
PHYSICAL REVIEW 8 VOLUME 40, NUMBER 7 1 SEPTEMBER 1989

Measurement of the occupation lengths of channeled 17-MeV electrons
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The occupation length of channeled 17-MeV electrons and 54-MeV electrons and positrons in sil-

icon has been determined by measuring the intensity of the emitted channeling radiation. For 17-

MeV electrons the measured 1/e occupation lengths are approximately 16 pm for the (100) plane
and 20 pm for the (110) plane. For 54-MeV electrons the occupation lengths are 24 pm for the (100)
plane and 36 pm for the (110) plane. For 54-MeV positrons the occupation lengths are 40, 60, and
42 pm for the (100), (110), and (111)planes, respectively. In all cases, the bound-state populations
remain equal relative to one another throughout the thickness of the crystal. Multiple scattering
appears to modify positron channeling radiation spectra slightly, but multiple scattering has no per-
ceptible inhuence upon electron channeling radiation spectra.

I. INTRODUCTION

When a beam of charged particles is incident upon a
target, it ordinarily scatters incoherently from the indivi-
dual atoms which comprise the target. However, when
the beam is directed into a crystal along a direction of
high symmetry (a plane or an axis), the particles scatter
coherently from the crystalline potential in such a way
that they are guided along that plane or axis —a
phenomenon known as "channeling. " The transverse
motion of a channeled particle is usually thought of as
being governed by an effective "continuum potential, "'
which is obtained by an appropriate spatial and temporal
average of the true crystalline potential. The longitudinal
motion is essentially free. If the transverse momentum of
the particle is sufficiently small, it will be bound by the
continuum potential, and the particle will undulate as it
moves down the channel.

A number of interesting phenomena are associated
with channeling, including the anomalously low back-
scattering of channeled positive ions and the deflection
of charged particle beams by bent crystals. '" One in-
teresting property of very light channeled particles such
as electrons and positrons, which we have studied in our

experiments, is their spontaneously emitted radiation
spectrum. The undulatory motion of the charged parti-
cles gives rise to ' channeling radiation" (CR), which can
be considerably more intense than the background of
bremsstrahlung radiation. '

Due to a variety of scattering processes, a channeled
particle will eventually be scattered out of the channel, or
"dechanneled. " The length scale over which dechannel-
ing occurs is not merely of theoretical interest; it is of
great practical importance as well. For example, if parti-
cles remain channeled through an appreciable length, the
spontaneous CR intensity could rival or surpass that of
the most intense synchrotron source in the hard x-ray re-
gion of the spectrum. ' Many authors have suggested
that a sufFiciently intense particle beam could generate
stimulated emission. " Others have discussed pumping
schemes which involve selective population of excited
states via scattering. All of these possible applications
depend critically upon the detailed history of channeled
particles as they propagate through a crystal.

A few determinations of occupation lengths have been
made under widely different experimental conditions.
Andersen et al. have measured the occupation length of
axially channeled electrons in silicon in the energy range
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of a few MeV. ' Beezhold et a/. ' have determined the
occupation length of planar channeled 54- and 83-MeV
positrons in tungsten. Komaki et al. ' obtained a 1/e
occupation length of 31 pm for 350-MeV (110) planar
channeled electrons in silicon. Also, Beloshitskii and
Kumakhov' and Muralev' have calculated the dechan-
neling of axially channeled GeV electrons in silicon and
tungsten.

In this paper we report the observation of CR emitted
by 17-MeV electrons and 54-MeV electrons and positrons
from silicon crystals of a wide range of thicknesses. By
measuring the CR yields as a function of thickness, we
have been able to deduce the dechanneling lengths and
other details of the dechanneling process.

In Sec. II, we present the relevant theory of channeling
and channeling radiation. In Sec. III, we develop a
framework for relating the observed CR spectrum to the
evolution of the channeled particles as they propagate
and scatter through the crystal. In Sec. IV, we present
some representative raw planar spectra and explain how
we process these data to obtain the absolute CR Aux as a
function of thickness. In Sec. V, we use results from Sec.
III and Sec. IV to derive detailed information about the
channeled-particle population as a function of thickness.
We conclude in Sec. VI with a discussion of the results
and how the experimental arrangement could be modified
or improved to yield more information about dechannel-
ing and multiple scattering of channeled electrons and
positrons.

II. RELEVANT THEORY OF CHANNELING
AND CHANNELING RADIATION

For planar-channeled electrons and positrons with en-
ergies of less than about 100 MeV, the number of trans-
verse energy levels in the continuum potential is small,
and a quantal treatment is necessary. We use the many-
beam method introduced for channeling-radiation calcu-

lations by Andersen et al. ' to calculate eigenfunctions,
energies, and spontaneous-emission cross sections.

As an example, the planar and thermally averaged po-
tential for 54-MeV electrons channeled by the (100) plane
of silicon is shown on the right-hand side of Fig. 1, along
with the lowest transverse energy levels. This one-
dimensional continuum potential governs the motion of
electrons in the direction perpendicular to the plane (the
x direction. ) Since the potential is periodic in the x direc-
tion, the wave functions u„(x) can be expressed as Bloch
waves with a band index n and a crystal momentum ~,
where a is confined to the first (one-dimensional) Bril-
louin zone. The left-hand side of Fig. 1 shows the details
of the dependence of A'„upon v. (w is expressed as a frac-
tion of g, the shortest reciprocal-lattice vector in the pla-
nar direction. ) The energy bands are quite narrow for the
lowest bound states because the wave functions are local-
ized near the atomic nuclei, resulting in little overlap be-
tween adjacent wells. Near the top of the well, the over-
lap between wave functions centered on adjacent wells
becomes appreciable, and the energy bands acquire a no-
ticeable width. Above the top of the well, the states are
essentially plane waves, and the energy bands of these
quasifree states broaden out to a near continuum which is
punctuated by increasingly narrow energy gaps.

Channeling radiation consists of radiative transitions
between the bound states. The CR photon energy is
given, not by the difference in transverse energy (s; —sf )

between the two states, bUi approximately by
2y (s; —sf )—momentum conservation dictates that
most of the photon energy is contributed by the longitu-
dinal momentum of the particle. Radiative transitions
between quasifree states are referred to as "coherent
bremsstrahlung" (CB). More complete discussions of CR
and CB are given in Refs. 17—19.

