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We investigate the magnetic properties of the Kondo two-impurity Hamiltonian with a recently
introduced, essentially exact quantum Monte Carlo technique. We explore in particular the com-
petition between Kondo effect, with Kondo temperature T&, and Ruderman-Kittel-Kasuya-Yosida
(RKKY) interactions, with coupling constant d. We simulate the regimes ~d~ & Tr and ~d~ & Ts
for both ferromagnetic and antiferromagnetic cf, considering in particular the antiferromagnetic re-

gime 8/Tz =2.4 where anomalous behavior is predicted from renormalization-group calculations.
Over the entire parameter range, we find that nearby impurity spin-spin correlations initially devel-

op according to a RKKY effective Hamiltonian H,&=PS&.S, as the temperature is lowered; the
correlations then saturate at around the Kondo temperature Tz. This result suggests an analogous
picture for the lattice case, with long-range order developing if a "RKKY lattice" transition tern-

perature is reached before Kondo quenching effects set in. We also find no evidence for anomalous
staggered susceptibility behavior in the 8/T& =2.4 regime, and give possible explanations for this
difference with the renormalization-group results.

I. INTRODUCTION

The behavior of spin correlations in heavy-fermion sys-
tems, some of which order magnetica11y and some of
which do not, is still not completely understood. ' As a
step toward the better understanding of this behavior, we
consider here the case of two interacting magnetic impur-
ities of the sort which, in a lattice, are considered to be
relevant to heavy-fermion behavior. Specifically, we
focus on the two-impurity Kondo system, given by the
Hamiltonian

2

H=gekck ck +J g S,(R ) S
m =1

Here,

=1 i(k —k') R
S (R )= g e cku( ptr ')ck'

k, k', o., o.'

is the normalized conduction electron spin localized at
R, with X the number of different k vectors, and
S =

—,'o refers to the spin of the magnetic impurity at
R . In addition, we also consider two Anderson impuri-
ties for comparison, with the Hamiltonian

ik-RH=g cekckk + g (e ck f +Hc )
Xk

+ 'Ef g nf + Ugnf tnf
o., m

Here, f refers to an impurity state of spin cr at site R
(again, m =1,2). As we review later, the Kondo Hamil-
tonian can be derived from the more fundamental Ander-
son Hamiltonian in the large-U limit.

Because we consider only two impurities rather than a
lattice, coherence effects will be missed. However, the
two-impurity Hamiltonian contains both Ruderman-

Kittel-Kasuya- Yosida (RKKY) interaction efFects,
which will tend to "order" the two impurity spins into a
singlet or triplet, and the Kondo effect, which will

presumably try to break that "ordering. " These latter
two effects are generally thought to be the two most im-
portant factors in determining the magnetic properties of
heavy-fermion systems, and we thus expect our results to
have some relevance to magnetic properties of the lattice.

Earlier scaling work on the two-impurity systems sug-
gested regimes where either Kondo or RKKY effects
would be expected to dominate. If the Kondo tempera-
ture Tz was much greater than the magnitude of the
RKKY coupling d, the impurity spins would be individ-
ually Kondo quenched. If d»Tz (antiferromagnetic
case), the spins would condense into a two-body singlet
before they could be Kondo quenched. However, if 8(0
(ferromagnetic case) and ~cF~ &&Tz, a two-stage Kondo
quenching was indicated. As the temperature was
lowered, the spins would first lock into an almost pure
triplet, losing one of the four possible degrees of freedom
of the two-spin system. The remaining degrees of free-
dom would then be quenched at two new Kondo temper-
atures, with spin 1~spin- —, quenching followed by spin
—,'~spin 0, through conduction electron channels even
and odd around the midpoint of the two impurities.

Quantum Monte Carlo studies were done on the two-
impurity Anderson system, for the ferromagnetic case

~
d

~

~ Ttc and the antiferromagnetic case ot ((Tt;. It was
found that spin correlations developed according to a
RKKY elFective Hamiltonian (H,s.=PS, .S2) approxi-
mately down to the Kondo temperature, at which point
they ceased further development. One can picture this
qualitatively as Kondo spin fIuctuations beginning to
dominate thermal spin Auctuations around the Kondo
temperature; then, regarding impurity spin correlations,
the system would be effectively at temperature T~ for all
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T (T~. If the RKKY coupling was ferromagnetic, the
normalized uniform susceptibility was enhanced and the
staggered susceptibility the same as, or slightly
deenhanced, when compared to single-impurity suscepti-
bility values. Because of the small 4/Tz ratio, the trend
was dificult to distinguish for antiferromagnetic RKKY
coupling. However, in that case, the staggered suscepti-
bility appeared slightly enhanced over the uniform sus-
ceptibility.

In addition to extending the parameter regime studied,
one of the purposes of this paper is to examine to what
extent these findings for the Anderson model are affected
by charge fluctuations. Thus, we study here mainly the
Kondo Hamiltonian of Eq. (1), where charge fluctuations
are eliminated at the outset. (Some new results for the
Anderson Hamiltonian are also presented. ) This also al-
lows a more direct comparison with recent renormal-
ization-group and auxiliary boson studies of the two-
impurity Kondo Hamiltonian.

The renormalization-group work, done for the
particle-hole symmetric case, was in qualitative agree-
ment with the Monte Carlo results for the two-impurity
Anderson model in terms of spin-correlation develop-
ment. In addition, a new anomalous fixed point was pre-
dicted at antiferromagnetic cf=(2.4)Tz, here, the stag-
gered susceptibility and the specific-heat coefficient y
were predicted to diverge, leading to a vanishing Wilson
ratio. However, an auxiliary boson mean-field theory,
gives no divergence in the staggered susceptibility. Rath-
er, in the symmetric case, a discontinuity as a function of
8/Tz can appear in the ground-state staggered suscepti-
bility.

Both of these differing predictions, however, rely upon
approximations which have not been shown to be con-
trolled. The two-impurity renormalization-group pro-
cedure involves a so-called "energy-independent coupling
constant approximation, " which was not used in
Wilson's original single-impurity work. The auxiliary
boson theory captures basic Kondo effects; however,
there is no guarantee that it can reliably treat the inter-
play between Kondo effect and RKKY interactions.
Thus, it is of interest to explore the two-impurity Kondo
Hamiltonian with a controlled and essentially exact tech-
nique.

The technique that we use is a variant of the fermion
algorithm recently introduced to study interacting An-
derson impurities in metals. ' Here, we first apply a
projector operator to turn the fermion impurities into
spins by projecting out doubly occupied and unoccupied
impurity states. As before, we then use the Trotter ap-
proximation to isolate the interaction terms of the Hamil-
tonian, giving an approximate partition function whose
behavior is now well understood. "' We next decouple
the interaction terms using generalized discrete
Hubbard-Stratonovitch transformations, ' leaving the
partition function in bilinear fermion form in a fIuctuat-
ing Ising Geld. Finally, we perform Monte Carlo simula-
tions of the Ising field, calculating the fermion trace at
each step and measuring the desired quantities. We refer
the interested reader to Appendix A for a more detailed
discussion of the methodological aspects specific to this

calculation, and to Refs. 9 and 10 for a more general dis-
cussion.

After the simulations, we extrapolate in the expansion
parameter (b,~) to achieve results exact to within a few
percent. "' As an example, in Fig. 1 we compare Monte
Carlo and exact results for a system of two Kondo (spin)
impurities and two conduction-electron sites. The Monte
Carlo results here are roughly extrapolated from two
values of A~. Unless otherwise stated, error bars in all
figures include estimates of statistical error plus extrapo-
lation uncertainty.

We focus in this paper on the impurity spin correlation
&o„o.,z) (which can range from —1 to —,'), the on-site
magnetic susceptibility

y= f dr&o„(r)o.„),P

the normalized uniform susceptibility

d7 C7z1 W +0'z2 V 0 zl+Oz2
p

0

and the normalized staggered susceptibility

,' I d-& ~ ., ( )- .,( )~i „- „i&P

0

(4)
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FIG. l. (o.„o.,2) vs log2(T) for two Kondo impurities on
two sites with "conduction electron" hopping between the sites
[i.e., two-site version of Eq. (25)]. t = —', J=1.0, p, =0.0 (bot-

tom), and p, = —0.5 (top). Monte Carlo (solid circles) and exact
diagonalization (open diamonds).

