an

Here €,=%, €,=¥, €;=2, {u,v}=uv +vu, and ¢, jk 18 the
antisymmetric Levi-Civita tensor density in three dimen-
sions. 04,0,,0, are the usual Pauli matrices which are
introduced as a convenient representation of operators
having matrix elements between the twofold degenerate
I'; orbital states. The terms which do not contain o,
o,, or o, are to be understood as direct products of the
matrix shown by the unit matrix in two dimensions. Us-
ing Egs. (10) and (11) we can write explicitly the expres-
sions for H(I's) and H(I';). It is convenient to write
these operators in the form
H(T')=HyI',)+H(T,)+H,(T,) (12)
where v=3,5. The operator Hy(I",) is independent of
the magnetic field B. H,(T",) and H,(T,) are the linear
and quadratic terms in B, respectively. Use of Egs. (8),
(11), and (12) yields the Hamiltonian for the T states

MURIELLE VILLERET, S. RODRIGUEZ, AND E. KARTHEUSER 41

}\'2
*EO(FS)

Hy(Ty)=E(T3)+

Eo(T5)

2S-S+(S:S—3S%)o,

V3
+T3(si +5%)o,

Eo(T3)—Eo(Ts)

) (13)

Hl(r3)=2ﬂBBﬁ'S+

26-S+(5-S—3n,8,)0,

.\/
+——3(H+S++n S_ )0'

’

(14)
and
(upB)?

H,(I'y)=
(1) Ey(T3)—Ey(Ts)

s
2+(1—3n3)az+—2—3—<na +n2)o,

(15)

Here n,=n,=*in,. The Hamiltonian operators for the
I states are given by

_J
)\'2
Hy(T5)=Ey(T's)—AI-S+ S I1—43 SA?+4S-S+ ST
0 5 o‘ts EO(F5)—E0(F3) [ 2’ it S EJ[SI SJ}[II I]} ] > (16)
H\(T's)=pgB |28-S—h-1+ Eo(Ta)—Eg(Ty) [S n— zSn I}+1 ,<j(Sinj +8;n){1;,1;} ] a7
and We use Egs. (19)-(21) and introduce the operators
2 ~
Hy(Ty)= —— 5B . 0= (282—S2—SH(2I2—12~12)
Ey(T'5)—Ey(TI'3)
0t TR +3(S2=SHUE—1H)=6F SH?—2S-SI'I (22)
1—2n212+' S nn (1,1} (18) i
l<_/
A further simplification can be obtained if we eliminate and
the sums over i <j in the above expressions. For that _ _ _ 2_y2_ g2
purpose, we use the following identities: Q= (2n.S; —neS —n,S, 2 — L= 1)
_ 2_ 12
235U 3 15,511, L] =2ALSPHTS, (19 +3(n, S, =m S, —1y)
< =63 n,S,I}—44-S (23)
S (Sinj+S;n) {1, 1;}+2 3 SiIin,— {S- LI} =0 i
i<y 1
to write H (T's) as
(20)
2
and Hy(T5)=E,o(T5)—AI-S+ A
P 0rn st RS Eo(T's)—Ey(Ty)
zn It + 3 nn (1,1 2n

i<j

X[28-1+2(S- 1201, (24
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2A ~

+ LIA)— ,

Eo(Ts)—Ey(Ty) (S8 Q)]
(25)

and

— (”’BB)Z 272 a2

H,)(Ts)= Eo(Ty)—Eq(T0) 4 62i‘,n,-I,-+2(n I ]
(26)

The results derived thus far hold for any value of S.
To find the eigenvalues of the Hamiltonians H (T';) and
H(T5) we need to specify the spin quantum number so
that we now make the distinction between Fe?' and
Cu?*. In order to solve the Schrodinger equations, we
make the assumption that the spin-orbit coupling is
stronger than the Zeeman interaction. The validity of
this hypothesis is discussed later but this assumption usu-
ally holds for a large range of values of the magnetic in-
duction B. Thus we first study the spectrum of Hy(T,)
(v=3,5) which includes the effect of the spin-orbit cou-
pling. We diagonalize this term up to second order in A.
We then proceed to the analysis of the effect of an exter-
nal magnetic field. We regard the Zeeman Hamiltonian
as a perturbation on the levels split by the spin-orbit cou-
pling. A few general results can be derived by using the
theory of group representations. The form of the Zeeman
splitting depends on the number n of electrons contained
in the unfilled 3d shell. An important difference in be-
havior arises depending on whether this number is even
or odd. If the ion contains an even number of electrons,
its states are classified according to the irreducible repre-
sentations of the single point group T;. The only invari-
ant linear in B is of the type I-B. An example of such a
behavior is Fe’* which contains six electrons. In this
case, the Zeeman energy is written as gugBf-I and the g
factors are isotropic. However, when the number of elec-
trons in the (3d)" configuration is odd, we recall that, ac-
cording to Kramers’ theorem, all states are, at least, dou-
bly degenerate. Consequently we must work not with the
single group T, as before but with the double group T,.
We then have a splitting of the crystal-field states into I',
I';, or T’y levels. The matrix representation of the Zee-
man Hamiltonian for the doublets (I'¢,T';) can be written
as

HP=1g'%"y, Bfi-o (27

2

where o is the Pauli matrix. In the double group Td,
there are two invariants linear in B, namely B-J and
3, B;J} so that the Zeeman energy for a I'y state reads

Hy'=gupBi-J+g,upB 3 nJ? (28)
i

where J is the angular momentum operator for J =3.
Thus the g factor is anisotropic. We see that group
theory predicts qualitatively the form of the Zeeman in-
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teraction. However, this information must be supple-
mented by a quantitative evaluation of the g factors.

