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The critical dynamics of dipolar ferromagnets are investigated by a mode-coupling theory. The
dynamical scaling functions for the Kubo relaxation functions and the damping coefficients are

computed. The shape of the transverse scaling functions shows a crossover at the dipolar wave vec-

tor qD, while the characteristic time has its crossover at about a tenth of qD. For wave vectors
smaller than qD the critical transverse correlation function decays nearly exponentially with time.
On the basis of this theory, we interpret neutron scattering experiments (constant-wave-vector and

constant-energy scans) on EuO, EuS, and Fe. The agreement of the theory can be extended beyond

the immediate vicinity of the critical point by including van Hove terms in the damping coefficients.

I. INTRODUCTION

The critical dynamics of ferromagnets has been a
matter of debate over many years both theoretically and
experimentally. There are a variety of experimental
methods, each sampling different regions of wave-vector
space. These measurements indicate that the critical dy-
namics of isotropic ferromagnets cannot be explained
solely on the basis of the short-range exchange interac-
tion. In hyperfine-interaction (HFI) experiments on Fe
and Ni, one observes a crossover in the dynamical critical
exponent from z =

—,
' to z =2;' i.e., a crossover to a dy-

namics with a nonconserved order parameter. This is
confirmed by electron-spin-resonance (ESR) and magnet-
ic relaxation experiments, ' where one Ands a nonvan-
ishing Onsager coefficient at zero wave vector. However,
in contrast a critical exponent z =

—,
' is deduced from the

wave-vector dependence of the linewidth observed in neu-
tron scattering experiments right at the critical tempera-
ture. " ' Nevertheless, the data for the linewidths above
the transition temperature' ' ' cannot be described by
the Resibois-Piette scaling function resulting from a
mode-coupling (MC) theory and a renormalization-
group (RG) theory, ' which take into account the
short-range exchange interaction only. - Those apparent
experimental discrepancies were resolved recently by a
MC theory, ' which on top of the exchange interaction,
takes into account the dipole-dipole interaction present in
all real ferromagnets.

Another important problem is the shape of the correla-
tion functions. For the short-range exchange interaction
this problem was analyzed by means of a discrete version
of MC theory in Refs. 28 —31, and by a RG theory in
Refs. 32 and 33. All these theories fail to reproduce the
nearly exponential decay of the Kubo function, found by
spin-echo experiments on EuO at q =0.024 A and
T = T, . ' Only at larger wave vectors are the RG and
MC calculations in accord with the experiment, as shown
by a comparison of the shape of the RG theory ' with
the heuristic shape of Ref. 18. The discrete versions of

the MC theory give a quite reasonable agreement with
experiments for large wave vectors near the Brillouin-
zone boundary, as can be inferred from Ref. 31. It was
argued in Refs. 35 and 36 that neither MC nor RG
theory is valid in the time regime probed by Mezei's' ex-
periments. To fit the experimental results a "hybrid
theory" was proposed, which is a phenomenological in-
terpolation scheme between the short- and long-time lim-
its. In contrast we have shown in a brief report that the
experiment can be explained naturally within our dipolar
MC theory without any need for a special treatment of
the short-time behavior.

Certain features of the shape of the correlation func-
tion can be accentuated by constant energy scans. The
RG theory (based on the short-range exchange interac-
tion) predicts a fiat curve for the reduced peak position
q0co plotted versus the scaled frequency cog' ~. s'

In certain energy and wave-vector regions, this theoreti-
cal result is confirmed experimentally. However, re-
cently Boni et al. have found pronounced departures
from the isotropic results in EuS in a region, where ac-
cording to Refs. 26 and 27, the dipolar interaction should
have a considerable effect on the dynamics. This is quite
similar to the situation in constant wave-vector scans,
where one finds deviations from the Resibois-Piette scal-
ing function. ' ' We will give an explanation of these
anomalies on the basis of the MC theory including the
long-range dipolar forces.

At first sight it may be surprising that the relatively
weak dipolar interaction is responsible for the anomalies
observed in the critical dynamics. However, the dipolar
interaction has the following characteristic features,
which have important consequences on the critical dy-
namics. (I) In contrast to the short-range exchange in-
teraction, the dipolar interaction is of long range and
thus dominates the asymptotic critical behavior of fer-
romagnets. (2) It introduces an anisotropy of the spin
fluctuations longitudinal and transverse to the wave vec-
tor q. This implies that the longitudinal static suscepti-
bility remains finite for q~O and T +T, . (3) The or-—
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O'J(q, co)= f dte' 'O'J(q, t) .
0

(1.2)

This Kubo relaxation function is related to the transport
coefficients I '~(q, t) and the frequency matrix to'~(q) by

der parameter is no longer conserved, as can be inferred
from the equations of motion. (4) The strength of the
dipolar interaction introduces, besides the correlation
length g, a second length scale qD ', where qD is the so-
called dipolar wave vector defined below. This leads to
generalized scaling laws for the relaxation functions and
the linewidths.

For later reference let us now make some remarks
about the structure of MC theory. The basic idea under-
lying MC theory is that near the critical point the
relevant dynamics are described through slowly varying
macroscopic modes; i.e., the conserved quantities and the
order parameter. The dynamics are formulated most
conveniently in terms of the Kubo relaxation functions
for the spin variables S'(q, t), which are defined by

Ci'~(q, t) =i lim f dre "([S'(q, r), S'(q, O) ]), (1.1)
@~0 t

with the normalization @'~(q, t =0)= 1; i.e., the spin vari-
ables are normalized with respect to the static susceptibil-
ities. The corresponding frequency-dependent relaxation
functions are defined by a half-sided Fourier transform

and present, in addition, the results for temperatures
above T, . Specific predictions are made for EuO, EuS,
and Fe. Furthermore, we examine the inAuence of van
Hove terms and static irrelevant interactions on the criti-
cal dynamics. The outline of the paper is as follows: In
Sec. II we formulate the MC theory for dipolar ferromag-
nets starting from a Hamiltonian, which contains both
the short-range exchange and the long-range dipole-
dipole interaction. The symmetry of this Hamiltonian
leads us to introduce spin modes longitudinal and trans-
verse with respect to the wave vector q. From the MC
equations we obtain generalized scaling laws for the re-
laxation functions and linewidths. The set of self-
consistent MC equations for these scaling functions is de-
rived. In Sec. III we present numerical results for the
substances Fe, EuO, and EuS. Reference is made to par-
ticular experiments (i) spin-echo experiments, (ii) con-
stant wave-vector scans, and (iii) constant energy scans.
A comparison is made of the Lorentzian approximation
with the complete theory. Section IV is devoted to an ex-
amination of the inAuence of van Hove terms in the
transport coefficients and of static irrelevant interactions
on the critical dynamics. In Sec. V we give a summary
and discussion of the results.

