
PHYSICAL REVIEW B VOLUME 40, NUMBER 13

Critical behavior of a frustrated Ising system
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Finite-size-scaling analysis of a simulation of the critical behavior of a nonrandom three-
dimensional frustrated system yields a tricritical-like behavior not predicted by a simple Landau-
Ginzburg-Wilson theory. We argue that, because of the frustration, the free energy of many phases
is close to that of the observed ordered phase and that a complete theory must take into account in-
teractions between Auctuations of order parameters of all these phases. We suggest that these prop-
erties are generic to frustrated systems. Related transitions in the model are also discussed.

Frustrated systems are statistical systems in which it is
geometrically impossible for all interactions to be in
minimum-energy states. There are two distinct types of
systems in which frustration is thought to be important:
random frustrated systems, such as spin glasses, ' and
nonrandom frustrated systems. Nonrandom frustrated
models are of interest both as simple models containing
one of the important features of spin glasses and as mod-
els of physical systems, for example, certain magnetic sys-
tems, or helical polymers which exhibit crystalline
phases with hexagonal packing, such as "smectic" isotac-
tic polypropylene (iPP) or polytetrafiuoroethylene
(PTFE). In these polymers, the interchain energy be-
tween chains of the opposite handedness is different from
this energy between chains of the same handedness, '

leading to frustration in a hexagonal packing. Here we
will discuss and analyze Monte Carlo results for a simple
frustrated three-dimensional model. Based on finite-size-
scaling estimates of the critical exponents and a Landau-
Ginzburg-Wilson (LGW) argument involving competing
order parameters, we show that the frustration appreci-
ably changes the critical behavior (except possibly inac-
cessibly close to the critical point) from that which would
be expected from a simpler LGW treatment, which ac-
counts for frustration only through determination of the
critical order parameters.

A classical example of a nonrandom frustrated sytem is
the two-dimensional (2D) triangular Ising antiferromag-
net (TIAF). This model was solved exactly by Wannier,
who showed that it is disordered at all finite tempera-
tures, but has a critical point at T=O. Most (but not all)
of the configurations present in the state at T=O have
three sublattices in which spins on two sublattices point
in opposite directions, but the spins on the third sublat-
tice point up or down at random. We will call these
configurations "2D Wannier configurations. " The entro-
py of the system is finite at T=O, and the Wannier
configurations contribute most of this entropy. Whereas
a simple LGW analysis suggests that this model should
belong to the 2D XY-universality class, the critical behav-
ior is in fact found to be completely different from that of
the 2D XY model. ' Not only is the transition at zero
temperature, which is not expected from the LGW treat-

ment, the spin-spin correlation function at the transition
decays algebraically with distance with an exponent
v= —,', in contrast to the exponent v= —,

' obtained for the
2D XY model. It should also be remarked that applying
any field which removes the frustration; e.g. ,
infinitesimally weakening any one bond in each elementa-
ry triangle, results in a definite ground state. Thus T=O,
which is the critical point for this system, is in fact an
(infinite) multicritical point.

A three-dimensional (3D) analog of this system consists
of stacking infinitely many such 2D TIAF's on top of
each other and with the spins coupled ferromagnetically
in chains along the direction perpendicular to the 2D
TIAF's. We take the stacking direction to be the z axis.
The Hamiltonian is then taken to be

where o, =+1 is the jth "spin, " which for helical poly-
mers specifies one of two molecular orientations, along
the z axis on the ith chain and the sum over (i,i') runs
over nearest neighbors in the xy plane. This is a simple
model of, for example, iPP or PTFE. There has recently
been interest in this model. ' ' Blankschtein et al. '
have performed Monte Carlo simulations of Hp which
show two peaks in the specific heat at temperatures T,

1

and T, (T, )T, )0) and they argue from the point of a
2 1 2

LGW theory that the system exhibits two ordered phases.
They conclude that both phases have a triangular
&3 X &3 superlattice structure in the xy plane, but the
intermediate-temperature (IM) phase ( T, & T & T, ) has

