
PHYSICAL REVIEW B VOLUME 40, NUMBER 10 1 OCTOBER 1989

Surface melting and surface-induced-disorder transitions in thin films:
The efFect of hidden variables
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Surface melting and interface delocalization transitions are studied in films of finite thickness L,
for systems in which more than one density is needed to describe the ordered state. Since the sys-
tem is closed, there is the constraint of fixed concentration. For short-range (exponential) interac-
tions, a Ginzburg-Landau model is used to show that the finite-size effects are difFerent from those
of a system without constraints. For long-range (e.g. , van der Waals) interactions, we derive a sim-

ple two-component order-parameter model for surface melting from the density-functional theory.
For large L, the shift in the transition temperature is found to be proportional to L ' ' in both
cases.

I. INTRODUCTION

The theoretical description of phase transitions is
necessarily restricted to simple idealized models. The
"real" system has extra "hidden" variables or nonorder-
ing densities which are often ignored. Real fluids, for ex-
ample, always contain impurities at some level. One
form of "impurity" that is normally unavoidable is that
deriving from isotopic composition. In the usual experi-
ment the number of impurity atoms does not change. As
another example, consider ordering binary alloys. Two
densities are needed to describe the ordered state, the or-
der parameter, and the concentration (given by
differences and sums of the sublattice concentrations, re-
spectively). Experimental studies of the order-disorder
transition in these systems are generally carried out at
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FIG. 1. Schematic bulk temperature-concentration phase di-
agram of Cu, Au&, near c =0.75. The boundaries of the two-
phase region with the ordered and the disordered phases are la-
beled by c,(a) and cd(a), respectively. For further discussion,
see the text.

fixed overall composition. Furthermore, the constituent
atoms of the binary alloy are usually of different size.
The sample may be surrounded by a medium of low
compressibility, which in the extreme case corresponds to
an experiment at constant volume. In the situations de-
scribed above, the nonordering densities are subject to a
constraint of some sort. At second-order bulk phase
transitions, constraints of this kind lead to- what is com-
monly known as the Fisher renormalization of the critical
exponents. '

In this paper we consider the effect of constrained
nonordering densities on interface delocalization transi-
tions which occur when the bulk transition is first order.
A constraint on the nonordering density commonly leads
to the appearance of a two-phase region in the bulk phase
diagram (see Fig. I): The nonordering density (here the
"concentration" c) takes on diFerent values in the or-
dered and the disordered phases. This does not change
the critical behavior at interface delocalization transi-
tions in semi-infinite systems, since the bulk acts as a
reservoir, which can absorb (or supply) an arbitrary num-
ber of atoms. The surface-induced-disorder transition
occurs in this case as the boundary of the two-phase re-
gion is approached from below. ' In contrast, the effect
of constraints on the nonordering density becomes impor-
tant in finite systems. The question is then, "What are
the finite-size effects in these systems?" We will consider
surface-induced-disorder (SID) transitions in this paper,
because examples of wetting transitions with conserved
nonordering densities seem to be harder to find. Howev-
er, our results are equally applicable to the corresponding
wetting transitions.

II. SHORT-RANGE FORCES

One essential feature of the systems described in the
Introduction is that more than one density is needed to
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a (a, =ad —2/3 P /a,
in a homogeneous ordered phase. However, for
a, (a (ad, the system breaks up into domains with con-
centrations

c, (a) =c+(a, —a)/2P
+ [5(z)+5(L —z) ]—,

' a, P I (1)
and

describe the ordered state. In addition, there is a con-
straint on the nonordering density. A simple continuum
model which contains these essential features is described
by the Landau free-energy functional

F[g,c I
= J d 'p J dz[ ,'(VP—) +f (P, c)

for a scalar order parameter P(p, z) and "concentration"
c (p, z). For the free-energy density we take

fb(P, c)=—,'aP —,'bP —+,'gP —+/3cg + ,'ac—p—c . (2)