B. Application to Fe?™ and Cr**

The value of the spin quantum number for Fe?* and
Cr’* is S =2. The lowest multiplet of Fe?™ is the orbital
doublet °T';. The difference in energy between the °T's
and °T'; states is denoted by A where A=6a so that
E,(°T's)=A, taking E,(°T;)=0. We first investigate the
effect of the spin-orbit coupling on the °T'; orbital states.
The spin states of Fe>* belong to the representation D2
which reduces to I';+T's in the field of T, symmetry.
When we take the spin-orbit coupling into account, we
expect, from group-theoretical arguments, a splitting of
the lowest orbital states into TI;X(I;+T5)=T,
+I,+0;+0,+T.

Using the values of the unperturbed energies Ey(T;)
and the fact that S =2, Eq. (13) yields

2
Ho(’Ty)=—2-(12+0) 29)

where the operator () is given by
- 2 V3 @ 2
Q=(12—-38; )az+T(S+ +S< o, +o0_), (30)

where o, |uy)=|u,) and o _|u;)=I|u,). In the states
luy2,Ms) (Ms=2,1,0,—1,—2) this operator is a
10X 10 matrix. The diagonalization of ( is considerably
simplified observing that only a few of its elements are
nonzero. We denote the states by |[M$ ) where + and —
stand for u; and u,, respectively. Consider, for example,
the state [0"). This state is connected to |27 ) and
|—27) only, through the operators S% o_ and S2 o _.
In the same way |0~ ) is connected to |2¥) and |—27),
whereas [1*) and |—17) on the one hand and |1” ) and
|—17) on the other are mixed by Q. Therefore the
10X 10 matrix reduces to two 3X3 and two 2 X2 subma-
trices. The diagonalization of the latter is straightfor-
ward and yields the energies —24A2/A, —18A2/A,
—12A%/A, —6A?/A, and O for the T';, T, I';, I's, and T,
levels, respectively.”® We note that the lowest levels of
Fe?" are equidistant and that the ground state is a singlet
T,. Since it is nondegenerate, Fe*" in a crystalline envi-
ronment will only show Van Vleck paramagnetism at the
lowest temperatures.

We now investigate the effect of a magnetic field on the
levels just obtained. From Egs. (14) and (15) the terms in
the Hamiltonian in first and second order in the magnetic
field B are

H,(°Ty)=2uyB ﬁ-S——g— 26-S+(n-S—3n,S,)o,
+—\/51(n+5++n,S_)ax ]

(31)
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and
H,(°Ty)=— (”BAB)z 24+(1—3n2)0,
+-\;—§( Y+nlyo, | . (32

We write these two operators in the basis generated by
the wave functions that diagonalize the spin-orbit cou-
pling. The I'y, 'y, T';, T'5, and T, levels originating from
the °T; states are further split in the presence of a mag-
netic field. The linear terms in B, which only occur for
the I'y and T's levels, are characterized by first-order Zee-
man  energies upB(1+2A/A)a-1 for T, and
upB(1—6A/A) 1 for I's. The quadratic contributions
to the energies are diagonalized using a unitary transfor-
mation making 0-I diagonal. They are listed in Table 1.

We note that the energy eigenvalues depend on the
orientation of the magnetic field with respect to the crys-
tal axes through the function f (fi) defined by

f@)=nln2+nnt+nln} . (33)

This function is the anisotropic part of the cubic harmon-
ic of order 4 and takes the values 0, 1, and ; for @i paral-
lel to the (100), (111), and (110) directions. These
values are local extrema of f, 1 being an absolute max-
imum and O an absolute minimum. As we shall see, this
leads to an anisotropy in the magnetization M in the non-
linear region of the curve M versus B. The differential
susceptibility x, =(0M /9B)j - is, of course, isotropic.

The above perturbation approach is valid only when
the Zeeman interaction is small compared to the splitting
6A2/A of the spin-orbit-split °T'; states. Thus it holds for
magnetic fields less than 6A%/Apg. This is of order 500
kG for iron in CdTe for which we use the following esti-
mates: A=—100cm ™' and A=2500 cm ™.

TABLE I. Second-order contributions in B to the energies of
the °I'y multiplet of Fe**. The coefficients of A(uyB)?/A? and
of (upB)?/A are given for all states in the 5Ty multiplet.