Our algorithm can also be used to calculate differences
between extensive quantities of virtually infinite systems
with essentially no algorithmic dependence on system
size. Thus, we could, for example, measure an impurity
coe%cient of specific heat y. However, this involves an
order of magnitude or so more computer time, so that we
defer such studies to a later date.

We begin in Sec. II by discussing the relationship be-
tween the two-impurity Kondo and Anderson systems,
followed in Sec. III by a discussion of expected results in

limiting cases. We then give results for antiferromagnetic
RKKY interactions in Sec. IV, followed in Sec. V by re-
sults for ferromagnetic RKKY interactions. In Sec. VI
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we explore the dependence of the spin correlations on in-
terimpurity distance, and in Sec. VII v e consider the
crossover behavior from small to large J, where, for ex-
ample, correlations can change from ferromagnetic to an-
tiferromagnetic as a function of J. Finally, we summarize
our conclusions in Sec. VIII.

II. RELATIONSHIP BETWEEN KONDO
AND ANDERSON TWO-IMPURITY HAMILTONIANS

In the opposite limit, D)&U, charge excitation pro-
cesses rather than the conduction band itself provide an
effective band cutoff for the Anderson model, ' so that
the band structures of the two equivalent Kondo and An-
derson systems are different. For small pJ, where p is the
single-particle density of states at the Fermi surface,

T D( J)1/2 —I/pJ

for a Kondo impurity. For an Anderson impurity,

A. Kondo behavior T D ( J )
I/2 —I/pJ (8)

I I

i

I I I

j

I I I

t
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k k
4 k

~ ~s

0.4—

We begin by comparing the Anderson and Kondo
single-impurity Hamiltonians, in order to relate the
Kondo-quenching behavior of the two systems. [Single-
impurity Hamiltonians can be obtained by taking only
m = 1 in Eqs. (1) and (3), and then setting RI =0 for sim-
plicity. ] We consider first the case in which the Coulomb
repulsion U is much greater than the conduction electron
bandwidth D, and then the case where D ))U.

For U ))D, the Schrieffer-Wolff transformation'
shows that the two single-impurity Hamiltonians are
equivalent, with the same conduction-electron band
structures, if J=8V /U in the symmetric case
ef + U/2=0 (related results hold in the near-symmetric,
non-valence-iluctuating regime). To test the approach to
this equivalence, we show in Fig. 2 with open diamonds
Ty versus log2(T) for a single Kondo impurity with
J= l.0, a conduction band extending from —1 to 1

(D =2), a chemical potential IM, =0, and a Hat single-
particle density of states p= —,'. We also show on the
same graph symmetric Anderson impurity results for Tg,
with 8V /U=1. 0; U=1, 4, and 16; and the same
conduction-band structure. It is clear that the magnetic
behaviors of the two systems approach each other as U
increases, becoming equal here to within a few percent at
U-8D.

where again

8V
U

however, D,fr=(0. 182)U. ' The relationship between
Kondo and Anderson impurity systems in this D »U
limit has been explored in some detail using
renormalization-group techniques, ' the Bethe ansatz, '

and quantum Monte Carlo techniques. '

B. RKKY behavior

When U&)D, the RKKY interactions between two
Kondo and Anderson impurities become identical, with
the same conduction-band structure in both cases, when
J= 8 V /U. Thus, since both Kondo quenching and
RKKY interaction effects are identical, we expect all An-
derson two-impurity systems with U ))D, V /U con-
stant, and a given band structure to map onto the same
Kondo two-impurity system once a local moment devel-
ops, with J= 8 V /U and the same conduction-band
structure.

When D )& U, the RKKY interactions in the two sys-
tems are not made equivalent simply by settingJ= 8 V /U; as in the single-impurity case, the Schrieffer-
Wolff relationship between the two systems becomes
more complicated. It may be possible that using an
effective cutoff D —U, along with J=8V /U, would re-
store RKKY equivalence; we do not explore that here.
Rather, we simply choose to perturbatively calculate a
T» and a RKKY I2i for whatever system we are studying,
and then to try to understand the behavior in terms of
these two calculated parameters.

III. EXPECTED LIMITS

A. T» »
~
g~: d' either ferromagnetic or antiferromagnetic

0.2—

0 0
—6

l

0 2 4

lo g, (T)

For T~ & T &&D, we expect correlations to develop ac-
cording to the RKKY effective Hamiltonian as

p8
(0.„0„)= 3+e

FIG-. 2. T~ vs log2( T) for single Kondo and Anderson impur-
ities. Bandwidth is from —1 to 1, with Hat single-particle densi-

ty of states p=
~

and p, =0.0. Kondo impurity, J=1.0, open
diamonds. All Anderson impurities, SV /U=1. 0. U=1, solid
triangles; U=4 solid squares; U=16, solid circles. Errors, if
not shown, are less than or equal to symbol size.

4

We then expect the correlations to stop development and
saturate at T- TI;

For susceptibilities, we again refer to the RKKY
effective Hamiltonian. From that Hamiltonian by itself,
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with T &)8, we have for the "effective uniform moment"

(12)

and for the "effective staggered moment"

(13)

where g is the on-site susceptibility [Eq. (4)] of the two-
spin RKKY system. We might then expect the forms of
Eqs. (12) and (13) to hold also in the Kondo case, where y
in Eqs. (12) and (13) was now the on-site susceptibility of
the two-impurity Kondo system ( Ty being the "effective
moment"). In further analogy with the spin correlations,
we would expect all susceptibilities to saturate at T- T~.

If the Kondo two-impurity on-site and the one-
impurity susceptibilities were the same through order ot,

y in Eqs. (12) and (13) could then refer to the single-
impurity susceptibility. However, if those two suscepti-
bilities differ in order 8, the more general parametriza-
tion

Ty'"'=Ty 1 —(1+ ) (14)

and

Ty'"= Ty 1+(1—a)
4

(15)

As before, for T «D, we expect correlations to devel-
op according to an RKKY effective Hamiltonian, but to
stop development around the Kondo temperature before
a pure singlet state is reached (i.e., there will be a small
triplet component mixed in the ground state). We also
expect the RKKY Hamiltonian by itself to govern sus-
ceptibilities, so that, when T becomes much smaller than

and

2TTX~

Ty'"' (4P)e

T+(s) 4T

(17)

(18)

For comparison, for a single impurity,

(0.103)TTX~
TE

for T «Tz.
Thus, we see that, for 4)& Tz, all three two-impurity

susceptibilities (on site, uniform, and staggered) are ex-

would be expected, where y in Eqs. (14) and (15) is now
the Kondo single-impurity susceptibility and e is some
constant. As before, we would expect all susceptibilities
to saturate at T- Tz.

B. 8» Tr, (antiferromagnetic case)

pected to be reduced from the single-impurity susceptibil-
ity when T &(cP. This is much different from the case

Tz »8, where we might expect Tg" to be enhanced
over the single-impurity Tz. In essence, for ot &) Tz, the

impurity spins are now "RKKY quenched" by forming a
two-body singlet before they can enter the many-body
Kondo singlet state.

C. ~8~ && Tx (ferromagnetic case)

Again, we expect two-impurity correlations to follow
an RKKY development, but not to achieve a pure triplet
state. At temperatures T~ ((T ((8, we expect the spins
to be in a mostly triplet state, however, so that

TX

T+(u) 4

(20)

(21)

and

T (s) 4T
(22)

We expect two new Kondo temperatures, Tz" and Tz ',
to be generated. These new temperatures refer to the
reduction of the effective two-impurity moment from spin
1 to spin —,', and then from spin —,

' to spin 0. Thus, for
Tx '~ T Tz", we expect Ty- —,

' and Ty'"'- —,
' (as a re-

minder, y'"' is normalized by dividing by 2). For
T~ Tz", we would then expect 2''"' to follow the
single-impurity Ty curve, and Tg- —,

' Ty'"'.