This model can be used to describe, for example, the
order-disorder transition in thin-film fcc Ising antifer-
romagnets and binary alloys with short range for-ces In.
particular, this explicit form of (1), (2) can be derived
from a short-range lattice-gas model for Cu3Au films
with (111)-free surfaces. The two densities in this case
are (i) the order parameters (OP) P [given by the
difference of the sublattice concentrations in the (111)
planes], and (ii) the nonordering density c [identified with
the deviation of the average Cu concentration of the (111)
planes from stoichiometry]. For Cu3Au, it turns out that
j3)0 (Ref. 3) so that cz(a) ) c,(a) in the two-phase region
of the phase diagram, as in Fig. 1. There is no (Vc)
term in (1) because the range of the concentration in-
teractions in the (111) direction turns out to be shorter
than that of the OP interactions. The OP mode deter-
mines the wetting behavior in this case so that the in-
teraction term involving the concentration field does not
inAuence the universal features of the critical behavior,
and can therefore be ignored. For similar reasons, no c-
dependent surface term has been included in (1). The
eA'ect of such a term has been absorbed in a renormaliza-
tion of a&. See Ref. 3 for a further discussion of these
points.

In the bulk, this model has a first-order phase transi-
tion. For fixed chemical potential p =p, there is a transi-
tion at a, =2b /9g, tt 2/3/J, , /a, wh—ere g,s.=g —2/3 /a,
from a homogeneous, ordered low-temperature phase
with P(a, ):—$=2b/3g, s. and c(a, )=(p,, /3$~)/a to a-
homogeneous, disordered high-temperature phase with
/=0 and c=—po/a. The finite-size effects which arise in
thin-film geometries in this case have been analyzed in
Refs. 6 and 7.

In many cases, however, experiments are performed at
fixed total concentration so that the integral of c(r) over
the system volume Vis fixed. The bulk phase diagram in
this case exhibits regions of two-phase coexistence (see
Fig. 1). Assume that the average concentration density is
fixed to be

f(P)= —,'(a +2Pc)P —
,'bP + ,' g———2/3

In (4), we have dropped terms independent of P. From
(1) and (4) we obtain the MF equation for the order-
parameter profile

d
, +(&.~r PIP b0'+g, ~4"—)=o (&)

dz2

with the coefticients

2 L
a,tr=a+2/3c+2 f dz P (z),aL o

2P
gee =N

and the boundary conditions

dz
=a, P(z =0)

L

= —a, P(z =L) .

cd(a) =c+(ad —a )/2P

of relative volume such that (3) is fulfilled. In the present
model, the bulk order parameter P(a)=P in the two-
phase region of the phase diagram (i.e., along the line
o —o' in Fig. 1).

Returning now to the finite system, we shall consider a
film geometry of thickness L. There are two free surfaces
at z =0 and L, and the system is infinite and homogene-
ous in the direction perpendicular to z. In the present
mean-field (MF) analysis, the dependence of P and c on p
can therefore be ignored. Incorporating the constraint
foc(z)dz =Lc of fixed average concentration c and in-
tegrating out c (z) we arrive at a nonlocal free-energy den-
sity'

1c=— d r c(r) .
V

At high temperatures,

The concentration profile has the form
(3)

c(z)=c ——P (z)+ f dzP (z) .
lX aL o

a ) ad =2b /9g, s-
—2/3c,

the system is in a homogeneous disordered phase, and at
low temperatures,

For fixed a,s, Eq. (5) is identical to the MF equation of
the single OP model. ' We therefore solve (5) with a,s.
constant and use the solution P(z) to calculate the real
"temperature" a. Since we are interested in continuous
SID transitions, we assume a i ) (a,*s )'~, where
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a,"tr =2b /(9g, )r), throughout this paper.
We have analyzed the MF equations by direct numeri-

cal integration, as well as using asymptotic estimates, and
a piecewise linear approximation. To determine the
phase diagram, two solutions, denoted m (z) and M (z),
have to be compared. The profile m(z) describes the
disordered film and therefore vanishes identically for all
z. The profile M (z) is monotonically increasing for
0(z &L/2. For L~~, M (L/2) approaches Ps, the
bulk order parameter in the ordered state. As already
noted, Pb =(t in the two-phase region of the phase dia-
gram, so that M (L/2)=P (up to exponentially small
corrections) for a )a, .

