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The effect of electron-electron interaction on the thermoelectric power of an impure metal is in-
vestigated. The thermoelectric coefficient g is calculated by the linear-response method as a corre-
lation function of the electric and energy currents. It is shown that, in the three-dimensional case,
the main contribution to the Seebeck coefficient S = —g/o. originates from the correction to the
energy-current operator due to the electron-electron interaction. In the two-dimensional case, the
logarithmic temperature correction to S originates only from the corrections to the conductivity o.

due to the localization and interaction effects.

I. INTRODUCTION

Recently, considerable effort has been put into study-
ing the kinetic properties of impure and low-dimensional
electronic systems. ' In particular, the conductivity and
the magnetoconductivity were calculated and fitted to ex-
perimental data with great success. However, the ther-
moelectric power (TEP) has not been as well understood.
From the theoretical point of view, the difficulty in study-
ing TEP is the fact that TEP is an odd function of the
electron energy and thus is very sensitive to the structure
of the electron spectrum and the electron relaxation pro-
cesses.

In the presence of an electric field E and a temperature
gradient V T, the electric current is

J'=o.E+qV T

"temperature for frequency. " When the analytical con-
tinuation is done correctly, the final expression for TEP
depends on the combinations of tanh(x) and
d [tanh(x)]/dx, whose parity is important.

We further calculate the correction to the operator of
the energy current from the electron-electron interaction.
This correction was first studied in Ref. 6 and then dis-
cussed in Refs. 7—10 with respect to the electron-phonon
interaction. The main results are obtained using the Kel-
dysh diagram technique" which allows us to classify the
variety of essential diagrams easily. The final results may
be obtained also by using the finite-temperature Green's
-function technique. The example of the analytical con-
tinuation for one of the diagrams is presented in the Ap-
pendix. The results of this calculation together with
some discussion on the experimental situation are ana-
lyzed in the Summary.

where o is the conductivity and g is the thermoelectric
coefficient. In the absence of the current J'=0, the elec-
tric field E=S9T, where S= rilcr is the See—beck
coefficient. The condition J'=0 can easily be achieved
experimentally by using a high-input-resistance voltme-
ter, thus S is normally the measured quantity. Theoreti-
cally, coefficients o. and g are calculated separately. The
inhuence of the localization and interaction effects in
TEP of a two-dimensional electron system was con-
sidered by Ting et al. They calculated g using the
linear-response method and found a logarithmic tempera-
ture correction to g similar to the well-known correction
to o..' However, it was later shown by Afonin et al.
(see also Ref. 5) that there is no logarithmic correction to
g from the localization effect in the two-dimensional case.

In the present paper we consider the interaction effects
on TEP in both the two- and three-dimensional cases. In
particular, we show that there is no logarithmic tempera-
ture correction to q in two dimensions, contrary to Ref.
3. The logarithmic corrections to S come solely from the
localization and interaction effects on the conductivity o..
The incorrect result of Ting et al. originates from the
fact that, instead of using the analytical continuation
from the Matzubara frequencies, the authors performed
the calculation for zero temperature and then substituted

II. TEP IN A SYSTEM OF INTERACTING EI.ECTRONS

In the Keldysh diagram technique, the electron
Green's function 6 and the electron-electron interaction
V are represented by matrices:

0 Gw 0 V
GR GC ~ ~ VR yc (2)

G (p, e)=S(s)[G (p, s) —G (p', e)j

where

S(e ) = —tanh( E/2T ) .

where A and R denote advanced and retarded functions,
respectively; 6 and V are defined below. The electron
Green's function averaged over impurity positions equals

G (p, e)= IG "(p, )Je*=( e/+i/—2r)

g =(p —pR)/2m

where ~ is the electron momentum relaxation time due to
electron-impurity scattering, pF is the Fermi momentum,
m is the electron mass, and t I

* means complex con-
jugate. In the linear-response method, we may take 6
to be
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The screened electron-electron interaction for small
momentum and energy transfer, ql « 1, cur « 1 (but with

pF I » 1, where I =uzi), are'