Level I, A(ugB)? /A (upB)*/A
T —i;. -2
r, -1 —1(1+6f) —(1+3f)

0 3f —2(2-3f)

1 —11+6f) —(1+3f)
I, —3(1=317 -2
H1=3)17 -2

rs -1 +1+6f) =3(1—f)
0 —3f —6f

1 La+6f) =3(1—1)

Fz % -2
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The higher multiplet of Fe?*, namely, °Ts, is split by
the spin-orbit coupling into I'sX(I';+T5)=I+T;
+2I',+2I's. The energies of these levels are given by the
eigenvalues of Hy(I's). From Eq. (24) we get

A

A A2
12A

2
S I+2-—(S1)*—=0 .

ST y— A
Hy(’T5)=A—21 A n

(34)

To determine the eigenvalues and eigenvectors of Hy(TI'5)
we proceed in the following manner. Since I and S trans-
form as angular momentum operators, we define

F=I+S. (35)

The components of F obey the same commutation rules
as those of I and S. In the case of Fe?™, we combine an
angular momentum I =1 with the angular momentum
S =2 so that F takes the values 1, 2, or 3. The eigenval-
ues of F-F are F(F +1) and the quantity I-S is

IS=J[F(F+1)—I(I+1)—S(S+1)] (36)

in the representation generated by the states

|F,MF)= 2 IMS,M1)<M5,M1|F,MF) (37)
Mg, M,
where M;=1,0,—1, M¢=2,1,0,—1,—2, and

Mp=F,F—1,...,—F+1,—F. (Mg ,M,|F,M;) is a
Clebsch-Gordan coefficient. To diagonalize H,(I'5) we
also need the matrix elements of Q. These are evaluated
in Appendix A, for a general value of S. We now apply
these results to the case of Fe?* (S =2). We find that the
energies of the  spin-orbit-split  levels  are
A+30+(18A2/5A), A+A+(6A%/A), A+A+(12A%/A),
A—2A+(12A%/5A), A—2A+(12A%/A), and A—2A
+(24A%/A) corresponding to T's, Ty, T'3, s, Ty, and T,
levels, respectively.

The effect of a magnetic field B on these levels is ob-
tained in first-order perturbation theory. The calculation

TABLE II. g factors for Fe?* and Cu®".

F€2+ Cu2+
T, Level g Level g¢" g g
r; T,
I, 1+2A/A
r, r, 1+(A/38) —4—(41/3A)
s 1—6A/A
r,
Ty Ty 1+(181/54)
r, i-02ia) T, —2

s

[s 3—(124/54)
I, 1-(4r/8) Ty
X

—9A/A 41/
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FIG. 1. Schematic diagram of the energy levels of Fe?" in a
tetrahedral potential. From left to right we show the splittings
of the *D term of the free ion caused by the crystal field, the
spin-orbit interaction, and the Zeeman energy H, in an external
magnetic field. We assume that V.(T,;)>AL-S>H,.

is carried out using the results of Appendix B and the g
factors are listed in Table II. Figure 1 shows schemati-
cally the energy levels of Fe?* in a tetrahedral field tak-
ing into account the spin-orbit coupling and the Zeeman
energy in an external magnetic field.

We note that the spectrum of Cr’" is deduced from
that of Fe?" by reversing the order of the states split by
the crystalline field and by changing the sign of the spin-
orbit coupling constant A which is negative for Fe?* and
positive for Cr?™*.

We illustrate the preceding considerations with a study
of the magnetization of Fe’* ions embedded in a zinc-
blende-structure semiconductor. The magnetization of a
system containing n Fe?* ions per unit volume is given
by

d
- 8
M =nkgT—1InZ (38)

where Z is the partition function. The energies depend
on the orientation of the magnetic field relative to the
crystal axes through the function f leading to an anisot-
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FIG. 2. Magnetization of Cd,_ Fe,Te per mole of Fe as a
function of the external magnetic field B at a temperature
T=77 K. The following parameters were used: A= —100
cm™!, A=2500 cm~!. Note the anisotropy of M in the non-
linear region of the curves.

ropy of the magnetization M. However, at sufficiently
low magnetic fields when the magnetization is linear in B,
this anisotropy disappears because there is no term linear
in B containing f and the terms quadratic in B contain-
ing f occur in pairs of equal magnitudes and opposite
signs. This is, of course, expected from general con-

0.5

04

03

0.2

Xp cm3/mol)

O.l

1 I 1
0'00 15 30 45 60

T(K)

FIG. 3. Magnetic susceptibility of Cd,_, Fe,Se as a function
of temperature for small x and weak magnetic fields. The
curves are obtained using A=—81 cm™! and A=2680 cm™!
taken from Ref. 5. The energy separation of the I',(C;,) and
I'3(C,, ) is selected to be 3W =7.5 cm™! to yield agreement with
the experimental data (Ref. 6). x; and y, are the differential
magnetic susceptibilities when B is parallel and perpendicular
to the trigonal axis, respectively.
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TABLE III. Energy eigenvalues of the 5T, states of Fe?" in a field of symmetry C;, including terms

to second order in the magnetic field B||§

C;, Energy eigenvalue

T, —24\2AT'—8u3 BEH(6AA T —2W) !

I, —18A’AT!—2W +8uy BL6A’A™ —2W) "' —uj BIA /3A

r, —18A2A7"+ W —ppB (1+2AA7 ") —4u3 BL(6AA ™' — W)~ ' —u} BEA /1207
—18A AT+ W +pp B (1+20A ") —4uj BH6A’ AT — W) ' —u3 BIA /1207

T, —12A°A7 ' +4p3 BHOA AT — W) T —4ub B2 (6 AT + W) !

