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The Green s function in a proximity-contact superconducting-normal (S-N) finite double layer
with a spatially varying pair function and with finite reAection coefficient R at the interface is dis-
cussed in the clean limit. We first obtain a solution of the Gor'kov equation in a form including a
quasiclassical evolution operator that can fully describe the spatial variation of the quasiclassical
Green's function. Then we perform analytically the averages of the Green's function over rapidly
oscillating phase factors due to the quantum interference effects in the finite double layers. The
averaged results of the Matsubara Green's function and the density of states are written in terms of
elliptic integrals. The effect of finite R is illustrated on the tunneling density of states. The applica-
bility of the present theory to S-N superlattice is mentioned. We show that the conventional nor-
malization condition of the quasiclassical Green s function does not hold in the double-layer system
with finite R.

I. INTRODUCTION

The proximity-contact superconducting-normal (S-1V)
double-layer system as depicted in Fig. 1 has been inten-
sively studied theoretically and experimentally. ' Theo-
retical treatments so far reported "are, however, mostly
based on the ideal model. ' In the ideal S-N double-layer
model, the pair function b.(z) in the S-side is assumed to
be constant. In the N side, the electrons are assumed to
have the same Fermi momentum pF and the same Fermi
velocity vz as in the S side but be free from the pairing in-
teraction. Thus the S-N interface is assumed to have an
electron transmission coefFicient of unity. In actual S-N
double-layer systems, however, the Fermi velocity of the

FIG. 1. Typical S-X geometry. A self-consistent pair poten-
tial in the S side is plotted by the solid curve in the case where
the S side is a pure superconductor with bulk transition temper-
ature T, with the width 2m. T,Lz!vF=1, the N side is a pure
metal without pairing interaction with the width 2+T,L&/
vF =1 and the re6ection coefficient at the interface is R =0.5.
For comparison, the constant pair function of the correspond-
ing bulk superconductor is also plotted by the broken line. See
the discussion in Sec. VII of the text.

N side is not necessarily equal to that of the S side. Even
if one can assume that the wave functions can be connect-
ed smoothly at the interface, the difFerence in the Fermi
velocity yields a finite reAection coefficient
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Moreover, the pair function cannot be constant, because
it is depressed near the interface due to the proximity
efFects. In particular, in the R =0 ideal model, the order
parameter near the interface shows a rapid variation
which depends on the cutoff' energy of the pairing interac-
tion.

Recently, some attempts ' to treat more general mod-
els have been reported. They are based on the quasiclas-
sical Green's-function method ' which is known to be
able to treat the spatial variation of the order parameter
even at low temperatures. Zaitsev introduced a
su%ciently general interface model, though the transla-
tional symmetry along the interface is assumed, and ob-
tained boundary conditions at the interface for the
quasiclassical Green's function. He showed that the
boundary conditions at the interface are characterized by
the reQection coefBcient R and also showed that at finite
E. the order parameter is discontinuous at the interface in
contrast to the assumption so far made in the treatments
within the Ginzburg-I. andau equation approach. " Millis
et al. generalized Zaitsev's formulation so that a magnet-
ica11y active interface can be incorporated. The boundary
conditions equivalent to Zaitsev's have been derived also
by Ashauer et al. , ' Kieselmann, ' and Nagai and Hara'
by slightly di8'erent methods. Kieselmann succeeded in
obtaining a self-consistent pair function in a semi-infinite
system with finite R where a normal metal film is ad-
sorbed on a semi-infinite superconductor.

In finite double-layer systems, however, the conven-
tional quasiclassical technique cannot be directly applied,
because of the presence of the quantum interference

8673 1989 The American Physical Society



8674 ASHIDA, AOYAMA, HARA, AND NAGAI

effects due to the finite width of the layers. The conven-
tional quasiclassical formulation consists of the Eilen-
berger equation. for the quasiclassical Green's function g
and the normalization condition which is given in the
present notation as

g = 1 (1.2)

In Zaitsev's derivation ' of the boundary condition for g,
the conventional normalization condition of Eq. (1.2) is
taken for granted. In semi-infinite systems, one can
prove that Eq. (1.2) holds. ' Hara and Nagai' proved
that, in single-layer systems, Eq. (1.2) is also valid for g
averaged over the rapidly oscillating phase factor that
comes from the quantum interference effects. In double-
layer systems with finite R, however, the g averaged over
the two rapidly osciHating phase factors does not satisfy
the conventional normalization condition as we shall
show below.

In this paper, we present a formulation to solve the
Gor'kov equation in the double-layer system with
Zaitsev's interface under a given general pair function.
We follow closely Zaitsev's prescription. But we do not
try to obtain the boundary conditions for g, instead we
directly solve the boundary problem at the Gor'kov equa-
tion level. This is possible if one introduces an evolution
operator U which generates the spatial evolution of the
quasiclassical Green's function. The evolution operator
can fully describe the effects by the spatial variation of
the pair function. We obtain a closed expression for the
Green's function written in terms of the evolution opera-
tor U and the parameters which characterize the bound-
ary conditions. The expression is general enough to in-
corporate even the magnetic active interface proposed by
Millis et a/. The Green's function thus obtained still
contains rapidly oscillating phase factors due to the quan-
tum interference efFects. We show that one can explicitly
take the averages over the rapidly oscillating phase fac-
tors. Once the equation of the evolution operator is
solved for a given pair function at the quasiclassical level,
our fina1 formulas give the desired averaged Green's func-
tion in a closed form. The averaged Green's function in-
cludes only the reAection coefficient R and does not de-
pend on the phases of the reAection and transmission am-
plitudes at the interface. It also does not depend on
whether the boundary condition at the layer ends is the
fixed end condition or the free end condition.