The spontaneous emission rate for a transition i ~f is
given by'

+("R(& ~f ) &&& Er . 2 cosg —psin P+ cos P Mf; 5 E~-
dQ&dE&dz eric 2@~(1—pcosg) 1 —pcosO f' ~ 1 —pcos8

where dQ& is the differential solid angle of the observed
photon, dz is the differential crystal thickness, and Mf, is
the matrix element

~fl +f e +l ~f +l

(The approximate equality represents the usual dipole ap-
proximation, in which the x component of the photon's
wave vector, q„, is set equal to zero. )

The linewidths can be calculated to a fair approxima-
tion with an optical-potential method. The total
spontaneous-emission spectrum is a sum of the individual
spectral lines weighted by the populations of the initial
states. This allows us to infer the populations of the
states from the measured CR spectra. As will be demon-

strated in Sec. V, the assumption that all states (bound
and free) are populated equally yields calculated CR
spectra which are in good agreement with spectra ob-
tained from crystals of a wide range of thicknesses, allow-
ing us to conclude that bound-state populations are ap-
proximately equal throughout the thickness of the crys-
tal.

Although the measurement of CR spectra may seem to
be a somewhat indirect method of obtaining occupation
lengths, it is superior to methods which measure the
energy-momentum distribution of the particle beam as it
emerges from the crystal. When channeled particles
emerge from the crystal, they are reconverted into free
particles, and it is dificult to recover any information
about the individual behavior of particles in different
channeling states. This might be acceptable if there are
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FIG. 1. Transverse energy levels of 54-MeV electrons chan-
neled by the (100) planes of silicon. Transverse energy levels in
the continuum potential well are indicated on the left; the full
energy-band structure (reduced to the first Brillouin zone) is
shown on the right. x is the transverse crystal momentum and g
is the magnitude of the shortest reciprocal-lattice vector in the
(100) direction.

III. THK EFFECT OF
MUI.TIPI.K SCATTERING AND ABSORPTION

UPON OBSERVED BRKMSSTRAHI. UNG
AND CR SPECTRA

As a well-collimated beam of high-energy particles
passes through a material, the particles undergo
numerous small-angle collisions, resulting in a distribu-
tion of angles about the original direction. This
"multiple-scattering" distribution has been determined
theoretically and experimentally for unchanneled parti-
cles by a number of authors. ' Our goal is to under-

so many bound states that the channeled particles behave
classically, as is the case for channeled ions or ultrarela-
tivistic electrons or positrons. However, when the chan-
neled particles are slow enough and/or light enough to
behave quantum mechanically (as is the case for the ex-
periments reported here), we would like to know about
the detailed dynamics of particles in different channeling
states. Since the CR is generated while the particles are
channeling, these details are preserved in the CR spectra.

Given that the possibility of using CR as a spontaneous
or perhaps a stimulated source of x rays and y rays is a
major motivation for studying occupation lengths, it is
particularly appropriate to use CR to study them. In ad-
dition to possessing an intrinsic advantage over other
methods of determining occupation lengths, measure-
ments of CR from thick crystals reveal other aspects of
the generation and properties of CR which must be un-
derstood before any practical use can be made of such a
radiation source.

stand the behavior of planar-channeled particles as they
pass through a crystal. In order to deduce this scattering
behavior from our data, we must first derive expressions
for the radiation spectra of beams of both unchanneled
and planar-channeled particles in terms of their
multiple-scattering distributions.

An unchanneled particle of initial plane-wave state
~k; } will scatter repeatedly from the full electromagnetic
potential of the solid through which it passes. Since the
most likely transitions (both radiative and nonradiative)
are small-angle deQections which have no perceptible
effect on the energy of the particle, the longitudinal part
of the motion need not be included explicitly in the repre-
sentation of the particle's wave function. Thus a particle
traveling at an angle Q, with respect to the forward
direction may be represented by ~Q, ). If a sufftcient
number of collisions have occurred, the particles perform
a two-dimensional random walk around the forward
direction, and their multiple-scattering distribution is ap-
proximately a two-dimensional Gaussian, with a standard
deviation which increases roughly as the square root of
the thickness. Several authors have derived an analytic
form for p(Q„'z), the unchanneled particle distribu-
tion ' as a function of the penetration depth z. The
analysis is tractable because the states are plane waves
and the populations may be represented by a single con-
tinuous function; nevertheless, it is quite difficult. Accu-
rate formulas which are based upon theoretical analyses
and fitted to experimentally determined parameters are
given in Ref. 23. The distribution is, approximately,

] —g /e (z)
p(Q, ;z)= e~e', (z)

(3)

where e,(z) is the multiple-scattering angle and
8, =—~Q, ~. For the case of 54-MeV electrons in silicon,e,(z) (mrad)=0. 310z'~ (2.32+1.121nz' ), where the
thickness z is expressed in pm.

The differential bremsstrahlung spectrum from un-
channeled particles at penetration depth z can be calcu-
lated by convolving the multiple-scattering distribution
of Eq. (3) with the differential bremsstrahlung flux for a
thin target. Near the forward direction,

d Nb (Qr Er) (1+y Qr)b&

d Q&1E&dz r
( I +y2Q2 )~

where Qz is the angle of the emitted photon with respect
to the particle's direction and E~ is the photon energy.
The thick target bremsstrahlung spectrum is then ob-
tained by integrating this convolution over z, taking pho-
ton absorption into account.

The results of this calculation for 54-MeV e in silicon
are displayed in Fig. 2. This curve is very nearly in-
dependent of the beam energy because the multiple-
scattering angle and the characteristic width of the angu-
lar distribution of bremsstrahlung both scale as I/y. The
standard thin-target bremsstrahlung formula can be mul-
tiplied by this curve to obtain the total flux emitted in the
forward direction from a material of thickness Z. Note
that the bremsstrahlung production increases linearly
with thickness at first, but starts to saturate noticeably
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FIG. 2. Calculated bremsstrahlung Aux of photons with ener-
gies between 80 and 100 keV emitted in the forward direction by
randomly-directed relativistic electrons or positrons in thick sil-
icon targets, normalized to the corresponding thin-target brems-
strahlung Aux per micron.

near 50 pm, at which point 6, becomes comparable to

It is reasonable to assume that, like unchanneled parti-
cles, planar-channeled particles lose very little of their
forward momentum as they pass through a crystal (pro-
vided that its thickness is much less than the radiation
length, which is so in all reasonable cases). Therefore,
the wave function of a planar-channeled particle in the
nth energy band with wave-vector K traveling at an angle
0, with respect to the forward direction can be represent-
ed by ~

n ~8, ), and the multiple-scattering distribution
can be denoted p„(x,8, ;z). p„(~,8, ;z) differs in two
significant ways from its analog for unchanneled parti-
cles, p(Q, ;z). First, channeled particles scatter only
from those components of the crystal's electromagnetic
potential which fluctuate in space and time, since the
static continuum potential is already taken into account
in the calculation of the channeling states. Also, for
channeled particles, multiple scattering is confined to the
8 direction (parallel to the channeling planes and perpen-
dicular to the forward direction). In the other transverse
direction (perpendicular to the planes), scattering takes
the form of transitions

~ n; ~; )~ ~n&z& ) between discrete
bound states rather than between two states in a continu-
um.