II. GENERAL THEORY
d

qi'~(q, t) = ice'"(q)N "~(q, t)
dt

—f drl" (q, t —r)&b"J(q, r),
0

where the frequency matrix is given by

(1.3)

The spin Hamiltonian, including both short-range ex-
change and long-range dipolar interactions, is given by

q8=f, [(Jo+Jq )6'~+ JgD'(q)]S'(q)SJ( —q),(2~)'

co"(q)=, , &
([S'(q, t), S'( —q, t)]) . (1.4)

1

[x'(q)x'(q) ]'"
The I ' (q, t) are determined self-consistently from decay
processes of the spin modes. If only two-mode decay pro-
cesses are taken into account, the spin-relaxation func-
tions enter quadratically into the coupled integro-
differential equations for the I'"(q, t). Frequently one in-
troduces, in addition, a Lorentzian approximation for the
Kubo relaxation functions, which results in a simplified
set of MC equations for the linewidths. For instance the
Resibois-Piette scaling function for isotropic ferromag-
nets is obtained on this level of approximation.

The MC equations for ferromagnets with both dipolar
and exchange interaction were derived in Ref. 26. As can
be inferred from Refs. 26 and 27, the linewidths can be
determined satisfactorily by the Lorentzian approxima-
tion. However, in order to obtain information about the
line shape, one has to refrain from this approximation
and has to solve the complete set of MC equations.
Then one finds a crossover in the line shape of the trans-
verse Kubo function from a shape similar to that found
in RG calculations at large wave vectors (i.e., q ~qD )

to a Lorentzian-like shape 'at q «qD. This explains the
nearly exponential decay of the transverse Kubo function
found by spin-echo experiments on EuO. ' The time
dependence of the longitudinal shape function is Gauss-
ian for small times and shows an oscillatory behavior.

In this paper we expose the arguments in more detail

The parameters J0 and J characterize the exchange in-
teraction, with the former not entering the equations of
motion. The Fourier-transformed dipolar interaction is
represented by the function

J a2
D "(q)= + q'q 1+

q2 a
3 4 5+ q

— (q') 5",
a& a&a]

(2.3)

where a; are constants depending on the lattice struc-
ture. The ratio of dipolar to exchange interaction is
characterized by the dimensionless parameter g

~i(gr Pa)
2Ja

(2.4)

which defines the dipolar wave vector qa. Note that all
quantities are given in units of the nearest-neighbor dis-
tance a. Here gL is the Lande factor and p~ the Bohr
magneton.

If one retains only those terms in the Hamiltonian,
which are relevant in the sense of the RG theory (see also
Sec. IV 8), the Hamiltonian reduces to

(2. 1)

where S'(q) are the Fourier-transformed Cartesian com-
ponents of the spin operator S'(x)

S'(q) = f d xe ' i "S'(x) . (2.2)
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H= JO+Jq '+Jg S' q S —q
(2m )

gests a decomposition of the spin operator S(q) into one
longitudinal and two transverse components with respect
to the wave vector q; i.e.,

(2.5) S(q)=S (q)q+S '(q)t'(q)+S '(q)t (q), (2.7)
Since the dipolar interaction contains the projection
operator (q'q J/q ), the static as well as the dynamic criti-
cal behavior is quite different for the spin modes longitu-
dinal and transverse with respect to the wave vector q.
The static transverse susceptibility diverges with the di-
polar critical exponent y (Ref. 39) as the critical tempera-
ture is approached, whereas the longitudinal susceptibili-
ty remains finite. The matrix of the static susceptibility is
given by

l J J
x"(g,q)=x'(g q) &"—,+x'(g q)

q q

where we will use the Ornstein-Zernike forms for the lon-
gitudinal and transverse susceptibilities

where the orthonormal set of unit vectors is defined by

Xe3q=, t'(q)=, t (q)=qxt'(q) .
q

' (q2+q2 )1/2 ' (2.8)

For vanishing components of q the limits are taken in the
order of increasing Cartesian components. In the follow-
ing we will use these longitudinal and transverse spin
operators for the description of the dynamics. The Kubo
relaxation functions of the spin variables S (q, t) are
defined by (a =L, T, , T2)

4 (q, t)=i lim f ™dre "([S (q, r), S (q, 0) ]),
@~0 t

(2.9a)

T 1 1
x g~q =~

q +
L 1 1

x

(2.6a)

(2.6b)

with the normalization 4 (q, t =0)=1; i.e., the spin vari-
ables are normalized with respect to the static susceptibil-
ities. The corresponding frequency-dependent relaxation
functions are defined by a half-sided Fourier transform

The mode-coupling theory does not account for effects of
the critical exponent g, which will be neglected in the fol-
lowing. Here

T TC
k=f0

C

@ (q, cv)= f "dte' '@ (q, t) .
0

(2.9b)

From the Heisenberg equations of motion for the spin
operators one derives the following set of mode-coupling
equations for the damping I (q, g, t) and relaxation func-
tions N (q, g, t):

is the correlation length. The static crossover from
Heisenberg to dipolar critical behavior is partly con-
tained in g through the eff'ective exponent v-=y, tr/2.

The tensorial structure of the static susceptibility sug-
I

a—4& (q, g, t)= —f drI (q, g, t ~)C& (q, g—, )r,
0

(2.10)

I (q, g, t)=2J k~T f g uI (k, q, g, 8)(6 ' +5 ' 5~' 5 ' )
' ' 4~(k, g, t)N (iq —k~, g, t) .

(2.11)

Here the k integration runs over the first Brillouin zone
(BZ). The vertex functions v& for the decay of the mode
a into the modes P and o can be found in Refs. 26 and
27.

Equation (2.11) describes two-mode decay processes.
As emphasized before, the dipolar interaction introduces
a second length scale qD

' besides the correlation length
This entails the following extension of the static scal-

ing law: 4 (ql, gl, col')=l '@ (q, g, o)c, (2.14a)

q

Since the vertex functions u& are proportional to the
fourth power of the wave number, v& ~ q, the dynami-
cal scaling functions derived from Eqs. (2.10) and (2.11)
obey the dynamical scaling laws

2~x (q g)=zq 'x (x,x» (2.12)
and

I ( ql, gl, col') = i'I (q, g, tu ), (2.14b)
with the scaling variables

1
X =

q

and (2.13)

with z =
—,
' and a scaling parameter l. We emphasize that

despite z assuming the isotropic value —„there is a cross-
over to dipolar critical behavior contained in the func-
tional form of the correlation functions. An immediate
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consequence of Eq. (2.14a) is the following scaling prop-
erty of the characteristic longitudinal and transverse fre-
quencies co, (q, g):

to, (q, g) =Aq'0 (x,y), (2.15)

where A is a nonuniversal coefficient.
Now there are various ways to rewrite the scaling laws

[(2.14a) and (2.14b)] by appropriate choices of l. If one
sets I =q ' one finds,

—z~a 1 g4' (q, g, co)=q
qg' q'' q' (2.16a)

and

I" (q, g, co) =q'f' 1 g co

qg'' q'' q' (2.16b)

A disadvantage of Eqs. (2.16a) and (2.16b) is that both the
crossover of the time scales and of the shapes of the
correlation functions are contained in N . Since the time
scales for the isotropic and dipolar critical and hydro-
dynamic behavior differ drastically, it is more natural to
measure frequencies in units of the characteristic frequen-
cies. Hence, we fix the scaling parameter by the condi-
tion

lz 1

Aq'0 (x,y)

4 (q, g, t)=P (x,y, r ), (2.19a)

I (q, g, t)=[AqY), (x,y)] y ( xy, r),
where the scaled time variables ~ are given by

(2.19b)

functions. The former is mainly contained in 0 (x,y) the
latter in P (x,y, v ).