This paper is organized as follows. In Sec. II we show
that the quasiclassical Green s function is intimately re-
lated to the Andreev approximation' in solving the
Bogoliubov —de Gennes equation. We introduce the evo-
lution operator U. In Sec. III boundary conditions at the
interface and at the end walls are discussed. Zaitsev's in-
terface model is discussed rather in detail. We obtain a
formal solution of the Greens' function in the double-
layer system. In Sec. IV we consider the Green's func-
tion with Matsubara frequency. We show that one can
explicitly take the averages over the rapidly oscillating
phase factors due to the quantum interference effects.
The averaged results can be written in terms of the ellip-
tic integrals. In Sec. V we discuss the density of states.
The averaged density of states is also written in terms of
the elliptic integrals. In Sec. VI some applications of the
present formulation are presented. As limiting cases, the
half infinite systems and the finite double-layer systems
with a constant pair function are considered and the re-
sults are compared with previous work. The applicability
of the present theory to the S-X superlattice is discussed.
The final section is devoted to summary and discussion.
Throughout this paper, we use the units A=kz =1.

II. QUASICLASSICAL GREEN'S FUNCTION

In this section, we show that the quasiclassical Green's
function ' can be reconstructed from the solutions of
the Bogoliubov —de Gennes equation within the Andreev
approximation. ' For more details, we refer the reader to
Refs. 7, 14, and 16. We introduce the evolution operator
which generates the spatial evolution of the quasiclassical
Green's function. Discussion of the present section can
be applied to either side of the double layers and is
relevant to singlet as well as to triplet superconductors.

We consider a geometry as shown in Fig. 1. The
widths of the layers L& and L,~ are assumed to be still
much longer than the Fermi wavelength 1ipF, but not
necessarily longer than the coherence length f. The in-
terface and the boundaries are assumed to have transla-
tional symmetry in the x,y plane. The momentum corn-
ponent parallel to the boundary is, therefore, a conserved
quantity. For a given parallel momentum p, the
Bogoliubov —de Gennes equation for the four-dimensional
Nambu amplitude 4 is written as

(1/2m * )8,']5(z —z')
dz 6 (p, z', z)

b.(p, z, z')
' =E%—

[g(~
—(1/2m * )8, ]5(z —z') (2.1)

where g'~~ =p /2m *—p, m ' is the effective mass, and

I

b, (p, z, z') = g b, (pF+, z)e
p &0

I

+ g b, (p~, z)e
p (0

(2.2)

with b, (pF—,z) the position-dependent pair function at the
Fermi momentum p~. In Eq. (2.2), we have defined two
Fermi momenta p~ and pz associated with the parallel
momentum p, as depicted in Fig. 2. Throughout this pa-
per cosO and pz, =—pz cosO are defined to be positive.

When the pair function b, (pF—,z) varies smoothly on the
scale of the coherence length, one can solve Eq. (2.1)
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-PFz

/g (X Y) It is useful for later use to introduce the notion of "direc-
tional space" which is a two-dimensional space spanned
by a =+1. From Eq. (2.9), one finds that the diagonal (in
the directional space) elements 6++ and G have a
jump at z =z', i.e.,

6 (z+0 z) —G (z —0 z)= i— p3 (2 10)
Vpz

but off-diagonal elements have no jump. Here p3 is a
Pauli matrix in particle-hole space.

Now we define quasiclassical Green's function g &(z)
by

FIG. 2. Fermi momenta pF and pF associated with the
momentum p parallel to the interface and to the walls. Note
that throughout this paper pF, and cos8 are de6ned to be posi-
tive.

g &(z)+i(y3) &= —2uF, p3G &(z+O,z), (2.11)

where y3 is a Pauli matrix in the directional space. From
Eq. (2.9) it follows that

within the Andreev approximation' to find

%i(z) = g 4 i(z)e
a=+1

(2.3)

iuF 8 g &= a(E 2 )P3g~&+g &P(s b&)P3

where

(2.12)

where pz, =pF cos8 is the z component of the Fermi
momentum pF . The slowly varying amplitudes N

&
satis-

fy the Andreev equation'

aiuF, —B, b(PF, z)
(2.4)~ iPy, z) CXlV y'zoz

where uF, =uF cos8=pF cos8/m*. The slowly varying
amplitudes are expected to form a complete set in a sense
that

g @ &(z)4t&(z')=5(z —z')—= I e ' . (2.5)
1 &Fz

The tilded 5 function plays the same role as the 5 func-
tion on the length scale much longer than 1/pF.

The Gor'kov Green's function can be constructed from
the Nambu amplitudes as

5 (PF,z)

6(PF,z)

0 (2.13)

iuF, B, U (z,z')= —a(e, —8 )p3U (z,z'), (2.14)

Equation (2.12) for the diagonal elements is nothing but
the Eilenberger equation. Usually, the Eilenberger equa-
tion is solved under the conventional normalization con-
dition g = —1. As was emphasized in Refs. 14 and 16,
however, the normalization condition depends on the
boundary condition of the problem under consideration.
%e shall show below that the normalization constant is
not always equal to —1 in the present double-layer sys-
tem.

It is convenient to introduce an evolution operator U
which satisfies

%,(z)% ", (z')
6(z,z', e)= g EI

(2.6) U (z,z)=1 . (2.15)

The evolution operator U has an important property
Substituting Eq. (2.3) into Eq. (2.6), one finds that the
Gor'kov Green's function is decomposed as detU (z,z')=1, (2.16)

4& i(z)&pi(z')6 p(z, z') = g
I

(2.8)

6 (z,z', e)=6++ (z,z') exp[ipF, (z —z') ]
+6 (z,z') exp[ ipF, (z —z')]-
+G+ (z,z') exp[ipF, (z +z')]

+6 + (z,z') exp[ ipF, (z +—z')], (2.7)

where

which can be proved from Eqs. (2.14) and (2.15). We can
obtain a formal solution of Eq. (2.12) to be

g~p(z)= U (z,zo)g ii(zo)Uii '(z, zo) . (2.17)

This is important because solving the Eilenberger equa-
tion has been reduced to solving Eq. (2.14) with the initial
condition Eq. (2.15).

