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Nonlinear dynamics of a quantum ferromagnetic chain: Spin-coherent-state approach
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The spin evolution equation of an isotropic, quantum ferromagnetic Heisenberg chain is analyzed
in the continuum approximation using spin-coherent states. The advantages of this approach are
discussed. Magnetic solitary-wave solutions are found, and the expectation values of the energy,
momentum, and angular momentum corresponding to these solutions are determined. The energy-
momentum dispersion relation for the nonlinear excitations is derived. The semiclassical spectrum

' is shown to arise when quantum effects are neglected by using a random-phase approximation to
calculate certain expectation values. On including the quantum effects, it is found that the spectrum
comprises two branches: a lower-energy branch of spin-wave-like, small-amplitude solitary waves
with small quantum corrections, and a higher branch of particlelike large-amplitude solitary waves
subject to significant quantum corrections for small S values. A heuristic discussion of the stability
of these excitations is presented. A physical interpretation of the dispersion relation obtained is
given.

I. INTRODUCTION

An analysis of the dynamical properties of a Heisen-
berg ferromagnetic chain is a nonlinear problem of con-
siderable interest both experimentally and theoretically,
in the context of one-dimensional magnetic materials.
For the spin-S classical Heisenberg chain, complete in-
tegrability and the existence of soliton solutions have
been established in the continuum model, using the
inverse-scattering method. The exact energy-
momentum dispersion relation for these solitons (which
may be regarded as the natural nonlinear excitations of
the classical system) is also known. In contrast, treat-
ments of the soliton dynamics in the quantum Heisen-
berg chain have involved various truncating approxima-
tions in the evolution equation for the spin operators.
These truncations distort the true nonlinearity of the sys-
tem, and are usually uncontrollable approximations.
Furthermore, these earlier approaches to the dynamics
have not dealt with the dispersion relation for the non-
linear excitations in the quantum (continuum) model, for
reasons to be explained below. There is thus a clear need
for an analysis of the quantum-mechanical problem that
does not share these drawbacks, and which also yields the
energy-momentum relationship satisfied by the solitons
propagating in the system.

The purpose of this work is to show that localized non-
linear excitations (i.e., magnetic solitary waves) propagate
in the continuum approximation of the quantum spin
chain, to derive their dispersion relation and finally to
compare these results with those for the classical model.
A summary of our principal results has been published in
Ref. 7.

The paper is organized as follows: We use Radcliffe's
spin-coherent representation ' (SCR) to analyze the spin

operator evolution equation for the isotropic, quantum
ferromagnetic Heisenberg Hamiltonian

H= —JQS S„+, .

The advantages of this approach for the problem under
consideration are described in Sec. II. In Sec. III, the di-
agonal matrix element in the SCR of the quantal spin
evolution equation is shown to yield a nonlinear c-
number equation, which is exact in the sense that it
displays the full nonlinearity in the system. In the con-
tinuum approximation, this equation supports solitary
wave solutions, which are displayed. In Sec. IV, these
solutions are used to determine the corresponding expec-
tation values of the constants of motion —the energy E,
the momentum P, and the angular momentum M. (Some
relevant intermediate steps in the calculation are given in
the Appendices. ) The dispersion relation for the excita-
tions is presented in Sec. V. In Sec. VI, the results ob-
tained are physically interpreted and compared with
those found in the semiclassical approximation.

II. SPIN-COHERENT REPRESENTATION

Earlier calculations on the soliton dynamics of
quantum spin Hamiltonians begin with the Holstein-
Primakoff (boson-operator) expansion' for the raising
operator S „+ truncated as follows:

S „+ =(2S)' (1—a„a„/2S)'~ a„

= (2$)'~ (1—a„a„/4S)a„. (2.1)

The Hamiltonian concerned is further approximated by
one which is biquadratic in the boson operators. (~e
note that these. approximations are at best physically
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justifiable only at sufficiently low temperatures, when
(a„a„)l2S is expected to be much smaller than unity. )

The diagonal matrix element of this equation between
(boson) coherent states" defined by the direct product
Iz ) = „ i Iz„), where a„ Iz„)=z„Iz„) yields a c-number
evolution equation for the eigenvalue z„. In the continu-
um approximation z„(t)~z (x, t), this leads to either the
usual nonlinear Schrodinger equation with a cubic non-
linearity, or a modified one with a di8'erent nonlinearity,
depending on the type of truncation used. Typically,
solitary-wave solutions can be shown to exist in the
small-amplitude approximation. The corresponding ex-
pectation values of the total energy and angular momen-
tum turn out to be identical to the classical expressions.
However, the boson-operator formalism does not provide
a natural framework for calculating the expectation value
of the total momentum, the third constant of the motion
for the spin chain. This is why it has not been possible in
this approach to obtain any information on the energy-
momentum dispersion relation for the excitations. It is
also evident that the truncation of the operator expan-
sion, and the subsequent approximations, severely distort
the nonlinearity of the problem once one goes beyond the
small amplitude limit.