2 1

a sublattice magnetization of (&3M/2, —&3M/2, 0),
corresponding to critical wave vectors qx =+(4'/3)y at
the points K on the corners of the Brillouin zone (or any
wave vectors connected to these by reciprocal lattice vec-
tors). The order parameter M thus belongs to the 3D
XY-universality class. In contrast, they argue that the
sublattice magnetization of the low-temperature (LT)
phase (T & T, ) is (M, —M/2, —M/2). Later, Cop-
persmith' showed that Landau-type arguments are un-
reliable for the low-temperature behavior, and argued
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from entropy considerations that the LT phase of this
system should be the 3D analog of the 2D Wannier
phase, with a three-sublattice structure in which all spin
chains are fully ordered —two sublattices of spin chains
are fully ordered in opposite directions, but the third sub-
lattice has its spin chains ordered in random directions.
We will refer to this phase as the 3D Wannier phase.

In this paper, we present results from Monte Carlo
simulations combined with finite-size-scaling analysis of
the 3D stacked TIAF system. In order to explore the
effects of frustration we have also considered the model
with a third nearest neighbor (3NN) interaction in the xy
plane so that

H =Ho —Ji g'o;Jo;J,

with the prime indicating that the sum runs over i,i
3NN. Although we find the same IM phase for J& =0 as
Blankschtein and co-workers, ' the critical exponents
are very different from those of the 3D XY-universality
class, and are close to those of a tricritical point. %'e
show that, because of the frustration, there are many
wave vectors at which the inverse susceptibility is close to
its value at the critical wave vector qz, and that there are
many phases close in free energy to the frustrated IM
phase. We argue that these two facts, which would seem
to be generic both to nonrandom frustrated systems and
to random frustrated systems, give rise to tricritical be-
havior. Furthermore, our results for the low-temperature
phase support the conjecture of Coppersmith' that the
ordered phase is the 3D Wannier phase.

The Monte Carlo simulations were performed on sys-
tems with N=I. L, =6, 12, 18, and 24 spins with
periodic boundary conditions. These sizes are consistent
with a variety of low-energy phases. The simulations at
constant J& were started in random initial configurations
at a high temperature and slowly cooled, with a few
thousand Monte Carlo steps (MCS's) per spin at each
temperature. The first thousand MCS's were discarded in
calculating thermodynamic quantities. We have also run
the simulations with independent random initial
configurations at each temperature, in which case the
only difference from the cooldown was a slight instability
at the very lowest temperatures. Finally, we also per-
formed a simulation for 1.5 X 10 MCS's to ensure that
the system was stable and had equilibrated after 1000
MCS's at T=2.7J, (Ji=J, ) on a system of 18 spins.
We found no indication that this was not the case. To
analyze the system, we define the following three order
parameters: first

M= (m +m +m )'
v'6

(1)

where

m, =
—,'[M, —

—,'(M2+Mi)]

(and similarly for m2 and ms) and M is the sublattice
magnetization

3 cx

M =—go;i,
1J

where g indicates a sum over sites in the a sublattice
(a = 1,2,3) of a &3 X v'3 superlattice; second

m = —(m, +m2+m& )'
3

where

3
m

N I

and third

(2)

m=g —,'gm„i
I k

with

(3)

k=2
mkl Oij

l,J

l= 1,2,3, where the index k runs over the two sublattices
of a 2 X 1 superlattice parallel to a nearest-neighbor direc-
tion of the triangular lattice and the index l runs over the
three possible such superlattices. The order parameter M
is the relevant one for the IM phase, in which M is
bounded by unity. The order parameter m, which is a
measure of the degree of ordering of each individual
column of spins, is bounded by I/i/2 in the IM phase. In
the LT phase proposed by Blankschtein et al. , ' M is
bounded by v'102/12=0. 84, whereas m is bounded by
1/V 2, and, finally, in the Wannier phase, M is bounded
by V'3/2 and m is bounded by unity. As the 3NN cou-
pling J~ increases, we expect the ordered phase of the
system to be a two-sublattice system, with spins in alter-
nating rows along a symmetry direction in the xy plane of
the lattice aligned in the same direction. The three criti-
cal wave vectors q~ for this are q~ =+(2~/&3)x at the
M points of the Brillouin zone and wave vectors related
to qM by rotations. This phase, which we will refer to as
the J& phase, then has a different symmetry than the IM
phase, and the order parameter corresponding to this
phase is m.