The main result of our calculations is that in the limit
L /g~ ~, where g is the bulk correlation length, the free
energy of the ordered state and the equilibrium thickness
l of the disordered surface layer can be obtained by
minimizing the function

+c,e
—21/gd

C2e (6)

In the two-phase region, this can be written as
2f (P& ) =f(P) =

—,'(a —ad )P + P (L —2l ) . (7)

where ci and cz are constants' and f (Pi, ) is given by (4)
with

dz2z=L —2

tremizing (6), one finds that both the wetting and cross-
over behavior in the neighborhood of a, are described [to
lowest order in e ~d and (l /L)] by

—21/gd 2l
A, e +(a —a, )= Az —, (9)

where 2 i =2c, /((zan ) and 32=(ad —a, ) are constants.
Thus, for L = ~, l diverges as a —+a, , while for finite L„
l —ln(L) at a, (see Fig. 2). For a, & a (a„ l is 0 (L) and
the surface order parameter is 0 (e ). The surface tran-
sition is thus very weakly first order in this case. The
temperature dependence of l for a & a, is determined by
the "lever rule" for two-phase coexistence, i.e., by the
condition

2lcd + (L —2l )c, =Lc,
where c, and cd are the values of the nonordering density
in the ordered and disordered bulk phases, respectively.
Since c, and cd depend linearly on temperature in our
model, we obtain immediately the linear temperature be-
havior of l in Eq. (9). This result is a consequence of the
quadratic approximation for the concentration field c (z)
in (2). Higher-order terms would give rise to a more real-
istic temperature dependence; however, the leading tem-
perature dependence would still be linear so that the con-
clusions obtained using the present simple model remain
unchanged.

For L —+De, a, —+ad. Using (6) and (9), one finds that
the temperature dependence of the free energy of the or-
dered profile is given by

For a &a„(7) is correct to leading order in (a, —a). In
(6), g, and gd denote the correlation lengths of the or-
dered and the disordered bulk phases, respectively, and
0.* is the surface tension of a free interface between the
ordered and the disordered phases in the infinite system.
The equilibrium state is determined by comparing the
free energy of the completely disordered state, Fd;, =0,
with F„d(l ).

For systems with a relatively large surface tension, the
disordered state can become thermodynamically stable at
a temperature a, (L)(a, . The necessary condition for
this to occur is that

L

2

(ad —a)

ad —ao

]/2

8o.
L/gd &

(ad —a. )44 '

or equivalently, L /gd must be small compared to
(ad —a, ) '. In this case,

a, (L)= —,'(a, +ad )—
2L

Cn/

,Qo Qt(L)

C'lnL
—]/2 I-

L

meto d

so that the shift of the transition temperature is propor-
tional to 1/L, just as in the single OP case. ' For
a~a, (L), the coverage begins to diverge as I /gd——ln(a, —a) and attains a maximum value l /gd
~ lnL at a, (L ). This behavior persists until a, (L )=a„ i.e., when (g) becomes an equality. For larger
values of L, a, is greater than a, . In this case the thick-
ness l of the disordered surface phase begins to diverge as
a, is approached from below. Above a„ l —O(L). Ex-

FIG. 2. Temperature dependence of the thickness l of the
disordered surface layer, for the case of short-range interac-
tions. The dependence of various quantities as a function of the
film thickness L is indicated. Four different regimes have to be
distinguished: (i) a SID regime (a (a, ), where I increases loga-
rithmically with temperature; (ii) a crossover regime (a =a, );
(iii) a lever-rule regime [a, & a & a, (L)]; and (iv) a metastable re-
gime [a,(L) & a & a „,(L)]. For further discussion, see the text.
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Comparing with Fz;,(a)=0, this leads to the shift in the
transition temperature

j. /2
8o *(az —a, )

L ' . (10)a, (L)—aq
=—

The quadratic dependence of F„z(a) on az —a de-
scribed above occurs in the two-phase region of the bulk
phase diagram. In contrast, when there is no constraint
on the nonordering density (i.e., for the single OP model),
F„~(a) is a linear function of (a —az), so that
a, (L)—a&-L '. ' This difference in the finite-size be-
havior is a direct consequence of the diFerent ensembles
realized in these two cases. Note that the entropy, i.e.,
the derivative of the free energy with respect to tempera-
ture, is a continuous function of temperature when the
transition occurs in the two-phase region of the bulk
phase diagram.