Our objective is to learn as much as possible about
p„(I~,8, ;z) by measuring the radiation spectrum of a
beam of multiply scattered channeled particles. Howev-
er, little can be learned about the dependence of
p„(~,8„z) upon the wave-vector ~ because the energies
of the bound states are insensitive to a (which is precisely
why CR consists of prominent spectral lines). It is con-
soling to realize that the dependence ofp„(~,8„'z ) upon ~
is probably rather uninteresting anyway, the population

d NCR(i ~f )

dE&d 0
d NCR(i ~f )

dE&d 0 dz

pE ( )
(5)

0

The exponential factor in the integral accounts for self-
absorption of photons in the target, and p(E ) is
the absorption coefficient of photons with energy
Ez. The thin-target channeling radiation Aux

d NCR(i ~f )(Q,E~)ldQrdE~dz is given by Eq. (I).
Note that the relationship between the radiation spec-
trum of a beam of channeled particles and its population
distribution p„(8,;z ) is more complicated than the corre-
sponding relationship for unchanneled particles. One ob-
vious complication in Eq. (5) is the existence of several
separate continuous functions which are required to de-
scribe the population distributions —one for each band n.
A second complication is the fact that the radiation in-
tensity distribution d NCR(i~f )(Q,E )/dQ dE dz
depends upon the transition i ~f and is not separable in
the variables Q and E~, as was the function

within a band is expected to equilibrate on a time scale
much faster than the rate at which the total population of
the band changes. This is due to the fact that, since the
energies within a band are almost degenerate, the intra-
band scattering rate ought to be much faster than the in-
terband scattering rate. Thus it is sufficient to measure
p„(8„'z), the population distribution integrated across
the band. p„(8,;z) can be thought of as the product of
two functions: p„(z), which describes the evolution of the
total population within a band n and from which the oc-
cupation length may be extracted, and f„(8„'z), a one
dimensional multiple-scattering distribution function nor-
malized so that its integral over t9, is unity.

Currently, very little is known about the multiple-
scattering distribution f„(8,;z) for channeled particles.
However, it is probably reasonable to assume that its
form is similar to that for unchanneled particles (Gauss-
ian), with some multiple-scattering angle 6„(z)which de-
pends upon the band index n. The multiple-scattering
angles 6„(z) are almost certainly difFerent from one
another and from 6,(z). Unfortunately, it is difficult to
relate 6„(z) to 6,(z). Channeled electrons are more
concentrated in the vicinity of the nuclei, resulting in in-
creased scattering, while channeled positrons are less
concentrated, resulting in suppressed scattering. To a
first approximation, the enhancement (or suppression)
ought to be given by the square of the magnitude of the
wave function evaluated at the position of the nuclei.
However, it is still difficult to relate this enhancement or
suppression to 6„(z) because the scattering processes
couple the different functions f„(8,;z) to one another. If
the CR peaks are sufficiently well separated, it might be
possible to determine the multiple-scattering angles for
the different bound states experimentally by examining
the line shapes in detail.

The radiation spectrum of a beam of channeled parti-
cles passing through a target of thickness Z is given by
the convolution of the differential CR cross section with
the multiple-scattering distribution
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d Nb, (i ~f )(Ar, Er ) Id ArdE dz for unchanneled parti-
cles [compare Eqs. (1) and (4)]. More specifically, the CR
peak resulting from a transition from a state with discrete
index n; to one with an index nf is centered at
(6;—Af)/(1 —/3cosO ), where P=(1—y 2) '~ and 8
is the angle between the particle direction and the direc-
tion of the emitted photon. Thus, the energies of pho-
tons emitted in a particular direction will depend upon
the direction 0 as well as the indices n, and nf. If the in-
cident particle beam has some divergence or if multiple
scattering occurs, the CR peaks will lose intensity and be-
come asymmetric (broader on the lower-energy side). As
will be discussed further in Sec. V E, the multiple-
scattering angles e„(Z) can in principle be determined
from the asymmetric distortion and slight downward
shift of the channeling radiation peaks.

Fortunately, Eq. (5) can be simplified if the population
is distributed evenly throughout each band and the
multiple-scattering angle e; is su%ciently small com-
pared to 1/y over the range through which p,.(z) is

significant (so that multiple scattering can be neglected),
in which case Eq. (5) simplifies to
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in the forward direction. If the individual CR peak per-
taining to a transition i &f can be reso—lved, the integral

f 0dz p, (z) exp[p(E )z] can be obtained by dividing the

measured value of d N„(i ~f )IdE&d 0 by the calcu-
lated value of [d N c(Ri ~f )(Q&, E&)IdOydE&dz]
)& exp[p(E )Z). Thus p, (z), the dependence of the total
population within the ith band upon thickness, can be
constructed by measuring d NcR(i ~f ) /dE d f), for
several different crystal thicknesses.

IV. DATA PRC)CESSING

The measurements were performed with beams of 17-
MeV electrons and 54-MeV electrons and positrons at the
Lawrence Liver more National Laboratory Electron-
Positron Linear Accelerator. The experimental ap-
paratus and procedures are described in Ref. 6.

Unprocessed CR spectra produced by 54-MeV elec-
trons channeled by the (100) plane of silicon for four
different crystal thicknesses are displayed in Figs.
3(a)—3(d). The three peaks constitute the CR. The
smooth background is due mainly to bremsstrahlung,
with a smaller contribution from coherent bremsstrah-
lung (CB). Thus, the relative magnitudes of the peaks
and the background are related to the proportion of
channeled particles. In Fig. 3, the decrease in the peak-
to-background ratio with increasing thickness is readily
apparent. It appears that the bound-state populations at
2.8 and 19 pm are roughly equal, and that they decrease
to less than half of their original value somewhere be-
tween 19 and 130 pm. At a thickness of 2765 pm, the
CR peaks are greatly diminished, but still perceptible.