V (q, co)= I V "(q,co) I
*=4ne q + D/C3g

l co+Dq
p, e+Q

=2r1e2 fq/+
DK2g

l co+De
g+(fc+(N Q

where d is the dimensionality of the electron system,
D =vFrld is the di8'usion constant, and 1r& is the inverse
screening length (~3=4me v3, a2=2me v2), vz is the elec-
tron density of state summed over spins (v3=mpF/m. ,
v2=m/m), and e is the electron charge. For an electron
system in equilibrium

P, 8

V (q, co)= —cothIco/2TI[V (q, co) —V (q, co)] .

In the linear-response method the thermoelectric
coeScient is given by '

1m[11 „(n)],1

QT

where II (0) is the Fourier representation of the retard-
ed correlation function of the energy J' and charge J'
currents:

FIG. 1. I' is the electric current vertex; I' is the energy-
current vertex without the electron-electron interaction; 1 " is
the energy-current vertex associated with the electron-electron
interaction; 8';, is the scalar vertex renormalized by impurities;
T ~& is the block of impurity ladders.

11.'.(X —X') = —e(r —r')( [J:(X),J„'(X')]),
where J'(X) and J„'(X') are operators in the Heisenberg
representation, X=(r, t), r=(x,y, 2'), e(x') 1s the He»i-
side step function, and ( ) represents both the ther-
modynamic averaging and position averaging over ran-
dom impurity sites.

In the diagrammatic technique, J„' corresponds to the
vertex I „' and J' corresponds to two verticles I „' and I „"
(see Fig. 1). I" contains the correction to the heat
current operator due to the electron-electron interac-
tion.

8'2) =—I

1 11

v'Z
—2S( s )S(s+~ )Re 1—

W = —W' —W'
11 21 12 ~

2 2 = 2 1
8'22 =0, 8')2 = W2) =

v2

1, S(E)g
v'2(1 —g) v 2(1 —g)

S(e+co)g
v'2( 1 —g)

I „'=ev„, I „' =(e+II/2)U, I "=(v„+q„/2m) . (9)

The vertices of the electron-boson interaction (e.g. , I"' or
I „' ) in the Keldysh diagram technique acquire the factor
K;", where the upper index is for the boson and the lower
ones for electrons:

gGI „G"(p, e)G (p, a+co)=1+ivor Dq-
(21r)"

For the block of impurity ladders in the diffusion channel
T~& we have

Z12 y21 Z(5 —Z22 ()
1

K'= —6 E1 1 0 1

V v2 ~i' V v2 1 0

The vertex of the interaction between an electron and two
bosons (e.g. , I") acquires a factor Q;"' which equals —,

'

when the number of 1's among i,j,k, I is odd, and is zero
otherwise.

Within the ladder approximation (Fig. 1), the expres-
sions for the vertex of the electron-electron interaction
renormalized by impurities is as follows:

Z
12 —(Z 21 )e 1 1

vrvr 1 —
g

'

(~11),
—S(a+co) 1

Z12 (Z21)
eve 1 —g'

S(c.)S(a+co)
2 R11

mvw 1—

(12)
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The eleven diagrams essential for calculating the ex-
change correction to g are shown in Fig. 2. For diagrams
1, 2, 5, 10, and 11, we show only the diagrams with in-
teraction lines on the upper Green's function. Notice the
difference between the third and the fourth diagrams.
For the third diagram, I ' =(8+0/2)U, and for the
fourth, I „' =(E+0/2+co/2)(U„+q„/2m). When calcu-
lating the conductivity the two vertices ( I' ) are
equivalent, and thus it is enough to consider only one dia-
gram. Similarly we must consider the pairs of diagrams
6, 7 and 8, 9. For the calculation of II, we need to per-
form a matrix product of all the elements in each dia-
gram. This amounts to summing all contributions from
each diagram with all possible ordering of the indices
that are consistent with the rules described above.