Physical quantities of interest such as current, order
parameter, etc. are obtained from the position diagonal
elements of the Gor'kov Green's function

which satisfies the equation

aiuF, B, b—,(PF,z)
ab' (PF,z) aiuF 8 6 ii(z, z')

=5 p5(z —z') . (2.9)

1 2lpF Z6 (z,z, E) = — p3[g++ (z)+g+ (z)e
2VF

+g +(z)e ' +g (z)] .

(2.18)
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Since the middle two terms have rapidly varying part
exp(+2ipF, z), they do not contribute as long as the slowly
varying quantities are concerned. For instance, the gap
equation is written in a form

b, (p~, z) = nT—g. f sin8'd 8'N(0) ~xz

2 0

U ~ (g (z))oD,
Pp PF

(2.19)

where N (0) is the density of states at the Fermi surface,
vz ~ is the pairing interaction, and (g)oD is the off-
diagonal (in particle-hole space) element of the quasiclas-
sical Matsubara Green's function. Thus the diagonal ele-
ments g++(z) and g (z) are relevant quantities. This
is the reason a lot of eC'orts ' ' ' have been made to
find boundary conditions which are closed within the di-
agonal elements only. In order to treat the boundary
problem, however, it is useful to treat all the elements on
equal footing.

III. BOUNDARY CONDITIONS

In this section, we consider first the boundary condi-
tions for the Nambu amplitudes in the double-layer
geometry as shown in Fig. 1 and then transform them to
those for the Green's functions. Formal solutions for the
Green's function are obtained. We use a superscript or a
subscript N (S) to denote the quantities in the N (S) side.
The X side is not necessarily a normal metal but can be

exp(+ipse z)+r exp( ipse, z)—for z & —5

d exp(+ipF, z) for z & 5,~ S

Z exp( ipse, z) —for z & —5
+&= ' sexp( ipse, z)+—r exp(+ipse, z) for z )5,~ S

(3.1)

(3.2)

where r and d are the reAection and the transmission am-
plitude, respectively, and d =du~z/Upz, & = —&*d /d'-
Noting that the Nambu amplitudes 4 and 4 are given
by appropriate linear combinations of 4& and %2, we ob-
tain the boundary conditions of the form

QU, @ (0)= g 1& ii+U, &b&(0),
P=+1

(3.3)

where 4 is a 2 X 2 matrix in the directional space given
by

another kind of superconductor than the S side.
Let us first consider the X-S interface boundary located

at z =0. We follow closely the prescription proposed by
Zaitsev. The proximity interface is assumed to be
confined within a narrow range —5 &z &5, where 5 is of
order of 1/pz. It follows that the Nambu amplitudes 4
and 4 given in the preceding section should be the
asymptotic solution of the interface problem. Since the
interface process is a high-energy (-Er) and short-range
(-1/pF) process, it is governed by the rapidly varying
part of the Nambu amplitudes and is consequently com-
mon to both the superAuid and the norma1 phases. The
interface process is, therefore, characterized by the two
independent asymptotic solutions %'& and %'z at the Fermi
surface:

exp( i 8d )—
i/8 exp[ i (8d —8„—)]

i/8 exp[i(8d —8„)]
exp(i8d )

(3.4)

where D =1—R =1—~r~, r =~r~ exp(i8„), and d
= ~d

~ exp(i 8& ). The boundary condition does not depend
on the low-lying energy states according to the spirit of
the Andreev approximation. It is worth noting that the
phases O„and Od are rapidly varying functions of the in-
terface position. As we shall show below, the interface
efFect on the Green's functions is characterized only by
the reAection coefficient R and does not depend on the
phases O„and Od when appropriate averages are taken
over rapidly oscillating phase factors.

Recently Millis et a$. discussed that the magnetically
active interface can also be treated by generalizing the
matrix 1k For the particle current to be conserved at the
interface, the general 4 should satisfy

y, =Ay, Q t, (3.5)

where y3 is a Pauli matrix in the directional space.
Let us turn to the boundary at the left end z = —L,~.

From the demand that there is no net current across the
boundary, it follows that

@+( L~) exp( —ipF,L~)—
+ exp(ig&)4 ( Lz) exp(ipF, L&)=0—. (3.6)

exp(iris�)@+(Ls

) exp(ipA Ls )

+4& (Ls) exp( ipse, Ls)=0 . (3.7)—

Now we discuss how the above boundary conditions
are converted to those for the Green's functions. Let us
start from the S-N interface. From the definition and the
boundary condition Eq. (3.3), we find that

The phase gz is arbitrary. When exp(i7)z) = 1, one has a
fixed end condition and when exp(i'&)= —1 one has a
free end condition. The averaged Green's function, how-
ever, does not depend on g& (see below). In the same
way, we have a boundary condition at the right end
z=L,
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@N (0)@Et( 0)
{g+(0}+iy3) p= —2vF,p36 p(0, —0)= —2vp, p3+

1Q' r@ri(0)@pl ( —0)
viz vFzp3 g

I

19 @ri(0)@si( —0)+ sp S
p g ={p3&p3[g (0)+ i y3]iQ )'p

I p —E

Since p3&p3=1& and y3 =Qy3&, we obtain a simple result

g "(o)=kg '(ouQ't,

-which has been obtained by Zaitsev and Millis et aI.
At the left end z = —LN, we find from Eq. (3.6) that

(3.8)

(3.9)

{g ( Lx) —iy3) p—= 2v~, p—3 p
—~, —~+0)

C'."i( Lw —)C'pl'( L)v+0—)
2vFzp3 g

i( LN )4p—i ( —L~+0)
=2v~,p3

I E
= —(g ( L~ ) ——iy3) p exp(airiN ),

exp(aig& )

(3.10)

where g~ =2p~zL, ~+g~. Thus

g ++( L~)+i =—g ( LN )+i = —e —"g + ( —L~ }, and

(3.11)

hN gx ( L )
—gN

hs=g s++(Ls)=g —(Ls) —.