Representative unprocessed spectra produced by 54-

FIG. 3. Raw spectra obtained from 54-MeV electrons chan-
neled by the (100) plane of silicon for four different crystal
thicknesses: (a) 2.8 pm, (b) 19 pm, (c) 130 pm, and (d) 2765 pm.

MeV positrons channeled by the (110) plane of silicon for
four different thicknesses are displayed in Figs. 4(a) —4(d).
The peak-to-background ratio diminishes slightly be-
tween 19 and 94 pm, and substantially between 94 and
1200 pm —indicating a half-length somewhere between
19 and 94 pm. Despite the strong absorption of low-
energy photons by the crystal, the positron CR peak is
still quite strong relative to the background even when
the crystal is nearly 1-cm thick.

These spectra demonstrate qualitatively the depopula-
tion of transverse bound states. However, for a quantita-
tive analysis, several factors must be taken into account.
For example, the total beam charge was different in each
case. A different detector was used for the 2.8-pm elec-
tron spectrum. As described in Sec. III, the effect of ab-
sorption and multiple scattering on both the bremsstrah-
lung and the CR must be accounted for properly.

The raw spectra were collected and then processed ac-
cording to the following procedure, which is described in
fuller detail in Ref. 25. First, for each plane, we took a
planar channeling spectrum and an accompanying "ran-
dom" spectrum (obtained by tilting the crystal away from
the planar direction so that only ordinary bremsstrahlung
was produced). For both spectra, the total beam charge
was measured by a plastic scintillator and photomulti-
plier placed in the beam dump. Pileup, which was held
to, at most, 15%%uo during the experiment, was removed
from all spectra by a computer algorithm which has been
tested against experimental spectra taken at low and high
counting rates. The spectra were then corrected for es-
cape of 9.9-keV Ge Ka x rays from the Ge detector.



4254 KEPHART, PANTELL, BERMAN, DATZ, PARK, AND KLEIN

300

250, .

200 „

(a} 19 pm

800

600., ~ ~

(b} 94 p.m

150 „ 400 „

100,

50„
200 „

0-
O

800

600 „

LL.

400 „

fOI

~ ~

(c}1200 p.m

0 —'

800

600 „

400 „

(d} 8170 ~lm

200 „: 200,

50
0 —'

100 0 100

Photon Energy (ke V)

FIG. 4. Raw spectra obtained from 54-MeV positrons chan-
neled by the (110) plane of silicon for four diA'erent crystal
thicknesses: (a) 19 pm, (b) 94 pm, (c) 1200 pm, and (d) 8170 pm.

This was particularly important for the 17-MeV electron
Si(100) data, which contains a noticeable escape peak
from the 13-keV 1 —+0 transition.

After these initial data-processing steps, we subtracted
from each planar spectrum a constant times its corre-
sponding random spectrum. The constant was chosen so
as to give the best fit in the energy range from 10 to 200
keV. The value of this constant is typically between 1.0
and 1.2 for electrons and about 1.0 for positrons. Consid-
ering that channeled electrons are localized near the
atomic nuclei, it is surprising that their bremsstrahlung
intensity is not enhanced significantly over that of ran-
domly directed electrons; nor is the bremsstrahlung in-
tensity from channeled positrons reduced significantly
below that of randomly directed positrons. (A similar ex-
perimental result is reported and discussed in Ref. 19.)
The resultant subtracted spectrum is then divided by a
detector efficiency calibration curve obtained by calibra-
tion against bremsstrahlung spectra and radioactive
sources and by correction of the manufacturer's pub-
lished values of the detector efficiency for absorption in
the windows and in air.

The absolute CR yield in units of photons/sr/keV is es-
tablished by calibrating to the bremsstrahlung yield be-
tween 80 and 100 keV from a randomly oriented crystal.
As discussed in Sec. III, the thin-target bremsstrahlung
yield must be corrected for multiple scattering of the
particle beam and photon absorption in the target. This
spectral region has been chosen for several reasons —very
little absorption takes place until the crystal thickness
exceeds 1 mm, the detector efficiency is nearly 100%, and

pileup and noise are minimal. The bremsstrah-
lung differential cross section in the forward direc-
tion for silicon is d Nb, (Q&,E )/dQ&dE dz =4.07
X 10 y /(pmsre '+) '. Therefore, the total number
of bremsstrahlung photons emitted per 54-MeV electron
or positron with energy between 80 and 100 keV is
d Nb, (Q~)/d Q~dz =1.05 X 10 (pm sr e '+

) '. Multi-

plying d Nb, (Q&)/dQ dz by the thick-target curve
displayed in Fig. 2 yields dNb, (Q, Z)/dQ, the total
bremsstrahlung Aux per steradian per particle in the for-
ward direction for a crystal of thickness Z.

After a preset amount of charge has been collected by
the beam-dump scintillator after passing through a ran-
domly aligned crystal, we collect N~ photons in
the spectral range 80—100 keV, from which we
can determine the product M~N(e '+) =Nr/
[dNb, (Q&,Z)ldQ&]. If a planar spectrum is taken under
identical experimental conditions (i.e., the collimators,
the detector, and the beam profile and divergence are un-
changed and the same amount of charge is collected by
the scintillator), we may assume that this product is the
same for the CR spectrum. Therefore, the CR Aux per
particle per solid angle per unit energy for photons with
energy E; is given by d NcR(i +f )(O, E;—)/
d Q dE =s;/[N(e '+ )5Q&5E], where oE is the energy
interval per bin of the multichannel analyzer and s, is the
number of photons in the ith energy bin. This yields a
subtracted, processed, normalized p1anar spectrum in
units of photons/(e '+sr keV).

Finally, to extract populations and occupation lengths,
we integrate the CR intensity in some appropriate region
of the spectrum and then divide the measured intensity
by the calculated dipole transition strength
d NcR(n; +nf )(O, E—

&
)/d Qzdz of Eq. (1) to obtain the in-

tegral p„(z)e "' ~
" 'dz [see Eq. (6)]. For 54-MeV

0
electrons or positrons in silicon,

d NcR(i~f)(O, E&)/dQ&dz(e '+ sr pm)

=1.76X10 E (keV)~M, f (A ')~

where E =(8;—6f )/(1 —Pcosg)=2@ (6', —8f) in the
forward direction.