IV. ANTIFERROMAGNETIC RKKY INTERACTIONS

2
H= g t;c;"c +Jg[S,.(R )S ].

(i,j ),o m =1
(23)

Here, i and j denote three-dimensional indices, and the
(i,j ) summation refers to all nearest neighbors. We
choose t =

—,', which gives a conduction band from —1 to
1, with single-particle density of states shown in Fig. 3.
We set the chemical potential p, equal to 0 (symmetric
case), giving a density of states p=0. 85 at the Fermi sur-
face. We pick a large enough system so that size effects
are negligible.

In Fig. 4, we show ( cr„o,z ) versus log&( T) for
J=0.5 (pJ =0.43), as well as the (o„o,2) expected
from an RKKY effective Harniltonian H,&= PS&.S2, with
8 computed from the standard lowest-order RKKY for-
mula using this band structure (open diamonds). Also,
we show with an arrow on the x axis the Kondo tempera-
ture Tz determined from the formula

T~ =D(pJ )' e (24)

where we choose D=1 to reAect the density of states
(DOS) structure of Fig. 3. This formula of Eq. (24) is per-

A. g&& Tg

We consider first two nearest-neighbor Kondo impuri-
ties on a three-dimensional nearest-neighbor-hopping lat-
tice, with Hamiltonian
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FIG. 3. Density of states for three-dimensional nearest-
neighbor-hopping lattice, with t set to 6.

turbative in pJ, and we do not expect it to be quantita-
tively accurate for the values of pJ investigated in this pa-
per. However, it still serves as a useful guideline.

Thus, we see that spin correlations initially develop for
T «D according to a RKKY effective Hamiltonian,
though they are slightly reduced in magnitude from the
RKKY prediction due to the neglect of RKKY perturba-
tive terms of higher order than (pJ) . At around the
Kondo temperature Tk, the correlations then appear to
level off and saturate.

In Fig. 5, we show Ty", Ty, and Ty'"' versus
log2(T). We also measured Ty for a single impurity; it is
indistinguishable here from Tg for the two-impurity sys-
tem, which suggests that a in Eqs. (14) and (15) is 0 (or, at
least, very small) for 8 antiferromagnetic. With a set to
0, we find that Eqs. (14) and (15) describe the susceptibili-
ties within statistical error for T) Tz, with saturation
beginning to set in for T & Tz.

FIG. 5. From top to bottom, Ty'" (solid squares), Tg (solid
circles), and Tg'"' (solid triangles) vs log2(T) for same parame-
ters as Fig. 4. Errors are less than or equal to symbol size. Ty
for a single impurity (not explicitly shown) is here indistinguish-
able from Tg for the two-impurity system.

B. 4& T~

We now consider two nearest-neighbor impurities on a
one-dimensional lattice,

2

H=tg(ct c+, +Hc. )+J g I S,(R ) S ],
m =1

(25)

where it is easier for us to achieve a large d/T~ ratio.
We set t =

—,', giving a band from —1 to 1, with single-
particle density of states shown in Fig. 6. Again, we set
IM, =0.0 (symmetric case), giving a DOS p= 1/~=0. 32 at
the Fermi surface.

We choose first J=0.8 (pJ=0.26), giving an RKKY
4=0.044. Setting D=2, we find from Eq. (24) that
Tz--0.020, so that 8/Tz=2. 2. Thus, we should be
close to the predicted anomalous fixed point" ratio for
8/T~, with a similar value of pJ ' (though a different
band structure), where the staggered susceptibility is pre-
dicted to diverge.
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FICx. 4. (o.„o.„)vs log2(T) for Kondo nearest neighbors on
three-dimensional nearest-neighbor-hopping lattice, with t = 6,J=—', and p, =0.0. Monte Carlo data, solid circles; RKKY
predictions, open diamonds.
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FIG. 6. Density of states for one-dimensional nearest-
neighbor-hopping lattice, with t set to 2.
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FIG. 7. (o„o,2) vs log&(T) for Kondo nearest neighbors on
one-dimensional nearest-neighbor-hopping lattice, with t = 2,
J=0.8, and p, =0.0. Solid circles, Monte Carlo data. Open di-
amonds, RKKY predictions. T& shown by arrow.

FIG. 9. g" vs log2(T) from Monte Carlo data (solid circles)
and RKKY eft'ective Hamiltonian (open diamonds). Spins are
Kondo nearest neighbors on one-dimensional hopping lattice
with t = 2, J=0.728, and p, =0.0. y" from the RKKY
effective Harniltonian saturates at y'" = 110when f3= 192.

In Fig. 7, we show (cr,&o,~) versus log2(T), as well as
the (o,&o,&) expected from the RKKY H, fr=PS, S2
with 8 calculated using this band structure. We see that
correlations are well described by the eff'ective Hamiltoni-
an down to f3=16; then, they begin to level off and satu-
rate at (cr„cr,2) = —0.25, which may be compared with
the value (o„o,2) = —0.33 for the "anomalous fixed
point" of Refs. 5 and 7.

In Fig. 8, we show Tg", Tg, and Tg'"' for the two-
impurity system, as well as Ty for the single-impurity
case (open diamonds). As the temperature is lowered, we
begin to see the effect predicted earlier for 8))Tz, in
which all three two-impurity susceptibilities lie below the
single-impurity susceptibility. We thus expect the
ground-state staggered susceptibility here to be slightly
less than the single-impurity susceptibility, and therefore

I I I

j
I I l l

j

I I I I

0.6—

0.4—

pp limni jiili jinni t jiiil jiiil j ~iii jt lli j

-55 -50 -45 -40 -35 -30 -25 -20 -15
log, (T)

FICi. 8. From top to bottom, solid symbols, Ty" (solid
squares), Tg (solid circles), and Ty'"' (solid triangles) vs log2( T)
for same parameters as Fig. 7. Open diamonds, Ty for a single
impurity.

to have no anomalously high value or divergence.
To further investigate the renormalization-group pre-

dictions, we next choose J=0.728 (pJ=0.232), giving
8=0.0362, Trr =0.0129, and cP/Trr =2.8. We find that
this value of J gives a saturated spin correlation
( rr „o,2 ) = —0.. 33, the same as the ground-state
renormalization-group correlation at the predicted
"anomalous fixed point" 8/T~ ratio.

In Fig. 9,
'

we show y" versus log2( T) for this
pJ =0.232, as well as the g" predicted from an RKKY
efFective Hamiltonian with 8=0.0362. We see that g"
appears to be beginning to saturate at 13=48, and is much
reduced due to Kondo quenching from the RKKY Ham-
iltonian value, which saturates at gRz&z = 110 when
P=192. Again, we see no suggestion of unusual behav-
ior.

For completeness, we then consider in addition two
other values of J, J=0.96 (pJ=0. 307) and J=1.32
(pJ =0.422), giving d/Tz = 1.5 and &j/Tx =0.9, respec-
tively. We show in Fig. 10 y" versus log2(T) for, from
top to bottom, pJ=0. 232 (cFIT&=2.8), pJ=0. 256
(4/T~=2. 2), pJ=0. 307 (8/Tx =1.5), and pJ=0.422
(8/Tz =0.9). It is not impossible that unusual addition-
al structure would emerge at unexpectedly low tempera-
tures. However, comparing Figs. 9 and 10, we see that
all the curves have the same general shape when scaled,
and all show signs of saturation at low temperature.
Thus, we see no indication of unusual behavior, and our
data strongly suggest that the staggered susceptibility is
always well behaved.

In Fig. 11, lastly, we show T~y" versus 8/Trr for
these above four values of pJ, corresponding to Fig. (2)
of Ref. 5. Here y" is measured at T= —', Tz. We would
expect this graph to look similar in shape if g" were
measured at T=0 rather than T=—', Tz, however, due to
the previously mentioned similar scaled shapes of the
curves in Fig. 10.
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"energy-independent coupling approximation" used in
the renormalization-group work.