Consider now the properties of the frequency-
dependent functions which appear in the calculations.
S(E) and Im[V (co)] are odd functions of their argu-
ments, while BS(E)/BE and Re[ V (co)] are even. The
function f(cu) defined by the following equation:

FIG. 2. Diagrams used to calculate the thermoelectric
coefFicient q in the linear-response method.

f den f dE 1m[ V (q, co)IeS(e)
as(.+~)

BF
=0.

f(co)=—' f dES(e+cu) = ——' f dES(e)

is odd. Thus we can write down two useful results

(13)

For each diagram in Fig. 2, we perform first the g in-
tegration using the relations

f dg G (G") =2mir, f dg (G") (G") =4rlr,
(16)

G ~ G~ 3= —2~~3

which are valid under the conditions ql &(1, c~(&1, and
co% ((1.

For the first three diagrams, the correction to the ther-
moelectric coefficient is

~ Ilz 3=
2

~ q ~ 2
du dc. cIm ico+Dq ' S e S c, +co —2S c,

T(2m ) (2m. )"q 2 BE Be

»nce Im(i~+Dq )
' is an odd function of co, the second term in the parentheses does not contribute. Retaining only

the first term, we have

621", 23= z f d"q f" dEe f "dcoIm(ico+Dq )
' [S(E)[S(E+ro)—S(E—co)]I .

T(2~) +
q BE

Defining E =e —co and shifting the argument in the second term in the parentheses in (18), we obtain

(18)

baal~ 2 3= +& f d q f dcoco Im(ico+Dq )
' f dE [S(E)S(E+~)]=0.

T(2m) +"
q Bc

Now consider the fourth diagram

(19)

bri~= +z f d q f dcoIm( ico+Dq )
'—f dE(c, +co) S(E) —S(E+co)

T(2~) +
q BE, BE

(20)

Using Eqs. (13) and (14) we have

b, ri~= — f d q f dcoco Im( —ico+Dq ))2+0 q
2

Xf(co)=0 . (21)

Consider now the diagrams 5 —9. We first note the
difference between diagram 5 and diagrams 6—9. For the
fifth diagram the product of the vertices is c.u eu'. Thus
when performing the angular integration, we should ex-

pand the Green's functions from both sides of the block
T~& in power of v.q and v' q. For the diagrams 6—9 we
have ev e(u„'+q /m). If we retain the term eu„only, we
get the contribution of the same type as for the fifth dia-
gram. We will call such contributions p terms (b.2)~).
The other terms, originating from eq„/I, will be called q
terms (b.2)~). For the q terms, we have nonzero results of
angular integration in the right part of the diagram
without expansion. The q terms are not important in cal-
culating the conductivity, but for the thermoelectric
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power the different analytical structures of the p and q
terms results in functions which have different parity of E.

and co. Calculations show that the sum of the p terms
from diagrams 5 —7 is proportional to Ag12 3, while the
sum of the p terms from diagrams 8,9 is proportional to
Ag4.

Therefore for diagrams 1 —4 and for the p terms of dia-
grams 5 —9, a nonzero result appears only if we expand
the integrands in powers of electron frequencies. The
procedure of expansion is as follows. Let all electron
quantities such as v, U, and D be expanded in powers of

near the Fermi surface. Then after the g integration,
all these quantities become c dependent; ~ appears from
the pole of the electron Green's function G ( p, E ) and is
also an E.-dependent quantity. However, it should be men-
tioned that we have dependence on both c and E.+~ due
to the structure of the arguments in the electron Green's
functions. The same dependence on E and E. +co should
be taken into account also in the ladder equation for 8',"
and T~&. Nevertheless, this exact E. and E. +co expansions
only leads to very involved expressions, but cannot
change the order of magnitude of the result where only
the expansion in c is considered. As we will see later, the
main correction to TEP is given by diagram 11, for which
we do not need the expansion. For this reason, in calcu-
lating the contribution of diagrams 1 —4 and p terms of
diagrams 5 —9, we limit ourselves only to the c expansion.
To the same accuracy we do not distinguish diagrams 3
and 4, which differ only by co terms in the vertices I' in
the same way as diagrams 6,7 and 8,9.