V. EXPERIMENTAL RESULTS

A. Introduction

As an example, the spectra of Figs. 3(a)—3(d) [54-MeV
electrons channeled by the (100) planes of silicon] and
Fig. 4(a) —4(d) [54-MeV positrons channeled by the (110)
planes of silicon] have been processed according to the
procedures described in Sec. IV and displayed in Figs.
5(a) —5(d) and 6(a) —6(d). For comparison, the corre-
sponding calculated CR spectra. are superimposed on
Figs. 5(b) and 6(a), respectively. . Multiple scattering has
not been included in the calculation; this would tend to
meld the sharp spikes of Fig. 6(a) into the observed com-
posite peak of Figs. 6(a)—6(d). The distribution of popu-
lation within each band is assumed to be uniform in ~ and
a delta function in 8. For purposes of normalization (to
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FIG. 5. Processed CR spectra obtained from 54-MeV elec-
trons channeled by the (100) plane of silicon for four different
crystal thicknesses: (a) 2.8 pm, (b) 19 pm (with calculated CR
spectrum superimposed), (c) 130pm, and (d) 2765 pm.
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FIG. 6. Processed spectra obtained from 54-MeV positrons
channeled by the (110) plane of silicon for four different crystal
thicknesses: (a) 19 pm (with calculated CR spectrum superim-
posed), (b) 94 pm, (c) 1200 pm, and (d) 8170 pm.

a delta function in 8. For purposes of normalization (to
be explained below), it is assumed that the total popula-
tion within each of the energy bands is 100%.

These assumptions about the population distribution
require some explanation. It is not unreasonable to as-
sume that the populations of the bound and free states
are equal. As will be seen in Secs. VB, VC, and VD, a
Gaussian beam with a divergence larger than about 0.2 to
0.5 mrad will populate the bound states almost equally.
Even if the populations are initially unequal, a detailed-
balance argument would lead one to expect a tendency
towards an equilibrium in which all states are populated
equally. Perfect equilibrium is never reached because the
particles spend a finite amount of time in the crystal, but
one might expect the populations of states with
sufficiently small transverse energies to be approximately
equal in sufficiently thick crystals.

Detailed calculations reveal that the lower-energy free
states contribute a smooth background of CB in the spec-
tral region where CR is most prominent. Free states with
energies which are well up in the continuum, which are
less likely to be populated unless the crystal is sufficiently
thick, contribute very little CB in the spectral region of
interest. Therefore, it does not matter if the equal-
population approximation is not strictly valid for the free
states. The assumption of 100%%uo population in each band
is clearly a physical impossibility; it is merely a con-
venient normalization which allows the populations to be
determined directly from Eq. (6).

Since intraband scattering is more rapid than interband
scattering, the assumption of a uniform distribution in ~
is consistent with the assumption of equal populations in
each band. However, the assumption that all particles
are traveling in the direction 0=0 is inconsistent with the
assumption that the initial beam divergence and/or
scattering has been sufficient to populate the bands equal-
ly. Nevertheless, multiple scattering in the 0 direction
has a much smaller effect on the observed spectrum than
scattering in the x direction, for two reasons. First, the
eft'ect of beam divergence and/or scattering in the x
direction is to distribute population in the bands, thereby
determining the intensity of the transitions. On the other
hand, beam divergence and/or multiple scattering in the
0 direction serves only to distort the spectrum via the
Doppler shift. Second, the characteristic transverse-
momentum scales are different in the x and 0 directions.
In the x direction, the classical critical angle (the angle of
incidence below which most of the particles will be cap-
tured into bound states) is 8, =2( V,„/E)', where
V,„ is the depth of the planar-averaged transverse po-
tential (about 15 to 25 eV for the major planes of silicon)
and E is the energy of the incident beam. This gives a
critical angle of about 1.0 to 1.4 mrad for 54-MeV parti-
cles. In the 0 direction, the photon energy is approxi-
mately proportional to 1/[1+(Oy) ] [Eq. (1)], where
y =107.6, so that divergence in the 0 direction becomes
important on a scale of about 10 mrad, which is consider-
ably larger than the critical angle. Moreover, the effect
of any Doppler broadening which does occur is mitigated
by the fact that the it is the integrated intensity of each
peak which is measured. For these reasons, one would
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expect the calculated spectra to bear a reasonably close
resemblance to the observed spectra.

A glance at Fig. 5 reveals that the 54-MeV electron
(100) spectra are qualitatively similar to the calculated
spectra. The CR peaks are noticeably broader in the
2.8-pm spectrum; the crystal is so thin that the lifetime
broadening due to finite crystal thickness is significant
(see Refs. 5 and 17 for a fuller discussion of this effect. )

The 19- and 130-pm spectra have much the same shape
as the calculated spectrum, but there are some notable
differences. In the 19-pm spectrum, the CB background
appears to be weaker than that calculated. This might in-
dicate that the average population of the free states be-
tween 0 and 19 pm is not yet comparable to that of the
bound states. In support of this hypothesis, the CB back-
ground appears to be slightly stronger in the 130-pm
spectrum, which matches the calculated spectrum quite
well. Although it is difficult in general to distinguish be-
tween unbroadened CR peaks sitting on an augmented
background and broadened CR peaks sitting on an
unaugmented background, the failure of the centroids of
the CR peaks to shift downward by a discernible amount
between the 19- and 130-pm spectra suggests that multi-
ple scattering is unimportant and that the differences be-
tween the two spectra may be attributed to an increased
CB background. The relative intensities of the CR peaks
(and hence the relative integrated populations of the
n =1, n =2, and n =3 states) are approximately equal in
the 19- and 130-pm spectra. The absolute intensity of
CR increases very litle between 19 p and 130 pm, indicat-
ing that the bound states have lost a significant fraction
of their population after penetrating 19 pm. It appears
that some more CR may be generated between 130 and
2765 pm, but uncertainties in the background subtraction
due to poor statistics and in the thick-target bremsstrah-
lung calculations for extremely thick samples preclude a
definite statement.