Although the ordered profile is no longer the state of
lowest free energy for a )a, (L), it still exists as a meta-
stable state and may be observed experimentally because
the relaxation time to the true equilibrium state may be
very large. It is therefore interesting to find the limit of
metastability, a „,(L), of the ordered state. Using (6)
and (9) we obtain

bulk solid phase, n (r) can be expanded in the form

n(r)=n, +pnme'
K

where

1
n, =— d "r n(r)

V v

is the mean density of the solid and K is a reciprocal-
lattice vector. The sum runs over all K. In the film, we
write

n(p, z) =n, (z)+gn~(z)e'
K

=n 1+$0(z)+g P~(z)e'
K

where n is a convenient reference density (see the Appen-
dix).

Here we consider only a simple, truncated version of
the expansion (11). Namely, we assume that one set of
nonzero reciprocal-lattice vectors of equal length, denot-
ed by [G], is dominant in the solid phase. In general, the
dominant set [G J is the smallest nonzero set, e.g. , the 12
[110]reciprocal-lattice vectors in a bcc crystal. ' Our or-
der parameter is therefore

ln
(a, —a. )

which implies that the thickness of the ordered layer in
the center of the film is

(L —2l )/g, =ln(L /$0)+ const

at a „,(L). The temperature dependence of l as a func-
tion of L is summarized in Fig. 2.

As already noted, models (1) and (2) should describe
SID behavior in short-range lattice-gas models for fcc al-
loys in thin-film geometries. In particular, it has been ar-
gued in Ref. 3 that the explicit form of the model we ap-
ply is the correct continuum generalization of short-
range models of Cu3Au films with (111)-free surfaces. A
recent numerical analysis" of one such model using a
discrete Bragg-Williams approximation (although re-
stricted to relatively thin films) does indeed exhibit cer-
tain aspects of the behavior predicted above: in particu-
lar, the behavior of the surface OP, &P(z =0)-O(e ) for
a, (L) )a„ is clearly visible in the data presented in Ref.
11. The data for the transition temperature, on the other
hand, seem not to follow the L ' law (10). We do not
have any good explanation for this discrepancy.

III. LONG-RANGE FORCES —SURFACE MELTING

The wetting behavior in many experimental systems is
determined by long-range power-law interactions. This
occurs, for example, in simple liquids, where van der
Waals forces dominate. Our analysis will be based on a
simple two-component OP model for the surface melt-
ing' ' of crystalline films, where such forces are expect-
ed to be important asymptotically.

Let n(r) denote the atomic number density. In the

I=X(do+0 o)/2-
(Ref. 15), where the sum runs over the elements of (G j,
and the nonordering density c =$0. In general, c is
different in the solid (c, ) and liquid (c& ) phases; we shall
assume here that c, & c&. Finally, we consider here the
case in which solid-liquid coexistence is approached from
the solid side, and ignore any possible evaporation pro-
cess at the surface; this is certainly correct for low vapor
pressure substances such as lead (Pb).

Assuming that the asymptotic form of the interatomic
interaction is of van der %aals type, it is shown in the
Appendix that the appropriate coarse-grained free-energy
functional [for bcc crystals with (111)-free surfaces] is
given by (1) and (2), with the additional term

Fia(c] = ,' f dz f—dz'c(z)w(~z —z'~)c(z'),
0 0

(12)

where

w(x)= —wox ~ for x~ ~

describes the long-range (LR) interactions of the concen-
tration c. m0 )0 is constant, and for nonretarded van der
Waals interactions, p =4. In the simple MF approxima-
tion we apply, there is no long-range interaction between
the OP fields (see the Appendix for a discussion of this
point). We have ignored a term of the type (Vc) in (1)
because, while present, it is expected to be much weaker
than the (VP) coupling. ' Note furthermore that /3(0,
since we require c0 & c& in the two-phase region of the
phase diagram.

