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Ultrasonic spectrum in Fibonacci acoustic superlattices
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A new type of superlattice, a Fibonacci acoustic superlattice, is presented. Its ultrasonic spec-
trum, which is excited by the piezoelectric efFect, has been studied theoretically and experimentally.
The results are in good agreement with each other.

The discovery of quasicrystalline phases in metallic al-
loys' has opened a new field in solid-state physics. Since
then, a lot of work has been done on the vibrational prop-
erties of the one-dimensional quasiperiodic superlattice, a
heterostructure with quasiperiodic ordering of multilay-
ers. The spectra observed were those of thermally ex-
cited phonons and the superlattices are made from ma-
terials such as GaAs-A1As, Nb-Cu, etc. with their modu-
lated wavelength of several nanometers comparable with
the wavelength of a de Broglie wave. However, there ex-
ists another type of superlattice. It is made from a
piezoelectric single crystal and its modulated wavelength
is in the range of several micrometers to tens of microme-
ters, which is comparable with the wavelengths of ul-
trasonic waves. We are interested in the ultrasonic spec-
trum excited by the piezoelectric effect which have exten-
sive applications in acoustic devices. In our previous
work, ' we investigated the ultrasonic excitation by the
piezoelectric effect in a periodic superlattice of a single
crystal of LiNb03 with periodic laminar ferroelectric-
domain structures. On that basis, we have studied
theoretically, in this paper, the ultrasonic spectrum excit-
ed by a Fibonacci superlattice made from LiNb03 crys-
tals. We have also verified quantitatively the self-similar
structures of the ultrasonic spectrum experimentally. A
good agreement with the theory is obtained.

The piezoelectric acoustic superlattice can be viewed as
a structure composed of a series of sound 5 sources ar-
ranged periodically or quasiperiodically. These 6 sources
are generated by the discontinuity of the piezoelectric
stress which is the product of a piezoelectric coefficient
and electric field. So, there are two ways to prepare a
periodic or quasiperiodic acoustic superlattice. The first
one is to use piezoelectric crystals such as a LiNb03 sin-
gle crystal with periodic or quasiperiodic laminar
ferroelectric-domain structures induced by the growth
striations (Figs. 1 and 2). ' The sign of a piezoelectric
coefficient of the layered crystal changes alternately. In
this case, the piezoelectric coefficient is discontinuous at
the ferroelectric-domain boundaries which become sound
sources under the action of an alternating external elec-
tric field and the excited acoustic waves are bulk waves.
The second one i.s to fabricate an interdigital surface-

wave transducer with electrode intervals varying periodi-
cally or quasiperiodically (Figs. 3 and 4). The trans-
ducers are easily fabricated by a standard photolitho-
graphic technique. ' ' Aluminum electrodes are depos-
ited on a piezoelectric substrate such as a single-domain
crystal of LiNb03. When an alternating external voltage
is applied onto the electrodes, an electric Geld is built
beneath the surface of the substrate as shown in Figs. 3(b)
and 4(b), which can be simplified to Figs. 3(c) and 4(c). '

The electric field generated beneath the surface of the
substrate alternates its sign periodically or quasiperiodi-
cally. In this case, the electric field is discontinuous on
the bisect line of each electrode beneath the surface of the
substrate which is also a sound source and the excited
acoustic waves are surface waves.

In both cases, the physical mechanism of ultrasonic ex-
citation is obvious. According to Bommel and
Dransfeld, ' under the action of an external electric field,

(a)

FIG. 1. Acoustic superlattice of LiNb03 crystals with
periodic ferroelectric-domain structures. (a) Schematic diagram
of periodic acoustic superlattice with the periodicity of L (the
arrows indicate the directions of the spontaneous polarization).
(b) Corresponding sound 6 sources.

8536 1989 The American Physical Society



ULTRASONIC SPECTRUM IN FIBONACCI ACOUSTIC. . . 8537

d
„ /dt's

=v = ( 1++5)/2 . (3)

dB I

(a)

The Fibonacci acoustic superlattice thus obtained is
shown in Fig. 2(b).

We assume that the lateral dimensions of the Fibonacci
acoustic superlattice are much larger than the width of
the ferroelectric domains and that the normal of the
domain boundaries coincides with the z axis; then the
one-dimensional model is applicable. Under these condi-
tions, when an alternating voltage applied on the [0001 I
faces of the sample, a longitudinal planar wave propaga-
ting along the z axis will be excited inside the superlat-
tice. It obeys the wave equation

8 u3/Bz —(1/U )8 u3/Bt

=(2h 33D3/C33 ) g ( —1) 5(z —z ), (4)

where u3 represents the particle displacemnt in the z
direction, U is the sound velocity, h 33 C33 and D3 are the
piezoelectric, elastic coefficients, and electric displace-
ment, respectively. I z I are the positions of the

FICx. 2. Fibonacci acoustic superlattice of LiNb03 crystals.
(a) The two blocks of a Fibonacci acoustic superlattice, each
composed of one positive and one negative ferroelectric domain.
{b) Schematic diagram of a Fibonacci acoustic superlattice (the
arrows indicate the directions of the spontaneous polarization) ~

(c) Corresponding sound 5 sources.

the discontinuity in piezoelectric stress at the
ferroelectric-domain boundaries (or on the bisect line of
each electrode beneath the surface of the substrate) must
be balanced by a strain S ( u ). Here u represents the
position where the discontinuity takes place. This strain
will propagate as a wave

$(u)=$(u )cos(wt —ku) .