The auxiliary boson mean-field predictions, however,
do not appear inconsistent with our results. Though our
results suggest a continuous variation of the ground-state
staggered susceptibility with 8/T~, a small discontinuity
in the susceptibility would not contradict the data of Fig.
11. Nonetheless, we consider it most likely, as suggested
in Ref. 6, that fluctuations around the mean-field solution
will close the predicted discontinuity. Also, in contrast
to the renormalization-group work, both Monte Carlo
and auxiliary boson results are for identical definitions of
the staggered susceptibility.

V. FERROMAGNETIC RKKY INTERACTIONS

FIG. 10. y" vs log2( T), for Kondo nearest-neighbor spins on
one-dimensional hopping lattice with t =

2
and p, =0.0. From

top to bottom, J=0.728, 0.8, 0.96, and 1.32.

Again, we see nothing unusual, such as a divergence at
cP/Tz =2.4. The "normalized" staggered susceptibility
Tzy" initially goes up for small 8/Tz, corresponding to
Eq. (15) with a =0. It then eventually begins to diminish,
presumably approaching 2/4 [Eq. (16)] as 4"/Tz ~ ~.

In essence, we find no staggered susceptibility diver-
gence or other anomalous behavior in the regime predict-
ed by renormalization group results. This may be be-
cause we did not exactly hit the predicted fixed point,
though we are sufficiently close that some unusual feature
should be noticeable. ' Different band structures were
used, but it would be surprising if anomalous behavior
were limited to one particular structure, and both Monte
Carlo and renormalization-group results are for the
particle-hole symmetric case. Another possible explana-
tion may be the different definitions of staggered suscepti-
bility; we expect at least the same qualitative behavior for
the two definitions, but this has not been made rigorous.
A last possibility might be the previously mentioned

We first consider the case ~8~ &&T~. For this, we
choose two impurities on a one-dimensional lattice a dis-
tance of four lattice sites apart. As before, we set t =

—,
'

and p, =0.0, giving a band from —1 to 1 with p =0.32 at
the Fermi surface. We choose J= 1.0, giving pJ =0.32.

For reasons which are discussed in Sec. VI, we do not
attempt to quantitatively parametrize correlation or sus-
ceptibility properties here in terms of the parametriza-
tions of Sec. III. Rather, we are interested in the qualita-
tive effect of a small ferromagnetic RKKY interaction on
the various susceptibilities.

In Fig. 12, we show Tg'"', Tg", and Tg for the above
parameters, as well as Ty for the corresponding single
impurity. In analogy with the antiferromagnetic case, the
uniform susceptibility is enhanced and the staggered sus-
ceptibility dehanced over the two-impurity on-site sus-
ceptibility. However, in contrast to the antiferromagnet-
ic case, the two-impurity on-site susceptibility appears to
be similarly enhanced over the single-impurity suscepti-
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FIG. 11. TKy" vs 8/T~ with y" calculated at T= —,'T&
from the data of Fig. 10.

FIG. 12. From top to bottom, solid symbols, Ty(") (solid tri-

angles), Ty (solid circles), and Tg" (solid squares) vs log2(T).
Open diamonds, Ty for a single-impurity. J=1.0 and Kondo
spins are four lattice sites apart on a one-dimensional hopping
lattice with t =

z
and p, =0.0. Errors are less than or equal to

symbol size.
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bility. This behavior was also seen in Anderson two-
impurity simulations.

These results may be interpreted as a Kondo tempera-
ture reduced by a term linear in 8. They also suggest
that, when Eqs. (14) and (15) (or similar forms) are valid,
a = 1 when 8 is ferromagnetic. 0.6—
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I I t
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SP

B. ~8~ ~ Tz. Anderson Hamiltonian

For 8~ ) Tz, we next discuss two Anderson impurities
in a three-dimensional electron gas, with Hamiltonian of
the form of Eq. (3). We set

e(k)=-D k
(26)

2 kF
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0.0
—6.0 —5.0 —4.0

[ I I

—3.0 —2.0 —1.0 0.0

with 0(k (kF&2, and choose U=3, ef+ U/2=0, and
D = 12, so that we are closer to the D &) U limit. We also
set kFR =

—,', so that the RKKY interaction is ferromag-
netic, and choose A=~pV to be —,', where 6 is the ap-
proximate width at half maximum of a single-impurity
state caused by impurity-conduction hybridization. Pre-
vious work was done mostly for U=2 and 6=—,'; howev-

er, when U=3, so that U/6=6, the Wilson ratio is
within a few percent of the (Kondo) impurity value of 2, '

and moment formation is well described by a large-U
Hartree-Fock parametrization. ' Thus, for U=3, we ex-
pect behavior to be fully representative of the large-U re-
gime.

In Fig. 13, we show (o „o,z) versus log2(T), with the
Kondo temperature Tz =0.044 shown on the x axis, as
well as a fit to a RKKY predicted (cr, io,2). (Here, Tz
obtained from the Bethe ansatz formula' ' is not pertur-
bative. ) We thus see that, as in the case when U=2,
spin correlations develop following a RKKY effective
Hamiltonian down to around the Kondo temperature, at
which point they are quenched. The lowest-order
ground-state perturbative RKKY coupling d" between
two Anderson impurities overestimates the correlation

I
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0.30—

FIG. 14. From top to bottom, solid symbols, Ty'"' (solid tri-

angles), Ty (solid circles), and Tg" (solid squares) vs log2(T)
for same parameters as Fig. 13. Open diamonds, Ty for a single

impurity. Errors, if not shown, are less than or equal to symbol
size.

development for U=3 (a finite-temperature fit was done
in Ref. 4). However, the correlation development can be
fit as shown to an effective RKKY d', where here
4'= —0.067. In general, 4 and 8' converge as U jb, in-
creases, and join to within a few percent at U/5 = 12. '

In Fig. 14, we show, from top to bottom, Tg'"', Ty,
and Tg" for U=3, as well as Tg for a single impurity
(open diamonds). If we attempt to use the

~
8~ ))Tz limit

of Ref. 3, we would expect the ferromagnetically correlat-
ed two-spin system to go effectively from spin 1 to spin —,

'

at T~ '-0.04, and from spin —,
' to spin 0 at

Tz '-6X10 ' . However, since both Tz and Tz" are of
order d', the Kondo quenching from spin 1 to spin —,

'

would occur on the same temperature scale over which
the correlations were building, so that any effects of that
first quenching would be dificult to distinguish. And, of
course, we are not actually in the d' ))Tz regime.
Nonetheless, our results for Ty'"' and ( o „o,z) are con-
sistent with a ferromagnetically correlated two-spin com-
plex with reduced Kondo temperature(s). As predicted in
Sec. II C for this case, Ty- —,

' Ty'"', and Ty" is much re-
duced from the single-impurity Ty

0.20—
cu

b

b
V

0.10—

0.0—

I

0

FICs. 13. (o „o„)vs log2( T) for two Anderson impurities in
conduction-electron gas. U =3, 6= —', D = 12, p, =0.0,
kFR =

—,'. T~ shown by arrow.

C. ~S~ ~ T~: Kondo Hamiltonian

We now consider two Kondo spins. We choose next-
nearest-neighbor impurities on a one-dimensional hop-
ping lattice, with the Hamiltonian of Eq. (25). As before,
we set t= —,

' and p, =0.0, giving a band from —1 to 1

with p=0. 32 at the Fermi surface. We choose J=1.0, so
that pJ =0.32.