T, —6A?AT'—2W —8uj BHO6A’A T +2W) T +uf BIA /32

| g —6A’AT'+ W —pupB (1—6AA ") +4u} BHOAAT + W) +u3 BEA /1247
—6AAT'+ W +ppB (1—6AAT" ) +4us BHOA AT+ W) +ub BEA /1247

T, 8ulBi6A AT +2W) !

siderations. Clearly, this anisotropy becomes small in the
low- and high-temperature limits, but at intermediate
temperatures and sufficiently high magnetic fields, it is
possible to have nonlinear contributions to M from the
Iy, T';, and T'5 states. Figure 2 shows an example of this
behavior. This figure has been drawn for Cd,_, Fe, Te at
77 K using the following parameters: A=—100 cm ™!
and A=2500 cm~'. At 150 kG we expect an anisotropy
in M of 5%.

In wurtzite semiconductors the symmetry is trigonal
rather than tetrahedral. The trigonal distortion which
affects the energy levels and the magnetic properties of
the system is described by the additional potential

V(Cy,)=—b(2—L})—c(LZL}—LLZ+$) (39)
where L, is the component of L along the trigonal axis.
As an example we investigate the magnetic susceptibility
of Fe?* in a wurtzite semiconductor, such as CdSe.

The differential magnetic susceptibility is defined by

Xp =nkBT;im0 [Z~'(3*Z/3B*)—~Z ~*dZ /3B)*] . (40)

We take into account the contributions of the states aris-
ing from the lowest orbital multiplet of Fe?*, namely,
T';. We calculate the energy levels of the °T'; states using
second-order perturbation theory and assuming that the

Zeeman splitting is smaller than the separation between
the levels caused by the trigonal field. The results, in-
cluding all the levels within the lowest orbital states, are
displayed in Tables III and IV for B parallel and perpen-
dicular to the trigonal axis &, respectively. In these
tables, A=6a is the crystal-field parameter and
3W=2|(3b —c)A|/A is the energy splitting of the
I',(C;,) and I'(C,,) states originating from the I'y(T,;)
level of the lowest orbital state. Figure 3 shows the tem-
perature dependence of the differential magnetic suscepti-
bility of Cd,_,Fe,Se. We note that the susceptibilities
when B is either parallel or perpendicular to § differ con-
siderably below 10 K in good qualitative agreement with
experimental results.>® To obtain an insight into the
physical effect responsible for this behavior we consider
only the three lowest states of Fe?* in a trigonal field,
namely 'y, T',, and I'; (see Fig. 4). The Zeeman interac-
tion giving rise to the Van Vleck paramagnetism mixes
the I'y and I', states when B is parallel to § and the I,
and I'; states when B is perpendicular to this axis. The
energy of the ground state I'; is then

—(24A%/A)—8u3 BE[(6A%/A)—2W] ™!

—8u3BA[(6Ar/A)+W] L. (41)

TABLE 1V. Energy eigenvalues of the °T, states of Fe?* in a field of symmetry C;, including terms to second order in the magnet-

lcﬁeldBlg
C,, Energy eigenvalue
r, —2402A ' —8ul B2 (6 AT+ W) !
T, —18A2AT = 2W —pui BH(3W) T +H4(6APA T 2 W) T (120247 3W) ]
I, — 18 AT '+ W+ uiBI(3W) ' —2(6A2A T — W) T — (A /6A7)]
— 182 AT '+ W +uiBI[8(6AA I+ W) ' —2(6A2A T — W) T —(A/6A1)— (12A2A 7 —3W) 1]
r, —12A2A7 '+ ud B[ —4(6AA T —2W) T+ 2(6ACA T — W) T —2(6A2A T + W) 1]
— 12 2A7 '+ BHA(6AA T 2 W) T H2(6A AT — W) T —2(6A2A T+ W) ]
r, —6)»2A"-—2W+y§Bf[(127GA"'—3W)“+4(6k2A“—2W)"—(3W)_‘]
I, —6AATI+ W+ ui BI(12A2A7 1 +3W) 7 (A /602 +2(6A2A T+ W) T —8(6APA T — W) 1]

—6A2AT + W +uiBI[(A/6A)+(3W) 1 H2(6A2AT T+ W) 1]

r, 8ulB2(6AA ' —w)!
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FIG. 4. Schematic diagram of the energy levels of Fe?* in T,
and C;, fields taking into account the spin-orbit interaction.

If n is the number of Fe?* ions per unit volume,
X,=—(n/B¢)dEy/dB;)=16nu}[(6A*/0)—2W]"!
(42)

and
X,=—(n/B,)3Ey/3B,)=16nu3[(6A*/A)+ W]~ .
(43)

Thus y,>x, and a fit of y,/x, to the experimental result
extrapolated to O K allows us to determine the value of
W. We estimate® that W=2.5 cm™' for A=—81 cm™!
and A=2680 cm~! appropriate to Cd,_,Fe,Se. These
parameters have been used in Fig. 3 which gives the be-
havior of x and ¥, as functions of the temperature 7.