Analogous to the usual boson coherent state" Iz„), it
is possible to define a spin-coherent state Ip„) at each
site n, according to

Ip, „)=(1+p, „I') exp(p„S„)IO)„, (2.2)

where S „ is the spin lowering operator, S '„ IO) „=SIO)„,
and the eigenvalue p„&C. The spin-coherent states of
the system of X spins are direct product states

Ip&= Ip. & . (2.3)

The states Ip„) are normalized, but nonorthogonal and
overcomplete. We have

& ~. I p. &
=(I+~.*p.)"&(1+

I ~. I')'(I+ I p. I')',
'(2S+I)f d s „(I+I p„ I

)
I p„& & p„ I

= 1 .

(2.4)

(2.5)

In the calculations to follow, it turns out to be mor. e con-
venient to use the parametrization

p„=tan(8„/2)exp(ig„),

where

(4w) -'(2S + I )f d 8„f d P„sin8„ I8„,&„&& 8, P, I

= I

(8„,y„IS „+I8„,y„)=S sin8„exp(ig„),

( 8„,P„ I
S '„

I 8„,P„)=S cos8„.
(2.8)

These expectation values are formally identical to the
classical values. However, this is no longer true for
higher powers of products of single-site operators —for
example,

((S'„) ) =S(S—
—,')cos 8„+—,'S, (2.9)

in contrast to the classical values (S cos8„) .
The SCR is weB suited for the study of spin dynamics

in many respects. First and foremost, there is no need to
truncate the given Hamiltonian as in a boson-operator
transformation, so that the exact nonlinear spin evolution
may be dealt with. Second, the construction of the
momentum operator and the calculation of its expecta-
tion value are feasible in this approach, leading to the
determination of the soliton dispersion relation. Finally,
a comparison of this relation with its classical counter-
part helps clarify the extent and nature of quantum
e6'ects in the behavior of the solitons.

For large-N magnetic systems, using the representation
(2.3) would be well justified even for small S. We note
that the SCR has been used recently by Mead and Papan-
icolaou' to find the spin-wave excitation spectrum of a
spin-one easy-plane ferromagnet (CsNiF3) using a certain
Gaussian approximation for the diagonal matrix elements
of the Hamiltonian. Their results agree with those found
using the Holstein-PrimakoF transformation. They fur-
ther establish that quantum corrections to the spin-wave
dispersion relation are small. Our results for the soliton
modes in a quantum isotropic ferromagnet will suggest
that these corrections are again small for low-amplitude
(large-width) spin-wave-like solitons, becoming negligible
for large values of S. However, quantum corrections will
be found to be significant for particlelike amplitude soli-
tons, especially for small S.

is

III. SOLITON SOLUTIONS

The isotropic ferromagnetic Hamiltonian we consider

(2.7)

The diagonal matrix elements of the single-site spin
operators are given by

and
H= —JQS„S„+,. (3.1)

0~$„&2~ .

Then

Ip„)~I8„,$„)=(cos—,'8„)
X exp[tan( —,'8„)exp(i P„)S„]IO)„,

and Eq. (2.5) becomes

(2.6}

The equation of motion for the raising operator is

iB,S „+ =JA' '[(S'„,+S'„,}S„+—S'„(S„+,+S„,)] .

(3.2)

The importance of an overcomplete set of states as a tool
in the study of quantum dynamics has been discussed in a
more general framework by Klauder. ' The diagonal
matrix elements of operators in a coherent-state represen-
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tation can be regarded as good operator representa-
tives. " Using this property, the physical content of the
operator equation (3.2) can be transferred to the coupled
c-number equations for the real variables 8„and P„by
taking the diagonal matrix element of Eq. (3.2) in the
spin-coherent state

in&= a i8„,y„& .

8,8„=Jinni 'S [sin8„+ isin(P„—P„ i)

+sin8„,sin(P„—P„,)] . (3.3b)

In the continuum approximation —which is valid if the
solutions 8 and P do not vary appreciably within the
nearest-neighbor distance a on the chain —Eqs. (3.3) be-
come

We get, with the help of Eqs. (2.8),

sin8„8,$„=JA' 'S
t cos8„[sin8„+,cos(P„+,—P„)

+sin8„,cos(P„,—P„)]
—sin8„( cos8„+,+cos8„,) I (3.3a)

(B„P)=Au/[JSa (1+cos8)], (3.9)

a result that will be used subsequently.
One may ask at this stage whether the solitary wave

described by Eqs. (3.5) represents a "strict" soliton. ' It
is well known that the classical spin evolution equation
B,S=SXS„„canbe proved to be (gauge ) equivalent' to
the cubic nonlinear Schrodinger equation, which has
strict soliton solutions. ' We have seen that, on using
states i 8„,$„& defined in Eq. (2.6), the quantum spin evo-
lution equation (3.2) leads in the continuum approxima-
tion, to the coupled equations for 8, P in Eq. (3.4), which
can be solved exactly to give solitary-wave solutions. If
instead, we work with states ip„& defined in Eq. (2.2) and
use the continuum approximation, we obtain a single
nonlinear Schrodinger-type equation for the complex
quantity p(x, t), which has complicated nonlinear terms.
Finding a solitary-wave solution for this equation without
making a small-amplitude approximation is not an easy
task, which is why the parametrization in terms of 8 and
P was preferred. Having found the exact solutions for 8
and P, the corresponding solutions for p(x, t) is readily
derived froin Eqs. (3.5):

p(x, t) = tan[ —,
' 8(x, t) ]exp[i/(x, t)]