In Fig. 15, we show (o, iver, 2) versus log2(T), as well as
the prediction of the RKKY effective Hamiltonian with
RKKY 8 (open diamonds), with an arrow signifying the
Kondo temperature. We thus see, as before, that
( o.„o.,2 ) develops roughly according to a RKKY
effective Hamiltonian when T((D, though the correla-
tions are slightly overestimated due to the lowest-order-
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FIG. 15. (o„o,2) vs log2(T) for Kondo next-nearest neigh-
bors on one-dimensional nearest-neighbor-hopping lattice, with
t= —', J=1.0, and p, =0.0. Solid circles, Monte Carlo data.
Open diamonds, RKKY predictions. T& shown by arrow.

FIG. 17. ( o „o„)vs Iogz( T) for same parameters as Fig. 15,
except that Kondo spins are nearest neighbors. Solid circles,
Monte Carlo data. Open diamonds, RKKY predictions. T&
shown by arrow.
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FIG. 16. From top to bottom, solid symbols, Ty'"' (solid tri-
angles), Ty {solid circles), and Ty" (solid squares) vs log2(T)
for same parameters as Fig. 15. Open diamonds, Ty for a single
impurity. Errors, if not shown, are less than or equal to symbol
size.

only calculation of 8. It appears that the correlations are
beginning to quench at )33=24; calculated from Eq. (22),
TK 20 '

In Fig. 16, we show from top to bottom Tg'"', Tg, and
Ty" for the two-impurity system, as well as Tg for a sin-
gle impurity (open diamonds). As in the Anderson case,
Tg'"' is enhanced over Ty, and both Tg'"' and Ty are
enhanced over the single-impurity Ty. Ty" is very
slightly reduced, if at all, from the single-impurity Ty.
This is different from the more substantial reduction in
the Anderson case; it is most likely due to the fact that

I

8'
I Tz = 1.5 for the Anderson system, which is

significantly larger than I dtI/Tx. =0.6 for the Kondo sys-
tem. Thus, in the Kondo system here, we appear qualita-
tively closer to the otI /Tz « 1 limit of Sec. V A.

If, as before, we attempt to model the susceptibilities

using the IcjI ))Tx predictions of scaling theory, we find
that T~~ '= T~ '=0.044. The limit 8I ))Tz is, of course,
completely inapplicable here. Our results, rather, again
clearly indicate the development of a ferromagnetically
correlated complex with reduced uniform susceptibility
Kondo temperature(s).

Lastly, we compare the properties of spin correlations
for

I/I�

/Tz —1 when 4 is ferromagnetic and when it is
antiferromagnetic. To do this, we show in Fig. 17 anti-
ferromagnetic spin correlations with the same parameter
values as the ferromagnetic next-nearest-neighbor (NNN)
correlations of Fig. 15 (i.e., the Tz's are the same). The
saturation appears to occur at higher temperatures in the
antiferromagnetic case. This may possibly be related to
the enhanced on-site susceptibility for oi ferromagnetic
("lower Tz") and to the similarly dehanced on-site sus-
ceptibility for antiferromagnetic 8 in this regime ("higher
Tx"). As mentioned previously, the Kondo system corre-
sponds to the D ((U limit of two Anderson impurities.
However, we have not investigated whether this different
saturation behavior occurs in the Anderson case when
D»U.

VI. DEPENDENCE QN DISTANCE

We now consider the effect of interimpurity distance
on the correlations between the two spins. Naively, we
might expect the correlations to follow the same RKKY
development independently of distance. However, we
find that this is not the case.

In Fig. 18, we show (o,icr, 2) versus log2(T) for the
same general parameters as Figs. 15 and 17; however, the
impurities are now a distance of four lattice sites apart, as
for Fig. 12. We also show with diamonds the correlation
development predicted from the RKKY effective Hamil-
tonian. In contrast to Figs. 15 and 17, we see that the
RKKY predictions grossly overestimate the actual spin
correlations.

We can see this effect even more clearly in Fig. 19.
Here, we set t= —,', J=1.2 (pJ=0. 384), and p, =0.0, giv-

ing T+=0.090, and consider impurities a distance of
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FIG. 18. (o»cr, 2) vs log&(T) for same parameters as Fig. 15,
except that Kondo spins are a distance of four lattice sites apart.
Solid circles, Monte Carlo data; Open diamonds, RKKY pre-
dictions. T& shown by arrow.

eight lattice sites apart. We note that the reduction from
RKKY predictions becomes greater as the distance be-
tween impurities increases.

We can explain this behavior qualitatively as follows.
The RKKY interaction between the two impurity spins is
mediated by the conduction electrons. As the tempera-
ture is lowered, the conduction-electron scattering (or
correlation) length increases. When this length becomes
of the order of the interimpurity distance, the two impur-
ity spins begin to communicate, and spin correlation de-
velopment will start to follow the RKKY predictions
above the Kondo temperature. However, if the conduc-
tion scattering length is still less than the interimpurity
distance at T-Tz, the spin correlations will be greatly
reduced from those expected from a simple competition
between Kondo and RKKY efFects.

Thus, we see that conduction-electron correlation

length, as well as RKKY and Kondo efFects, can play a
role in the development of Kondo impurity spin correla-
tions. This general result may be relevant in particular to
"dirty" systems.

VII. CROSSOVER BETWEEN SMALL
AND LARGE COUPLING

We now consider the transition between the small-
coupling regime (pJ(1) previously considered and the
large-coupling regime (pJ ) 1). Though the latter regime
is less physical, we include it here for completeness.

In Fig. 20, we show (o„cr,z) versus pJ at P=g and

p, =0.0 for two nearest-neighbor impurities, on the t =
—,
'

hopping lattice of Eq. (23). At first, the correlations in-
crease as pJ increases; for sufficiently small J, they will be
proportional to /3p J . However, as pJ increases, we even-
tually enter the large-coupling regime, where perturba-
tion in 1/pJ rather than pJ is valid. In this regime, it is
favorable for the impurity spins to "trap" a single con-
duction electron at each impurity site to form a singlet
state; the consequent lowering of the "magnetic" energy
more than compensates for the increase in localization
energy of the conduction electron. Thus, we are essen-
tially doing a perturbation in I/pJ around an unper-
turbed state of two independent singlets; the perturbing
term here is the conduction electron hopping. In this
large-coupling limit, correlations are always antiferro-
magnetic for nearest neighbors.

In Fig. 21, we show (o.„cr,2) versus log&(T) for the
same parameters as Fig. 20, except that p, = —0.5. For
small pJ, this gives a ferromagnetic RKKY interaction;
however, as pJ increases, correlations again become anti-
ferromagnetic as we enter the large-coupling regime.
Thus, we see a crossover in the sign of the spin correla-
tions as pJ increases.

This crossover may be relevant to the shifting with U
observed in Ref. 4 of the first node of spin correlations
between two Anderson impurities. It was found that, as
U decreases, the closest interimpurity distance at which
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monds, RKKY predictions. TK shown by arrow.

FICx. 20. (cr, icr,2) vs pJ for Kondo nearest-neighbor spins on
three-dimensional nearest-neighbor-hopping lattice. t = 6,
iti, , =0.0, and P=8.
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Using an essentially exact quantum Monte Carlo algo-
rithm, we investigated two interacting magnetic impuri-
ties in a metal for several different band structures. We
focused on the two-impurity Kondo Hamiltonian, but
also presented some new results for the two-impurity An-
derson model. We were most interested in exploring the
competition between RKKY interactions, with energy
scale 8, which tend to "order" the two impurity spins
into a triplet or singlet, and Kondo quenching effect, with
energy scale
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FICi'r. 22. (u„o,2) vs p, for Kondo nearest-neighbor spins
on three-dimensional nearest-neighbor-hopping lattice. t = 6,
1=8,P=8.

the spin correlations changed from ferromagnetic to anti-
ferromagnetic became smaller when all other parameters
were held constant. Decreasing U implies an increasing J
(and, hence pJ) from the Schriefer-Wolft' transforma-
tion. ' Thus, this node shifting is consistent with the
change from ferromagnetic to antiferromagnetic correla-
tions with increasing pJjust noted.