The Euler-Lagrange equations for this model are
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d2 + [a/(z) b—P (z)+gP'(z)+2Pc(z)P(z)] =0
dz

crossover behavior near a, are described (to lowest order)
by

(13a) A3l i' +(a —a, ) = A~ —,2l
(15)

Lp+—/3P'(z)+ac(z)+ f dz' w( ~z
—z' )c(z') =0 . (13b)

0

If the thickness of the film is free to adjust itself, the tran-
sition occurs at constant chemical potential p and the
finize-size effects are the same as in the single OP case. '

However, for L fixed, we have the constraint
jodz c(z)=Lc, and p is therefore both temperature and
size dependent. This is the case we consider here.

In a sharp-kink approximation, pb, c„cd, and p are
given by the solutions of the equations

and

c, = (P —
13gb ) /( a+ wb ),

cd=p/(a+wb)

(a+2pc, ) bpb+g—pb =0,

p=(a+ wb )c+Pb (L —2l ), —
where

w„= f" dx w(ix i)(0 .

In the limit L/g~ oo it is straightforward to show that
the free energy of the ordered state can be obtained in
this approximation by minimizing the function

where

A3= 2w—oped/(p —1)(a+wb)) 0 .

Thus, for L = ao, l diverges as a ~a, as (a, —a)
while for finite I, l -L ' at a, . For a, & a & a„ l is
0 (L), just as in the case of short-range interactions con-
sidered before.

The shift in transition temperature is given by (10), in
dependent of the range of the interactions (as long as wb

is finite). However, when the system is taken into the
metastable regime, the interactions start to become im-
portant again. The limit of metastability is given by

in the long-range case, which implies

(L 2l)-L—' ~

at a „,(L). These results are summarized in Fig. 3.
Going beyond the sharp-kink approximation, it is

straightforward to show, using (13b) and arguments siini-
lar to those applied in Ref. 16, that the concentration
profile c (z) develops a long-range tail of the form

c (z) —cd —1/zP

in the disordered surface layer, i.e., for 0 «z « l, as well
as a similar tail in the ordered phase. Using this result in
(13a), however, one finds that this does not change the ex-
ponential behavior of the tails of P(z), so that

F„d(l)=2cr +(L 21)f(gb)+k—il i'+2

—
A, z(L —2l )

with the Hamaker constants

P(z) —exp[ —( l —z) /gd ] (16)
(14)

in the surface layer. Our model therefore predicts that

lDO
A. , =+ 2cd(c, —cd ), IL

2
I

I

L(/P

(p —1)(p —2)

In the two-phase region, f(pb ) is given by (7) as before,
with $=2b/3g, s. and

g,ir=g —2p /(a+wb) .

In (14), terms of order (L —l) ~+ and L i'+ have been
neglected, because they do not become singular in the
limits l~0 or (L —2l)~0. Note that (14) is the naive
generalization of (6) one would expect for long-range in-
teractions: all one has to do is to substitute the correct
form of the effective interface potential for the interaction
between the various interfaces. For c, )cd, both A,

&
and

A,2 are positive; for c, &cd, however, k, changes sign and
there can be no continuous SID transition in this case.
For c, =cd one expects, in general, higher-order terms of
the type l i'+' and (L —2l)

Minimizing (14), we find that both wetting and the

L
I/P.

I

ai (L)

—)+ I/p)-L

0 meta ad

FIG. 3. Temperature dependence of the thickness I of the
disordered surface layer, for the case of long-range (power-law)
interactions. The dependence of various quantities as a function
of the film thickness L is indicated. For further discussion, see
the text.
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the order-parameter decays exponentially, whereas the
concentration approaches its bulk value with a power
law. This kind of behavior has been postulated in order
to interpret surface melting experiments in thin films. '