B. 54.5-MeV electron data

It is difficult to separate quantitatively the individual
peaks in Figs. 5(a) —5(d). However, since the observed
spectra seem to support the claim that all bound states
are approximately equally populated, the theoretical and
observed absolute yields will be compared in a spectral
region which covers several of the CR peaks. In Fig. 7,
the measured channeling-radiation yield of 54.5-MeV
electrons channeled by the (100) planes of silicon between
50 and 110 keV (covering the energy region of the 1~0
and 2—+1 peaks) is plotted as a function of crystal thick-
ness, along with two fitted curves. The fairly large scatter
in Fig. 7 arises from several sources, including the uncer-
tainty in the background subtraction and that in the
bremsstrahlung normalization. Another source of scatter
is the fact that the beam divergence, and hence the initial
population distribution, varied somewhat because the
data were collected in a series of experimental runs span-
ning three years. Different symbols represent different
beam conditions. The absorption correction factor
exp[@(E~)Z] of Eq. (6) is significant only for crystal
thicknesses greater than 1000 pm. For thicknesses

54-MeV Electrons: Si (100)
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FIG. 7. Measured CR flux in the spectral region between 50
and 100 keV from 54-MeV electrons channeled by the (100)
plane of silicon as a function of crystal thickness. The different
symbols represent different experimental conditions. For
thicknesses greater than 1000 pm, the absorption-corrected
fluxes are represented by open squares. The "multiple-
scattering" fit, 0.15Z (pm)', is represented by the thin solid
curve; the "integrated-exponential" fit, 1.75 (1 —e '" ' ), is
represented by the thick solid curve.

greater than 1000 pm, the measured yields must be
corrected for photon self-absorption.

As was stated in Sec. V A, the calculated yield is based
upon the assumption that each level has a population of
100%%uo. Thus, from Eq. (6), the integrated population
Jodz p„(z)exp[@(E~)z] may be obtained by dividing the

corrected yield in photons/(e + sr) by the calculated
yield in photons/(sr e '+pm. )

For thicknesses less than 500 pm, the points appear to
fit an integrated exponential ( of the form
2[1—exp( —Z/L„, )]) reasonably well. Since the ab-
sorption correction factor is negligible for such
thicknesses, the population p„(z) is essentially equal to

t

the derivative of the corrected yield plotted in Fig. 7.
From this, a 1/e length L„, of 24 pm for 54-MeV elec-
trons channeled along Si(100) is obtained. The slope of
this curve at 0 thickness is 0.073 photons/e sr pm), as
compared to the calculated tlux (based upon 100%%uo popu-
lation in each state) of 0.89 photons/(e sr pm), giving an
initial population of 8.2% in both the n =1 and the n =2
levels.

The integrated-exponential curve underestimates the
measured yield for crystals thicker than 1000 pm. This
may indicate that the population decay is slower than ex-
ponential for sufficiently thick crystals. In the classical
limit (in which there is a continuum of transverse energy
levels) one would expect the dependence of population
upon penetration depth to behave like multiple scatter-
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ing, i.e., proportional to Z ' . A curve of the form
AZ' has been fitted to the data in Fig. 7, but it overesti-
mates the yield for thick crystals. This might indicate
that the population decay rate lies somewhere between
the exponential and multiple-scattering extremes.
Another possibility is that the measurements of photon
Aux from crystals thicker than 1 mm are unreliable.
There are three important sources of uncertainty in the
data from extremely thick crystals: the calculation of
thick-target bremsstrahlung upon which the Aux normali-
zation is based may not be very accurate for extremely
thick crystals, the background subtractions are subject to
greater uncertainty with increasing thickness, and a
different, extremely-low-intensity electron beam was used
for the very thick crystals.

A typical CR spectrum for 54-MeV electrons channel-
ing along the (110) plane of silicon is presented in Fig. 8,
and the CR yields as a function of crystal thickness for
that plane are displayed in Fig. 9. Since there are six
An =1 transitions for (110) as compared to three for the
(100), it is even more difficult to separate the individual
CR peaks from one another. However, a calculation of
the (110) spectrum [based upon the same assumptions
about population distribution that were made for the
(100) calculation] is in good agreement with the observed
spectra. Therefore, as was done for the (100) plane, the
measured and calculated channeling-radiation spectra are
compared in some spectral region (55 to 140 keV) which
spans several of the CR peaks (the 1~0, 2~1, and 3~2
peaks) to obtain Fig. 9. The 1/e length for the (110)
plane is about 50% greater than that for the (100)
plane —about 36 pm. The slope of the population curve
is about 0.10 photons/(e sr pm) at 0 p,m, while the cal-
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FIG. 9. Measured CR Aux in the spectral region between 55
and 140 keV from 54-MeV electrons channeled by the (110)
plane of silicon as a function of crystal thickness. The different
symbols represent different experimental conditions. Open
squares have the same interpretation as in Fig. 7. The
"multiple-scattering" fit, 0.28Z (pm)', is represented by the
thin solid curve; the "integrated-exponential" fit, 3.6
( 1 —e '" ' ), is represented by the thick solid curve.

culated Aux is 2.3 photons/(e sr pm), implying an initial
population of 4.3% in each of the n = 1, 2, and 3 levels.

Figures 10(a) and 10(b) display calculated bound-state
initial populations as a function of beam divergence for
54.5-MeV electrons for the (100) and (110) planes, respec-
tively. The divergence of 54.5-MeV electron beams in the
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FIG. 8. Observed CR spectrum from 54-MeV electrons chan-
neled by the (110) plane of a 19-pm-thick silicon crystal. The
spectral region of interest (55 to 140 keV) is demarcated by vert-
ical lines.

FIG. 10. Calculated bound-state initial populations as a func-
tion of electron-beam divergence for 54-MeV electrons chan-
neled by (a) the (100) plane and (b) the (110)plane of silicon.
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experiments is typically of the order of 1 mrad or less. At
1 mrad, the calculated initial populations of the bound
states are in the range of about 6—7%%uo for the (100) plane
and 4—5 %%uo for the (110)plane, which agrees well with the
measured values of 8.2% and 4.3%, respectively.

20

54-MeV Positrons: Si (110)

C. 54.5-MeV positron data 15-

For S4.5-MeV positrons, the An =1 peaks lie almost
on top of one another. For all three major planes, the
shape of the experimental peak is quite close to that given
by the calculation. The very fine structure in the calcu-
lated peak of Fig. 6(a) is not observed in the data because
of multiple scattering and other line-broadening effects
which were not taken into account in the calculation.

Since the individual peaks cannot be resolved, the
analysis must be based again upon some spectral region
which includes several peaks. The shape of the compos-
ite peak matches that of the observed one rather well.
Therefore, the usual assumption that the individual states
are equally populated is made. Unfortunately, the posi-
tron CR peaks extend as low as 20 keV, where the ab-
sorption is quite severe for crystals thicker than a few
hundred microns. Application of the absorption correc-
tion at the low-energy side of the peak magnifies statisti-
cal noise and spurious sources of radiation, resulting in
greater uncertainty in the absorption-corrected Auxes of
the thicker crystals.