C. Application to the cases of Cu?>* and Sc?*

Cu’* has a spin quantum number S =1. As a conse-
quence, it is very easy to investigate the effect of the
spin-orbit coupling on its crystal-field-split states. In con-
trast to the case of iron, the lowest multiplet of Cu?" is
’T'5 so that we take here E,(’I's)=0. We now use A=6a
to designate the difference in energy between the *I'; and
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2T states, i.e., Eo(*I';)=A. A spin § = 1 state belongs to
the representation 'y of T, so that the ’I's state splits
into ['sXT¢=T,+ 'y whereas the T, state becomes a I,
level when the spin is introduced. For S =4, {S;,S;}=0,
with i#j, and S7=S?=S2=1. Equation (16) yields

)\'2 )\2
H0(2F5)=—AI'S—X1-S——A—. (44)

As in the case of iron we introduce a new ‘“angular
momentum’’ operator

F=I+S . (45)

Now F takes the values | and . I-S is calculated from
Eq. (36) and takes the values 1 if F=2 and —1if F=1.
Therefore the eigenvalues of Hy(*I's) are
—(A/2)—(3A%/2A) for the Ty state and A for the I';
state. Since A <O, the I'; state lies below I'y. The Iy
wave functions are ¥;,=v,a, ¥,,=3 "W B
() 250, Py =37 _a+(2) B, Y3, =v_B
where a and S correspond to spin up and spin down, re-
spectively, and the subscript in the wave function indi-
cates the row of the representation I'y to which it be-
longs. The T'; functions are x;,=(2)""% , B—37"2a
and Y_, ,,=—(2)"w_a+37 2B

The g factors corresponding to these two states are
determined using the results of Appendix B and Eqgs. (25),
(27), and (28). They are listed in Table II. It is interest-
ing to note that the Zeeman splittings of the fourfold lev-
el, characterized by g,=—9A/A and g,=4A/A, are
small compared to those usually encountered and in com-
parison to those of the I';=T state. Using the proper-
ties of S and Eq. (13), we find that for the 2I'; states, the
Hamiltonian H,(’T';) is

2
H,(’T';)=A+ % (46)

where it is understood that the quantity on the right-
hand side is multiplied by the unit matrix in four dimen-
sions. The appropriate eigenvectors are ¢;,=—u,p,
S p=ua, ¢y ,=—u B¢ 3 =usa.

With § =1, the Hamiltonian H1(2F3) [see Eq. (14)] be-
comes

A

H,(*Ty)=2uzB 1+2-+

A-S+ %(S-ﬁ—SSznZ Yo,

V3
+——3-)}—(S+n++S_n_)ax

2 A (47)

The matrix of H,(’I';) in the eigenfunctions above is
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A = A A
—hn, 1+4—A—’ —-\/3Kn_ 0 - 1+X n4
= A A
—\/3Kn+ n, - 1+3—A— n_ 0
H,(’Iy)= (48)
0 — |l1+32 |n —n —v3it,
ATt z AT
A ~ A A
—|14+— —Vv3i= —
N 0 3An+ n, 1+4A

We know from group-theoretical arguments that the Zee-
man Hamiltonian for a I'g state can be written in the
form (28). Direct comparison between (28) and (48)
yields the values of g, and g, for the higher I'y state of
the Cu’* ground term. We find g, =1+A/3A and
g, = —3—4A/3A.

Figure 5 shows the energy-level diagram of Cu’" in a
T, field, taking into account the spin-orbit coupling and
the effect of an external magnetic field. A similar dia-
gram is expected for Sc’* except that I'; is then the
lowest level and the spin-orbit coupling constant A has a

positive value.
III. THEORETICAL STUDY OF F TERMS
IN A TETRAHEDRAL FIELD
A. General formalism

Having completed the study of D terms in a
tetrahedral crystal field we now turn to the investigation

Ho Ve(Tg)  AL-S H,
—_—
7/
2 T 2 —
Iy S———t
- N ® ————————
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FIG. 5. Schematic diagram of the energy levels of Cu’" in a
T, field taking into account the spin-orbit coupling and the Zee-

man interaction.

of the behavior of F terms in the same potential. This ap-
plies to the four ions Tit, V21, Co?*, and Ni**. How-
ever, their spin quantum numbers S differ. As in Sec. II,
we first develop the general theory of F terms in a T, field
including the effect of the spin-orbit coupling and the
Zeeman interaction and subsequently particularize it to
each individual case. When L =3, the crystal potential

reads

VAT,)=%a[HL% +L% P?*+3IL}—120L2—12] (49)

where the upper sign holds for Co?™ and the lower sign
for Ni2*. We describe the orbital states of the free ion in
terms of the eigenvectors of L, which we denote by [M; )
(M;=3,2,1,0,—1,—2,—3). The eigenvectors of the F
term in the crystal field (49) and their symmetry charac-

terization are

T, B=2""%(12)—|-2)); (50a)
Ty e.=(H)"2=1)=(3)723),
e=2""x2)+|-2),
e-=()'"?1)=(P=3); (50b)
Ly 8,=—(H'1)—=()'?-3),
8=10),
S_=—(D=1)—=()%3) . (50¢)

The wave functions €, €y, and €_ are selected so that
they belong to rows of the irreducible representation I's
of T, generated by the functions —(x +iy)/ V2, z, and
(x —iy)/V'2. In a similar way, 8, 8,, and 8_ generate
the irreducible representation I', identical to that whose
functions are —(k,+ik,)/V2, « and

Fal

basis
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( —ik, )/\/5. with k, =x (y*—2z?2), K, =y(z?—x?), and
=z (x —yd).