Lastly, in Fig. 22, we show (cr, &cr,2) for the same pa-
rameters as the two previous graphs, except that
pJ=1.70 (7=2.0) and p, is varied (the band extends
from —1 to 1). This illustrates the large-coupling pertur-
bation picture; as long as the chemical potential lies
within the conduction band, the two (here, nearest-
neighbor) impurities will each trap a conduction electron
to form two singlets, which will then be perturbed by the
conduction-electron hopping. Thus, for large pJ and p,
inside the band, ( o,&cr,2) should be always antiferromag-
netic and independent of p„ in agreement with results.
This is very different from what would occur for small pJ;
in that case, (cr„o,2) would oscillate between antiferro-
magnetic and ferromagnetic values as p, (and, hence, kF)
was varied.

where D is the effective bandwidth, p is the density of
states at the Fermi level, and J is the Kondo coupling
constant.

We considered first the case of antiferromagnetic
RKKY interaction between the two impurities. For
4/Tlc small, where o is the RKKY coupling constant,
we found that correlations developed following a RKKY
eff'ective Hamiltonian H, fr

=PS, .S2 down to approxi-
mately the Kondo temperature, where they leveled off
and saturated. We then investigated values of d/Tlc and
the corresponding pJ's close to those where an anomalous
staggered susceptibility and coefBcient of specific heat y
were predicted from renormalization-group work.
Correlations again followed a RKKY effective Hamil-
tonian and then quenched at around Tz, more important-
ly, nothing unusual was seen in the staggered susceptibili-
ty. Whether this might be due to a different staggered
susceptibility definition, a different band structure, or an
approximation in the renormalization-group work is not
clear. Another possibility which should be mentioned is
finite temperature effects, but our data strongly suggest
that this is not the case. Recent auxiliary boson rnean-
field work, however, was not inconsistent with our re-
sults. For all values of antiferromagnetic 8/Tz investi-
gated, correlations, staggered susceptibility, on-site sus-
ceptibility, and uniform susceptibility were qualitatively
and sometimes quantitatively understandable in terms of
the expected parametrizations of Sec. III.

Second, we considered the case of ferromagnetic
RKKY interactions for both Kondo and Anderson mod-
els. As before, we found that spin correlation develop-
ment followed a RKKY effective Hamiltonian down to
approximately the Kondo temperature, where quenching
would then occur. For

~ 8~ /Tlc && 1, we found that bath
the low-temperature on-site susceptibility [Eq. (4)] and
the uniform susceptibility were enhanced over the single-
impurity susceptibility, parametrizable by a decreased
Kondo temperature. This was in contrast to the antifer-
romagnetic 8/Tz « 1 case, where the on-site susceptibil-
ity showed negligible change. Further enhancement of
both on-site and uniform susceptibilities occurred for fer-
romagnetic ~d~/Tlc & l. This suggests a ferromagnetical-
ly correlated complex with reduced Kondo
temperature(s), possibly along the lines of scahng theory
predictions for d » Tlc. However, we did not
specifically simulate the d » TK regime.

Next, we considered the effect of interimpurity dis-
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tance on the development of impurity spin correlations.
We found that, in contrast to nearby impurities, impuri-
ties far away showed spin correlation development great-
ly reduced from the RKKY expectations. We explained
this by noting that if the conduction-electron correlation
length was less than the interimpurity distance at the
Kondo temperature, the impurities would not have had a
chance to "communicate" with each other before the
spins were individually Kondo quenched. Thus, conduc-
tion electron correlation length as well as Kondo temper-
ature and RKKY interactions can play a role in the de-
velopment of spin correlations.

Lastly, we investigated the crossover from small
(pJ ((1) into large (pJ ))1)coupling. We found that in
the large-coupling limit, one conduction electron would
be "trapped" at each impurity spin site in a singlet, with
perturbation being the conduction-electron hopping, if
the Fermi level was inside the conduction band. Thus, in
contrast to the small-coupling regime, nearest-neighbor
spin correlations were always antiferromagnetic and in-
dependent of chemical potential, and decreased with pJ
at all temperatures. As one consequence of this, for ex-
ample, correlations which were initially ferromagnetic for
small pJ would eventually become antiferromagnetic as
pJ increased. This finding provides a qualitative explana-
tion for the shift in the nodes of the spin correlations
found in Ref. 4 as U was changed.

If one attempts to apply our results to heavy-fermion
systems, certain effects are of course missed; for example,
spin-glass effects for random impurities, and coherence
effects and the possibility of instabilities in narrow renor-
malized bands for the lattice case. However, we expect
the general picture of RKKY interactions versus Kondo
quenching to remain valid, as indicated by recent Ander-
son lattice work. ' Within this picture, if the lattice Kon-
do temperature is higher than the transition temperature
of the corresponding RKKY spin lattice, there will be no
long-range order, though significant short-range "precur-
sor" order may develop. If the lattice Kondo tempera-
ture is lower than the RKKY spin lattice transition tem-
perature, however, long-range order will occur. The
effective moments may be reduced, though, as the Kondo
effect prevents further spin correlation development
below the Kondo temperature.
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APPENDIX A:
PROCEDURE FOR SIMULATION

OF TWO-IMPURITY KONDO MODEL

We begin with the Kondo two-impurity Hamiltonian

where

HO QekC koCkcr
k, cr

(A2)

HI= J[S,(R, ) S&+S,(Rz) S2] .

Here,

(A3)

(A4)

is the normalized conduction electron spin at site R
with

1 I'k R
cmo . i—ge ck~

N
(A5)

N is the number of k vectors, o. ~ denotes the Pauli ma-
trices, and the S 's refer to the two impurity spins.

Because we are utilizing a fermion algorithm, however,
we will not use the Hamiltonian of Eqs. (Al) —(A5) direct-
ly. Rather, we will simulate the Hamiltonian
H =Ho+HI with interaction term

HI =J[S,(Rt) Sf, +S,(R2).Sf2]

where

(A6)

Sf =gf ('o )f (A7)

and the f 's refer to impurity electron states. However,
during the simulation we will apply a projection operator
P which projects onto only singly occupied f states at
each impurity site, to convert the f electrons into
"spins. " Because H itself commutes with the total num-
ber of f electrons at each impurity site, it cannot propa-
gate singly occupied f states into zero or doubly occupied
f states. Thus, for a given operator 0 which conserves
the number off electrons at each impurity site,

Tr(Pe ~ 0 ) Tr(e ~ 0 )

Tr(Pe ~") Tr(e ~H') (AS)

2
P= g expI( —Up)[ —,'+(nf t

—
—,')(nf ).——,')]I . (A9)

In our simulations, we always use Uz ~ 12; this gives a lo-
cal moment ((nf &

—nf &) ) which divers from 1 by no
more than a few parts in a thousand.

We now write the interaction term HI first as

H =H'"+H' 'I I I

where

(A10)

with an analogous result holding for susceptibilities. All
operators and susceptibilities which we consider have this
conservation property. Thus, our procedure is complete-
ly equivalent to simulating the desired Hamiltonian of
Eqs. (Al) —(A5).

The form of P which we choose is

Ho+H (A1) (A 1 1)
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Next, we write out each HI ' as

H' '=H '+H' '+H'
2 3

where

(A12)

—(hr)H )e , we use

J(br)
exp — (c tc 1f ~f2

(m)H, = —cmtcmtfm&f (A13) =
—,'Tr exp[A, ,(T(c ]f ]+ft

~c &)], (A20)

and

(m)H2 = Cm]cm]fm]fm1

( )H', '= (n—, t
—n, t)(nf t

—nf 1) .

(A14)

(A15)

where A) =(J(br)/2)'I, with an analogous decoupling
(~T)H2( )

for e

J(hr)
exp — (c tc &f tf 1)

2

We then approximate the partition function by using the
Trotter approximation,

=
—,'Tr exp[A, )(T(c tf &+f tc &)] . (A21)

Z=Tr(pe ~ )

Tr[p(e —(ar)H)L]

where b,r =13/L,

(A16)

(A17)

=Tr. P e
—

( Ar)HO —( Er)H
1

—
( Ar )H2

e e
m

L—(6~)H3Xe (A18)

exPt( —U~)[ —,'+(nf t 2 )(nf $ 2 )]I

H', ' and H2 ' are not Hermitian, so that one might ex-
pect the Trotter error in observables" and susceptibili-
ties' to be of order b, r rather than (hr) . However, we
show in Appendix B that the error linear in A~ again
vanishes for the quantities of interest due to invariance of
the Hamiltonian under spin label exchange. Thus, we
can extrapolate in (b,r) as usual.