(3.16)

(3.17)

g ~++( L~) i-=g ~-( LN) i-= e-'""g "-+( LN)-Then, using Eq. (2.17) and Eqs. (3.11)—(3.14), we find
r

g ++(Ls} i =g —(Ls) —' = e ~g + (Ls)— (3.14)

(3.12)

In a similar way, we 6nd the boundary condition at the
right end of the S side:

g ++(L, )+i =g' (I,,)+i = e'"g'. +(—L,,}, (3.13)

and

I x
w g(0) QN

(hN

(h +i)—

(h +i)—

—(h 1)—
Qs —i

h

(3.18)

(3.19)

whele 'gs =2pyzLs+'gs.
For semi-infinite systems (L~=~ or Ls=~}, the

Green's functions take bulk values at some inanity. In
that case, the quasiclassical Careen's functions satisfy the
conventional normalization condition

where

l Yl~ /2
U+ e

U e
(3.20)

g ++(z)=g (z) = —1 for any z . (3.15)
S i&s/2

U+ e

Zaitsev and Millis et al. obtained a set of boundary con-
ditions at the interface for the diagonal (in the directional
space) elements of g by eliminating the off-diagonal ele-
ments from Eq. (3.9) using the conventional normaliza-
tion condition. ' Their results cari be applied only to
semi-in6nite systems. In the case of 6nite double layers,
the normalization constant on the right-hand side (rhs) of
Eq. (3.15) is not known at the beginning.

In contrast to previous work, here we directly solve the
system of equations for the Green's functions. Let us erst
put

S

its�/2

U e
L

with Uz = U~(0, L&) and U+ = U+(O, L—s). Combin-
ing Eqs. (3.18) and (3.19) with Eq. (3.9), we find

[h (y3+iyz)+iy, ]Sf=Jkf[h (y3+iy2) iy, ], —(3.21)

where
3u—=0 -'iQO'= y ~y

i=0
(3.22)

Expanding Eq. (3.21) in terms of the Pauli matrices y s
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in the directional space, one finds

h =i(mo —m, )(m3+im2)

and

(3.23)

((g (z))) =U (z, L—iv)((hiv »[U~(z, —L~)]

(3.33)

(3.34)

h i (m3+im2) '(mo+m, ) (3.24)

e +A~~N

~Ne —A

+A~i/&

h =( i)—if'
e S

(3.25)

(3.26)

where

—ip
se—(UN) —1 s UN

1 —VR Qse
(3.27)

Although the above results are valid for general inter-
face matrix 4, they can be much simplified in the non-
magnetic interface considered by Zaitsev. After some
manipulations, we find

where (( )) means the double average over Piv and Ps.

IV. MATSUBARA GREEN'S FUNCTION

~nLxU+= exp W p
Urz

T a.
N /2

e
+a.

N /2N
(4.1)

In the rest of this paper, we confine ourselves to the
proximity eAects, where the N side is a pure normal metal
with no pairing interaction and the S side is a pure singlet
superconductor. The pair function in the S side varies
spatially due to the proximity eft'ect. In this section, we
consider the Matsubara Green's function in which
c.=i~„and show that the Green's functions averaged
over the phases Piv and Ps can be expressed in terms of
the complete elliptic integrals.

In the case of the singlet superconductor, we have only
to treat the 2X2 matrix in particle-hole space. For the
Matsubara frequency c.=ice„, the evolution operator in
the X side is given by

g —UX(Uiv )
—i

g Us (Us )
—i

Q~ =2p~ cosO~L~+ g~+ 8, ,

(3.28)

(3.29)

(3.30)

(3.31) S cx la
U+ =

pei pr (4.2)

where a&=2'„Liv/Uz, . In the S side, the evolution
operator is par ametrized by two complex numbers
a =a'+i a" and p =p'+ ip" with the relation
a'P'+ a"P"= 1:

Ps =2pr~ cosasLs+ gs 9, +20„. (3.32) (4.3)

The phases Piv and Ps are rapidly varying functions of
layer sizes Lz and L~ and also of the polar angles of the
Fermi momenta. We are not interested, however, in the
size accuracy of order 1/p~ and in the accuracy of the
polar angle of order 1/pFL. Apart from the correction of
order 1/p+L, therefore, the physical quantities of interest
are obtained from the diagonal (in the directional space)
elements of the quasiclassical Green's functions averaged
over the phases Piv and Ps. Moreover, in actual systems
the phases O„, Od, g~, and gz will be random variables
reAecting the microscopic irregularities at the interface
and at the walls. It follows that the averages over the
phases Piv and Ps can be performed independently in
spite of the fact that the polar angles of the X and S sides
are connected by the parallel momentum conservation
condition p~ sinO&=@~ sinO&. As a result, the averaged
Green's function do not depend on the phases of the in-
terface reAection amplitudes but are determined only by
the reAection coe%cient R. They do not depend on
whether the boundary conditions at the layer ends are
fixed end conditions or free end conditions.

Since the evolution operators include no rapidly oscil-
lating phase factors, the averaged quasiclassical Green's
functions at arbitrary positions are given by

i (a'p" —a"p')
i (a'p" ——a"p' )

(4.4)

A. H-side Green's function

Let us first consider the average of h over Piv,
.