There is still some freedom in the choice of co, in Eq.
(2.15); for instance, one could take the half-width at half
maximum (HWHM) of the frequency-dependent Kubo
functions. This, however, would require us to solve Eqs.
(2.10) and (2.11) simultaneously for the time scales and
the shapes of the correlation functions. Therefore, in the
following we will use as characteristic frequencies the
half-widths resulting from the Lorentzian approximation
for the line shape, which are already known. The
Lorentzian line widths obey the same scaling laws as the
HWHM and have the same asymptotic (hydrodynamic,
dipolar, isotropic) properties. Thus, this choice for the
characteristic frequencies solely is a matter of numerical
convenience and does not introduce any approximations.
From the final result one can obtain the HWHM and
rewrite the scaling functions in terms of these new vari-
ables.

Equations (2.17a), (2.17b), (2.13), and (2.18) imply for
the Laplace-transformed quantities the scaling laws

and find from Eqs. (2.14a) and (2.14b), r =Aq'0 (x,y)t . (2.20)

and

@ (q, g, co) = P (x,y, v ),1

Aq'0 (x,y)
(2.17a)

I (q, g, to)=Aq'0 (x,y)y (x,y, v ), (2.17b)

with

CO

Aq'0 (x,y)
(2. 18)

Equation (2.17a) separates the crossover of the frequency
scales and the crossover of the shapes of the correlation

One should note that the characteristic time scales
I/[Aq'0 (x,y)] are different for the longitudinal and
transverse modes. This is mainly due to the noncritical
longitudinal static susceptibility implying that the longi-
tudinal characteristic frequency Aq'II (x,y) shows no
critical slowing down asymptotically. In other words, for
T = T, and q —+0, the longitudinal characteristic frequen-
cy does not tend to zero, which implies an effective
dynamical critical exponent z,& =0 in the limit q ~0.

Inserting Eqs. (2.19a) and (2.19b) together with the
static scaling law (2.12) into Eqs. (2.11) and (2.10) we find
the following coupled integrodifferential equations:

y (x,y r )=2
2

~cur.f deaf dpp g&ti (y, p, g)(5 ' +5 ' 5@ 5 '
)0 (Xy) —i O

wp
X & X

p p p — p—

X (Xy)

XP~ —, , ~ t3(x,y p) P, , r (x y p )
p p p — p—

(2.21)

and

r
P (x,y, r )= —f dry (x,y, ~ r)P (x,y, r), —

87 ~ 0
(2.22)

connecting the scaling functions for the transport coefficients with the scaling functions for the Kubo relaxation func-
tions. In Eq. (2.21) we introduced the notations p='k/q, p =

~q
—k~/q, rl=cos(q, k), and

1 ~p(x, y, p) r~ p 0 (x Ip, y Ip)/0 (x,y)
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The nonuniversal frequency scale resulting from Eq. (2.15) is
1/2 ' 1/2

Jk~ T gLp~ k~ Ta,a=a'/2
4~ qa 8m

(2.23)

The critical dynamic exponent following from Eq. (2.14) equals z =
—,', however, as noted before, the crossover to dipolar

behavior is contained in the scaling functions for the transport coefficients y (x,y, r ), the scaling functions for the
Kubo relaxation functions P (x,y, r ) and the scaling functions of the characteristic frequencies 0 (x,y).

The scaled vertex functions read

1~a 2 2ga, L+(1 2) gP, T+ ga, T
(

] )2
p'-

(2.24)

1,TvLT= 2(1 —q 5 ' ) —(1—
rI ) 1+ 5 ' pg ,'+-—

p'-
(2.25)

which are related to the vertex functions v& of Eq. (2.11) by v& =q v& . For both longitudinal and transverse modes,
the dipolar interaction enters only in vertices involving decays into a longitudinal and a transverse mode, since the dipo-
lar interaction enters the Hamiltonian only through the longitudinal modes.

Because the k integration is restricted to the Brillouin zone, the p integration of Eq. (2.21) contains the cutoff

pcut
qBz qBz

qa
(2.26)

where qBz denotes the boundary of the first Brillouin zone. All other material dependent parameters are contained in
the frequency scale A, Eq. (2.23). The cutoff (2.26) is important for small times, because the integrand of Eq. (2.21) is of
order 1 for t =0 and p »1. Hence, for small times wave vectors near the zone boundary also contribute to the relaxa-
tion mechanism.

As explained before, we take for the characteristic frequencies the linewidths resulting from the Lorentzian approxi-
mation of the MC equations; i.e.,

Q (x,y)=yL„(x,y) .

The scaling functions of the Lorentzian linewidths yL„(x,y) are determined by the coupled integral equations

(2.27)

2 2

yL„(x,y)= I drj I dpp ggv& (y, p, q)(6 ' +5 ' 5@ 5 ' )
X(xy) —' ' p .

x' —,—x
p p

x y
p — p—

(2.28)

Using the solution of Eq. (2.28) as input we have solved
the complete set of MC equations (2.21) and (2.22) for
different values of qBz. Because there are three scaling
variables (x, y, and v ) it is impossible to present here all
numerical results. Instead, in the next section, we will
concentrate on a limited number of temperatures and
wave vectors motivated by the available experiments on
the substances of primary interest EuS, EuO, and Fe.

In closing this section we give the results for the criti-
cal temperature (x =0). We refer to EuO, characterized
by qD =0.147 A ' and qBz 1.06 A '. ' The transverse
and the longitudinal scaling functions P (x =O,y, r )

versus the scaling variables ~ and y =qD/q are shown in
Figs. 1 and 2. The line shapes for the longitudinal and
transverse Kubo relaxation functions differ significantly,
especially for small wave vectors q «qD; i.e., y »1.
Both functions drop off quadratically at t =0, as is im-
plied by Eq. (2.22), but the transverse relaxation function
obeys this behavior in a very small time domain only and

FIG. 1. Scaling function of the transverse Kubo relaxation
function P (x =O,y, rr) at the critical temperature vs rr and
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FIG. 2. Scaling function of the longitudinal Kubo relaxation
function P (x =O,y, rL ) at the critical temperature vs rL and

may be approximated best by an exponential function for
y &) 1. The longitudinal relaxation function shows a
damped oscillatory behavior.

III. APPI.ICATION AND PREDICTIONS
FOR EXPERIMENTS

As already mentioned in Sec. II, the p integration in
Eq. (2.21) contains a material dependent cutoff

p,„„=yqBz/qD. The ratio qBz/qn is characteristic for
the material and is collected together with other impor-
tant nonuniversal parameters of EuO, EuS, and Fe in
Table I.