(sin8)B, Q= Jiri 'a [8 8—sin8cos8(B P) ],
and

(3.4a) =(1—a )'/ Ia +sinh [(x ut ——xo)/I ]I
X exp[i/(x, t)], (3.10)

sin ( —,'8)=(1—a )sech [(x ut —xo)/I ], —

and

P=Po+cot+(2JSa ) 'iiiv(x —ut)

(3.5a)

+tan 'I (2JSa /iiiv 1 )tanh[(x ut —xo)/I —]I, (3.5b)

where xo and $0 are constants. The solitary wave has a
translational velocity u, intrinsic rotational frequency co

and amplitude (1—a ). Its width I is given by

8,8= —Jiri 'a [(sin8)B „/+2 cos8(8„8)(B„Q)]. (3.4b)

Equations (3.4) are identical in form to those in the con-
tinuum inodel for the isotropic classical chain (after a
redefinition of the constants). To solve the equations, it
turns out to be convenient to reexpress them in terms of
the canonical variables p and P, where p =cos8. For the
boundary conditions cos8~1, as ixi ~ ~, Eqs. (3.4) have
the solitary wave solution given by

where P(x, t) is given by Eq. {3.5b). This is a pulse-type
solitary-wave profile for p(x, t). Since the equation for
p(x, t) does not appear to be readily reducible to a Lax-
pair form, ' it is difBcult to decide whether the solitary
wave of Eq. (3.10) is indeed a soliton in the strict sense.
We have used the term merely in the sense of a localized
nonlinear excitation in the present work.

The solution for p{x,t) may be compared with that for
z (x, t) obtained in earlier work using a truncated
Holstein-Primakoff expansion and the conventional
boson-coherent states. The two agree only in the small-
amplitude (8) regime, as is expected.

IV. TOTAL ENERGY, ANGULAR MOMENTUM
AND MOMENTUM

With the one-soliton solution of Eqs. (3.5) at hand, we
can directly calculate two of the constants of motion-
the expectation values E and M of the total energy and
angular momentum. Using Eqs. (2.8), we have

I =(JSa /iiico)' (1—a ) (3.6)
E = (8'& = —JS g [sin8„sin8„+icos(P„+i —P„)

where

a=u/(4Jiri g S~), 0& a & 1

From Eqs. (2.8) and (3.5a), we have

(S'(x, t) &=St 1 —2(1 —a )sech [(x ut —xo)/I ]—] .

(3.7)

+cos8„cos8„+,] .

In the continuum approximation we have

E = ,'JSa I —[(88) +sin 8(c}„P)]dx .

With the help of Eqs . (3.5)—(3.9) we then find

4(JS3iri~)1/2( 1 a2) 1/2

(4.1)

(4.2)

(4.3)

We also have

(3.8)
where the parameter a has been defined in Eq. (3.7).
Similarly, we 6nd
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M = A S'„—S ~—AS sin 0 2 0,
n

which gives

M= —4(JS A/ai)' (1—a )'

= —41ri( Js'/iriai)'"(1 —a')'" .

Therefore

E =ai/M/ ~

(4.4)

(4.5)

(4.6)

This expression for P, although approximate, has been
constructed using a logical procedure, and is therefore
expected to yield physically relevant results in the contin-
uum approximation. The calculation (P ) =P is compli-
cated by the presence of the inverse operator in Eq.
(4.12). It is instructive to consider the semiclassical ap-
proximation first, before proceeding to the exact calcula-
tion.

A. Semiclassical approximation

For the purpose of determining the dispersion relation (to
be derived below), it is convenient to write

Suppose we approximate the inverse operator by writ-
ing

E = 16JS'iri(1 —a')/~M~ . (4.7)
[Si/2(S+ 1)1/2+S z ]

—1

Recalling Eq. (3.6) for the soliton width I, we may also
write

[S1/2(S+ 1)1/2+ (S z ) ]
—1

which amounts to the drastic approximation

(4.13)

E =4JS a/I (4.8) (S'„)"=(S'„)"(r =1,2, . . . )

Defining classical parameters according to

J& =Jd, S&=S (4.9)

we note that the expressions found above for E and M are
formally identical to the corresponding classical expres-
sions. This happens essentially because E and M involve
operators that are of first order in the spins at any given
site—recall the comment following Eq. (2.8) ~ This
feature does not carry over to the case of the total
momentum, P, as we shall see.