~Ne +A~(h )iv= J dg~( —i)
2'fl N

1 I z+A~
dz ( i)—

27Tl z z —A~
(4.5)

where Eqs. (4.2) and (4.3) can be derived from the struc-
ture of the evolution equation and the property
detU+ =1. Once the evolution equation with the initial
condition Eq. (2.15) is solved, one can obtain an analytic
expression for the averaged Green's function as we shall
show just below. The present approach is more useful
than the conventional quasiclassical approach in which
one should solve the Eilenberger equation with compli-
cated nonlinear boundary conditions. Moreover, as we
shall show below, the conventional approach cannot be
generally applied to the double-layer system.
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where the integral over z is along a unit circle in the com-
plex z plane. One can prove that

(4.6)

EC

—ic —(ax b—)
( h }lv(x)= i-

[( b)2+ 2]l/2 (4.13)

S
—ip

(1 ~Rqle )(1—l/R qze )

Alv =( U+ ) '[2&R costs —(Qs+RQs ')]U

(4.8)

(4.9)

where q„qz are the eigenvalues of the matrix Q& with

q, q2 = 1. Noting that A& is a Hermite matrix for
c=i~„,we can evaluate the z integral to obtain

A~ —
—,
' trA~

Z
— l/Z[(—,

' trAlv) —detA~]

It follows that one of the eigenvalues of A& is located in-
side the unit circle and the other is outside. Now we per-
form the z integral using the residue theorem. For that
purpose, it is convenient to rewrite

(4.7)

where

a =23/R sh(a~),

b =(1+R) sh( )
2

+(1—R) ch(v~),
lal' —IPI'

(4.15)

c =(1—R)(a'P" —a"P') . (4.16)

where

X icF
s v/D ic Y ——X (4.17)

The result of the second average is written in terms of the
complete elliptic integrals:

where the sign in front is so chosen that it should recover
the sign at the normal limit (co„))T, ). At this stage, we
note that (h }lv satisfies the conventional normalization
condition, i.e.,

ah

+c�+D�(ka+b+c+D
2b 2b

(4.18)

Y=E(k),
(4.1 1)

(4.19)

«h } &, = f "dP, &h } ( oP, )

J dx, (h } (x) .
( 1 x 2) l/2 (4.12)

This agrees with Hara and Nagai' who proved that in a
slab geometry the quasiclassical Green's function aver-
aged over rapidly varying phases satisfies the convention-
al normalization condition. The present double-layer sys-
tem can be taken as a slab system in which the righ-hand
boundary has an internal structure (superconductor).
However, (h }lv still contains another rapidly oscillat-
ing phase factor which comes from the quantum interfer-
ence e6'ects within the S side. %'hen the second average
over Ps is taken, the averaged Green's function no longer
satis6es the conventional normalization condition. It im-
plies that the conventional quasiclassical formulation in-
voking the conventional normalization condition cannot
be applied to the present double-layer system. Exception-
al cases occur when R =0 and R = 1 where ( h }& no
longer depends on Ps. When R =0, there is no reliection
at the interface; therefore the double-layer system may be
regarded as a single-layer system with the walls at
z= —Lz and at z=Lz. This corresponds to the slab
geometry considered by Hara and Nagai. ' On the other
hand, when R = 1 each layer may be regarded as indepen-
dent system without any proximity.

Now we evaluate the second average over Pz.

D =[(a +b +c )2 4a bz]l—/2 (4.20)

Here E is the first kind complete elliptic integral and II is
the third kind complete elliptic integral de6ned by

II(v, k) =
(1+vx )[(1—x )(1—k x )]'

where

(4.21)

kz a b c+D——
2D

a +b+c —D
2D

(4.22)

(4.23)

Here we consider the two special cases R =0 and R =1.
The R =0 system has been considered in the literature.
In this case, one finds that k =v =0, consequently
II =K =n/t'2 Thus we .find. from Eq. (4.17) that

—b ie
—ic b

N S (b2+ 2)1/2
h"» = i— (4.24)

which can be also obtained directly from Eq. (4.13) by
putting R =0. The R =1 case sometimes occurs when
the Fermi momenta pz and pF are diferent, consequently
the parallel momentum conservation law p~ sinO~
=pF sinO& does not hold at some polar angles. For
R =1, the Green's function takes a bulk normal system
form, i.e.,

Using Eqs. (4.1) and (4.4), the explicit form of the in-
tegrand of Eq. (4.12) is given by ( (h }~}s=i sgn(co„)p3 (4.25)
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B. S-side Green's function ~s =Os is (4.28)

First we consider the average of h s over Ps.

ip&+
(h )s= f dPs( i—)2~ S

S

1 l z+As
. f dz( —i)—

2&l
(4.26)

A~ —
—,
' trA~

(h &s=i
[(—,

' tr As ) —det As ]'

where

(4.27)

Noting that
~
det As ~

= 1, we can evaluate the z integral in
the same way as for the N-side Green's function to obtain

N
—ip

(1+&R e e ")(1+~Re e )

As =[2i/R cosP~+(1+R) ch(a~)]( U ) 'U+

+(1 R—)sh(a&)(U ) 'p3U+ .

(4.29)

(4.30)

((h'), &„= f dy„(h'&, ( co(s(„)

f dx, (h )s(x},
(1—x )'/

where

(4.31)

In the rhs of Eqs. (4.27), the sign in front has been chosen
in the same spirit as in the X side.

Now we evaluate the average over PN.