Due to this cutoff' dependence we are forced to solve
Eqs. (2.21) and (2.22) for each substance separately. Nev-
ertheless, the resulting scaling functions of the Kubo re-
laxation function for EuO, EuS, and Fe are nearly identi-
cal for temperatures T close to the critical temperature
T, and for small wave vectors q. This is not very surpris-
ing because of dynamic universality. The scaling func-
tions differ in regions well separated from T, and for
wave vectors near the Brillouin-zone boundary. In the
presentation of our numerical results selected according
to their experimental relevance we restrict ourselves to
the most important aspects.

A. Kubo relaxation function versus time,
exemplified for EuO

In view of spin-echo experiments on EuO above T„the
analysis of which is in progress, " we investigate the
Kubo relaxation function versus time for the set of wave
vectors: q =0.018 A ', 0.025 A ', 0.036 A ', 0.071A, 0.150 A '. In order to make evident the differences
in the shape crossover for different temperatures we first
examine the scaling function for the transverse and longi-
tudinal Kubo relaxation function. In Figs. 3(a) and 3(b)
these are plotted versus the scaled time variables ~ for a
temperature in the immediate vicinity of T,
( T= T, +0.25 K) and in Figs. 4(a) and 4(b) for T = T, + 8
K. In Fig. 3(a) one recognizes a nearly exponentially de-
cay of the transverse scaling function for wave vectors

O

q &(qD =0. 147 A '. Therefore, the frequency-
dependent relaxation function exhibits a Lorentzian-like
shape for q (&qD. On the other hand for q +qD the
curves look similar to Gaussians for small times and os-
cillate for larger times. Passing from small to large wave
vectors there occurs a shape crossover near the dipolar
wave vector. This should be contrasted with the
linewidth crossover appearing at a wave vector almost 1

order of magnitude smaller than qD (see Refs. 26 and 27).
The longitudinal scaling function in Fig. 3(b) shows a
Gaussian behavior at small times and damped oscillations
for larger times, which is quite diff'erent from what is
found for the transverse scaling function. Furthermore,
there is no crossover to an exponential decay as one
passes to smaller wave vectors.

Further away from T„ the line-shape crossover of the
transverse relaxation function is much less pronounced
and the shape is more Gaussian, even for wave vectors
much smaller than qD. In Figs. 4(a) and 4(b) the trans-
verse and longitudinal Kubo functions are shown for the
same wave vectors as in Figs. 3(a) and 3(b) at T =T, +8
K. For this temperature the shape of the longitudinal
and transverse Kubo function is nearly the same as one
realizes by comparing Figs. 4(a) and 4(b). This is exactly
what one would have expected, because the inhuence of
the dipolar forces decreases with separation from the crit-
ical point and then there is no difference any more be-
tween longitudinal and transverse modes.

To single out the line-shape crossover, the appropriate
time scales are r of Eq. (2.20) used in Figs. 3 and 4. On

TABLE I. Material parameters for Fe, EuO, and EuS. These values are collected from Refs. 13—22
and 39. q&z is defined by replacing the simple-cubic lattice by a sphere; i.e., qBz =(6~)' '/a. If there is
more than one value in the literature it is given in parentheses.

a (A)
T, (K)
qD (A ')
q» (A.
qBz~qD
TD —T, (K)
a,
Aexpt me V A
AL„meV A

Fe

2.87
1040.

0.045
1.7

38
8.6

v'Z4~
130
112

EuO

5 ~ 12
69.1

0.147
1.06
7.5
8.2
4~
8.7(8.3)
7.1

EuS

5.95
16.6
0.24(0.27)
0.66
2.8
4.8
4~
2.1(2.25 )

2.1
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1.0- TABLE II. Parameters a, b, and c of the approximant Eq.
(3.1) for a set of scaling variables y =qD /q.

0.5-

0.5
1.0
2.0
3.0
4.0
6.0

10.0

0.823 78
0.706 17
0.142 39
0.033 67
0.014 06
0.006 37

—0.000 34

0.31006
0.177 40
0.923 74
1.048 08
1.044 57
1.006 16
0.959 39

—0.005 12
0.081 73

—0.062 03
—0.084 28
—0.076 86
—0.061 01
—0.041 45

0-

1.0-

(pL
(b)

above the theoretical curve for t ~ 1 nsec. This may be
due to finite collimation effects in this time domain, as
noted by Mezei. ' To substantiate this point we have also
plotted in Fig. 7 the relaxation function at q =0.028 A
(dot-dashed curve), which is significantly higher than the
curve for q =0.024 A ' for t ~ 1 nsec. The fairly large
difference of the curves with q =0.024 A ' and q =0.028
0
A ' comes from the vicinity of the crossover region.

05-

1.0-

0-

I

2 4
0. 5-

FIG. 3. (a) Scaling function of the transverse Kubo relaxa-
tion function vs the scaled time variable ~T at T = T, +0.25 K
for q =0.018 A '

( ), q =0.025 A '
(
———), q =0.036

A '( —~ —.—. ), q =0.071 A '( —~ ~ —~ ~ —~ - —), and q =0.150
o

A ( —~ ~ ~ —~ ~ ~ —). (b) The same as in (a) for the longitudinal
Kubo relaxation function.

0-

the other hand, for comparison with experiments it may
be more convenient to present the transverse Kubo relax-
ation function versus the time scale ~'=A„„q t. Such
plots are exhibited in Fig. 5 for T = T, and the wave vec-
tors q =0.018 A ', 0.036 A, 0.150 A, 0.3 A ', and
in Fig. 6 for T=T, +0.5 K and q =0.018 A ', 0.025
A ', 0.036 A ', 0.071 A '. This choice of temperatures
and wave vectors is motivated by experiments in pro-
gress. "

1.0-

CL

0. 5-

B. Shape crossover at the critical point

Now we return to the critical temperature and com-
pare Fig. 1 with the spin-echo measurements of Mezei'
on EuO. Taking a cut of the transverse Kubo relaxation

0
function in Fig. 1 at the wave vector q =0.024 A ' we
find the relaxation function shown in Fig. 7 as the solid
line versus time in nsec, where we have used the theoreti-
cal value for the nonuniversal scale A =7. 1/5. 1326
meVA . There is an excellent agreement with the ex-
perimental data for t ~ 1 nsec. The experimental data are

0-
0

I

4

FIG. 4. (a) Scaling function of the transverse Kubo relaxa-
tion function vs the scaled time variable ~T at T=T, +8.0 K
for the same set of wave vectors q as in Figs. 3(a) and 3(b). (b)
The same as in (a) for the longitudinal Kubo relaxation func-
tion.
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0. 8

0.6

p. 4

0.2

0-
0 2

0 '

0. 5 1.0
t (nsec)

1.5 2. 0

FIG. 5. Scaling function of the transverse Kubo relaxation
function vs ~'=AL„q't at T=T, for q =0.025 A '

( ),

q =0.036 A '
( ———), q =0.150 A '

( —~ —~ —~ ), and

q =0.300 A ' {—"—.- —"—).

