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Electronic structure in the Al-Mn alloy crystalline analog of quasicrystals
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Electronic structure in crystalline a-(Al»4Mn24) is calculated by the linear muffin-tin

orbital —atomic-sphere approximation method with the local-density-functional theory. The density

of states consists of a set of spiky peaks. The electronic structure is discussed for quasicrystalline
Al-Mn alloy from the viewpoint of the stability and the role of the vacant center of the Mackay
icosahedron. The stability is actually owing to the pseudogap of the Mn 3d band and the deep s,p-
bonding bands of the Al glue atoms.

Since the discovery of the quasicrystals, theoretical
considerations have focused on their structures and
structural defects. ' However, only a few papers have
been devoted to theoretical studies on the electronic
structures. The tight-binding models of the one-
dimensional quasicrystal (Fibonacci lattice) and the two-
dimensional quasierystal (Penrose lattice) have been stud-
ied intensively from the viewpoint of the singular behav-
ior of energy spectra and the localization of wave func-
tions.

The electronic structure in three-dimensional Penrose
lattice was analyzed in a very simple tight-binding model,
and we observed the existence of infinitely degenerate
states confined strictly in a finite range of the real space.
The electronic structure of realistic quasicrystals is a
completely open problem except for a small-cluster calcu-
lation and a phenomenological attempt at the energetics
of icosahedral stability. Transport properties were also
discussed on the basis of the weak scattering and the per-
turbation treatment. Knowledge of the electronic struc-
ture in three-dimensional quasicrystals is quite important
not only for understanding the electronic properties but
also for understanding the stability and interatomic po-
tentials. Recently, it has been proved that the incorpora-
tion of both attractive and repulsive interactions is essen-
tial for the observed equilibrium shapes of icosahedral
quasicrystals.

The purpose of this paper is to present the electronic
band structure of a cubic Al»4Mn24 alloy crystal analo-
gous to quasicrystals and to discuss the cohesive proper-
ties, the stability of the so-called - 54-atom Mackay
icosahedron as a constituent unit, and several interatomic
interactions.

We calculated the electronic structure of the idealized
a-(Al-Mn-Si) alloy (the Elser-Henley model ), which is
the three-dimensional (1/1)-periodic Penrose lattice with
a uniquely decorated unit, i.e., rhombic dodecahedron.
The periodic Penrose lattice can be generated by intro-
ducing phase defects (equivalent to the minimal rational
approximation to the golden mean) and is a commensu-
rate structure of the original quasiperiodic lattice. ' We
will not di.stinguish Si atoms from Al atoms because the
preferred positions of Si atoms have not been experimen-
tally determined. We then call it a-(Al-Mn) rather than

a-(A1-Mn-Si).
In the idealized a-(Al-Mn-Si) structure, there are six

classes of atomic sites: one Mn atomic site and five Al or
Si atomic sites [a, P(1), P(2), y, and 5]. The large holes
are at (0,0,0) and ( —,', —,', —,'), forming a perfect bcc lattice,
which is of two interpenetrating simple-cubic (sc) sublat-
tices. Six 5 sites are occupied in one sc sublattice by Al
or Si but the other six 5 sites in the other sc sublattice
remain unoccupied. Therefore, a-(Al-Mn-Si) is not a bcc
but rather a simple-cubic crystal and its space-group
symmetry is Pm 3. The unit cell is a packing of six rhom-
bic dodecahedra (RD) and eight prolate rhombohedra
(PR), where the atomic decoration is only for a RD and a
PR has no interior atoms. The faces of a PR are shared
with RD's. Two vertices of one RD connected by the
longest body diagonal are positions of the already men-
tioned large holes. Around this hole (a MI center), 12
Al(a), 12 Mn, 24 Al(P(1)), and 6 Al(P(2)) form a so-
called 54-atom Mackay icosahedron (MI).

The innermost shell of a MI consists of 12 Al(a)
atoms, and 12 Mn atoms are on the vertices of a MI. An
Al(a) atom sits at the midpoint of an edge joining the MI
center to a Mn atom. Atoms Al(p(1)) and Al(p(2)) lo-
cate nearly on the edges of a MI midway between two
Mn atoms. Two adjacent MI's share a distorted Mn oc-
tahedron. (See Fig. 1 of Guyot and Audier. These six
Mn atoms on vertices of the octahedron and two centers
of adjacent MI's form a PR.) The center of this distorted
octahedron is a small vacant site (a PR center). An
Al(p(1)) is on the face of PR and, therefore, shared by a
MI and a distorted octahedron. The Al icosahedra
[Al(a)'s on the inner shells of MI's] are themselves inter-
connected through chains of three octahedra of Al atoms
[Al(a) and Al(P(1))]. An Al(P(2)) sits on one of the
other six edges of a ME, whose nearest-neighbor sites are
a 5. Sites y and 5 are for glue Al and Si atoms. In o.-