Figures 11—13 display the measured fiuxes of the (100),
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FIG. 12. Measured CR fiux in the An =1 peak for 54-MeV
positrons channeled by the (110)plane of silicon as a function of
crystal thickness. The difFerent symbols represent difFerent ex-
perimental conditions. Open squares have the same interpreta-
tion as in Fig. 11. The "multiple-scattering" fit, 0.83Z (pm)'
is represented by the thin solid curve, ' the "integrated-
exponential" fit, 10 (1—e '" ' ), is represented by the thick
solid curve.
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FIG. 11. Measured CR fIux in the hn =1 peak for 54-MeV
positrons channeled by the (100) plane of silicon as a function of
crystal thickness. The difFerent symbols represent difFerent ex-
perimental conditions. For thicknesses greater than 200 pm,
the absorption-corrected Auxes are represented by open squares.
The "multiple-scattering" fit, 0.32Z (pm)', is represented by
the thin solid curve; the "integrated-exponential" fit, 3.4
(1—e '" ' " ), is represented by the thick solid curve.

FIG. 13. Measured CR Aux in the An =1 peak for 54-MeV
positrons channeled by the (111)plane of silicon as a function of
crystal thickness. The difFerent symbols represent difFerent ex-
perimental conditions. Open squares have the same interpreta-
tion as in Fig. 11. The "multiple-scattering" fit, 0.80Z (pm)'
is represented by the thin solid curve, the "integrated-
exponential" fit, 8.4 (1—e '" ' " ), is represented by the thick
solid curve.
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(110), and (ll 1) peaks. For crystal thicknesses greater
than a few hundred microns, the absorption correction
factor exp[@(E&)Z] of Eq. (6) has been included. In the
most extreme instance [the 0.817-cm-thick (110) plane],
this factor is slightly over 4. As in the case of electrons,
the derived occupation length is suSciently short that the
thickness through which the absorption occurs can be
taken to be the foll thickness of the crystal, i.e., neglect of
the exponential factor in the integral of Eq. (6) is a good
approximation.

Exponential fits to the positron data in Figs. 11—13
yield I /e lengths of 40, 60, and 42 pm for the (100), (110),
and (111)planes. The exponential fits appear to be much
better for the positron data than they were for the elec-
tron data of Figs. 7 and 9. The slopes of the population
curves are 0.085, 0.167, and 0.200 photons/(e+ sr pm),
respectively. The calculated fluxes for these three planes
are 1.6, 6.1, and 7.8 photons/(e+ sr pm), giving initial
populations of 5.3% in each of six bound states for the
(100), 2.8% in each of 12 bound states for the (110), and
2.5% in each of 17 bound states for the (111)plane. The
measured initial populations of all three planes are con-
sistent with a beam divergence of about 1.0—1.4 mrad.

One anomaly in the positron data merits attention. In
Fig. 12, one of the 19-pm (110) positron peaks is over
twice as intense as the other 19-pm (110)peaks; in fact, it
rivals the 100-pm peaks in intensity. For this particular .
spectrum, the population in each bound state (averaged
over the thickness of the crystal) must have been 6.4% in
each of the 12 bound states —about 75% of the positrons
were channeled. Taking the occupation length of 60 pm
into account, the initial population in each bound state
must have been 7.5%, so that 87% of the positrons were
initially channeled. This remarkable result demonstrates
that, under optimal conditions, it is possible to channel
nearly al/ of the positrons.
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FIG. 14. Observed CR spectrum from 16.9-MeV electrons
channeled by the (100) plane of a 19-pm-thick silicon crystal.

the population of several different bound states individu-
ally. The 3—+2 and 3~0 peaks both contain information
about the n =3 level. However, the 3—+2 peak is at such
a low photon energy (only 6 keV) that the detector
efficiency is extremely small (so that even a small amount
of noise can distort or obscure it). Furthermore, the
3~2 peak is absorbed very strongly in the thicker silicon
crystals. Consequently, the 3~0 peak (which is at 35
keV) is a better measure of the population despite its

D. 16.9-MeV electron data

16.92-MeV electron (100) and (110) spectra from a 7.8-
pm-thick silicon crystal are displayed in Figs. 14 and 15.
As for the 54.5-MeV electron and positron data, the ab-
solute flux of the CR was deterxnined by comparison with
the calculated bremsstrahlung ffux (corrected for multiple
scattering and absorption). Since there are only two
bound states in the (100) potential well for 16.92-MeV
electrons, there is only one CR peak in the spectrum.
This makes it easy to determine the absolute flux of the
1 —+0 peak, which is displayed in Fig. 16, along with
integrated-exponential and multiple-scattering fits.

The 1/e occupation length of the n =1 level is about
16 pm, somewhat less than the 24-pm length measured or
54.5-MeV electrons for the same plane. The slope of the
curve at the origin is about 0.0031 photons/(e sr pm), as
compared with a calculated ffux (which assumes 100'Po
population in the n = 1 level) of 0.027 photons/(e
sr pm), which implies that the initial population of the
n =1 level is about 12%.

The 16.92-MeV electron (110) spectrum is particularly
interesting because it exhibits several well-separated
peaks, providing an opportunity to study the evolution of
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FIG. 15. Observed CR spectrum from 16.9-MeV electrons
channeled by the (110)plane of a 19-pm-thick silicon crystal.
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17-MeV Electrons: Si (100) sumes the same beam divergence for the (110) plane, the
calculated initial populations are 7.7% for the n =1,
n =2, and n =3 levels. This is somewhat higher than the
measured populations of about 6%. The (110) initial
populations are more consistent with a beam divergence
of about 2.5 mrad. It is not inconceivable that the beam
divergence may have been different for the two planes,
since the beam was noticeably elliptical when viewed on a
fluorescent screen located near the Ge detector.
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FIG. 16. Measured CR Aux in the 1 —+0 peak for 16.9-MeV
electrons channeled by the (100) plane of silicon as a function of
crystal thickness. The different symbols represent different ex-
perimental conditions. For thicknesses greater than 10 pm, the
absorption-corrected fluxes are represented by open squares.
the "multiple-scattering" fit, 0.0064Z (pm)', is represented by
the thin solid curve; the "integrated-exponential" At, 0.05
(1—e '" ' ' ), is represented by the thick solid curve.