Our procedure has been to begin with the operators
pertaining to a discrete chain, calculate their diagonal
matrix elements in the SCR and then use the continuum
approximation. To be consistent, we must therefore con-
struct the total momentum operator P for a discrete
chain. There appears to be no simple expression ' in the
literature for this object, for general S. %"e have chosen
to define P by the following procedure: For the classical,
continuous chain, P, the infinitesimal generator of transla-
tions, is given by '

P,i
=a ' Id (Sx, 8 1Sid )/(S, i+S;1), (4.10)

where S,i has the dimensions of angular momentum [see
Eq. (4.9)]. This expression is first discretized, and the
quantum analog of the result is constructed by the re-
placements

for all S. In the continuum limit we get

P = (~S/a) I + "dx (1—cose)(a„y )

=(4A'S/a)sin '(1 —a )'/ (4.14)

on using Eqs. (3.5) and (3.9). Thus ~P~ ~2AM/a. We
note that (4.14) is just the momentum of the classical soli-
ton, on identifying SA' with S,i ~ Equations (4.7) and
(4.14) lead to the dispersion relation

E(P)=(16JS ir)/~M~ )sin (Pa/4fiS) . (4.15)

In terms of the classical parameters, Eq. (4.15) reads

E(P)=(16J,1S,1/~M~)sin (Pa/4S, 1), (4.16)

C (P,M)=(M'/BP) (4.17)

can be verified to be identical to the soliton velocity' U

for all S.

B. Exact calculation

which is again the dispersion relation obtained in the
classical case. The mean-field-like approximation (4.13)
evidently neglects quantum fluctuations in S '„. This can
be justified at best for the low-lying states of the system.
Finally we observe that in this approximation, the group
velocity of energy propagation,

and

(S,'1)„~fiS '„(i =x,y, x), An exact calculation of P involves expanding

&=[S'"(S+ 1)'"+S'„]-'
S„~iri(S ' ) '"=iri[S (S + 1)]'" (4.11)

X[S'/ (S+1)' +S'] '+H. c. j . (4.12)

using the correspondence principle. Finally, the operator
obtained in this way is symmetrized to remove any ambi-
guities in the order of operators. This simultaneously en-
sures that P is Hermitian. (Note that S„ is dimension-
less. ) We get

P=(iri/2a) g I(S"„S1'+,—S"„+1S~)

in powers of S '„and then calculating the relevant matrix
elements of the operator products occurring in P term by
term. It is readily seen that for a given S the expansion of
the inverse operator contains powers of S '„up to (S '„)
only. The expansion coefticient are calculated as fol-
lows: We set

1k= do+A, S'+ A2(S') + + A (S')
Then for a given S, we write down the diagonal matrix
elements
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of this equation, for the allowed values m =S,S
—1, . . . , —S+1, —S. This yields 2S simultaneous equa-
tions for the quantities Ao, 3„.. . , A2z, which are easi-
ly solved. We thus obtain the following exact expressions
for 4:
S =—': W=&3 —2S'

n

S = 1: k=(1/&2) —S '„+(I/&2)(S '„)

S =
—,': 0'=(5&15/42) —(5/21)S'„

+ (2&15/21)(S '„) —,4, (S '„)

(4.18a)

(4.18b)

(4.18c)

Substituting Eqs. (4.18) in Eq. (4.12) yields P for S =
—,', 1,

and —,', respectively. To calculate P = {P),we need the
expectation values ((S'„)"S'„)and (S'„(S'„)"),where
i =x,y and r =1,2, . . . , 2S. The relevant matrix ele-
ments, evaluated by inserting complete sets of SCR states
with the appropriate weight factors [see Eq. (2.7)] are list-
ed in Appendix A. For large values of S (including
S =—', ), random-phase approximation {AB ) = ( A ) {8 )
for any operators A and 8 is quite satisfactory. Carrying
out the algebra (the essential steps of which are given in
Appendix B), we finally obtain

Pg =21/3iritr{1 —n ) ~ (S = i
)

Pa =2iiia(1 —a )'i (4.90—2.66a ) (S =1),
Pa =9k'a(1 —a )'i [0.83+0.32(1 —a )

+0.68(1—a )

+0.88(1—a ) ] (S =
—,') .

(4.19)

Figure 1 shows the variation of (Pa/2n. fis) with a. Note
that for each S there is a single maximum in I' which
shifts systematically towards the semiclassical limiting
value 2n.sA'/a, as S increases. The semiclassical momen-
tum given by Eq. (4.14) is also plotted for comparison. In

contrast to the classical case, there are two values of a
(and hence two possible soliton widths I ) for each value
of I'.

V. SOLITON DISPERSION RELATION

By eliminating a between Eqs. (4.7) and (4.19) we ob-
tain the dispersion relation for the solitons. (This can be
done analytically for S =—,'.) The results are plotted in

Fig. 2 for S =
—,', 1, and —,', respectively, for a Axed value of

~M~ (here set equal to unity for convenience). We have
chosen diff'erent scales for the three cases so as to have
the corresponding semiclassical spectra [Eq. (4.15)] coin-
cide with each other, for ease of comparison. We see that
the inclusion of quantum effects splits the spectrum for
each S into two branches. Using Eq. (4.8), which con-
nects the soliton energy and width, we conclude that the
low-energy branch corresponds to large-width, spin-
wave-like solitons, and the high-energy branch to
narrow-width, particlelike excitations. The crossover
occurs at a "critical" energy E,(S). It is clear from Fig. 2
that quantum corrections to the low-energy branch are
relatively unimportant when compared to those for the
upper branch. There is an S-dependent quantum cutoff
momentum which is less than the semiclassical cutoff
value 2 rsvp/a. As S increases, the lower branch increas-
ingly dominates the spectrum, until it takes over com-
pletely in the classical limit (S~ ae, iri —+0).