2i/R x+(1+R}ch(K~) Re(a2 Pz)
(h )s(x)=i

[(2V'Rx+m)2+n ] ~a2 —Pz~
P3

( 1 —R )sh(a~ )+
[(2i/R x +m)2+n 2]1/2

with

Im(a —P )

p2[

(4.32)

m =(1+R)ch(az)+(1 —R) sh(a&) 2 z
I
a I'- IPI'
a2 p2 z

2 Im(a P )

(4.33)

(4.34)

The integral over x is again written in terms of the complete elliptic integrals. We finally obtain

((h ) ) =i [X+P(l+R) ch(a }] p — p

Re(a +P ) Im(a +P )

I
'-n'I (4.35)

where

4R +m +n +DX = [II(v, k) —E (k)],~v'D 2m
(4.36)

((hs) ) . Re(a —P ) Im(a —P )

(4.41)
Y' = —K (k),2

~&D

D =[(4R +m +n ) —16Rm ]'

(4.37)

(4.38)

In particular, when the pair function b, (z) is spatially
constant,

k~= 4R —m ~ —n ~+D
2D

4R +m +n —D
2D

(4.39)

(4.40)

I ) co„

s N
( 2 +gz)1/2

V. DENSITY OF STATES

(4.42)

Finally we consider the two special cases R =0 and
R =1. The R =D result can be directly obtained from
Eq. (4.32) by putting R =0. When R =1, from Eqs.
(4.35)-(4.40) we find that

In this section we consider the Green's functions for
real frequency c.=co and discuss the density of states
defined by
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n (co,z) = g 5(co E—, )@ i(z)@ti(z} and

(5.12)

~ p3[g«(co+iO, Z) —g«(co —iO, z)] .
4&lvpz

(5.1)

l Q)1 ~Uy= exp + ~ p3
Uyz

¹iA,N /2
e

W I A,~ /2N
(5.2)

where A.&
=2col.& /UF, . In the S side, the evolution

operator is parametrized by two complex numbers y and
5 with the relation lyl' —lhl'=1:

For the real frequency c =m, the evolution operator in
the X side is given by

x —tr A&x + det A& =0 . (5.13)

where A& and A2 are the eigenvalues of A&.
The integral over z can be evaluated by use of the resi-

due theorem. The density of states becomes nonzero in
the following situation. When a=co—iO, one of the ei-
genvalues of A&, say A &, is located just inside the unit
circle peripheral and A2 is just outside: At the same
time, when e=cu+iO, A, is located just outside the unit
circle peripheral and A2 is just inside. Since A& and A2
are analytic functions of c, the above situation occurs
only when I A, I

=
I A2 I

= 1 at e =co. The eigenvalues of
A~ are the roots of the second-order equation

S y

y

(U ) '=[(U )']

(5.3)

(5.4)

When a=co, one can show that Eq. (5.13) has real
coefficients. For the condition

I A, I

=
I
A z I

=1 or
I A, I

=
I A 2 I

to hold, Eq. (5.13) should have complex con-
jugate roots, namely, the discriminant of Eq. (5.13)
should be negative:

y2 Q2

y&* . y'&—

—y5*+y'5
. F42 $42 (5.5)

The density of states defined above still contains rapid-
ly oscillating phase factors. We take averages over P&
and Ps and show that the averaged density of states can
be also expressed in terms of the complete elliptic in-
tegrals. %'e discuss the average in the X side and in the S
side separately.

D =(—,
' trA~) —detA~ (0 . (5.14)

p3 A~ ——' trA~
(n (ru, I ) &

=+—i
27TUpq D

(5.15)

This is the desired condition for the averaged density of
states to be nonzero. By use of the residue theorem, we
obtain

A. N-side Density of states

Let us first consider the average over PN of the density
of states at the left end z = —I.z.

where the explicit forms of the rhs are given from Eqs.
(5.5) and (5.10) by

p3(A& —
—,
' trA&)= i [(u —costs —u) —wp, ], (5.16}

D =w —(u costs —u) (5.17}

where

( h (co+iO) h(a) —iO—) & ~
477l UF

4%lUFz

—h (co i0)], (5—.6)

where p, is a Pauli matrix in particle-hole space and

u =2v'R sink„,
v =(1+R)sink, & Re(y 5)—

—(1—R) cosA, & Im(y —5 ),
w =(1—R) lm(2y5*) .

(5.18)

(5.19)

(5.20)
z+ A&(co+iO)

h (co+iO)=( i)—
z A~ co+ED

S
—ip

(1—v Rq, e )(1—v Rq2e )

(5.7)

(5.8)

(5.9)

The sign in the rhs of Eq. (5.15) can be fixed by the fol-
lowing observation. From the definition Eq. (5.1), the
density of states is a positive definite Hermite matrix. On
the other hand, one finds that the rhs of Eq. (5.15) can be
diagonalized by the orthogonal matrix

Az=(U+ ) '[2~R costs —(Qs+RQs ')]U . (5.10)

Let the eigenvalues of A~ be A& and A2. Then we find
from I det Az I

= 1 that

(5.11)

(5.21)

From the requirement that the n diagonalized through
the transformation T should be positive definite, we final-
ly obtain
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def
&m+&~ —2rru~~ 'T(n(co, I-—~))~T

D COS U W

fu costs —u + ivf

[(u costs —v) —iv )'

(5.22)

For general R, we should consider the integral

'fx —A+ f

« m")~&s= —J dx
fx —A

[(1—x )(x —
A, +)(x —

A, )]'i

(5.25)

Now we take the second average over Ps. The special
cases R =0 and R =1 are trivial. When R =0, we And
that

where

(5.26)

«m &~&s= '

fu+u f

for v —w &0
(

2 2)1/2

(5.23)

The integral over x can be again expressed in terms of the
complete elliptic integrals of first kind and third kind, but
it depends on the relative positions of A,+. The details are
discussed in Appendix A.

& (m "&~&s= 1 . (5.24)

and when R =1, the density of states becomes just the
normal bulk form, i.e.,

B. S-side density of states

Let us first consider the average over Ps of the density
of states at the right end z =I.z.

&n(~ Ls)&s=&n+(~ Ls)&s=&n —(~ Ls)&s

(h (co+iO) h(co —iO))s—= f . —[h (co+iO) h(c—o iO)]—. (5.27)
47TE Up~ 477 E UF 27TE Z

The same argument as in the 1V side yields

def
&ms&s ——2rrvFs, 'T(n(co, I., ) &sT= .