As a result, we get in the three-dimensional case

91—9 3m' a«D
dX X

X 4
[cosh(x) ]'i

—f dx x ~ [tanh(x) —1]
0

(22)

The first integral refers to the contribution of diagrams
5 —9 and the second, in which we use the subtraction to
avoid the divergence at the upper limit, refers to dia-
grams 1 —4. The upper index p in Ag means that we con-
sider the p terms in diagrams 5 —9 only. In two dimen-
sions we have

f de f der —2S(a+co)e E as(e)
16m T CO ae

—(4—ln2 )S(E )

as(.+~)

(23)

where the term with the coefficient ln2 originates from di-
agrams 1 —4. The integral in the right-hand side of (23) is
zero; furthermore, there is nothing to expand in the
power of c to get a finite result, so Aq1 9=0.

For the q terms of diagrams 6—9 we get

A/6 9 d+) 2 fdEf de(2E+co)U rvd f d qq S(E+co) —S(E) Re2 d 2 as(. ) as(.+~) V (q, co)

(2ir) +'Tmd BE Bc ( ia)+Dq )—
(24)

Using Eqs. (13) and (14), we have

fd(2+ ) S(+ )
' —S( )

' =0.
Bc

'
Bc

(25)

X fd'qRe V (q, co)
—i cu+Dq

Doing the E expansion in (24) and omitting co terms in
I ', we obtain the result, which is proportional to the in-
tegral

I=f dc@f d e es(a+co) as(e)
BE

, ,
as(E+~)

BE.

where P(co) is an even function. I=O because the in-
tegrand is an odd function of cu, hence Ag& 9=0.

Now let us consider diagrams 10 and 11 which contain
corrections to the energy current operator. For the p
terms of diagram 10, after some transformations, we have

(27)

This is because f(co) is an odd function of co, but the oth-
er co-dependent function is even. From Eq. (5) we see
that

V (q, co) 1 . co1+1—i co+Dq vd Dq D~d 'q

It is easy to see that there are no E-dependent terms in
(27). Therefore the first-order result is also zero because
there is nothing to expand. The contribution from the q
terms to the tenth diagram, hiidi$, is proportional to
Im[V ( ico+Dq ) '],—which is very small [see (28)];
thus Eric( is negligible.

For diagram 11, the contribution of the p terms in the
three-dimensional case is
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~'91~1 —
3

E CO S E+CO
28 as(. )

27(2m ) T BE.

X f dqq'HU'v

bg, f= — f dcosgn(co) f des(a+co)
64m EF~T Be

(36)

XRe
V (q, co)

( ico—+Dq )

(29)

Neglecting the unphysical divergence at the upper limit,
we find that the correction b,g, f is practically tempera-
tore independent:

%'ithout expansion of the integrand near the Fermi sur-
face Aq&&=0. Performing q integration we see that the
combination which we need to expand is r v D ~, and
as a result

i/6C epF(Tr) epF(Tr)= —0.022
196m. (eFr) (sFr)

(30)

where

f dx [x coth(x)]=
8mEFW 0 BX 87TEF+

(37)

Now let us consider the Hartree corrections. They
have the same temperature dependence as the exchange
corrections but differ only by a numerical factor. We
consider the Hartree corrections in the general form fol-
lowing Refs. 12 and 1. The electron-electron interaction
is divided into two terms V' ' and V' ", where
V' ' describes the interaction of an electron and a hole
with the total spin j =0 and V' "corresponds to j =1.
As shown in Refs. 12 and 1

C= f dx f dy x S(x +y) Bs(e)
BE,

=6(1—2 )I'( —', )g( —', ) =17.3 . (31)

fde f dco 1n~cov. ~s(a+co)32~'T BE

Thus hg, ~& is of the same order as by, ~ 9. In two dimen-
sions, after the q integration, we have

2

[ V(j =0)( )]R 1 l&+Dq
Dq 2

2

[ V(j=i)( )]R
F lco+D—q

2vd —i co(1+F/2)+Dqi

where

—= —vd V'j '(q, co~0)
2

(38)