We now decouple the interaction terms into bilinear
fermion terms using generalized discrete Hubbard-
Stratonovitch transformations. ' For P, we use

We could also group the bilinear terms in Eqs.
(A20) —(A21) by particle type (c or f) rather than spin.
However, we find that grouping the terms by spin leads
to a much smaller percentage of negative determinants in
our simulation. The reason is that the determinants for
spin up and spin down have very similar form, so that
when one changes sign the other one frequently does also.
For example, if we retain only the spin-Aip terms of the
Hamiltonian (the H', 's and H(2 's), as well as Ho, a
particle-hole transformation shows that the net deter-
minant is always positive in the symmetric case, in analo-

gy to the results for a symmetric Hubbard' or Ander-
son' model; the same holds true if we retain only the
H 3

's with Ho . Also, we find that grouping the terms by
spin gives less statistical error even when there are almost
no negative determinants.

—(5~)H3
Lastly, for e ', we utilize the fact that, because

of P, the operators n& &

—
n& ~

can only take on the
values +1. Thus, we can eff'ectively write

J(b,r)
exp — (n, t n, ] )(n—f t nf 1

)—
4

U=
—,'exp — Tr exp[Xp(T(nf t nf 1)], —

2
(A19)

Up /2
where cosh', ~=e and o takes the values +1. For Then,

J(b.r)=exp
4

n, &o. , exp
4 ncm $~mz

(A22)

J(hr)
exp

4 ncm f ~mz exp — [—)(o. , +1)] —,'Tr expIA, 2(r[n, ]
—,'(o, +1—)]I,J(b,r)

4
(A23)

where cosh A,2=e ' ', and

[J(kr)/4]n a [J(kr)/4][(1/2)(a —1)]
e cm& mz (e

—a~ H™

—(2&/2)(a+a') 2&an 22a'n
X e

cm l+( i/2) mzX —,'Tr e ' (A24)
—(2.2/2)(a —a')nf, (2.2/2)(o —a' )n/,Xe ' I'e

Converting back to fermion notation, we obtain the form (A25)
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(A7 )H (5'T)H (A7 )H
e I e I e (A26)

since

[H,"),H,")]=0 .

Then,
—($7-)H(m) —(gg)(H(m) +H(m) ) —($7-)H(m)

e ' =e 1 2 e 3
7

(A27)

(A28)

since

[H(m) +H(m) H(m) ] 0

Next, we use the identity for H'1 ' and H2 ',

(A29)

—(b~)(H +H ) —a nH™[ —a (1—n) —a n]H
e 1 2 ]Tr (e 1 I e ) 2 2

n

)H(m)
Xe ' ' ), (A30)

where

Thus, after isolating the interaction term and splitting it
up using the Trotter approximation, we have decoupled
the term by introducing four Ising fields. This decou-
pling will occur at each impurity site m =1, 2, and
"imaginary time" slice / = 1, . . . , L, .

We note that it is also possible to decouple the interac-
tion term itself with no Trotter error. To do this, we first
write

(e J(A~)/2
1 )J

( 1
—J(hv)/2)

J

(A31)

(A32)

and n here takes on the values 0 and 1. Finally, the
remaining interaction terms in Eq. (A30) are decoupled
as before; however, there are now six rather than four
two-valued fields at each impurity site and imaginary
time slice.

This latter procedure restores rotational symmetry for
finite b,r, broken in the breakup of Eq. (A18), and does
not seem to qualitatively worsen statistics. However,
surprisingly, it does not appear to significantly decrease
the net Trotter error in most parameter regimes. We
have found that it may even increase the error in some
cases due to apparently fortuituous cancellations in the
nonsymmetric breakup. Further, the breakup of Eq.
(A18) gives us two different values of spin quantities for
finite A~, measured in the x and z directions. If both
quantities are seen to approach the same value as
( b,r) —+0, our confidence in the extrapolation is in-
creased; in many cases, one quantity approaches from
above and one from below. Therefore, for our simula-
tions, we have primarily used the decoupling procedure
of Eqs. (A18)—(A24).

Thus, our approximate partition function becomes

Zapprox + Tr
I o I

e
—(X2/2)(~21m +~4, )

L 2

n m m

1=1 m =1

X .TrI„)I
L 2

n )Hp ~ ~] 11m m ffm1 ~& 21m fm f m1 231m ncm 1 ~2 31m ~4}m ) fm Ie
1=1 m=1

2

nX e p nf

m=1

L Hp(~ A'1 ~11 f &c A'lo21 c
g f2

- ~ Tr In g I
e

1=1 m —1

2 41 i 2 31 41 fm m ml

2

n ~p~pmnfm &e
m=1

(A33)

where we used the cyclic property of the trace to shift the position of p. Here, K is some constant which cancels out
when we take expectation values; (r„l refers to the nth Ising spin at site m and imaginary time slice l (the o~ s are the
projector spins); Tri.

l
refers to the trace over the Ising field; Tri. t l

and Tri. (. l
refer to traces over the up and down fer

mions, respectively; and Ho(1) and Ho( 1 ) refer to the spin-up and spin-down parts of Ho. In essence, we have reduced
the partition function to bilinear form in the fermion operators, separating the traces over spin-up and -down orbitals,
at the expense of introducing an Ising field.

Taking the trace over the fermions then yields ' '

Z, „„=Tri
l

e i l n detOsIo I
S=+1N,L

(A34)

where Os is an NL XNL matrix, with N here the number of spatial sites (or k vectors) for the conduction electrons plus
two for the impurity orbitals. e i l refers to the pure Ising part of Eq. (A33). Thus, we have an efFective "Boltzmann
weight" for each Ising configuration.

Written out in the imaginary time direction, the matrix Os is formally
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Os=

—(.b, 7.)K
vS

0
0

0

—( 57)K 2
vS

0

—(d ~)K I. P
Vs Vs

0

(A35)

Here, K is an N XN matrix given by g'=g+(g I)(e—e
' I)g' —. (A45)

IIp = X ai cr+ij aj a (A36) Further, because of the local nature of the potentials, we
have

where the a; 's refer to conduction or impurity states,
with i and j running over all orbital degrees of freedom.
Vz is a potential acting only at each impurity orbital,

Vp ——g ifms)SX o-, &fmsi,
m=1

(A37}

S
so that e is diagonal, with only two diagonal entries not
equal to one. The VI 's, for l =1, . . . , L, are formally po-
tentials which act only at the impurity sites, but which
couple the conduction electron orbitals localized at each
site with the impurity orbital. Thus, they can be visual-
ized as 2X2 potentials. Considering the spin up elec-
trons, for example, one obtains from Eq. (A33)

v,
S

(fms~e ' ~fm's) =[1+bio,i cr2, ].

g~M =gMM+(gMM I)(e —e ' I)— (A46)

where gMM is now a 4L X4L matrix, corresponding to
the two-impurity sites, each with an associated impurity
and conduction orbital, and the L time slices. In essence,
therefore, if we are concerned with impurity properties,
we need only consider the impurity-site part of g, gMM.