The group velocity Cg [Eq. {4.17)] has opposite signs
for the two branches, with

~ Cg ~
~ ae as E~E,(S). This

appears to be unphysical at first sight, but it is expected '

that the excitation would become unstable if

~C
~

&U,„=(4Jiii 'Scoa )'

(corresponding to a= 1). This is based on a physical ar-
gument which suggests that energy transport cannot be
associated with solitons in this regime. For S =

—,', we can
show that this instability occurs for (Pa/A') ~0.7. For

$.0

$ =oo

0.8—
48—

—E C

~ 36—

II
M

LLj 24—

Po/4 [S =1i2{1)]
1(2) 2(4)
I

I I

K(2'K)
I

2.0(16)
5=oo

/2

—1.5(12)
E (5=1)—

C

II

Ec(5=1/2) —1.0 (8) ~
LU

0.2

0.2 0.4 0.6 0.8 1.0

12—

4 6

Pa/4 (s = 3/2)
8

—0.5(4)

0
3K

FIG. 1. The scaled momentum P/2m. S (in units of gaia ') vs a
for S = 2, 1, and 2. The semiclassical momentum is given by
the dot-dashed line.

FIG. 2. Soliton energy E (in units of Jfi~M~ ') vs momentum
P (in units of Aa ') for S= 2, 1, and 2. The numbers in

parenthesis on the E and P axes indicate the scale for the case
S =1. The dashed line represents the semiclassical dispersion
relation.
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other spin values, numerical analysis is required to find
the corresponding values of (Pa/A). If the foregoing
heuristic reasoning is correct, we see from Fig. 2 that
there is an intermediate range of energies (and widths) for
which the solitons are unstable. Thus for low values of S,
stable quantum solitons seem to exist only for small P.
As S increases, the range of stability increases. It there-
fore appears that quantum fluctuations tend to affect the
stability of the excitations quite significantly. Ignoring
these fiuctuations (i.e., the semiclassical approximation)
simply yields C = v for all S, implying that stable solitary
waves occur for all P. We have not carried out a rigorous
stability analysis of the quantum case; this is a heavy nu-
merical problem in its own right.

We conclude this section with the following observa-
tions: It is known' that when a classical soliton solution
in a continuous spin chain is quantized semiclassically,
using a path integral method, its energy spectrum has the
same form as the continuum limit of the exact multimag-
non bound-state spectrum found by Bethe for a
discrete, spin- —, quantum chain, using his ansatz for the
spin eigenstates. This interesting connection between the
semiclassically quantized solitons of an integrable system
and the bound states of the corresponding quantum sys-
tern is obtained in other cases as well, such as the non-
linear Schrodinger and sine-Gordon field theories.
However, the validity of a semiclassical approximation is
often questioned for spin systems with low S values. The
method we have used shows how semiclassical expres-
sions result when quantum Auctuations are neglected in
certain operator expansions. We have also shown how
quantum effects modify the classical soliton dispersion re-
lation. As will be discussed in the next section, a semi-
classical approximation can be strictly justified only for
very large-width solitons. These observations and our re-
sults (Fig. 2) suggest that only such solitons —with small
amphtudes and low energies —can be regarded as mul-
timagnon bound states. This conclusion is physically
realistic because, as is well known, magnons are also
small-amplitude, low-lying excitations in a spin model.

VI. DISCUSSION

In this work we have studied the dynamics of solitons
in a quantum Heisenberg ferromagnetic chain using a
continuum approximation. This approximation is valid if
the minimum width of a soliton is at least an order of
magnitude larger than the nearest-neighbor distance in
the chain. As seen from Eq. (3.6), this implies the re-
quirement (JS/A'co)'~ R 10, providing a rough quantita-
tive relationship between the parameters in the problem.

Figure 1 shows that quantum corrections to the soliton
momentum are negligible for the large-width (low-energy)
solitons, but are quite significant for the narrow-width
(high-energy) solitons. This in turn leads to the two-
branch dispersion relation for E versus P, given in Fig. 2.
Recently, Haldane has questioned the correctness of the
conventional expression for the classical momentum [Eq.
(4.10)] used extensively by earlier workers, ' and hence
also that of its quantum analog used by us to obtain the
two-br~nch spectrum. He has claimed that the classical

expression is not a true constant of motion because of the
apparent singular behavior of the integrand when
S,= —S. However, it must be noted that since the
single-soliton solution never takes on this singular
value, the expression is quite adequate for our study of
quantum effects on single-soliton dynamics.