[I+I (2&R x —A+)(2&R x —A )]'
0 otherwise,

for D (0, (5.28)

where

and

D = I+I (2&R x —A—+)(2&R x —A ),
x cosp~

I+ = Im(y+5)

R+ = Re(y+5)

R+A+= —(1+R)cosA~+( I —R) sinA&N

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

When R =0 and R = 1, m no longer depends on cosP&. For general R, we should take the second average over P&.
According to the energy a =co, two cases occur.

Case A. I+I &0 propagating regime. In this case, the energy states of interest are propagating states in the S side.
The average over P& takes a similar form to the second average in the N side, i.e.,

(fI+n f)'"fx —A', +f

((ms&s&~= —I dx . ( fI /I+ f)' fx —A,

[(1—x )(x —A, +)(x —A, )]'i (5.34)

where A,+=A+f2&R. This integral can be evaluated in the same way as in the N side second average. For details, see
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Appendix A.
Case B. I+J &0 damping regime. In this case, the energy states of interest are damping states in the S side, but

there occurs finite density of states due to the proximity effects. The average over Pz, in this case, takes a form

(I —i+/r I)'"lx —~+I

& (ms)s)„=—J dxs (I —s /r+I)'"lx —X
I

[—(1—x )(x —
A, +)(x —

A, )]'i (5.35)

The integral again depends on the relative position of A, +.
The details are given in Appendix B.

VI. SOME APPLICATIONS

In this section, we discuss some applications of the
present formulation. First, we consider a half infinite
model and show that the conventional quasiclassical ap-
proach is valid in half infinite systems. Next, we discuss
the R dependence of the density of states which can be
observed in tunneling experiments. We discuss finally the
application of the present formulation to the S-N super-
lattice.

Us+ (O, Ls )
CX l CX CO„P3+AP2

s Ls
~Fz

(6.1)

where 8 is a finite matrix and independent of I.s. It foi-
e~ /2

lows that a and P will contain a divergent factor e
[i~+=2(oi„+b. )' Ls/UF, ].

Now we consider the (h )z given by Eq. (4.13). Since
b and c will diverge as e but a is finite, we find that

—b ic
lC b

2 2in'(b+c )
(6.2)

which is independent of cosmos and satisfies the conven-
tional normalization condition. We can also show that,
when Ls~ ~, the (h )z of Eq. (4.32) becomes just the
bulk form as is expected. It implies that for half infinite
systems the conventional quasiclassical approach can be
safely applied. In fact, Eq. (6.2) completely agrees with
the result by Kieselmann' who treated the model within
the conventional quasiclassical formalism.

A. Half infinite system (Lz = ao )

We consider the Matsubara Green's function in the
case where a finite width normal metal film is adsorbed
on a sufficiently large width superconductor [Lz))gs
=vg/h(T)]. In this case, the order parameter depres-
sion due to the proximity effect will be confined near the
interface and the pair function b, (z) will tend to the bulk
value b. for z))gs. We can expect, therefore, that the
evolution operator U+ can be written as

B. Tunneling density of states

Here we consider the density of states at z = —I.&. An
ideal tunneling experiment is expected to observe the
density of states at the surface of the normal metal film
given by

N(co)= —,
' tr((n (co, L&)))— (6.3)

with cos8&-—1 (note that the double average gives the
density of states averaged over the Fermi momentum
within the range pP cos0& —1

I
~2m/Lz). We assume

for simplicity b, (z)=b, , though not justified, and discuss
the R dependence of the density of states.

When the pair function is spatially constant, the evolu-
tion operator is given by

~P3+i EP2
U+ = exp —i Ls

UF

COP3+ t EP2

where As=2Lz(leo —b, I)' /UF and

C= cos(A,s/2), S = sin(A, s/2) for co ) b,

C= cosh(As/2), S = sinh(As/2) for cg (bz .

(6.4)

(6.5)

(6.6)

C. S-N superlattice

The S-N superlattice can be formulated in a similar
way to that discussed in Sec. III. In particular, the
Green's function for an ideal R =0 superlattice with lat-

Substituting Eqs. (6.5) and (6.6) into Eq. (5.3), we obtain
explicit expressions for the density of states. In Fig. 3, we
plot the N(co) for R =0 and 0.6. The R =0 case has
been already discussed by Entin-Wohlman and Bar-Sagi
and by Gallagher. We choose the sizes as 2L&h)UF =5
and 2Lsh/UF =2 so that the comparison with Gallagher
can be made. As can be seen in Fig. 3, the effect of finite
R cannot be neglected in the finite double-layer system.
In general, the finite R reduces the proximity effects and
makes the density of states have more features of the nor-
mal bulk system. For instance, the de Gennes —Saint-
James bound state peak becomes considerably broad at
finite R. It is interesting to note that as R increases there
develop energy ranges in which the density of states is
just equal to the normal bulk value (see Appendix A).
The details of the R dependence of the compound reso-
nance effects shall be considered elsewhere.
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R-0+D

Q

0
5

R 0 ' 6

3 3
z:

0
0

w/h

FIG. 3. The tunneling density of states at the surface of the
norma1 layer in the case with the constant pair function 6 in the
S side is plotted vs energy at R =0.0 and 0.6. The vertical axis
is 2mvI; N(u} and the horizontal axis is co/h. The layer widths
are chosen as 2L&h/vF =5 and 2L&h/vF =2.

tice constants I& and I& is given just by that of the present
R =0 double-layer system with Ls =ls/2 and L&=1'�/2.
Thus the density of states with R =0 in Fig. 3 just gives
the density of states of the normal layer at the interface
of the R =0 superlattice with 2lJvb, /vF =10 and 21sh/
Up =4.