For Jz =0 and J,=J~, our results are in agreement
with those of Blankschtein et al. ' in that we find a
phase transition at T, =2. 88J, from a disordered

l

-paramagnetic phase to an ordered phase, identical to the
IM phase already described. In order to examine the
universality class of this transition, we performed finite-
size-scaling analyses on the order parameter M, its corre-
sponding susceptibility y, and the specific heat C. We
find the analysis in accordance with the scaling hy-
pothesis (see Fig. 1), and that the critical exponents satis-
fy the scaling relation y+a+2P.=2. The best values for
the critical exponents that we obtained are
y=1.15+0.05, a=0.5+0.1, and P=0. 19+0.1, in
disagreement with the exponents for the XY-universality
class but very close to the exponents at a tricritical point.
Note that as the divergent part of the specific heat above
the transition is comparable to that below the transition,
the term ( ~ M ) in a tricritical free energy would have to
be large. In consequence, large logarithmic corrections
would be expected, and the differences between these ex-
ponents and the (exactly known) three-dimensional tri-
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FICi. 1. Order parameter M [part (a)] and yT [part (b)] vs re-
duced temperature t for N=6 ( ), N=12 (8 ), N=18 (0),
and N=24 (+).

critical exponents is not surprising. We also verified that
the values of the exponents did not vary appreciably for
different ratios of the coupling constants, Ji/J, = —,

' and

J~/J, =2, so that this behavior appears to be universal.
Below T, and for J3 =0, we observed large fluctuations

in the order parameter I, suggesting that the J3 phase is
close to the IM phase in free energy.

In an attempt to understand this behavior, we calculat-
ed the structure factor S(q) at J3=0 and at a tempera-
ture slightly above T, (Fig. 2). In Fig. 2, we see the two

1

rather narrow, sharp peaks of the IM phase at the
corners of the Brillouin zone and a high Aat plateau along
the zone edge. This line of scattering as a function of
wave vector suggests quasi-two-dimensional behavior, as
do the critical exponents which are in the correct range
for two-dimensional critical exponents. However, such
behavior is inconsistent with the fact that the lines of
large S(q) are in three different directions in the xy
plane. Furthermore, we have for J~=J, calculated v by
superimposing the finite-size-scaling analyses for different
sizes. The result v= 1/2. 11 is consistent with hyperscal-
ing (dv=2 —a) only in three dimensions. We note that
the large amount of scattering close to the critical wave
vectors could simply imply that the actual critical behav-
ior can be observed only in very large systems and only
very near the critical point. In addition, there are a num-
ber of Umklapp contributions to fourth-order interac-
tions between order parameter fluctuations close to the

FIG. 2. Contour of S(q) at q, =0 at an increment of 0.6 be-
tween the contour lines. The peaks at qz are truncated at
S(q) =100. The dashed line indicates the boundary of the first
Brillouin zone.

critical wave vector [at inter alia ( —,)qx ] which are not
possible at qz. However, we see no appreciable variation
in the exponents even for our largest simulation.

This scattering also suggests a reason for the transition
to be tricritical. It is well known' that if the square of an
order parameter y can couple linearly to a field p, then
the transition will be more tricritical, i.e., the free energy
density