It is easy to show that the tails of the concentration
profile do not change the leading contributions to the
effective interface potentials, so that (14) is correct
beyond the sharp-kink approximation. ' ' ' Because the
concentration interactions are of longer range than those
of the OP, the concentration mode determines the wet-
ting behavior in the present case. This implies a rather
unusual, nonuniversal temperature dependence of the
surface OP as a ~a, . ' However, in the two-phase re-
gion, Eq. (16) implies that the surface order parameter is
O(e ), just as in the case of short-range interactions.
The surface concentration at the transition temperature
a„on the other hand, approaches its value in the infinite
system, c„(z=0), as

c (0)—c„(0)-L

IV. SUMMARY

The presence of conserved nonordering densities drast-
ically alters the finite-size behavior at interface delocali-
zation transitions in films of finite thickness L. The
reason for this is that the constraints lead to a two-phase
region in the bulk phase diagram. For small L, the disor-
dered phase can become thermodynamically stable before
this two-phase region is reached. In this case the shift of
the transition temperature is proportional to L ', just as
in systems without constraints. However, for L
sufficiently large, the thickness of the disordered surface
layer begins to diverge as the two-phase region is ap-
proached from below. In the two-phase region, the thick-
ness of the wetting layer is determined by the constraint
(lever-rule regime). With increasing temperature, the
thickness of the wetting layer continues to grow until
close to the upper boundary of the two-phase region, only
a thin ordered layer of thickness O(L' ) remains at the
center of the film. At this point, the ordered profile be-
comes thermodynamically unstable, resulting in a shift of
the transition temperature proportional to L ', in-
dependent of the range of interactions. The different
finite-size behavior in systems with and without con-
straints is thus a direct consequence of the different en-
sembles realized in these two cases. Finally, it was shown
that the ordered profile is metastable above the thermo-
dynamic transition temperature up to a temperature
a „,(L), the value of which depends on the explicit form
of the interaction potential.

Two models were analyzed in detail; the first describes
surface-induced-disorder transitions in binary alloys with
short-range (exponential) interactions, and the other, sur-
face melting with long-range van der Waals interactions.
In both cases, constraints of the type we consider are ex-
pected to occur in many experimental situations. Expli-
cit results for the finite-size behavior summarized in the
last paragraph were presented. In addition, new results
for the decay of the order-parameter profiles at the sur-
face melting transition were derived.

Accurate experimental studies of wetting behavior in
thin-film geometries have become increasingly feasible in
the last few years. ' ' It is hoped that the present work
will be of use in the interpretation of those experiments in
which "hidden" variables play an important role.
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APPENDIX

where p, is the chemical potential, V(r) an external po-
tential, and V„[n] the free energy functional of the refer-
ence system with potential u (r) Withou. t loss of general-
ity, u (r) can be approximated by a hard-sphere potential
which is infinite for r d and zero for r )d, where d is an
effective hard-sphere diameter approximately equal to r„
the position of the minimum of the full interaction poten-
tial v(r). Equation (Al) contains only the lowest-order
mean-field-like contribution of w (r). This will be
sufficient for our purposes.

For small inhomogeneities, it is convenient to expand
the grand potential about some homogeneous reference
state. If we take this reference state to be the equilibri-
um liquid phase at uniform density n (r) =n, we obtain

Q[n]=Q[n]+bP+ ,' f dr f d—r' w(~r —r'~)bn(r)bn(r')

where

+ fdr V(r)b, n(r) (A2)

aV=P ' fdr[n(r)ln[n (r)/n] —[n (r) —n]]
—1

f dr fdr' cHs( ~r —r'~;n )~n(r)Ln(r'),

(A3)

with An(r)=n(r) —n and f3 '=ksT. cps(r;n) is the
hard-sphere (HS) direct correlation function of the homo-
geneous reference liquid. In deriving (A2) and (A3) we
have used the fact that 5QI5n

~

=0 for V(r)=0. The
first term in (A3) is the ideal-gas contribution; the second
term results from truncating the functional Taylor expan-
sion of the excess Helmholtz free energy at second order
in the density difFerence b,n(r).