The spin Hamiltonian of the system is obtained in a
manner similar to that of Sec. II. The Hamiltonian of
Eq. (3) is rewritten as a [7(2S +1)]X[7(2S +1)] super-
matrix in the vectors |u,Mg) where p is any one of the
orbital states (50) and Mg=S, S —1, ,—S+1, —Sis
an eigenvalue of the projection of the spin S on the Z axis.
The Schrodinger equation in matrix form with entries in
the order given above for u and M reads

Q2 P 0 ,/)(2) 1/1(2)
PT QS R 1,’,(5) =E ¢(5) (51)
OT RT 0, ¢(4) t11(4)

where O is the zero matrix of dimensions
(2S5 +1)X3(28 +1) and ¢'%, $*, and ¢'* are wave func-
tions having 2S5 +1, 3(2S+1), and 3(2S+1) com-
ponents, respectively. To fix the ideas we take I', as the
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Q4=Ey(T)+2upBA-S—2(AS+pyBA)-I (54)

where Ey(I';) are the energies of the unperturbed
crystal-field-split states and I is the angular momentum
matrix for I =1, introduced earlier in the study of D
terms.  Finally, the (2S+1)X[3(2S+1)] and
[3(2S +1)]1X[3(2S +1)] matrices P and R are given by

P=(AS+puzBh)V (55)
and
R =1(5)1"2(AS+uzBh) W . (56)

The matrices V and W are given by

A+ oA ~ —
lowest state, an arbitrary assumption for the purpose of V=2 “17—;1, 2, = v_;y (57
the description of our procedure. However, it can be
shown that the I's state always lies between I', and T',.
The square matrices Q,, Q5, and Q, are obtained calcu- and
lating the matrix elements of the Hamiltonian (3) and are
given by _
W=i\/2(’i{1y,lz}+?{ Ly +z{I,,1,}) . (58)
Q,=Ey(T,)+2uzBi-S , (52)
Equation (51) is equivalent to three coupled relatiox(1§
— Al Ay which can be solved for the wave functions o'”
Qs =Eo(I's)+2upB0-S+3(AS+puzB0)1, (53) (i =2,5,4) by iteration keeping terms up to second order
in A and pgB. In this way we obtain the Hamiltonians
and for the 'y, I'5, and I, states. They are
|
= + S+ AS+ugBn)-VV'-(AS+puyB1n) , 59
H(T,)=EyT,)+2ugBn-S Eo(rz)_Eo(rs)( S+ugBn) ( upBn) (59)
15 1 A + ~
= Bn-S+(AS+upB +—= AS+pupBn)-WW ' -(AS+uzB
H(T5)=Ey(T5)+2upBni-S+L(AS+upzBi)-1 8 Eg(Fa)— Eo(r4)( wpBn) ( wpBi)
1 A 1 A
+ (AS+ppBn)-V'V-(AS+puzBn) , (60)
Eo(T)—Eo(ly,) 1B He
and

H(T)=EyT,)+2upBi-S—3(AS+pupBi)-I+— 15

1

where we used the explicit expressions of the matrices Q,,
line of reasoning as in Sec. II and express the products WW',

pseudoangular momentum I, i.e.,

WWi=W'w=23 881~ (&8 +82)

st ] 11
i<j

W) —

vvi=43 25, ,
i

8 Eo(r“;)—‘Eo(rs)

i 2 e,jke

i,j,k

(AS+upBR)-WW-(AS+p,Bh) 61)

55 Q4, P, and R. To proceed further, we follow the same
W'W, VV', and V'V in terms of the components of the

€1, , (62)

(63)
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and
VIV=43288(1-1)—2 3 @&+, 1) +2i 3 €881, . (64)
i i<j ij,k

Use of Egs. (59) and (63) yields the spin Hamiltonian for the I', orbital singlet

42’S-S

8ugBA

4(,UBB)2

H(T,)=Ey(T,)+2uzBi-S+

Eo( rz)"Eo(rs)

For the I'y and T's triplets we write

E,(T)

n-S+ . (65)

H(T,)=Hy(T)+H,(T,)+H,(T,) (66)
where v=4,5 and the subscripts 0,1,2 indicate the power of B in the expression. We have
A 15 A2 ~ 412
Ho(Ts)=Eo(Ds)+ 581+ -~ Zsm =[50 +48-5—(S-1 21+ S:S—(S-D*-S-1], (67
oI} =Eo(’s 4 E,Ts)— EQ(F4)[3Q 3 "l Eo<r5>-Eo(r2)[ ] :
H,(D)=ppB |2as+ a1+ — 2 (20455551, L4))+ 41 (28-S— (S 14} | ,
4 E (T5)—EyT,) ? 3 E (T5)—E,(T,)
(68)
and
Hy(Ty)=(u,B) | = ! 43 nAF—2H17 |+ 4 [1—(R17] 69)
5 B 8 Eo(T5)—Ey(Ty) | < EO(I‘S)—EO(I‘Z)
for the I'5 triplet and
Ho(T)=Eo(T,)—2AS- 1+£)‘—2[AQ+A S—(s-1?], (70)
0 4 E,(T,)—EyTy) "3 3
H(T)=pupB |28-5—281+2 — 2 (oisas—(sLIa)) |, (71)
2 4 Eo(r4)—'E0(F5) 3 3
and
15 (upBY
Hyrp)=->—-"2""
)= Ty —Eo(Ty) 2"' ' l%"" 1] 72
[
2
for the I', states. Here we have used Egs. (19)-(23). 4 y— A A A Al _4('”BB)
The results given so far are valid for any value of S and HCTY) 15 A +oppB |1 4A n-s A
apply to Co?™ as well as to Ni**. The explicit evaluation 73

of the eigenvalues and eigenvectors of the Hamiltonians
derived above requires the specification of the spin quan-
tum number S and, hence, the specialization to either the
case of Co*" or that of Ni?*. As earlier we make the as-
sumption that the spin-orbit coupling is stronger than the
Zeeman interaction.