So each domain boundary (or the bisect line of each elec-
trode where the discontinuity of electric field takes place)
can be viewed as a sound 5 source [see Figs. 1(b), 2(c),
3(d), and 4(d)].

Because of this similarity, in what follows we will limit
ourselves to LiNb03 crystals with quasiperiodic laminar
ferroelectric-domain structures. The results obtained will
suit each other.

The Fibonacci acoustic superlattice of a LiNb03 crys-
tal consists of two fundamental blocks of A and B. The
widths of these two blocks are different, each composed
of one positive and one negative ferroelectric domain as
shown in Fig. 2(a). The quasiperiodicity can be realized
with a Fibonacci sequence of blocks A and B fulfilling re-
lations

S(2)= I ABI, $(3)= I
AB:A I,

(2)
S(4)=IABA:ABI, S(n)=IS(n —1) S(n —2)I,

and the ratio of the thicknesses of A, B blocks just equals
the golden mean, i.e.,
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FIG. 3. {a) Periodic interdigital transducer schematic dia-.

gram with the periodicity of L. (b) and (c) are side views of the
interdigital transducer, showing electric field patterns inside the
thin skin of the substrate. (b) Actual electric field pattern. (c)
Simplified electric field pattern. (d) Corresponding sound 5
sources.
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ferroelectric-domain boundaries.
Equation (4) is a fundamental wave equation governing

the excitation and propagation of sound waves in a
piezoelectric superlattice. The term on the right-hand
side stands for the exciting source of the sound wave. As
above mentioned, the ultrasonic waves in such a superlat-
tice are excited by a series of 6 sources at the domain
boundaries, which is also shown in Eq. (4). Therefore, we
can make use of the impulse response model' '" to obtain
the ultrasonic spectrum excited by the Fibonacci acoustic
superlattice of LiNb03 crystals.

As can be seen in Fig. 2(c), the 6 sources can be divided
into two parts, one for positive 6 sources, the other for
negative 6 sources. Each forms a Fibonacci sequence.
The negative is displaced a distance d relative to the posi-
tive. Performing Fourier transforms on the positive
terms and the negative terms on the right-hand side of
Eq. (4) separately, and adding them together, we can get
the ultrasonic spectrum for an infinite array, which is

T1
(0 1)

T2
(1 1)

(1 0)

where X „=~&(mr —n)/( I+r ), D =rdz+dz, and k
is the wave vector. In deriving Eq. (5), the projection
method has been used. ' ' The appearance of the term
sin(kd/2) is due to the relative displacement between the

H(k) sin(kd/2) g (sinX „/X „)
m, n

X6(k —2m(m +nr)/D), (5)
12.2
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FICx. 4. (a) Quasiperiodic interdigital transducer schematic
diagram. (b) and (c) are side views of the interdigital transduc-
er, showing electric field patterns inside the thin skin of the sub-
strate. {b) Actual electric field pattern. (c) Simplified electric
field pattern. (d) Corresponding sound 5 sources.

FICi. 5. Ultrasonic spectrum for an eighth-generation Fi-
bonacci acoustic superlattice. (a) Ultrasonic spectrum calculat-
ed for a LiNbO3 crystal. R, relative value of radiation resis-
tance. (b) Ultrasonic spectrum measured. (c) The same as (b)
with the amplitude magnified. In both (b) and (c) the amplitude
is in logarithmic scale,
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positions of positive 6 sources and that of negative 6
sources. The resonant peaks in the ultrasonic spectrum
can be obtained from the 5 functions in Eq. (5), which is
k =2'(m +nr)/D, or

f „=v(m+nr)/D,
where m, n are integers. The most significant resonant
peaks in ultrasonic spectrum occur at f =f „

for which
X

„

is small. This means that n/ mmust be close to r.
It is well known that the best rational approximants to ~
occur when m and n are successive Fibonacci integers,
(m, n)=(F „F), where F~+,=F +F, and
(FO, F, ) =(0, I ). For these values of (m, n), f „

takes the
form of (integer)vv /D and these resonant peaks are la-
beled H.