According to the density-functional formalism, the
Helmholtz free energy V on an inhomogeneous system
can be expressed as a functional of the atomic number
density n (r). If the elementary interatomic interaction
potential v(r) can be divided into a short-range repulsive
part u (r) and a long-range attractive tail w (r), the
mean-field grand potential functional can be written as '

Q[n]=V„[n]+—,
' fdr fdr'w(~r —r'~ )n(r)n(r')

+ dr Vr —pnr (A 1)
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In the film, a convenient parametrization for the densi-
ty is

where

6(/r —r'/)=P 'cps)(/r —r'[;n) —w(/r —r'/) .
n(r)=n 1+$0(z)+g PK(z)e'

K
(A4)

Substituting (A4) in (A5), we find I =ID+I i +I2, with

where the sum runs over the nonzero reciprocal-lattice
vectors K of the solid. In the bulk, [(tz] is the set of or-
der parameters characterizing the solid phase. Here, it is
sufhcient to consider only a simple, truncated version of
(A4) in which only one set of reciprocal-lattice vectors of
equal length is included. This set, denoted by [G], is the
smallest nonzero set, e.g. , the 12 [110] reciprocal-lattice
vectors in a bcc crystal.

To be specific, we shall assume in the following that the
solid is a bcc crystal. As already noted, the set [G] con-
tains 12 elements in this case. A suitable choice of basis
vectors is

a, =—
(
—e, +e2+e3),

a2= —(e, —ez+e3),

where A is the area of one surface of the film, X, is the
number of reciprocal-lattice vectors in [G, ], and

0;—:g((t G. +0-G )/&2
N,.

for i = 1,2. The functions 6;(z) are given by

6,(z)= fdp6[(p'+z')'"],

6,(z)=g fdp6[(p +z )' ]e

and

62(z)=pe ' fdp6[(p +z )' ]e

a3= —(e, +e2 —e3),

where a is the next-nearest-neighbor distance. The corre-
sponding reciprocal-lattice vectors are

a

a

b3 = (e, +e2),=2~-
a

so that the 12 elements of [G] are +b„+b2, +b3,
+(bi —b2), +(bi —b3), and +(bz —b3).

In the bulk, the coe%cients pG of all the [110]
reciprocal-lattice vectors must be of equal magnitude in
order for the resulting solid to have the proper cubic
point-group symmetry. Near a surface, however, this is
not so; in this case they divide into several diA'erent

classes depending on the direction cosine between the
particular [110] vector and the surface normal. Within
each class the amplitudes are the same.

In the following, we consider films with (111)surfaces,
and take the z direction to be parallel to a&. In this case,
the set [G] divides into two classes, each consisting of six
elements. The first class, [Gi]:—[+b2, +b3, +(b2 —b3)]
consists of those reciprocal-lattice vectors which are per-
pendicular to ai. The second class, [G2) = [+bi,
+(bi —bz), +(bi —b3)] consists of those elements of [G]
which have a finite projection on the z direction.

The interaction terms in (A2) and (A3) can be com-
bined and written as

where Gz is the magnitude of the component of Gz per-
pendicular to the surface (i.e., parallel to z) and Gf is the
component of G2 in the (111)plane.

First, note that for nonretarded van der Waals forces,
60(z) is asymptotically proportional to 1/z in d =3 di-
mensions. On the other hand, both Bi(z) and 62(z) are
short range, even though 6(r) has a long-range tail. To
see this, consider Bi(z). First of all,

jape' ' = f "pdp f ' dee' ' '"

=27T p dp Jo G)p
0

so that

8,(z)=12'f pdp8[(p +z )'~ ]J (G,p) .

The essential features of the large-z behavior of 6,(z) can
be determined by assuming an analytically tractable form
for 6(r) which exhibits the correct large-r behavior. A
particularly simple choice, appropriate for van der Waals
forces, is 6(r) =y/(a +r ), where a and y are con-
stants. With this choice we find

f pdp6[(p +z )' ]J (G,p)

6)
IC, [G (a'+z')'"]

8 a2+z2
—G, Izl

so that 6,(z) —e ' asymptotically. Similar arguments
can be applied to analyze Bz(z).