Haldane asserts that in the spin-coherent-state ap-
proach, all the quantum corrections to the momentum
will vanish identically, in the continuum model, to give
(P }=P„,where P„ is the semiclassical momentum ob-
tained in Eq. (4.14). He therefore concludes that the
dispersion relation must be identical (in functional form)
to the classical one with a single branch, and with the
spin value S playing the role of a mere scale factor as in
the classical case.

In this section, we first give a qualitative discussion
which provides a physical interpretation of the two-
branch spectrum. %'e then present a quantitative
analysis to establish that Haldane's conclusions are in-
correct. This is achieved by showing that certain
mathematical steps used in the proof of the relationship
(P ) =P„are invalid. However, in the course of our dis-
cussion, it will become clear that Haldane's general ap-
proach when properly carried out is not in convict with
our results, and indeed further suppovts our conclusion
that a semiclassical approximation is satisfactory only for
the low-energy, large-width solitons. (Details are given in
Sec. VI 8 folic wing. )

A. Breakdown of semiclassical approximation

as the de Broglie wavelength of the soliton. Thus a semi-
classical approximation is expected to break down when
A, exceeds the width I of the soliton (wave packet).

Using Eqs. (4.5) and (4.14) in Eq. (6.1), we have

A, =a (JS/ iver)c'o2m(1 —a )'~ /sin '(1 —a )' . (6.2a)

The width is [Eq. (3.6)]

I =a(JS/A'co)' (1—a ) (6.2b)

It is easy to see that when u~ 1, I ~ ~ and
A, ~2ira(JS/%co)' . Thus the semiclassical approxiina-
tion is satisfactory for large-width, low-energy solitons.
However, when

a~0, I =A, /4=a (JS/iiico)'

Hence the quantum corrections must become more and
more significant as o,' decreases. This explains the P
versus a plot of Fig. 2. As a is decreased, I also de-
creases making the solitary wave more and more local-
ized. This leads to an increase of the quantum-
mechanical uncertainty in its momentum. Therefore the

Consider soliton dynamics for a fixed (finite) internal
frequency co. Note the simple relationship E = ~M~co for
a solitary wave [Eq. (4.6)]. Thus its energy-Frequency re-
lation has the same form as that of any quantum, with A'

replaced by the constant of motion ~M~. By direct analo-
gy, Haldane' has suggested,

(6.1)
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deviation of the quantum curve from the semiclassical
(dashed) one must increase as a decreases. This can be
achieved only if the quantum curve bends downwards,
since the maximum quantum momentum cannot exceed
the maximum semiclassical value 2mSA'/a. Furthermore,
a soliton with a~0 corresponds to a minimum width,
maximum (finite) amplitude, particlelike excitation with
U~O and P~O. Thus for each value of P, there result
two types of solitary waves, one particlelike and the other
spin-wave-like. The E versus P dispersion relation given
in Fig. 2 can now be understood using similar arguments.
As E~0, one notes that I ~~, with negligible quantum
corrections at P„. However, an increase of energy leads
to a decrease of the soliton width, with an accompanying
enhancement in the quantum corrections to P„. Since
the maximum quantum energy [Eq. (4.3)] is identical to
the maximum value of the semiclassical energy, the
dispersion curve must bend back, away from the semi-
classical curve, leading to the two-branch spectrum de-
scribed in Sec. V.

& f)= ~ (e„,y„~e„,,y„,)

= g (a„'a„,+P„*13„,)

=exp2S g ln( a„*a„ i +P„'P„ i ) . (6.6)

Equation (6.6) can be easily verified by using Eq. (2.4) and
defining

a„=cos( 0„/2),

P„=sin(0„/2) exp(iP„) .

In the continuum approximation, which is valid when the
typical length scale of a and P (here the width of the soli-
ton I ) is ))a, one is justified in writing [on using a scaled
variable x'=(x/I )],

B. Proof that (P )XP„ in the spin-coherent approach a„,—+a(x') —(a/I"), +O(a/I ) (6.7)

Next, let us consider the quantitative aspects of our re-
sult. Using the spin-coherent-state representation, we
found that in the continuum approximation, the expres-
sions for the total energy E =(8) and the total angu-
lar momentum M = (M ) were identical to the semiclas-
sical expressions. Unfortunately, the exact calculation of
(P ) poses certain problems. In principle, it is possible to
find (P ) by constructing an exact translation operator
for the discrete chain as

(T) =e px(2S/a)I f dx'ln 1—
I

T

, Ba p„BP
ax ax

+0 a
r (6.7a)

Then substituting Eq. (6.7) in Eq. (6.6) and using

g„~a ' Idx we get

f'=Tr[R (S, )R (S z) R (S z)], (6.3) For (a /I ) (( 1 one may write
2

where R (S) is a (2S+ 1)X(2S+1) matrix operator,
with a nontrivial dependence on S. Then, since
f'=exp( iPa /iii), one—could formally determine (P ) us-

ing

ln 1 — — a* +P* +0a , Ba , BP a
r ax ax r

„Ba p, BP
Bx ax

(6.7b)

(P) =+i (iri/a)(lnT) . (6.4)
This leads to

i (A'/a)(lnT) =P„ (6.&)

It is possible to write

However, as is obvious from Eq. (6.3), an explicit calcula-
tion of (lnf') is not an easy task This w. as why, as a
practical alternative, we adopted the ansatz (4.12) for P.
A systematic procedure for its construction is given in
Sec. IV. (The ansatz follows logically from the
correspondence principle. ) We then calculated (P) and
found that (P)AP„. The conditions under which (P)
becomes P„were also discussed.