%'e briefly discuss this correspondence. In the super-
lattice, the Nambu amplitude is given by a Bloch wave
type

parameters characterizing the boundary conditions. By
decomposing the solution, we can extract the physically
relevant quasiclassica1 Green's function which at this
stage still contains the rapidly oscillating phase factors
due to the quantum interference effects. We have shown
that the averages over the rapidly oscillating phase fac-
tors can be explicitly performed. The averaged Green's
function is characterized solely by the reAection
coe%cient R at the interface.

The averages can be regarded as averages over the lay-
er sizes within the range of order 1/pz or as averages
over the Fermi moments within the range of order
1/L~s. Thus the initially assumed parallel momentum
conservation condition is somehow relaxed by the aver-
ages. %'e expect therefore that the present formulation
can be applied to a wide range of proximity-contact sys-
tems.

We have shown that the conventional normalization
condition does not hold in the finite double-layer system
with nonzero R. Our formulation, however, retains the
advantages of the quasiclassical theory in that the evolu-
tion operator U can carry all the information on the spa-
tial dependence of the pair function. Even in the case
where the conventional quasiclassical technique can be
applied, it is more easy to solve the evolution equation
(2.14) with the simple initial condition Eq. (2.15) than to
solve the Eilenberger equation with the complicated
nonlinear boundary conditions. ' '

Using the present formulation, we can compute the
self-consistent pair function. In Fig. I, we plot our pre-
liminary results of the numerical calculation of the self-
consistent pair potential in the case where the S side is a
pure superconductor with bulk transition temperature T,
with the width 2n. 'r, Ls/vF =1, the N side is a pure metal
without pairing interaction with the width
2n. T,L~/vF =1 and the reflection coeScient R =0.5 at
the interface. Details of the calculations with various ap-
plications shaH be reported elsewhere.

%'(z) =%„k(z)e'"', (6.7)

where n is the band index and k is the Bloch wave num-
ber. When z is incremented by single period (ls
+lz}, the Nambu amplitude acquires a phase factor
exp[ik(ls+l~)]. The density of states or the quasiclassi-
cal Green's function contains a sum over the Bloch wave
number k within 0&k(is+i&) &2n. Qn the other hand,
the Green's function of the R =0 double-layer system
contains a phase factor exp[i(P, +PN)] as can be seen
from Eqs. (3.25)—(3.32). The phase average taken over
Ps and Pz corresponds to the sum over the Bloch wave
number k.

The superlattice with finite R includes a bit more com-
plicated situations. This shall be discussed in a forthcom-
ing paper.

VII. DISCUSSION

APPENDIX A

(Al)

Case I. A, + )A, . (i) When 1 & A, & k+,

(A, ++1)II,k
+ —1)(A, +1)]'~z g+ —1

(A2)

(A, —1)II,k
[(A. —1)(A, +1}]'z & +1

(A3)

In this appendix, we discuss the integral of the form

fx —
A, ~/

[(1—x )(x —
A, +}(x—A, )]'

%'e have obtained a solution of the Gor'kov equation
in a double-layer system with Zaitsev's interface under a
general pair function. The solution is written in terms of
the evolution operator at the quasiclassical level and the

with

2(A+ —
A, )

k =
(A, + —1)(A, +1) (A4)
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(ii) When —1 & A, ( 1 (it+,

(A5)

+1
, k —E(k)—2

Case I. A, + )A, . (i) When 1 & A, (A, +,

E+ =K =0.
(ii) When —1&A, &1&A,+,

(83)

With

(A, + —1)(A, +1)
2(A, + —A, )

(A6)

(A7)

E = )»(A, +1) II
[2(A,+ —A, )]'~

with

—1

2
, k E—(k)

(84)

(iii) When A, (—1 & 1 & A, +,

J =J =0.
(iv) When —1 & A, & A, + & 1,

J+=J =1 .
(v) When', & —1(A,+ &1,

(AS)

(A9}

(A, ~+1)(1—A, }
k =

2(A+ —A, )

(iii) When A, & —1&1&&+,

(A, + —1)II,k
[(A,++1)(1—A. )]' ~++1

(85)

x rr
+ —1

, k E(k)— (A10) [(A, +1)(1—A, )]'»

(87)

With

[2(A,+ —A, )]'»

(A, + —1)(A, +1)
2(A+ —

A, )

(A 1 1)

(A12)

with

2(A+ —A, }k2=
(1—A, )(A,++1)

(iv) When —1(A, &A, + &1,
(vi) When A, (A, + & —1,

J+ = (A++1)il, k
[(A. —1)(A, +1)]'

(A13)

J=, (A, —1)II,k
[(A,+ —1)(A, +1)]' ~ +1

With

(A14)

E =, (I, +1)
[(A,++1)(1—

A, )]'~

+X II,k E(k)—(810)

2(A+ —A, )
k =

(A, + —1)(A, + 1)
(A15) with

2(A+ —A, )k2=
(1—A, )(A,++1)

(v) When A, (—1&A.+ &1,
APPENDIX S

Case II. A, + &A, . In all the cases, J+ is equal to the
J in Case I with A, +,A, interchanged and J is equal to
the J+ in Case I with A, +,A, interchanged.

(811)

In this appendix, we discuss the integral of the form

fx —A,~fE+=— dx z[—(1—x ~)(x —A, + )(x —A, )]'»

E+ = (1—A+
[2(A+ A ) l

t»

X II
++1

, k E(k)— (812)
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with

(A, ++1)(1—k )

2(A, ~ —
A, )

(vi) When A, (A, + (—1,

(813)

(814)

(815)

Case II. A, + &A, . In all the cases, E+ is equal to the
E in Case I with A, +, A, interchanged and E is equal
to ihe L+ in Case I with A, +, A, interchanged.
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