B. Application to the cases of Co>* and V2+

The ground term of Co?>" has a spin quantum number
S =2 and the ground multiplet is the orbital singlet T',.
Therefore, with E(I',)=0, we write E(I's)=A=30a
and Ey(I'y)=9A/5. From Eq. (65), the Hamiltonian for
the ground state of Co*™ is

so that, in a purely tetrahedral site, the g factor is isotro-
pic and equal to 2—(8A/A). Replacing Ey(T';) by its
value we get, from Egs. (67) and (70), the Hamiltonians
for the I's and I, triplets, namely,

75 A2

Hy(‘Ts)= A+ SI—EX[§Q+;S-S—<S-I>2]
+i‘ﬁ[s S— —S-1] (74)
and
Hy(*T)=2A— ‘ASI—+—Z—Z};2[ 0 +38-S—(S-17] .
(75)
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7.8 the results of Appendix A. We find that the energies of
Ho Ve (Tq) AL-S ¢ Appendix t g
Ig the levels originating from the °I's(T,;) state are
)/ A+31/4—(1305A2/64A), A+31/4—(22502/64A),
‘., /. I7 A—A/2+(15A%/4A), and A—51/4—(2250*/644) for
,-———-—*—(r:\ I I'g, T, ', and I'5, respectively. For the ‘T,(T,) states
,’ N 8 we find (9A/5)+15A/4+(225A%/64A), (9A/5)+3A/2
b \ r +(45A%/74A),  (9A/5)—9A/4+(2250%/64A),  and
! 6 (9A/5)—9A/4+(1305A%/64A) corresponding to ['g, Ty,
| I'5, and Iy levels, respectively. Our results are in agree-
/ ment with those of Ryskin, Natadze, and Kazanskii.’
/ Figure 6 shows the energy-level scheme of Co?™ in a field
s I 9/5 A of tetrahedral symmetry including the effect of the spin-
F ! orbit coupling on the crystal-field-split states. The dia-
——"\\\ — I7 gram of levels of V2% is obtained from that of Co** by
VN4 by 4 T reversing the order of the states and changing the sign of
\ \ 5 //"_ 8 h i . . }\' . .
—€ the spin-orbit coupling constant A, i.e., by reversing the
‘\ N Te order of the spin-orbit-split states as well. The g factors
\ N for Co?* are anisotropic and are given in Table V.
\\ (N ¥ 8
‘\ C. Application to the cases of Ni>* and Ti?*
A
\\ Ni?* is a doubly ionized ion having spin quantum
\ number S =1 in its ground term. The I', state is the
“ lowest multiplet of Ni** in a field of tetrahedral symme-
v l4r try. Hence, we take Ey(I'y,)=0, Ey(I’'s)=A so that
1y "2 e T Eo(T,)=9A/4. Equations (70), (67), and (65) yield
3y 3 15 A2 s 2
Hy CTy)=—3AS-1— [ Q+i—(81)7], (76)
FIG. 6. Schematic diagram of the energy levels of Co** tak- N s }\2
ing into account the spin-orbit coupling. Ho(srs) A+ S I+ —14_1—[%@ % (S- 1)2]
. , 1612 I
The spin states belong to the representation I'y of T,; and - —*[2 ‘D*=S8-1], an
the states *I's and *T", split into I',+I';+2I"g under the
influence of the spin-orbit coupling whereas the T, and
ground state becomes I's. Note that all these states are at R
least doubly degenerate in agreement with Kramers’ g 3p y— o SA+ 2 AT +2..B 11 +_1£ A s 4-s
theorem since Co?* has an odd number of electrons in CTy)= A al 5 A n
the incomplete 3d shell. s
We now evaluate the expectation value of the Hamil- +L6_ (ppB) (78)
tonians (74) and (75) in the |F,M) representation using 5 A
TABLE V. g factors for Ni’* and Co?".
Niz* Co?*
T, Level g Level 6.7) g 2,
r, T, Ty 2+(750/80)
T, 1—(151/44) Ty 16 + (65 /4A) —50/A
I's %+(15}»/4A) | %+(435}»/16A) —%—(45k/4A)
Is r, —(15A/44) | Y 165——(435}»/16A) —'—5“+(45k/4A)
r, T T+(751/84)
TS 3—-(531/208) Ty £ —(330/44) 5A/A
r, s 2+(320/5A) I's 2—(8A/A) 0
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FIG. 7. Schematic diagram of the energy levels of Ni** in a
tetrahedral crystal field including spin-orbit coupling.

The spin states of Ni’" belong to D'V’ =T, and the ',
and I'5; states split into I'y+I';+T,+Ts and
I',+I';+T+Ts, respectively, whereas the ', level be-
comes I's when the spin-orbit coupling is taken into ac-
count.