In what follows, we review Haldane's proof of the re-
lation (P):P,, and show tha—t it is actually valid only
for solitons whose width I —+ ~. To prove that
( P ) =P„,one must show that

( T) =exp( —2S)f dx a* +P*
Bx Bx

=exp(iS}fdx(cos8 1)—
Bx

Thus on using Eq. (4.14) one gets

( T ) =exp( iP„a /iii ) . —

This establishes that

i (vari/a)ln( f') =P„.

(6.8)

(6.9)

1 (fn') =(lnT) (6.10)

To do this, Haldane de6ned a power series expansion

However, a comparison of Eqs. (6.9}and (6.5) shows that,
in order to prove that (P ) =P„, one must also establish
that
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&lnf. &= yC, &T"'&,
l

(i) For /a « I, one may write [analogous to Eq. (6.7)]

'2
and similarly

ln&f'&= yC &f'&'
a„&~a(x')— (6.13)

One must then show that

& f'&=& f'&' for all / (6.11)

and follow the same steps as (6.7a) and (6.7b) with a re-
placed by /a. The outcome is [see Eq. (14), Ref. 24]

in order to complete the proof of Eq. (6.10). However, as
we shall see below, &

f''& =
&

f'&' only for / «(I /a) and
not for all l.

Proceeding as in the case of Eq. (6.6), one writes

&f'&= g &e„,p„~e„

&
f''& =exp( i/P—„a/A') for /a « I

Combining Eqs. (6.8) and (6.4) gives

& f'& =
&

f' &' for /a « I .

(6.14)

(6.15)

=exp(2S) g ln(a„'a„ i+P„*P„ I ) . (6.12)
(ii) For /a) I, Eq. (6.13) is obviously not valid, the
higher-order terms becoming more important with in-
creasing order. One must hence write, using Eq. (6.12),

&
f''& =exp(2S/a)I Jdx'1n 1 —g I

'n
, 8"a p, 8"p

Bx Bx
(6.16)

The crucial step analogous to Eq. (6.7b), which led to
(6.15), is invalid for /a ) I . Thus &

f' '&W &
f'&' for /a ) 1".

Furthermore, the expression (6.16) shows that the calcu-
lation of &

f''& is indeed nontrivial for / ) (I /a). It is
possible to write

&in' &
= y C, & f'&+ y C, & f'&,

1&7 /a l ~ (1"/a)

to yield

&lnf'& =ln& f'&+ g C, (& f'& —
&

f'&') .
1~ (&/a)

Using Eqs. (6.4) and (6.9) in Eq. (6.17) yields

(6.17)

&P& =P„+i(&/a) y C (& f'& —
& f &') . (618)

1 ~(I /a)

For example, from Eq. (3.6), the minimum soliton width
I';„=(JS/A'co)'~ a. Thus if the internal frequency co of
the soliton is such that %co=JS/100, and I;„=10athe
continuum approximation Eq. (6.7) is valid.

Equations (6.8) and (6.16) may be used in Eq. (6.18) to
write the correction &P& P„more expl—icitly, but its
quantitative estimate is not very easy, lending support to
the use of a good ansatz for P as we have done. However,
certain qualitative conclusions can be drawn from Eq.
(6.18).

(i) &P&=P„when I"—+DO (E-+0) showing that at
suKciently lou energies the semiclassical and quantum
dispersion relations coincide.

(ii) As I decreases, the correction increases, since
more terms contribute in the summation over l. It is in-
teresting to note that both these features have already
been quantitatively exhibited in our results (Fig. 2). As
the soliton energy increases and I decreases, quantum
corrections become significant leading to the upper
branch. As described earlier, this is to be expected, since,
as the soliton becomes increasingly localized, the uncer-

I

tainty in its momentum must increase, and this is what
we find.

We parenthetically remark that the terminology con-
tinuum limit is conventionally used in soliton litera-
ture in the sense of a continuum approximation (a « I )

to the underlying lattice model. However, in the forego-
ing discussion, even if one were interested in the strict
continuum limit one has to take the limit a ~o only after
carrying out the integral in Eq. (6.16) (remembering that
a and p also depend on a) and performing the / summa-
tion in Eq. (6.18), and our assertion holds.

We conclude with the following observations. In this
work, we do not claim to have solved the full quantum-
mechanical problem, which would involve not only the
explicit construction of f'but also an exact calculation of
&lnf'&, using Eq. (6.3) to find &P& in the spin-coherent
representation. Since f' has a nontrivial dependence on
S, this feature must appear in &P& as well. It is en-
couraging that our ansatz leads to sucn a result, in addi-
tion to other conclusions that can be physically interpret-
ed.