(39)

(40)

e
d 2 Bs(e)

16~'eFr Be 2«F
(33)

For this diagram, the q-terms contribution in three di-
mensions equals

727T VlT

X f d E f dco vu rs(c+co)

(32)

The only E-dependent term is 1n~cor~, and after the expan-
sion

is the dimensionless interaction constant at a zero fre-
quency. We consider only q terms of the eleventh dia-
gram because they are the dominant contributions at low
temperatures. Substituting (38) and (39) into (34) and
taking into account the multiplicity of the state with

j =1, we have

6 epF (T7)'.
iI(,rj, t= I ( —,')g( —', ) ~ t 1+3[1—(1+F/2) i ]],

32~ ' ' (EFr)

(41)

BS(e)X — dq q

3F
2

(42)

V (q, co)

( lco+Dq )

In the metallic regime F «1, the expression in the
parentheses in b,g, f becomes 1 9F/4. —

III. SUMMARY

Since the integrand of (34) is an even function of frequen-
cies, a finite result is obtained without expansion near the
Fermi surface:

Because both coeScients g and 0. have corrections due
to the localization and interaction effects, the total ex-
pression for S is

V'6, , epF(T~)' ' epF(Tr)'~'
&gi f=,I'( —', )g( —,

'
) =0.018

(eFr) (EFr)'
s~...+a~,„, a~...+a~,„,

00 IO

(43)

Note that hg, f))b,g,F( is due to the inequality Tr((1.
For the two-dimensional case, after q integration, we
have

where

(d) 2
IO 7T T

0
g0 3e EF

(44)
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E,F7

T I /2—(0.792+0.295 —0.201)
(eFr)

1+3[1—(1+F/2) ]
(e r)2(Tr)1/2

(45)

where ~ is the electron phase breaking time. We used
Ao.

&,",' and Ao. ,'„",' from Ref. 1, and Ag&„' from Ref. 4. For
Ag „,' we write down the contributions hg, ~ 9, hg, ~i and
iI),2), 'j. It is easy to see that for the condition Tr « 1 the

In the three-dimensional case, gp
' = ——',epF zT and

o.p" =e D vd. Thus our final result is

]. /2

S' '=S' ', 1+
72OF~ ~ ac

I

contribution b, 2), f [ last term in (45)] is the most impor-
tant one at low temperatures. However this correction is
small. For oF~= 10, we have

t( S(3)—S(3) S(3) 10
—

3( Tr )
—1/2S(3)

Taking ~= 10 ' sec, hS =0.1Sp only at T=0. 1 K.
Since So for a good metal is of order of 1 pV/K, good ac-
curacy in experimental data is required to observe this
effect. Nevertheless, TEP measured on thick In-Sb films
near the metal-insulator transition has been reported to
observe a T' dependence for the more insulating sam-
ples. ' The authors of Ref. 13 attributed this temperature
dependence of the Seebeck coefficient to the effect of the
electron-electron interaction on the conductivity. We
think this T' dependence in S comes not from the in-
teraction correction to the conductivity, but from the in-
teraction correction to the heat-current operator in the
thermoelectric coefficient.

In the two-dimensional case

s"'=
e O'F

' T+
27TOF

In(r /r) —In(Tr) 1 ——[1—2(1+F/2)ln(1+F/2)]3

T a in(r /r)
27TOF V ~O

3( 1 —3F/2)
cF 8a OF&

2 2
(47)

The second term in S comes from —60 /0 p, which
contains the anomalous T lnT dependence. The third
term originates from b, 2)I, )/2)o( ' and b2), f/rio( ', this term
would slightly modify the slope of the linear temperature
dependence in the Seebeck coefficient. The last term in
(47) is a constant and originates from hg(f. Since the
thermoelectric power should vanish at T=O, this term is
unphysical as T approaches 0. It originates from the per-
turbation approximation, which breaks down when

this occurs for temperatures T ( Tp
= 3( 8vr2EF r )