In order to exhibit the difference from the MC theory
including only short-range exchange interaction, we have
solved Eqs. (2.21) and (2.22) for this special case; i.e.,
y =0, x =0, and pcut qBz~q with q =0.024 A . The
result is the dashed curve in Fig. 7, which differs drasti-
cally from the line shape including the long-range dipolar
interaction. It is important to realize that the crossover
in the line shape starts nearly at qD, whereas the
linewidth still scales with the isotropic critical dynamic
exponent z = —,

' in this wave-vector region. These results
have been presented already in a recent letter. The nu-
merical integration of the MC equations ' was repeated
in Ref. 43 leading to a confirmation of our results.

To facilitate the analysis of experiments, we give here
an approximant for the transverse scaling function versus
the scaled time variable ~T

FIG. 7. Transverse Kubo relaxation function N (q, g, t) at
q =0.024 A '

( ) and q =0.028 A '
( —~ —~ —~ ) for dipo-

lar ferromagnets vs time in nsec. The dashed line is the Kubo
relaxation function for short-range exchange interaction only at
q =0.024 A '. Data points from Fig. 1 of Ref. 15.

y'(r, ) = exp
2
T

a +b~T+c&T
(3.1)

The parameters a, b, and c are given in Table II. ~e
h»«o emphasize that Eq. (3.1) is a purely numerical ap-
proximation and one should therefore refrain from a
p ysical interpretation. The range of validity is restrict-h
ed to y ~ 0.5 and ~T ~ 4. 5. This function, especially, does
not show the proper exponential decrease for very large
times.

Fina11y, let us compare the theoretica1 and experimen-
tal linewidths for Fe, EuO, and EuS precisely at the criti-
cal temperature. In Fig. 8 the transverse linewidth at T

C

1.0-

0-

0
q/qD

2

FIG. 6. Sc 1'aling function of the transverse Kubo relaxation
function vs ~'=AL, „q't at T= T, +0.5 K for q =0.018 A
( ), q =0.025 A '

( ———), q =0.036 A '
( ——- —.),

and q =O.O71A-' (
—"—"—~ ~ —).

FIG. 8. Scaling functions vsy '=q/qD at T, (in units of the
theoretical nonuniversal constant A) for (i) the HWHM of the
complete solution of the MC equations for the transverse Kubo
relaxation function ( ), (ii) transverse ( ——.—) and (iii)
longituchnal ( ———)linewidth in Lorentzian approximation.
Experimental data for EuO (;Ref. 19, 0; Ref. 14) and Fe (A;
Ref. 13).
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In conventional neutron scattering experiments one
measures the scattering function S (q, co)

S"(q,~) ~2k~Tq g (x,y)F (q, co) —co//k~ T
1 e

(3.2)

where the spectral weight function F (q, co) is related to
the real part of the transverse Kubo relaxation function
by

F (q, to)=Re[% (q, co)]

Re[/ (x,y, vT)] .
Aq'0 (x,y)

(3.3)

A possible way of examining the line shape are constant-
energy scans for the scattering function S (q, co).
Characteristic quantities in these scans are the peak posi-
tion qo and the HWHM Aq. For an isotropic ferromag-
net the peak positions scaled by the factor (A/co) / and
drawn versus the scaled frequency cog /A should follow
a single scaling function. ' ' In constant-energy mea-
surements above T, for the Heisenberg ferromagnet EuS
Boni et al. found that the peak positions do not obey
the scaling law of an isotropic ferromagnet.

One of the most striking new features introduced by
the dipolar interaction is the generalized dynamical scal-
ing Eq. (2.17) with the additional scaling variable

y =qn /q. In conventional constant q scans plotted
versus the scaling variable x =1/(qg'), the linewidths are
not represented by a single scaling function but by a
series of curves as exhibited in Fig. 3 of Ref. 26, where
each curve corresponds to a fixed temperature. As noted
recently and to be shown next, the failure of the isotro-
pic scaling law in constant-energy scans can also be attri-
buted to the inhuence of the dipolar forces.

Introducing polar coordinates r = (x +y )'/ and
y=arctan(qDg) the generalized scaling law for the Kubo
functions and characteristic frequencies leads to the fol-
lowing scaling law for the peak position in constant-
energy scans

ro = [(1/qok)'+ (qD /qo )']'"

obtained in the Lorentzian approximation is compared
with the HWHM resulting from the complete solution of
the MC equations. Whereas these two functions are quite
similar in shape, their asymptotic values differ by a factor
of 1.2. The experimental data in Fig. 8 are divided by the
theoretical values of the nonuniversal constants. Thus,
there is agreement between experiment and the HWHM
of the complete MC solution without adjustable parame-
ters.

C. Constant energy scans, exemplified for EuS

I ok'
S (q =O, co) ~ for T~ T, ,2+ p2

(3.6)

where I o denotes the relaxation rate of the nonconserved
order parameter in the hydrodynamic region. Since I o is
proportional to g Eq. (3.6) reduces to

1.5

qo(A~ Jv)
5-

/z.

1.0

0, 5
10 2

1 1 I 1

101 104

Hence if Eq. (3.5), containing the two-parameter scaling
function Q, is plotted versus cog / /A a set of curves
parametrized by the scaling variable y is obtained. In
Fig. 9 the scaled peak position qo(Ar„/co) / is plotted
versus co=cog / /A„„ for the following set of scaling
variables y= (a) 1.490, (b) 1.294, (c) 0.970, and (d) y=O.
Case (d) corresponds to an isotropic ferromagnet; i.e.,
qD=0. AL„ is related to A by AL„=5.1326A (see also
Sec. III D). The above values for y correspond in the
case of EuS (qD =0.27 A ', go=1.81 A) to the tempera-
tures T= (a) 1.01T„(b) 1.06T„and (c) 1.21T, . Due to
the generalized scaling law Eq. (3.5), the curves coincide
with the isotropic theory for high frequency, but deviate
for small frequency. The closer to T, the larger the fre-
quency, where the deviation sets in. The comparison of
experiments with Fig. 9 must not be extended to arbitrary
large co, but has to be restricted to regions where the con-
ditions g, q ((qBz is met [see discussion of relation
(3.8)].