The energies of the spin-orbit-split states are easily
determined from Appendix A and Egs. (76) and (77). We
find that the I'y ground state has energy 3A while the T,
'3, and I'5 levels of the lowest multiplet of Ni** have en-
ergies 3A/2—(15A%/4A), —3A/2—(45A%/4A), and
—3A/2—(15A?/4A). The levels originating from °I's
have energies A—A, A—A/2—(53A2/20A), A+A/2
+(454%/4A), and A+A/2+(15A2/4A) for the T,, T,
I3, and T, states, respectively. Ni’" having an even
number of electrons in the incomplete 3d shell has g fac-
tors that are isotropic. Their values are shown in Table
V. Figure 7 represents the energy levels of Ni** in a

(F=S—1,M|QIF=S—1,M)= 1

= p+3ME(5—652+6S)+S(55%+6S2 +6)],
55 (25 7 1) L21MF +3ME(5—6S7+65)+S(55°+652+75 +6)]

(F=S, M|Q|F =S5, My)=——)

- - 4 _ 2 _ 2_ . 3 R
oS5 T 2IME—3MA(5—657—65)+5 (—55°~10S2+S5 +6)] ,
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crystal field of tetrahedral symmetry in the presence of
spin-orbit coupling. We note that the lowest state of
Ni?* is a T, singlet so that this ion will exhibit Van Vleck
paramagnetism at the lowest temperatures, for reasons
similar to those occurring in the iron-based semiconduc-
tors. In contrast, Ti**, whose energy diagram is obtained
from that of Fig. 7 reversing the order of the levels, has a
I's triplet as its ground state and, hence, exhibits a stan-
dard temperature-dependent paramagnetism.
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APPENDIX A: MATRIX ELEMENTS OF

We evaluate here the matrix elements of the operator

Q defined in Eq. (22). This operator can be conveniently
rewritten as

0=(382-S-S)3I?=I-D+3(S% +52 T4 +1%)

(A1)

and its matrix elements in the |F,My ) representation are
obtained from

(FEME|IQIFMp)=3 3 (F,Mp|M,M;})

Mg, M Mg, M,

X <MS,1M1"Q[M59MI>
X{Mg,M,;|F,M) .

(A2)

We disregard matrix elements connecting different values
of F because the degeneracy of the states F =S —1, S,
S +1 is already lifted in first-order perturbation theory
by the term proportional to AS-I in the Hamiltonians
(24), (67), and (70).

To evaluate the matrix elements of Q in the |F,My)
representation we first carry out the summation over M,
keeping in mind the fact that M¢+M;=M . Use of
Clebsch-Gordan coefficients'® corresponding to the addi-
tion of any angular momentum operator .S with an angu-
lar momentum I =1 then yields, for the diagonal matrix

elements,

(A3)

(A4)
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and

1

(F=S+1,My|QIF=S+1,M;)=

(28 +1)(28 +2)
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[21ME—3ME(7T+6S2+185)+S(55°+ 1452+ 19S5 +10)] .

(AS5)

In a similar way, the only nonvanishing off-diagonal matrix elements are found to be

(F=S—1,M;+4|Q|F =5 —1, M,.)

-3
4525 +1

(F=S,M.+4|Q|F =S, M)

_ 3
45(S +1)

and

(F=S+1, M +4|Q|F=S +1, M)

{(SFMpS = (Mp£1)?][S = (Mp+2)2][S?—(Mp£3)|(SEMp+4)} 172

) ([S*—(MpE1)][S?—(Mp12)2][S—(Mp£3)*)(SEME)NS FM—4)}'2, (A6)

(A7)

=2(28+13)(2S oy {(STFMp(SFMp)P—1][S?—(Mp+2)?N(SEMp+3)(SEMp+4)SEM+5)}'/2 .

APPENDIX B: MATRIX ELEMENTS
OF S, 1,and Q
IN THE |F,M; ) REPRESENTATION

This appendix is devoted to the evaluation of the ma-
trix elements of the operators that are needed in the
study of the Zeeman Hamiltonians (25), (68), and (71). By
virtue of the Wigner-Eckart theorem, we have

(F,M;|V|F,Mg)

_ (F,Mg|V-FIF,M;)
B F(F+1)

<F7MI,-‘|F'F1MF)
(B1)

for any vector operator V. This allows us to find the ma-
trix elements of the operators S and I. We have

(A8)

(F,MLIS|F,M, )= F(F+1)+S(S+1)—-I1(I+1)

2F(F+1)
X{F,Mg|F|F,M}) (B2)
and
, _ F(F+1)—-S(S+1D)+II+1)
(F,M;|1|F,Mp) 2F(F+1)
X (F,M}|F|F,Mz) . (B3)

The matrix elements of the operator Q defined in Eq. (23)
are also needed. Since we know, from group-theoretical
arguments, the form of the Zeeman Hamiltonian [see
Egs. (27), (28)], it is sufficient to consider the magnetic
field to be oriented in a specific direction, say Z, so that
11=(0,0,1) and the operator Q becomes

Q=25,3I}—1'D) . (B4)

Its matrix elements are

(FMp2S,3I2—1I'DFMp)=3 [{F,Mg|Mg,M,;)|>2Mg[3M?—I(I +1 180y ur, - (BS)

Mg, M,
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We first perform the summation over M;=1,0,—1 and

use the expression for the Clebsch-Gordan coefficients.
We find

(F=8—1, Mg|2S,312—1-D)|F =S — 1, M)

3IME—S?+35 +1

=M sas v

(B6)
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(F=S, Mz|2S,(3I}—1-1)|F =S, M)
S48 —1-3M}

=2
Mr—SGs+D > (B7
and
(F=S+1, Mg|2S,3I2—1-D|F =S +1, M)
3IME—3—S?—5S
(B8)

=M s DS+ 1)
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