Because both 6,(z) and 82(z) are short ranged, I, and
I2 can be simplified further by performing a gradient ex-
pansion. Expanding P&(z') and $2(z') to second order in
(z' —z) about z, we find

I= —
—,
' f dr f dr'8(~r —r'~ )bn(r)bn(r'), (A5)

' 2

J; 0f dz P;(z)+ J, 2 f dz
dz
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for i =1,2, where

J, =n f dzz 6, (z)=ng fdrz 6(r)e'
00 G.

t

Since G, =62 =G, we see that

J, o= J2 o=66(G) &0,

The contribution of the ideal-gas term in (A3) can be
determined as follows. Substituting (A4) in the first term
on the right-hand side of (A3) one obtains

fdr{n(r)ln[n(r)/n] [—n(r) —n]I

where 6(G) is the Fourier transform of the direct corre-
lation function. Also, note that

n fdrr r&B(r)e'"'

ao
( 1)k=n g fdr Po(z)+QPGe'G' " .

k=2 (k —k) G
(A6)

1
5a, P

k kp dB(k) k kt3 d 6(k)+
The right-hand side of (A6) can be written as

n dr aK
and that 6(k)=1—1/S(k), where S(k) is the liquid
structure factor. Quite generally, we expect G to be the
approximate position of the first peak in $(k) (Ref. 23) so
that

K

+ X ax, K,K-Pickrc &x.-+
K, K', K"

and

6 dB(k)
1,2 G G

4 d6(k) d 6(k)
G dk dk2

G G

d 6(k)
dk

where the K sums run over zero and the elements of {G, I
and {Gz I. In the third-order term, only those
reciprocal-lattice vectors contribute which satisfy the
condition K+K'+K"=0, and, in general, the condition
that the nth order term does not vanish is
K+K'+ +K '"'=0.

Since Po is a nonordering density, we shall keep only
the lowest-order contributions Po and PoPGP G. Doing
this we finally obtain

n fdr[ ,'a2(P, +P—z)+,'b24'o b30o(—ki+4z) a3(4i+34—iA)+ ,'a4(2$, +2—gz+5gigz)+ ] . (A7)

In writing (A7) we have followed the procedure used in
Ref. 13. At any (e.g., nth) power of order parameters P,
and $2, there exist several symmetry classes of polygons
with n sides which can be constructed from the elements
of {GI. All the polygons in a given symmetry class can
be transformed into one another by an operation of the
cubic point group. %e make the ansatz that all polygons
with the same number of sides have the same coefficients.
This is not, however, required by symmetry. Neverthe-
less, the essential physics would not change if different
coe%cients were allowed for, and furthermore, there is no
convenient empirical procedure for determining the
values of these coefficients.

Denoting the integrand of (A7) by f(IP;I), our free-
energy functional has the form

2

fdz — +f({P,I)

—
—,
' f dz fdz'6( ~z

—z'~ )P (z)P (z'),

where unimportant constants have been dropped. The
Euler-Lagrange equations for this model contain no gra-

dient term involving Pi(z). P, (z) is therefore determined
by the local values of Po(z) and Pz(z); in particular, it is
easy to see that P, (z)-Pz(z) for $2(z)~0 so that the sur-
face critical exponent for the P, mode is just twice that of
the $2 mode. In the bulk, however, Pi( ~ )—:$2( co ) in or-
der that the bulk crystal exhibits cubic point-group sym-
metry. As shown in Ref. 3, the Pi mode does not affect
the universal features of the SID transition in this case.

can therefore be integrated out, leaving a two-
component order-parameter model. The resulting model
is given by Eqs. (1), (2), and (12) with P =$2 and c—:Po.

The same procedures can be applied in other crystal
directions. For example, in the [110] direction, {GI
divides into three classes, two of which have a nonzero
projection of the z direction. ' The resulting model is
somewhat more complicated in that four fields must be
considered, three of which have nontrivial interaction
terms. Note that two elements of {GI (say +g) are, in
fact, parallel to the z direction in this case. This leads to
the novel situation that both Po and Ps have long-range
interactions in the z direction. All other fields have
effective exponential interactions; for these fields a gra-
dient expansion can again be made.
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One general feature which has emerged from the
present analysis should be emphasized, namely, that the
range of the effective interaction in the z direction of
some component Pk of the order parameter depends on

the value of z k. Quite generally, the smaller the projec-
tion of k on x, the shorter the range of the interaction. In
particular, for k~~z, one obtains long-range power-law in-
teractions.
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