The steep drop off of the scaled peak positions at par-
ticular y dependent values of co can be understood as fol-
lows. Because of the dipolar forces the order parameter
is no more conserved. Hence, the scattering function
S (q, co) remains finite for vanishing wave vector. As can
be seen easily from Eq. (3.2) the frequency dependence of
S (q =O, tu) is given by

ro= JR q'
A(g

—2+ 2 )z/2
(3.4)

A
qo '

A(g
—2+ 2 )z/2

(3.5)

as can be inferred easily from Eqs. (2.12) and (2.17a).
This implies for qo

' 2/5

FIG. 9. Scaled peak positions qo(A„„/co) ' for constant-
energy scans of the scattering function for the complete solution
of the MC equations vs the scaling variable 9 for y= (a) 1.490,
(b) 1.294, (c) 0.970, and (d) for the isotropic case, i.e., y=O. In-
set: S"(q,co)/S (O, m) in arbitrary units vs 1/r for y=1.294 for
some typical values of the scaled frequency [co=10 /' with
L =8 ( ), 10 ( ———), 12 ( —~ ——- ), 14 (

—~ ~ —"—), and
16 ( —"—"—) indicated in the graph by crosses].
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S (q =O, co) ~ for T = T, .1

CO

(3.7)
1.5

qD
yo= =co tang .

qo
(3.8)

The constant-energy scans have a maximum at q =0 and
for sufficiently large co a local maximum at finite q. If co

decreases, the former strongly increases while the latter is
shifted to smaller q. As a result of this competition only
the maximum at q =0 survives for low frequencies. In
order to substantiate this, typical constant-energy scans
are shown in the inset of Fig. 9, where S (q, co)/S (O, co)
(in arbitrary units) is plotted versus 1/r for y = l.294 and
for a set of scaled frequencies (co = 10 ' with L = 8, 10,
12, 14, 16 indicated in the graph). The corresponding
scaled peak positions are indicated in the scaling plot by
crosses. This behavior explains why the scaled peak posi-
tions for dipolar ferromagnets show such a steep drop off
at small frequencies. We do not attempt to fit tempera-
tures as 2.0T, by our critical theory. Due to the form of
S (q, co)/S (O, co) shown in the inset of Fig. 9, we consid-
er half-widths in constant-energy scans less significant
and refrain from presenting such plots.

We further note that the characteristic deviations from
the isotropic theory exhibited in Fig. 9 result from the
crossover in the time scale and not so much from the
crossover in the shape function. To demonstrate this, we
show in Fig. 10 the scaled peak positions qo(AL„/co)
in Lorentzian approximation. Compared to Fig. 9 the
maxima are overemphasized in Fig. 10, but the portions
with the steep slope are nearly identical. the differences
of the exact mode-coupling theory and the Lorentzian
approximation can also be seen in the insets of Figs. 9
and 10.

We close this section with some remarks about the nu-
merical procedure used in solving the MC equations in
the present case. In Fig. 9 the scaled peak positions are
given for fixed scaling variables y. As expected, in the re-
gion of large co these curves approach the isotropic result.
In this limit the scaled peak positions are of the order
0(1), which implies

q o (A&op/td j

1.0-

0.5-
\ I

/
I I

/
I I

/
I I i I I

f
I

10 1O 104

FIG. 10. The same as in Fig. 9 for the scattering function re-
sulting from the Lorentzian approximation.

Thus yo tends to zero for co~ ~ and fixed scaling vari-
able y. By additionally fixing qD, i.e., for a special sub-
stance, this would imply that q leaves the first Brillouin
zone. There is, however, another point of view namely
interpreting the limit yo~0 as the fictitious limit qD ~0,
or in other words looking at a series of different sub-
stances with decreasing relative strength of the dipolar
interaction. Furthermore, the limit qD ~0 implies g~ ~
for fixed y, as is obvious from the definition of cp.

It would be tedious to solve the MC equations for a se-
quence of qD with finite cutoff as in Sec. II. Instead we
restrict ourselves to sufficiently small wave vectors q such
that pcut qBz~qDy qBz~q may be r~pl~~~d by infinity.
By extending the p integration to infinity one has to take
care of the fact that the transport coefficients y (x,y, r )

become singular at ~ =0. In order to explore the kind of
singularity, let us study the behavior of the transport
coefficients at very small scaled time variables. By mak-
ing the substitution p =& p

~ in the integral of Eq. (2.21)
and introducing polar coordinates r =(x +y )'
tanip=(y/x)=qDg one finds for r «1,

y (r, qr, v((1)=—', r. 2

0 (r, y) 0 p y (p, y)

p A~(p, y) sl (p, y)xp p q', p p p, v', p0 (r, g) 0 (r, cp)

y (r, p, r ), (3.9)

where p=r(r /p) and the nonzero vertex functions
U& (y, p) are given by

4
UT ( ) ~g+ y

p
(3.10d)

4

UiT(y p)= ,'+-
3p

(3.10a)

(3.10b)

(3.10c)

Hence, for small times the transport coefFicients are a
product of a singular part r ~ and a part y (r, y, r ),
which is finite for ~ —+0. One should note that this
singular behavior is only due to the isotropic terms in the
vertex functions, whereas the dipolar term y /p leads to
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a regular time dependence. In the presence of a cutoff
the singularity is absent and ~ is replaced by a con-
stant for times smaller than a microscopic time
t;„,=(Xlq Bz) ', where 2) is the diff'usion constant at
qaz. We have incorporated these analytical results in the
procedure for solving the MC equations with infinite
cutoff.

D. Comparison of the H%'HM with the Lorentzian
linewidth, exempli6ed for Fe

In this subsection we compare the HWHM of the
Kubo functions resulting from Eqs. (2.21) and (2.22) to
yL„determined by Eq. (2.28). The solid liries in Fig. 11
represent the scaling functions yL«(x, y) for the trans-
verse linewidth in Lorentzian approximation, ' where
the curves are normalized with respect to their value at
criticality

yL„(x =O,y =0)=5.1326 .

In the case of Fe curves a, b, c, and d correspond to the
temperatures T —T, =1.4, 5.8, 21.0, and 51.0 K. The
nonuniversal frequency scale is then found to be
AL„=5. 1326A = 107.2 meV A, whereas the experi-
mental value is

Aexpt=130 meV A

Now we return to the solution of the complete set of
MC equations (2.21) and (2.22). The HWHM 1 Hw(q) for

x =1/q(

FICx. 11. Scaling function of the transverse linewidth in
Lorentzian approximation ( ) and of the HWHM of the
complete solution ( ———~ ) vs the scaling variable x =(qg)
for a set of temperatures [T—T, = (a) 1.4 K, (b) 5.8 K, (c) 21 K,
and (d) 51 K]. The Resibois-Piette function ( ) and the
HWHM from the complete solution of the MC equations
( —~ ——.) without dipolar interaction is also plotted (e). Ex-
perimental results for Fe from Refs. 13 and 14 [T—T, = (Cl)
1.4K, (Q') 5.8K, ih, ) 21.0K, (o) 51.0K].

the real part of Laplace transformed transverse Kubo
functions is defined by

Re[@ (co=I Hw)]= —,'Re[4(co=0)], (3.1 1)

and obeys the scaling law

I Hw(q) =&Hwq'xHw«3 ) . (3.12)

In Fig. 11 the scaling function yHw(x, y) (dashed-dotted
line) is plotted for the same temperatures. The scaling
function is normalized such that yHw(x =0, y =0)=1,
which gives for the nonuniversal frequency scale

Hw 1 37Ar„=147 meVA

a value which is in reasonable agreement with experi-
ment. The Lorentzian linewidth and the HWHM have
nearly the same (qg) ' dependence. Especially for small
wave vectors, the difference comes about only because of
the different nonuniversal frequency scales. Figure 11 is
in accord with Fig. 4 of Ref. 43.