(Al-Mn-Si), all y sites and half of the 5 sites are occupied
by Al or Si atoms but the other half of the 5 sites (six
sites) are unoccupied. Hereafter, the sc sublattice with
vacant atomic 5 sites is labeled by subscript "2" and the
other sc sublattice with A1 atoms on the 5 sites labeled by
subscript "1",whenever necessary. It is widely believed
that the MI is the stable unit, so that MI's are packed
randomly and some glue atoms fi11 the remaining vacant
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FIG. 1. Total density of states and integrated density of

states in a unit cell. The Fermi energy is 0.115 Ry, shown by
the vertical line.

space in quasicrystals.
The electronic structure of the idealized a-(Al-Mn) was

calculated self-consistently by the linear mu5n-tin orbital
(LMTO) method' with use of the von Barth —Hedin
exchange-correlation potential. " The LMTO method is
suSciently precise and one of the more transparent
among several band-structure calculation methods, relat-
ed to the energy linearization of the Korringa-Kohn-
Rostoker (KKR) method, and is quite efficient in compu-
tations for solids with large unit cells. The whole space is
divided into overlapping atomic spheres (atomic-sphere
approximation), which are 114 Al, 24 Mn and 16
atomic-site vacancies (empty atoms), totaling 154 atoms
and vacancies, in a simple-cubic unit cell. The atomic
positions have been shifted slightly from the observed
values in a-(Al-Mn-Si) to the idealized values and sum-
marized in Table I together with the values of atomic-
sphere radii. The position of 6 sites is shifted slightly fur-
ther from the idealized position on the body diagonal of
the internal PR of the RD, because the atomic-sphere ra-
dius on the idealized position would be too small for an
Al atom. Self-consistency was achieved with use of 20 k
points in an irreducible wedge of the sc first Brillouin
zone.

The total density of states (DOS) and integrated densi-
ty of states (IDOS) are shown in Fig. 1. The DOS con-
sists of a set of spiky peaks and each band is highly
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FIG. 2. Energy band along high-symmetry lines.

dispersionless, as may be seen in Fig. 2. The Fermi ener-
gy EI; is 0.115 Ry; the main peak at E= —0. 1 —0.3 Ry
comes mainly from the Mn 3d states and the deep tail of
the DOS mainly from the Al 3s state with hybridization
of Mn 4s. The Al 3p states are strongly mixed with Mn
3d states. These can be seen in the local DOS's projected
according to s, p, and d symmetries. This very narrow
( =0.07 Ry) and high peak of the Mn 3d DOS in G.-(Al-
Mn) is simply due to disfavor of Mn-Mn neighbor pairs.
The antiresonance pseudogap locates at the middle of the
Mn 3d band, which is clearly seen at E =0.14 Ry in both
the DOS and E-k structure. This pseudogap is one of ori-
gins stabilizing the locally icosahedral symmetry. The
small-cluster calculation shows that an isolated
icosahedral symmetry always gives rise to a high peak of
the DOS at EI; and the relative instability of a MI.

The overall feature of the DOS is rather similar to that
of ~-(Mn-Al) (Ref. 12) (the ordered CuAu-I structure) ex-

TABLE I. Coordinates and radii of atomic spheres. u =D/2(D +d) and U =d /2(D +d)
[&=(&S+1)/2, D =+2(1+1/&5) d ='1/2(1 —1/&S)] in the unit of the sc lattice constant a =-12.68
A. The space-group symmetry is Pm3. The independent positions in one sc sublattice are given.
Another set of independent positions in the other sc sublattice is generated by the translation ( —,', 2, —,

' ).
All sites can be generated by the symmetry operations of Pm 3.