To begin the simulation, then, we set all interactions
equal to zero. The matrix gMM is then given by the
noninteracting Green s function matrix gMM, this is easily
calculated even for an essentially infinite system, and is
the only point at which system size enters into our com-
putation. We next turn on the Ising field (for example,
randomly), giving a potential V, and obtain the starting
g~M from Eq. (A46) by inverting a 4L X4L matrix,

2 )[ 31m 41mXe I (A38) gMM
=[I—

(gMM I )(e I}]—'gM~ —. (A47)

vS
&cmsle" Ifm's) =~,~„e 2 3™S

and

(A40)

VS
( fms ~e

' ~cm's ) =A, io2i e ' " ' 5, (A39) We then proceed by sequentially proposing changes in
the Ising field configurations. Assume that we attempt a
change at site m and imaginary time slice l. Then, as in
the related lattice algorithm, ' the ratio of determinants
between the old and new configurations is given by

(cms~e ' cm's ) =e ' " 5

Otherwise,

vS
(ai, s~e ' ~aj, s ) =5," .

(A41)

(A42)

det[Os [ o. '
I ]

det[Os[o I]

=det[I+ [I gMM(l, l)](e ~—™e~y™I)I . —

(A48)

(A49)

—1
gs —Os (A43)

For a given Ising configuration, the Green's function
matrix gs is given by the inverse of Os, On the right-hand side of Eq. (A49), the determinant is

now that of a 2 X 2 matrix.
Let

Given two arbitrary Ising configurations with potentials
V and V' where, corresponding to Eq. (A35), f SI o'

I
—SI o.

I ]
0
—e (A50)

e V

0

0 2

(A44)

V~ Vp
e e

(we drop the spin index S here for simplicity), we find
that the Green's function matrix obeys the Dyson-type
equation

from Eq. (A34). Then, R =RpRtR
&

will be the ratio of
the effective Boltzmann weights of the two Ising
configurations. If R /(R+ 1) is greater than a randomly
selected number between 0 and 1, we accept the
configuration change; otherwise, it is rejected. (If R is
negative, we use the related sampling procedure at the
end of Ref. 21.)

If the configuration change is accepted, we update gMM
using the relation
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g
'

( l, , l2 ) =g (1„l2 )

+[g, (li l) 5, 611]

X t (l)g (l, l2 ),
where

I

t (l)=(e ' e ' I)—
I

X II+[I—g (l, l)][e v™ev™ I]]—

(A51)

(A52)

to change several of these spins simultaneously than to
change just one. Thus, we number the 16 possible
configurations, generate a random integer from 1 to 16
(not including the current configuration number), and
then decide whether or not to accept the new
configuration corresponding to the generated number.
We find that this speeds the walk through the Ising space,
reducing correlation time and allowing for shorter runs.

Because of the bilinear form of Eq. (A33), Wick's
theorem holds, and we can calculate correlation functions
in the usual way. ' For example, for the spin correlation
between the two impurities, we measure

As in Eq. (A49), all quantities in Eq. (A51) and Eq. (A52)
are 2X2 matrices. This updating is the most time-
consuming part of the computation; one sweep through
the Ising field requires an amount of time proportional to
(4L) .

One di6'erence in this procedure between the present
and other simulations is that we do not attempt to Aip
each Ising spin separately as we move through the Ising
field configuration space. There are here 16 possible
configurations of the four Ising spins at each impurity
site and imaginary time slice, and it takes no more time

I

&Cri CT2 & &(nfit nfig)(nf2t nf2$)& (A53)

in the z direction and

& ~1 ~2 & & (f i if1$ +f iaaf it )(f2Tf2$ +f2if2t ) &

(A54)

in the x direction. Further, by approximating an integral
by a sum, we can calculate susceptibilities. For the on-
site spin susceptibility, for example, we measure using
Simpson's rule

)
L —1

g [3—( —1)']&[nf,t(r, ) nf, i(ri)]—[nfit nfi, ]&
1=0

where ri =l(b, r), and
1

X.= 3 g [3—( —1)']&[fit(ri )fi)(ri) —f i)(ri)f it(ri)] [fitf it+f iif it ]& .)
L —1

1=0

(A55)

(A56)

In summary, then, we begin with a fermion partition
function and introduce a projector field to turn the im-
purity fermions into spins. We next use the Trotter ap-
proximation to isolate the interaction parts of the Hamil-
tonian. These interaction terms are then decoupled using
discrete Hubbard-Stratonovitch transformations, leaving
the partition function in bilinear form in a Auctuating Is-
ing field. We consequently perform a Monte Carlo simu-
lation on the Ising field, taking the trace over the fer-
mions at each step of the process. Wick's theorem holds,
due to the bilinear form of the decoupled partition func-
tion, and we can thus measure correlations and suscepti-
bilities of interest.

APPENDIX B: VANISHING
OF FIRST-ORDER TROTTER ERROR

We begin by considering a general density matrix
operator

where

H= gH„,
n=1

(83)

to obtain an approximate density matrix operator.
We now consider the error when this approximate den-

sity matrix operator is used to calculate the expectation
value of a Hermitian operator O. From Ref. 11, this er-
ror is

&o &„„.„—&o & =(a~)[&D(p)o &
—&D(p) &&o &]

+order(b, r) (84)

where expectation values with no subscripts are those
taken with the exact density matrix operator. Here,

D(P)= I d C(r)r (85)
0

and

e PH (e
—( A~)H )L— — (81)

where b,r=p/L. Using the Trotter approximation, 2O we
then write

N
C= —,

' g g [H„,,H„] .
n =1 n'(n

For the breakup of Eq. (A18), we find that

(86)

p~ —( 57.)H„N
e

n =1

L

(82)
2

C= ,'[HO, Ht]+ —,
' g —[H', ',H2™],

m =1
(87)
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since

[H,'",H,"']=0

and

(B8) +O, approx

L —1

y [3—
(
—1)']& 0 ( r/ )0 ),pp„„

1=0

) & 0 ~approx ~ (B13)
[H(m) +H(m) H(m) ] p (B9)

&D(P)) =P&c) (B10)

H0 and HI are both Hermitian operators and thus, again
from Ref. 11, the first commutator in Eq. (B7) will make
no contribution to the error linear in b,r for &0),pp„,„,
since it is anti-Hermitian. Therefore, we need only con-
sider the second term, with non-Hermitian H'& ' and
H(m)

Now, H'& ' and H2 ' transform into each other if up
and down spin labels are interchanged. Thus, the com-
mutator [H', ', H2 '] changes sign under the interchange
of up and down spin labels.

The Hamiltonian H, however, is invariant under this
spin label exchange. We thus have, simply renaming the
"dummy" summed-over spin indices,

where ~&
= I h~, when compared to an exact susceptibility

~, = f dr&0(r)o) —p&o)'. (B14)

If 0 is a spin, we set & 0 ), „„to zero by symmetry. If 0
refers to charge, the error in & 0 ),„p„„will be of order
(b.r) . The replacement of an integral by a sum in Eq.
(B13),using Simpson's rule, gives an error of order (b,r) .
Thus, in order that go, „„and yo differ by order (b,r),
it is sufficient that

& 0(r& )0 ),„„„„—& 0(rl )0 ) =order(br) (B15)

for Az small, where ~ is here limited to the values
l(h r), l=O, . . . , L —1.

If &D(P)) vanishes, as was shown previously, we find
that

2P T PH y [H—(m) H(m) ] (Bl 1)

& o(r, )o ),„„,.„—& 0(r, )0 )

=(a~) o(~1f d~'c(v')0)
0

2
LI T gH y [H(m) H(m) ] (B12)
Z m = I

so that & D(P) ) =0. Identical reasoning holds for
&D(13)0 ) if 0 is invariant under the interchange of up
and down spin labels. This will include, for example, all
spin and charge correlation operators. Thus, for all
operators of interest, the error linear in A~ vanishes, leav-
ing a leading error of order (b,r) .

We now consider the case of an approximate suscepti-
bility

+ 0(p r) f—' 'drc(r)0
0

+order(br) (B16)

If the operator 0 either remains the same or changes sign
under the interchange of up and down spin labels, the
previous reasoning applied to & 0(rl )0 ), „„„tells us that
this linear term in Aw vanishes. Thus, for all spin and
charge correlations and susceptibilities, the error term
linear in Aw vanishes when the Trotter breakup of Eq.
(A18) is used, and we can extrapolate in (Ar) as usual.
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