lesser intensity. The measured cruxes of the 1~0, 2—+1,
3~2, and 3~0 transitions have been multiplied by the
absorption correction factor exp[p(E )Z] of Eq. (6) and
plotted as a function of thickness in Figs. 17(a)—17(d).
From the 1~0, 2~1, and 3—+0 transitions, the 1/e oc-
cupation lengths for the n =1, n =2, and n =3 levels are
found to be 20, 20, and 17 pm, respectively. There is one
further adjustment to make in the 2~1 data. Since the
peak is situated at about 10 keV, the x-ray absorption
length is not that much greater than the occupation
length (120 pm versus about 20 pm), so in this case the
exponential factor inside the integral in Eq. (6) cannot be
ignored. Assuming that the decay in population is ex-
ponential, the true occupation length must be given by a
parallel sum of 120 and 20 pm, or 17 pm. These 1/e
lengths are equal to within the experimental uncertainty,
which means that the bound-state populations maintain
the same relative proportions throughout the thickness of
the crystal (as was true for 54-MeV electrons and posi-
trons).

The slopes of the integrated-exponential fits in Figs.
17(a), 17(b), and 17(d) are 0.0029, 0.0019, and 0.00027
photons/(e sr pm), as compared with calculated tluxes
of 0.053, 0.033, and 0.0043 photons/(e sr pm), giving
measured initial populations of 5.5%%uo for n =1, 5.6% for
n =2, and 6.3% for n =3.

The measured value of 12%%uo for the (100) plane is con-
sistent with a beam divergence of 1 ~ 8 mrad. If one as-

E. The effect of multiple scattering on CR peaks

Having obtained an approximate form for the popula-
tions p„(z), it is possible (in principle) to insert this into
Eq. (5) in order to elucidate the multiple-scattering distri-
bution for channeled particles f„(O,z). As discussed in
Sec. III, it is natural to assume that f„(0,z ) has the form
of a Gaussian with a multiple-scattering angle propor-
tional to z'r . The 17-MeV electron (100) and (110) 1~0
peaks are sufficiently distinct from other peaks that one
might hope to determine the proportionality constant by
measuring the asymmetric distortion of the peak result-
ing from the Doppler shift. However, a close analysis of
the line shapes reveals little perceptible broadening or
asymmetry. Evidently, multiple scattering of channeled
17-MeV electrons within the first 15 pm is negligible.
One would expect to see some distortion of the 1~0
peaks if the multiple-scattering angle were as large as half
of I/y (or about 15 mrad) after 15 pm. This establishes
that A(z=15 pm)'r (15 mrad, where A is the propor-
tionality constant mentioned above. This upper bound of
A &4 can be compared with the corresponding propor-
tionality constant for unchanneled particles: 6(z)
(mrad) =2.5[z (pm)]', where 6 is the projection of the
multiple-scattering angle of randomly directed particles
in one dimension.

Thus, multiple scattering of channeled 17-MeV elec-
trons in silicon is less than twice that of unchanneled par-
ticles. This is consistent with the fact that the brems-
strahlung yield from channeled particles is only slightly
greater than that from unchanneled particles. In the case
of 17-MeV electrons in silicon, multiple scattering does
not contribute appreciably to the CR linewidth, nor does
it shift the centroids by a perceptible amount.

For 54-MeV positrons, the observed spectra of Fig. 6
fail to exhibit the sharp spikes of the calculated spectrum
in Fig. 6(a). The widths of these spikes are comparable to
or slightly greater than the resolution of the detector in
this spectral region, so the spikes ought to be observable
if they are present. The failure to observe these spikes
may be attributable to multiple scattering, which is not
included in the calculation displayed in Fig. 6(a). As
shown in Fig. 18, the fine structure of the composite peak
is almost washed out when normal multiple scattering is
included in the calculation. Since positrons tend to avoid
the dense electron clouds which surround atomic nuclei,
one would expect the multiple scattering of channeled
positrons to be somewhat less than that of randomly-
directed positrons. Apparently, if multiple scattering is
the primary source of line broadening for channeled posi-
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trons (aside from anharmonic broadening), its magnitude
is not Uery much less than that of randomly-directed posi-
trons. One cannot exclude the possibility that plasmons,
which are present in the region between the planes (where
the positrons channel) may induce some scattering which
could help to wash out the spectrum (and even shift the
spectral peak downward).

VI. DISCUSSION OF RESULTS
AND CONCLUSION

The 1/e occupation lengths are summarized in Table I.
Several trends are evident. The occupation length of
channeled electrons increases slowly with beam
energy —in the neighborhood of 50% to 100% when the
beam energy is tripled from 17 to 54 MeV. These results
conAict with the results of Komaki et al. ,

' who ob-

17-MeV e

54-MeV e
54-MeV e+

(100)

24
40

(»0)

20 (n =1)
17 (n =2)
17 (n =3)

36
60

tained a 1/e length of only 31 pm for 350-MeV electrons
channeled by Si(110) planes. The occupation length is
longer for the (110) plane than for the (100) plane for all
of the cases studied. This may be attributable to the

TABLE I. Measured 1/e lengths (in pm) for 17- and 54-MeV
electrons and 54-MeV positrons channeled by the major planes
of silicon. The uncertainties in these figures are estimated to be
approximately +20%.
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multiple scattering (Z ' )j cannot be extracted from
the data because of the scatter. This scatter could be re-
duced substantially in future experiments by increasing
the beam current by at least two orders of magnitude so
that it could be measured reliably, obviating the need for
thick-target bremsstrahlung normalization (the validity
of which is questionable for extremely thick crystals). In-
creasing the beam current would make single-photon
counting impossible and therefore necessitate a different
x-ray detection system. In addition, it would be irnpor-
tant to measure the beam divergence directly (rather than
having to infer it from the CR spectra).

It would be quite interesting to use beams with lower
divergences in order to observe the equilibration of
bound-state populations with one another. From Fig. 10,
it is apparent that such a regime would be reached with a
beam divergence of about 0.2 to 0.5 mrad. A wide

variety of initial population distributions could be
achieved by intentionally misaligning the crystal by a few
tenths of a mrad. Equilibration then would occur on a
shorter length scale than the occupation lengths that
have been measured in the experiments reported here. In
such a case, the concept of an occupation length would
be an almost useless oversimplification —the evolution of
the populations would be governed by coupled rate equa-
tions and would therefore depend critically upon the ini-
tial distribution.
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