In spin-echo experiments on Fe (Refs. 13 and 14) the
transverse Kubo relaxation function versus time t has
been measured for the above temperatures. From these
the linewidth I,„,was extracted by fitting the observed
data with an exponential function exp[ —I',„,(q)t]. The
corresponding scaled linewidths are also shown in Fig.
11. For a detailed analysis of such spin-echo experiments
it would be recommendable to reanalyze the experimental
data with the shape functions calculated in this article.
Furthermore, the experimental definition of the linewidth
does not correspond to the definition of the HWHM of
the real part of the Laplace transformed Kubo function.
Therefore, the comparison of theory and experiment is
preliminary.

As can be inferred from Fig. 11 the complete solution
of the mode-coupling theory is in reasonable agreement
with the experiment close to T, ( T —T, = 1.4 and 5.8 K)
and gives an improvement over the Lorentzian approxi-
mation. The minor differences may be due to the follow-
ing reasons. (i) As mentioned above, the measured scal-
ing functions of the transverse relaxation function were
fitted to an exponential line, which is not the correct
shape. (ii) Because the dipolar crossover temperature TD
of Fe is 8.6 K, static crossover effects not taken into ac-
count in the experiments may cause some changes.
Furthermore, the nonuniversal scale of the correlation
length go is aft'ected by experimental uncertainties. A
change in go would lead to a horizontal shift of the data
points in Fig. 11.

Larger differences show up for temperatures more
separated from T, (T —T, =21 and 51 K), which cannot
be accounted for by the shape crossover or static cross-
over effects. here the measured linewidths are larger than
the theoretical. In order to explain this, it is necessary to
take into account the van Hove terms and further relaxa-
tion mechanisms due to irrelevant interactions, which
nevertheless may play an important role for temperatures
well separated from T, (see Sec. IV).
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IV. INFLUENCE OF VAN HOVE TERMS
AND STATIC IRRELEVANT INTERACTIONS

H (q, g, t)= — 5(t) .
L (q)

x (q, g)
(4.1)

A. The inAuence of van Hove terms on the critical dynamics

In this section we study the inAuence of van Hove
terms on the critical dynamics. In the early history of
critical dynamics it was believed that the Onsager
coefficients L (q) would be uncritical and that the critical
slowing down of the transport coefficients H (q, g, t)
would result solely from their inverse dependence on the
static susceptibilities; i.e.,

Contributions to the transport coefficients of that type
are called van Hove terms. Such contributions are al-
ways present and are generated by fast fluctuations,
which originate from additional irrelevant terms in the
Hamiltonian and from higher-order decay processes con-
tained in the Hamiltonian (2.5). By including the van
Hove term (4.1), Eq. (2.10) remains unchanged while Eq.
(2.11) is replaced by

d kI (q, g, t)=H (q, g, t)+2J k TI g up (k, q, g, 0)(5 T+5 ' 5@L5 ~)
27r p~

x ~ 'g ~ ~q 'g e (k, g, )te .(~q —k~, g, r),
x (q, g)

(4.2)

where the second term on the right-hand side is the mode-coupling term of Eq. (2.11). Retaining only the first term in
the transport coeKcients would result in the van Hove theory for the critical dynamics. However, close to T, the van
Hove term is small compared to the mode-coupling contribution and Eq. (4.2) reduces to Eq. (2.11).

Due to the dipolar interaction the order parameter is no longer conserved; hence, the Onsager coefficient L (q) is a
finite constant L independent of q, whereas for a conserved order parameter one would have L (q) =Lq
From Eqs. (2.10) and (4.2) one finds MC equations for the scaling functions, which are given by (2.22) and

y (x,y, r )= hy' 5(r )

y (x,y)Q (x,y)

2
) cut+2 J drlf dpp g up (y, p, rI)(5 ' +5 ' 5~' 5 ' )0 (x,y)

p x y x y
X & X

p p p — p—

X (xy)

xp~ —,—,r p(x, y, p)
.pp' X

) ~ &~~(x~y~ p —)
p — p—

(4.3)

where

6 1/2

5. 1326 y~(x, y)
(4.5)

to the self-consistent solution of the MC equations

(4 4)
AqD

Taking typical background values for L from ESR experi-
ments' h is found to be of the order h =0.05, . . . , 0. 1.
We have solved Eqs. (2.22) and (4.3) for h =0.1. The re-
sulting scaling functions for the transverse linewidth with
(dashed-dotted) and without (solid) the van Hove term
are displayed in Fig. 12. In the case of Fe (qD =0.045
A ', $0=0.82 A) the set of curves correspond to the
temperatures T —T, =1.4, 5.8, 21.0, and 51.0 K. The
van Hove terms lead to an increase of the linewidths pro-
portional to its strength h. As the critical temperature is
approached the inAuence of the van Hove terms de-
creases. Furthermore, we note that the linewidth result-
ing from Eqs. (2.22) and (4.3) is almost the same as if one
simply would have added the van Hove linewidth

without the van Hove term, Eq. (2.21). The latter is
represented by the dotted curve in Fig. 12. In Fig. 12 we
have also displayed the experimental data of Mezei' '
on Fe. Close to T, (T —T, =1.4 and 5.8 K) the van
Hove terms are negligible. But for larger temperatures
(T —T, =21.0 and 51.0 K) the van Hove terms drastical-
ly increase the linewidth. As can be inferred from Fig. 12
we are able to give a good description of the experimental
data with quite reasonable a value of h =0.1. The minor
discrepancies remaining closer to T, we have commented
on in Sec. III C. %'e recall that changes in the critical ex-
ponent v and in go lead to horizontal shifts of the data
points.

Let us finally add a comment on the magnitude of and
on the role played by the van Hove terms. Their contri-
bution to the linewidth can be regarded as a background
contribution. In order to substantiate this point of view
let us look at ESR experiments, for which one is able to
determine the Onsager coefficient at zero wave vector. In
analyzing those experiments one subtracts from the data
a temperature-independent background term Lbg. ' The
remaining critical part of the Qnsager coefficient shows a
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p,'=b 'p;, (4.7)

I I

x 4

FIG. 12. Scaling function of the transverse linewidth result-
ing from the solution of the complete mode-coupling equations
neglecting ( ) and having regard of the van Hove term with
h =0. 1 ( ——~ —) vs the scaling variable x =(qg) ' for a set of
temperatures [T —T, = (a) 1.4 K, (b) 5.8 K, (c) 21 K, (d) 51 K].
Experimental data on Fe (Refs. 13 and 14} as in Fig. 11. The
dotted curves are obtained if one simply adds the van Hove
term to the self-consistent solution of the MC equations (see the
text).

temperature dependence, which is very well described
within our MC theory (see Refs. 27, 50, and 10). It is nat-
ural to identify this background value L~ with the above
defined Onsager coefticient I entering the van Hove term
[Eq. (4.1)]. If one compares neutron scattering data for
the linewidth with the critical theory (Fig. 11) one should
also subtract such background terms from the data. Oth-
erwise, one has to compare with a theory containing such
terms (Fig. 12). Similar precautions have to be taken if
one compares results from neutron scattering and ESR
measurements.

B. The inAuence of terms irrelevant
for the statics on the critical dynamics

near the fixed point of the RG. The coupling constant p;
is called relevant for y; )0, irrelevant for y; & 0 and mar-
ginal for y, =0. This implies that the fixed point values
for all irrelevant coupling constants is zero.