Site

Mn

13(1)
P(2)

5
MI center
PR center

Number in a unit cell

24
24
48
12
24
12
2
8

Coordinate

(u, U, O)

(u /2, U/2, 0)
(u, —U/~, U)

(2v, o, o)
(u +U, U, u/3)
(u +u, o, v —0.03)
(o,o,o)

0
Atomic-sphere radius (A)

1.4560
1.4560
1 ~ 5126
1.6002
1.4457
1.4457
1.4561
1.0115
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cept for the Mn 3d band splitting. The paramagnetic
DOS of r-(Mn-Al) has a very high and narrow peak of
Mn 3d at Ez without splitting and, resultingly, gives rise
to a strong ferromagnetism with a saturation moment
2.31@ii/Mn-atom. In the present a-(Al-Mn) case, on the
other hand, the high peak of the Mn 3d band is split at its
middle near EF and the crystalline a-(Al-Mn-Si) should
have the paramagnetic ground state. Even so, the Fermi
energy EF locates at the tail of the very high DOS peak
and some fluctuation of local environment might cause
the formation of the local magnetic moment, which may
explain the spin-glass-like magnetic behavior in the
icosahedral Al-Mn-Si. '

The local DOS's and IDOS's are shown in Figs. 3
(a)—3(j). Those in sublattice (2) are quite similar to corre-
sponding ones in sublattice (1) except for [Al(P(2))](2~
and the vacancy 5~2~. Below EF in both Mn and Al
atoms, the main contribution of the s DOS is in a lower-
energy region and that of the p DOS in a higher-energy
region.

The deviation of EF from the high DOS peak is mainly
due to the antiresonance pseudogap at E=0.14 Ry,
which is related to the resonance peak at E=0.1—0. 13
Ry in Mn d, Al(a) p and [Al(P(2))](z~ p. In the sc sub-
lattice (1), an [Al( p(2) )](,l

atom has neighboring
[Al(5)](,

~
atoms, the electron wave function extends out-

side the MI through [Al(5)](,
~

atoms, and the resonance
peak cannot be seen at E =0. 1 —0. 13 Ry in [Al(P(2))](, ~.

In other words, the resonance peak at E =0. 1 —0. 13 Ry is
mainly confined within atoms forming the MI. The Mn
3d DOS has a very sharp resonance peak at E =0.05 Ry
and an abrupt drop at the pseudogap just above it. The
related peaks are also seen (E=0.05 Ry) in DOS's of
Al(y ) p and [Al(5)](i~ p but not in that of the vacancy 5.
Another binding- peak of the DOS can be also observed at
E = —0.05 Ry in the local projected DOS of Mn d, Al(a)
p, and Al(I3(2) ) p which can also claim the stability of the
MI.

Table II shows the valence-electron density parameter
r, ( =rAsjnvE where r~s is the atomic-sphere radius and1/3

nvE is the valence-electron number. ) The value of the
atomic-sphere radius in a pure Al is 2.99 a.u. and
r, =2.07 a.u. The r, in Al(P(2)) is increased but is partly
due to the large atomic-sphere radius. The valence-
electron densities are enhanced in Al(a), Al(y), and
[Al(5)]( i ~. In [Al(5)](, l, this may be due to the formation
of the bonding Al s states with [Al( y ) ]( i ~

and
[Al(p(2) )](,l at E = —0.8 Ry. The pseudopotential
theory can tell that the repulsive core largely expands in
the pure Al crystal and covers the first minimum (approx-
imately equal to the nearest-neighbor distance) of the in-
teratomic potential. ' Therefore, the first-neighbor in-
teraction is repulsive in pure Al and this may be expected
also here in Al-Al pairs. The nearest-neighbor interac-
tions through Al atoms, especially [Al(5)](i~, may be
repulsive and distant-neighbor interaction should be at-
tractive. These complicated interactions might stabilize
the exotic structure of quasicrystals and its equilibrium
shape. The bonding state at E = —0.8 Ry shows the im-
portance of glue atoms. It should be noticed that
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FIG. 3. Local. density of states and integrated density of
states in atoms in the sc sublattice (1) and in [Al{P(2))],z, and
the vacancy 5~z~. (a) Mn„~, (b) [Al(u)]„~, (c) [Al(P(1))]„I, (d)

[Al(P{2))]~,~, (e) [Al(y)]I, I, (f) [Al(5)]~, ~, (g) (MI center)I, ~, (h)
(PR center)„„(i) [Al(P(2) )]~2I, and (j) vacancy 5„~.
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TABLE II. Charge density of Al atomic spheres (r, in atomic
units).

Site
[sublattice (1)]

[Al( tx ) ]( & )

[Al(p(1) ) ](, I

[Al{P(2))](,)
[Al{'Y)l(i)
[Al(5) ](1)

MI center
PR center

1.95
2.03
2.20
1.99
1.91
2.55
2.20

Site
[sublat tice (2)]

[Al(u)](, )

[Al(p(1) )](2)
[Al(p(2) ) ](2)
[Al{Y )](z)
vacancy 5(2)
MI center
PR center

1.94
2.04
2.12
1.97
2.66
2.56
2.20

[Al(P(2))](,
~

has a peak at E= —0.8 Ry but not E =0. 1

Ry and [Al(P(2)](z~ has at E =0. 1 Ry but not E= —0.8
Ry.