The results are much similar to that of acoustic-
phonon transmission except for the substitution of
f „=v(m+nr)/D for f „=v(m+nr)/2D and of
peaks for dips. These can be explained as follows. In the
case of excitation of ultrasonic waves, if the piezoelectric
medium is a superlattice one, the ultrasonic waves will be
excited on the ferroelectric-domain boundaries. The
waves coming from successive boundaries will interfere
with each other. Those satisfying the constructive in-
terference will appear as resonant peaks in the ultrasonic
spectrum. Whereas in the case of acoustic-phonon
transmission when the phonons, reAected from successive
interfaces satisfy the constructive interference, they will
appear as dips in transmission spectrum. Obviously, the
peaks in the former case just correspond to the dips in
the latter case. The occurrence of the factor —,

' in the ex-

pression for dip frequencies is due to the fact that the
path difference between phonons reflected from the adja-
cent interfaces is twice as large as the path difference be-
tween the ultrasonic waves excited on the adjacent
ferroelectric-domain boundaries.

We have calculated the ultrasonic spectrum excited by
the Fibonacci acoustic superlattice numerically. In order
to be compared with the experiments only the ultrasonic
spectrum of the superlattice of the eighth Fibonacci gen-
eration has been shown in Fig. 5(a), with the parameters
selected to be in line with the experiments. It is worth
noting that the resonant peaks obey Eq. (6). In this
figure, several frequencies predicted by the expression
f =f „=( m, n ) are indicated by arrows. As expected,
the main peaks are observed at f „

for which m and n

are neighboring Fibonacci numbers, as indicated by ~~.
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Detailed calculations have shown that the resonant
peaks densely fill reciprocal space in a self-similar
manner. It is just expected. It is well known that the
self-similarity exists in the spectra of phonon, electron
energy, polariton, ' and in x-ray diffraction, ' etc. Here
again, in the ultrasonic spectrum excited by the Fibonac-
ci acoustic superlattice of LiNb03 crystals, the self-
similarity also exists. It may be said that the self-
similarity is a common feature of the Fibonacci superlat-
tices and is a reAection of the self-similar structure of Fi-
bonacci superlattices in reciprocal space.

Experimentally, we have fabricated several quasi-
periodic surface-wave interdigital transducers of the
eighth Fibonacci generation. Aluminum electrodes are
deposited on the surface of a single-domain crystal of
LiNb03 ~ The intervals between the electrodes varied suc-
cessively according to the Fibonacci sequence. In this
case, the surface-wave velocity U =3944 m/sec. The oth-

TABLE I. Comparison between resonance frequencies calcu-
lated and measured for a quasiperiodic surface-wave interdigital
transducer.

Vibrational mode

(m, n)
(1,0)
(0,1)
(1,1)
(1,2)

Resonance frequency

calc.
17.5
28.3
45.8
74.1

f (MHz)

meas.
17.5
28.4
45.8
74.5

FICz. 6. Ultrasonic spectrum for a periodic acoustic superlat-
tice of a LiNb03 crystal. (a) Ultrasonic spectrum calculated. R,
relative value of radiation resistance. (b) Measured magnitude
of the reAection coefficient. The horizontal scale is frequency
centered at 550 MHz with a scan width f =200 MHz.
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er parameters are d =39.0 pm, d~ =62. 3 pm, and
d~ =100.8 pm which were measured by an optical mi-
croscope. The ultrasonic spectra are measured, which is
the ratio of output voltage to input voltage. In the mea-
surement, the frequency scan range of the frequency
spectrum analyzer is selected to be from 12.2 to 82.2
MHz. The output voltage signals which satisfy the reso-
nant conditions, i.e., f „=V(m + n ~) /D, are
strengthened. The others are diminished. Figures 5(b)
and 5(c) show one of these results. In the ultrasonic spec-
trum many sharp peaks appear at nonequal intervals. It
is clear that there exists a one to one correspondence be-
tween the resonant peaks in Figs. 5(a) and 5(b) or 5(c).
Table I shows the results calculated and measured. The
agreement is quite satisfactory.

In order to compare the ultrasonic spectrum of the Fi-
bonacci acoustic superlattice with that of the periodic
acoustic superlattice, Figs. 6(a) and 6(b) show the theoret-
ical and the experimental ultrasonic spectra obtained
from a periodic acoustic superlattice of a LiNb03 crystal
with periodic laminar ferroelectric-domain structures.

The analysis and the experiment are analogous to our
previous work. ' The resonant frequency measured is
555 MHz, close to the theoretical one, 553 MHz, which is
calculated from f =U/L with L =13.2 pm and U =7300
m/sec. Here L is the periodicity of the periodic acoustic
superlattice. Obviously Figs. 5 and 6 bear no resem-
blance to each other.

In conclusion, we have studied and obtained some of
the features of the ultrasonic spectrum excited by a Fi-
bonacci acoustic superlattice. Two ways to fabricate
such a superlattice are presented. The superlattice is
difFerent from the traditional one in that it is a piezoelec-
tric single crystal and the modulated wavelength is much
larger. The ultrasonic spectrum is excited by the
piezoelectric effect. The theoretical results are quantita-
tively verified by the experiments.

This work was supported by the National Natural Sci-
ence Foundation of China.
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