By transforming the dipolar interaction into the wave-
vector space and expanding it around q =0 one finds
three kinds of couplings [see Eq. (2.3)]: (i) the long-range
dipolar coupling g (q q~)/q, (ii) the short-range "pseu-
dodipolar" coupling hq q~, and (iii) the cubic term
f (q ) 5 ~. For the dipolar coupling constant g the RG
transformation gives g'=b "g; i.e., g is relevant. The
only fixed points are g*=0 and g*=~. For g =0 the
pseudodipolar interaction transforms according to

hh'=b "h with A, I, &0. Thus h is an irrelevant variable.
For g%0, b becomes negligible with respect to g after a
few iterations. Similarly to h, f also turns out to be ir-
relevant.

Let us now consider the structure of the MC equations,
if such irrelevant terms are retained in the Hamiltonian.
For simplicity let us exemplify the main features for the
pseudodipolar interaction

hq q~S (q)S~( —q),
which may also result from some average over the spin-
orbit interaction in itinerant ferromagnets. Then, in the
equatipns pf mptipn, ' g has tp be replaced by g+hk
and the term

(4.8)

has to be added to the right-hand side of the equation of
motion for the transverse spin components. By a simple
extension of our previous calculation the vertex functions
are modified according to

2~'5' + (1—~ ) 5~ + 1

2p

X (1+h 5~' ) 5 ' (pg —
—,
' ), (4.9a)

In this section we will analyze whether static irrelevant
interactions can be incorporated into the MC approach
and how the critical dynamics are affected. To start with
we give a brief definition of the item irrelevant in the con-
text of Wilson's q space RG procedure.

The renormalization-group transformation ' H'=%AH
is defined by integrating out the spin components S with
A/b ~q ~A followed by a rescaling of the wave vector
q ~bq and spin S~ —+g&Sz. Here b (b ) 1), g& are rescal-
ing param|:ters and A is the cutp6' in q space. The
transformed Hamiltonian then is given by

exp(+sH) =
a A jb ~q'~A JdS exp(H)

S~-gbS~

(4.6)

This transformation implies a scale transformation for
the coupling constants p; according to

X pg ——'+ +—p

2

(4.9b)

Since the pseudodipolar interaction enters the vertex
functions as h p, its contribution to the linewidth will
come mainly from the zone boundary. However, the
Hamiltonian (2.1) was obtained by an expansion with
respect to q, which will overestimate the zone-boundary
contributions. If one nevertheless would solve the MC
equations with the vertex functions (4.9a) and (4.9b),
which is trivial to do, the inAuence of the pseudodipolar
interaction on the linewidth will be overestimated. For a
proper treatment of irrelevant terms one has to know the
correct Hamiltonian over the whole Brillouin zone.

Qualitatively speaking, any static irrelevant term pro-
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viding an additional relaxation mechanism gives an addi-
tive contribution to the linewidth, which is noticeable as
one leaves the critical region. A thorough microscopic
analysis of those interactions by RG or within MC theory
is meaningful only on the basis of the complete Hamil-
tonian over the whole Brillouin zone. In the absence of
such a Hamiltonian it is much more sensible and reliable
to incorporate these terms globally by a van Hove term
as in Eq. (4.3).

V. SUMMARY AND CONCLUSIONS

In this paper we have analyzed the mode-coupling
theory of real ferromagnets including the short-range ex-
change and the dipolar interaction. In order to study the
line-shape crossover the full mode-coupling equations
without the Lorentzian approximation had been solved.

By incorporating the linewidth crossover in the time
scale we have found that close to T, the transverse Kubo
function versus the scaled time variable ~T shows a pro-
nounced shape crossover from a nearly Gaussian shape
(with small damped oscillations at larger times) to an ex-
ponential shape by passing from wave vectors larger than
qD to smaller wave vectors. The line-shape crossover
starts in the vicinity of the dipolar wave vector qD in con-
trast to the linewidth crossover, which starts at a wave
vector almost 1 order of magnitude smaller. At these
temperatures the shape of the longitudinal Kubo function
versus the scaled time variable ~L is Gaussian for small
times and contains damped oscillations at larger times.
Passing to smaller wave vectors the minima of the oscilla-
tions are shifted to smaller times.

The situation is quite different for temperatures well
separated from the critical temperature. Then the shape
for the longitudinal and transverse Kubo function is
nearly the same and the shape crossover is much less pro-
nounced. Even for wave vectors much smaller than the
dipolar wave vector the shape resembles a Gaussian more
at small times. Since the influence of the dipolar interac-
tion on the critical dynamics becomes weaker as the tem-
perature is increased, this is exactly what one would have
expected from heuristic arguments.

The half-widths obtained by the complete rnode-
coupling theory are very similar to what one finds by the
Lorentzian approximation. At small wave vectors only
the nonuniversal frequency scale is modified. This is very
reassuring since most of the previous applications of the
theory to neutron scattering, electron-spin-resonance,
magnetic relaxation, and hyperfine interaction experi=
ments have been based on the Lorentzian approxima-

tion.
In the present paper the main emphasis is put on the

comparison with neutron scattering experiments. It is
gratifying that the present theory reproduces the ex-
ponential decay of the shape function determined by
spin-echo experiments. '

A second issue is the peak positions in constant-energy
scans which do not follow the isotropic scaling law. The
presence of the second length scale qD besides the corre-
lation length g, led to a generalized scaling law for the
peak position. Because of the dipolar interaction the or-
der parameter is not conserved and thus the structure
function S (q, co) is nonzero at q =O. For T = T„
S (O, co) is proportional to I /co, which results in a strong
increase of S (O, co) at small frequencies. The competi-
tion of this increase with the local maximum at finite q
finally leads to a steep drop off of the scaled peak posi-
tions at small frequencies.

The preliminary comparison of our theoretical results
with spin-echo measurements of Mezei on Fe gives a
reasonable quantitative agreement of theory and experi-
ment for temperatures close to the Curie temperature.
Probably the agreement can be improved taking into ac-
count static crossover effects and by reanalyzing the ex-
perimental data with the known theoretical shape func-
tions. For temperatures more separated from T, larger
discrepancies were found. They may be attributed to the
van Hove background terms. Their influence has been
analyzed in the previous section. The van Hove terms
lead to an increase of the linewidth as one leaves the criti-
cal temperature. By approaching the critical tempera-
ture the linewidth corrections due to the van Hove terms
become negligibly small.

With these theoretical results at hand, available experi-
ments could be analyzed more accurately. In addition,
some of the predictions as, for instance, the behavior of
the longitudinal correlation function, could be tested.

Note added in proof. The shape crossover was also
considered in two recent papers by Aberger and Folk
[Physica B 1564157, 229 (1989); J. Phys. (Paris) Colloq.
C 8, 1567 (1988)]. A review of the dipolar crossover has
been given by Frey and Schwabl [J. Phys. (Paris) Colloq.
C 8, 1531 (1988)] and Schwabl [J. Appl. Phys. 64, 5867
(1988)].
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