The local DOS's at a MI center, a PR center, and a va-
cant 6 site are quite different from each other. Those at
the PR center and the vacant 5 site do not have any
characteristic structure and are broad, Aat, and low
bands, which means that the tails of neighboring wave
functions extend uniformly inside the PR center and the
vacant 5 site. On the other hand, that at a MI center-
shows specific s- and p-type character in lower-energy re-
gion but near the Fermi energy no DOS is seen. We then
conclude that the tail of the neighboring wave functions
extends inside the MI center in the deep energy range but
not at EF.

To understand the stability of the MI, we see a role of
glue atoms Al(y ) and Al(5). After determining all poten-
tial parameters' by the self-consistent calculations, we
changed the values of the unhybridized band centers of
Al(y) and Al(5) atoms by an amount of 0.5 Ry to the
higher-energy side and kept other potential parameters
unchanged. This may give an approximate situation
where Al(y) and Al(5) atoms would be replaced by va-
cant atoms. The total valence charge on each atom does
not change much but the local DOS in the region
E ~ —0.5 Ry is highly reduced, which causes a large
reduction of cohesive energy. Furthermore, several nar-
row peaks appear in the whole energy range, which cor-
responds to the almost localized states within each MI.
These facts suggest that the large amount of electrons ex-
tends outside MI through the glue atoms and forms Al s,
p-bonding bands at E ~ —0.5 Ry and deep bonding Al s
states at E= —0.8 Ry.

The center of a MI has enough space for an Al atom
but actually it remains vacant. This must be understood
from the viewpoint of stability. For doing this, we calcu-
lated the self-consistent electronic structure again in a
system with Al atoms occupying the MI centers. Overall
features have not been altered except the following: The

p DOS on Al (MI center) is enhanced at E= —0.6 to—0.8 Ry and the s DOS on Al (MI center) at E = —0.8
Ry with resonating s DOS in the same energy range on
Al(a), [AI(P(1))], and [Al(P(2))]~, ~. The local DOS on
Al (MI center) vanishes in the Fermi energy region with a
width of about 0.3 Ry as the original vacant MI center.
The total valence charge on an Al atom at the MI center
is reduced to about 2.4e /atom ( r, =2.06 a.u. ). The
remaining excess valence charge is distributed on the sur-
rounding neighbors (reducing their r, ) at around the Fer-
mi energy and we do not find a gain in the cohesive ener-
gy. Therefore, the MI center could be a stabilization
center for group-I or -II atom but not for Al, and is left
vacant.

The spiky DOS should be a common feature in crystal-
line and quasicrystalline Al-Mn. The spiky peaks are due
to the densely distributed dispersionless bands shown in
Fig. 2, which are not localized states. We might imagine
that this is the case also in amorphous systems. In amor-
phous systems, the randomness can actually achieve the
self-averaging and the DOS should be smooth and of
well-defined quantity. In the present case and quasicrys-
talline systems, if there would be no randomly distributed
defects, the spiky peaks survive and affect some charac-
teristics in physical properties, for instance, nonlinear
electric conductivity.

Finally, we can try to explain the role of Si atoms in a-
(Al-Mn-Si) and quasicrystal (Al-Mn-Si). With 14 Al
atoms substituted by Si atoms (Al, ooMnz4Si, 4)=a-(A1-
Mn-Si), the Fermi energy climbs towards the antireso-
nance gap (an energy shift AE =0.02 Ry), and the stabili-
ty of the compound would be much enhanced.

We have calculated electronic structures in crystalline
a-(Al-Mn). In order to understand the role of glue atoms
and vacancies at MI centers, we have done several calcu-
lations. The antiresonance pseudogap stabilizes the
linked MI's, which was not seen in an isolated one. Glue
atoms are essential for forming bonding s,p bands at
E ~ —0.5 Ry and deep bonding Al s states at E = —0.8

Ry, and stabilize the dense-packed system of Mackay
icosahedra, periodic or aperiodic. From the electronic
point of niew, the MI's should be densely packed, adjust-
ing their sites and allowing enough space for glue atoms.
This point might be taken into account while construct-
ing structural models of icosahedral glasses, for example,
favorable content and geometry of glue atoms might be
important parameters of the structural models.
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