F =yy2+ g y4+ ~p2+gpy2

is just yy +u'y with u'= u —g /4m, when p has been
eliminated from the free energy. The large value of S(q)
near the M points q~ implies that if p is taken to be the
square of c7(q) with q near qM, then u, g, and w are all ex-
pected to be of order unity so that u' might well be small,
leading to tricritical behavior. Similar effects have been
hypothesized in a variety of other systems. In order to
test this hypothesis we applied a finite 3NN coupling J3
and performed simulations at a constant temperature
while increasing J3. For each value of J3, the simulations
were started with random initial configurations. We also
performed simulations at a constant J3 while decreasing
the temperature. Positive J3 reduces the frustration and
increases the energy of states with finite S(qx ) and de-
creases those with finite S(qM), and thus is expected to
further increase m and further decrease u', leading to a
first-order transition. Note that this also relieves the
frustration. Simulations show that for J3 near zero, the
transition temperature T, decreases with increasing J3,]
and for J3 small and positive (J3=0.08 for Ji/J, =1),
there is an apparent first-order transition to the J3 phase.
The transition temperature to this phase depends only
weakly on J3 for larger J3 and there is an additional
(first-order) transition between the two ordered phases
which, close to the transition to the disordered state, is
essentially at constant J3. Since the critical value of J3 is
essentially independent of system size, the J3=0 critical
point is not a multicritical point for which any interac-
tion reducing the frustration and yielding a unique
ground state is a relevant operator, unlike the 2D case.
This behavior is consistent with the above-mentioned ar-
gument for tricriticality only if there is a critical endpoint
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FIG. 3. Order parameters M(+) and% (D) vs T(%=24 ).

close to the tricritical point, as this first-order transition
is to a completely different state than that found for
J3 =0. Thus we have not achieved a direct test of our tri-
critical hypothesis. However, the sharp bend in the tran-
sition line to the J3 phase, which coincides within our
precision with this critical endpoint, and the fact that it
occurs for rather small J3 clearly confirm the existence of
strongly interacting and competing order parameters. It
is in fact reasonable to expect that we are close to two tri-
critical points, one for the disordered IM phase transition
made tricritical by interactions with the order parameter
m, arid one for the disordered J3 phase transition made
nearly first order by interactions with the order parame-
ter M. While we have not explored this possibility, these
Monte Carlo results clearly establish that, while the in-
teractions in 3D between order parameters do not seem,
as in two dimensions, to change the critical point into a
multicritical point, they do strongly affect the behavior
near the critical point and lead to nearby multicritical
points.

In order to establish the nature of the LT phase, we
performed simulations to temperatures as low as
T=0.2J, . In Fig. 3 the order parameters M and m are
depicted. In this figure, we see that the values of these
order parameters are incompatible with the bounds given
above for the LT phase proposed by Blankschtein
et al. ' We also see that the order parameter m satu-
rates to unity at T=0.4J„which means that all spin
chains are fully aligned. These facts and inspection of the
obtained phase are consistent with the LT phase being

the Wannier phase. Simulations at finite uniform mag-
netic fields, both at fixed fields and at fixed temperature,
also indicate that the same LT phase persists for small
magnetic fields at the lowest temperatures. Thus our
simulations support the conjecture by Coppersmith' that
the LT phase is the Wannier phase. This phase transition
then has the unusual property that it does not involve a
change in symmetry, but only a change in structure, since
what happens is that the disordered spin chains on one
sublattice align, but in random directions. Of course, the
simulations are not conclusive evidence that indeed there
is a real phase transition at T, , but the results from the'2'
finite-field simulations indicate that the LT phase does
occupy a finite region in the phase diagram, consistent
with a real phase transition.

In conclusion, we first find that although a simple
LGW theory does predict the correct structure of the
intermediate-temperature phase, the critical exponents
that we obtain from finite-size scaling are not in agree-
merit with those of the XY-universality class predicted
from the LGW theory. Analysis of the structure factor
S(q) suggests that all wave vectors on the Brillouin zone
edge have direct importance to a Landau-type theory, ex-
cept very close to the transition. In addition, we have ar-
gued that these nearly critical modes will have the effect
of a strongly fluctuating background field, inducing
tricritical-like phenomena. Given this reasoning for the
complex critical behavior of the present system, we ex-
pect complex critical behavior in frustrated systems in
general. In such systems, by relieving the frustration it is
always possible to find phases close in free energy to the
frustrated phase, for example, the J3 phase in the present
system. The critical behavior of the actual order parame-
ter is then expected to be strongly influenced by its in-
teractions with the large fluctuations in various other or-
der parameters. So although a LGW analysis may yield
the correct order parameter for the frustrated phase, the
critical behavior is not determined by this order parame-
ter alone. Additionally, the results of our simulations at
the lowest temperatures are consistent with the LT Wan-
nier phase suggested by Coppersmith. '
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