Calculations for the energy spectrum of Heisenberg
Hamiltonians with other types of spin symmetries are un-
derway.
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APPENDIX A

We list here the matrix elements that are used to calcu-
late P = &P & from Eq. (4.12). The site indices have been
omitted, for simplicity of presentation.

The nondiagonal matrix elements of S+ and S' are
found to be
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&O, p~s+~8', ()I)'& =2Stan(8'/2)cos (8'/2)cos (8/2)exp(ig')F(8, 8', P, P', S)

& 8,P~s'I O', P' & =S cos (8'/2)cos (8/2)[1 —tan(8/2)tan(8'/2)expi (P' P—) ]F(8,8', P, P', S),
where

F(8,8', P, P', S)=[1+tan(8/2)tan(8'/2)expi(P' —P)][2s

Using (A. 1) and the completeness relation Eq. (2.7), we find the following diagonal matrix elements:

(i) S =-,':
& O, ylS'S+18, y &

= ,'sin-8 exp(t P) '= —
& O, y~S+S'lO, y &,

(ii) S =1:
& 8, P ~

S'$+
~ 8, P &

=
& 8, P ~

(S') S+
~ 8, ()I) &

=2 sin( 8/2 )cos ( 8/2 )exp( i/ ),
& 8,Q ~

S+S'~ 8,$ &
= —

& 8,$ ~IS+ (S')
~ 8,$ &

= —2 sin ( 8/2 )cos( 8/2)exp( i()I)),
(iii) S =

—,
' (the matrix elements needed in this case are as follows):

&8, [t)~(S') ~8, ()t) &= —',cos 8+ —', ,

& O, gi(s') ~8, $ &
=—', cos 8+ —", cosO .

APPENDIX B

(A 1)

(A2)

(A3)

(A4)

(B1)

From Eq. (A2)

We give here some of the intermediate steps leading to Eqs. (4.19) for P. (i) S =
—,: Substituting Eq. (4.18a) in Eq.

(4.12) we obtain

P( I()a4)( X[( 3 —2S*„)(S*„S„~,—k*„~,S„)+(S*„S„~,—S*„~,S„)(3 3 —2S*„)]) .
n

&s+s'+s's+ &=o

Using (B2) and Eq. (2.8) in Eq. (Bl) yields

P =(&3iri/4a) g sinO„sinO„+ [sin(P„+i —P„),
n

which in the continuum approximation becomes

P =(&3'/4a) f sin 8(B P)dx .

Equations (3.9) and (3.7) are used to write

P(S = ,')=v'3(mo'~ fila )f —sin(8/2)dx .

(ii) S = 1: Substituting Eq. (4.18b) in Eq. (4.12) and simplifying, we get

P =(()I2a)( X 3I2(S *„S"„~,—S*„~,S „)—(S*„S*„+S*„S*„)S„~,
n

+S „+,(S '„S~ +S ~ S '„)+ [(S '„) S "„+S "„(S '„) ]S~ +,—[(S '„) S ~ +S ~ (S '„) ]S „+,
From Eq. (A3),

& S '„S„++S„+S'„& =sinO„cosO„exp(ig„),

&(S'„)S „++5 „+(S'„) &=sinO„exp(ig„) .

Using Eq. (B7) in Eq. (B6) yields

P =(R/2 2a ) g (3—&2cosO„)sinO„sinO„+[sin(P„+i —()I)„),

(B2)

(B3)

(B4)

(B5)

(B6)

(B7)

(BS)

which in the continuum approximation gives

P =(A'/2V'2a )I sin 8(3—+2cosO)((3 P)dx .
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Once again, Eqs. (3.9) and (3.7) are used to obtain

P(S =1)=(&2aco'~ la) (3—&2)f sin (8/2)d x+2&2f sin (8/2)dx (B10)

(iii) S =—', : While all the exact matrix elements occurring in P can be evaluated, the algebra becomes rather tedious.
However, as explained in the text, the random-phase approximation is quite satisfactory in this case. We therefore set

&(S'„)"S„&=&(S'„)"&&S"„&,etc. , for r =1,2, 3 .

Substituting Eq. (4.18c) in Eq. (4.12) and using (Bl 1), we get

P=(ala) g(&S „&&S~+,&
—&S~ &&S „+,&)[—„',v'iS —

—,', &S'„&+,', &15&(S'„)'&—
—;,&(S'„)'&] .

(B1 1)

(B12)

Using Eqs. (2.8) and (A4) in (B12) and the continuum approximation gives

P(S =—,')=(9aco' la) f [0 43 .sin (8/2)+0. 24sin (8/2)+0. 64sin (8/2)+0. 96sin (8/2)]dx . (B13)

(B14)

Using, Eq. (B14) in (B5), (B10) and (B13),we obtain Eqs. (4.19).

The integrals appearing in P may be evaluated using the expression (3.5a), which leads to the following relationship:

co
' =

—,'(1 —a ) f sin (8/2)dx =—„'(1—a )
~ f sin (8/2)dx

=—"(1—a ) f sin (8/2)dx = —",, (1 —a ) f sin (8/2)dx .
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