' = 1K. Nevertheless, Eq. (47) suggests
that a nonzero value of S at T =0 can be obtained by ex-
trapolating from the measurement of S at T))Tp. This
extrapolated value will be proportional to (EFr) . The
result (47) is clearly different from that of Ting et al. ,
who predicted a lnT dependence in h2)( )/2)0( '. In our re-
sults, the logarithmic correction to the Seebeck
coefficient comes solely from the correction to the con-
ductivity. To date, experimental results' ' show a
linear temperature dependence in the Seebeck coefficient
for metallic samples. Thus better accuracy is needed to
observe the T lnT dependence in the correction term.
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APPENDIX

In this appendix, we shall show the calculation of dia-
gram 11 using the finite-temperature technique. In this
technique,

G(p, iE„)=(ie„—g )

where

1E„=E„+ sgn(E„), E„=mT(2n + 1), .
2X

(A 1)

e(.„)e(—.„—~ )+e(—.„)e(E„+co )
8'(q, E„,a) ) =

r( a) +Dq )

(A2)

(A3)

where e(x) is the Heaviside function and n, m are in-
tegers. The contribution from diagram 11 to the correla-
tion function H as a function of discrete frequency
n, —2~kT is

1
T(q, e„,co ) = 8'(q, e„,co ), a) =2mmT, .

&V'T

1 2Px +~x
II»(Qk )= —2T g g dpdp'dq d

eu' G(p, i s)G(p +q, ic„+ice +iQk)(2~)3" 2m

X G(p'+q, is„+ia) +IIk )G( pi „s+iQk )G(p', ie„)V(q, ice )W(q, e„,~ )T(q, e„,~ ) .

(A4)
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We are interested in obtaining the function II (Q). In this case, we should consider Qk )0 when doing analytical
continuation. The discrete sums can be transformed to the contour integrals with the formulas

Tg P(is„ )= . f detanh( e/2T)P( s),= 1

4mE c (A5)

Tgg(i co )= . f dco coth(co!2T)gati(co),
I

4m c (A6)

where C is the contour in the s ( or co) plane along the imaginary axis in the counter clockwise direction. Taking into
account the restrictions of 6 functions on W(q, e„,co ) and T(q, s„,co }, we obtain two contributions II»++ when
c.„&0,c.„+0k&0, e„+co +0k &0, and I

&&
when c„&0,c.„+0k &0, c.„+co +0k &0.

Let us first consider II++. Perform the transformation from the sum over co to the integral according to (A6).
According to the frequency restriction mentioned above, the contour C can be changed to

—oo —I {E„+Q~)

IIii+~(Qk)= — .g . dcocoth(co!2T) f f d pd"p'd"q „eu'(u +q„/2m)6(p, ip„)
4g g oo —t{,e, +01, ) (2m} "

n

XG "(p+q, co+iE„+iQk)6 "(p'+q, co+is„+iQk)

X 6(p', i e„+iQ„)G(p', iZ„)

X V "(q,co)
1 1

nvr (ico+Dq )[i(co+i Qk)+Dq ]

(A7)

Now let us change the variable co to co'=co+i'. „+iQk , afte'r this transformation coth(co/2T) becomes tanh(co'/2T).
We then convert the summation over c„ to the integral over the contour C, which can be rewritten as an integral along
the real axis from —~ to ~. Now the analytical properties of all functions in the integrand are well defined and we
can obtain I »(Q) by means of substitution i Qk ~Q. Doing one more transformation co —+co —s —Q we find

II i i++(Q) = f f d e dco tanh(e/2T)tanhR a+co+ Q
(4mi ) 2T

X f fd"pd"p'd'q ' „eu.' u„+(2')3d 2m

XG (p, e)G "(p+q, co+e+Q)6 "(p'+q, co+e+Q)

XG (p', e+Q)6 (p', e)V"(q, co)
1

mvr (ico+Dq )

H&& is calculated in the same manner. Contribution from diagrams with the interaction line on the lower Careen s
function is then added. After performing the momentum integrals, we obtain the expressions (29) and (34).
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