
PHYSICAL REVIEW 8 UOLUME 40, NUMBER 5

Fractional qnantnIn Hall effect with spin reversal
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We study the spin polarization of the ground states and the excited states of the fractional

quantum Hall eAect, using spherical geometry for finite-size systems. In the absence of the Zee-
man energy, the ground states at filling 2/q, with q odd, are found to be spin unpolarized and

nondegenerate for all values of q studied. The energy diA'erences between the spin-polarized and

spin-unpolarized states at v 3 and 5 are estimated by extrapolating to the thermodynamic lim-

it. The spin polarization of the lowest-energy excitations are studied and the results agree with

recent experiments.

I. INTRODUCTION

Recently, there have been several interesting experi-
ments in the fractional quantum Hall efffect (FQHE) in-
volving electron spins. The discovery' of a Hall plateau in
the FQHE at the even denomenator filling v —', , and the
subsequent tilted magnetic field experiment, strongly
suggests the possibility of nonpolarized-electron-spin
states. Very recently, magnetic-field-induced phase tran-
sitions in the FQHE have been observed, which indi-
cates that in the low-field side the ground states could be
spin unpolarized at some particular fillings. These
findings are widely believed to be evidence for the FQHE
involving reserved spins and raise general interest on the
subject.

Theoretical studies' '3 of the spin configurations in the
FQHE started a few years ago. It was first pointed out by
Halperin, s that due to the small Lande g factor in GaAs,
some of the fractional quantum Hall states (FQHS) may
contain some electrons with reversed spins. In particular,
Zhang and Chakrabortys showed that the ground states at
many filling factors are not spin polarized in the absence
of the Zeeman energy. The spin-reversed excitation at
filling v —,

' (Refs. 7 and 8) was later found to have lower
energies than the excitations without spin reversal in the
absence of the Zeeman term.

In this paper, we report a systematic numerical investi-
gation of the ground states and the excited states of a
two-dimensional electron gas in the FQHE region involv-
ing spin degrees of freedom. The numerical calculations
of finite systems are carried out using Haldane's spherical
geometry. In the absence of the Zeeman energy, we find
that the ground states at filling v 2/q (with odd q) are
all spin unpolarized and nondegenerate, and maintain the
rotational and translational invariance. We calculate the
energies of these unpolarized ground states at fillings

v —,
' and v —', , and the results are extrapolated to the

thermodynamic limit. The excitation energies at these
fillings are also calculated for various spin configurations
and the results are consistent with the experimental obser-
vations.

II. SPIN-UNPOLARIZED FQHS

Consider a system of electrons confined to the surface
of a sphere of radius R, as originally introduced by Hal-
dane. ' The electrons are confined to the lowest Landau
level of a monopole-type magnetic field 8 hN&/2eR .
The flux quanta passing through the surface are denoted
by N& and are required to be positive integers. The single
electron states may be characterized by the z component
of the angular momentum m, —Ne/2, —Ne/+I, . . . ,
Ne/2, and spin quantum number of + —,'. The system
containing N, electrons with Coulomb interaction among
them is then solved numerically to study the spin polariza-
tion of the ground states and the energy difference be-
tween the different spin configurations. The system sizes
in this study are varied from four to eight electrons. In
the thermodynamic limit, the filling factor is given by
v N, /N&. As reported earlier, s the ground state at
v —,

' is still found to remain polarized when the spin de-
grees of freedom are taken into account. This result
agrees with the Haldane's generalization of the Laughlin
theory' of the FQHE involving electron spins. Among
the other states studied, we have found a class of states,
whose ground states are spin unpolarized (zero total spin),
rotational and translational invariant (zero total orbital
angular momentum), and nondegenerate. These states
are reminiscent of the spin-polarized ground state at
v 3 . This class of states appears when

N& rn (N, —1 ) +aN, /2,
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with m odd and a +'1. They correspond to the filling
factors v 2/(2m+a) in the thermodynamic limit. We
wish to point out that Haldane's hierarchical formula ap-
propriate for the spin-polarized systems will replace N,
by (N, —1) for the second term in Eq. (1). In Table I we
list all the states of Eq. (1) which we have examined. A
few years ago, Haldane used the truncated-
pseudopotential method to construct the principal in-
compressible Laughlin-type FQHS with a total spin of
zero. The states in his theory correspond to the case
a —1 in Eq. (1). In this case, such as at v —', , there
are explicit Laughlin-type wave functions to describe the
unpolarized FQHS. The case a +1, however, does not
fall into Haldane's category, and is not yet well under-
stood from the wave-function point of view. Examples are
the unpolarized states at v —', and 7 . Our small system
studies strongly suggest that the states in Eq. (1) belong
to the same type of spin-unpolarized FQHS. We note
that the same results for the spin polarization of the
ground states at fillings 2/q (q odd) were obtained in the
rectangular geometry, ' which shows that this result is
not a geometric effect. But the spherical geometry retains
the fuH symmetry of the infinite system, hence it is the
best one to study the symmetry problem, as shown in our
study of the nondegeneracy of the unpolarized ground
states.

The Coulomb interaction we studied does not depend on
electron spins explicitly. The spin dependence of the
eigenstates is purely a quantum phenomenon, and is due
to the symmetry requirement on the wave function. A
possible explanation for the unpolarized ground states at
these fillings is that the electrons with opposite spins may
form bound pairs, but the explicit Laughlin-type wave
functions for the states with a + 1 need to be refined to
satisfy the Pock cyclic condition.

We now turn to the discussion of the ground-state ener-
gies. In order to get rid of the system size dependence due
to the nonzero curvature on a sphere, we adopt a method
suggested by Morf, d'Ambrumenil, and Halperin. ' This
method uses a size- and filling-dependent magnetic length
unit lo to measure the energy. lo is related to the magnet-
ic length Io (hc/eB) ' by

(N, +1 —N)ai , Na„—+(N, +1 —2N)ai, (3)

where a„a~ —„and a~ are the energies per electron for sys-
tems corresponding to N, N, +1 —N, and N, +1 elec-
trons, respectively. In particular, we have for an infinite
system, 2e2g3=a~/3+a~. This equation is used to obtain
the energies of the polarized states in Fig. 1. Shown in
Fig. 2 are the unpolarized-state energies at v —,

' for sys-
tems with up to six electrons. The polarized-state energies
are quoted from Ref. 17 for comparison. Since a good
linear dependence of energy on 1/N, is obtained in the
spin-polarized case, we linearly extrapolate spin-
unpolarized data to the bulk system. We estimate
82/3

—0.527 and a2/5 = —0.439 in units of e /elo. In the
same unit, the energy gains per electron in the unpolarized
state against polarized ones are 0.009 and 0.006 at v= 3

and —,', respectively.

III. EXCITATIONSAT v 3 AND ~

We study charged excitations in this section. The frac-
tional charges of the excitations in FQHE are independent

used' to extract the properties of a bulk system in the
spin-polarization problem of the FQHE. In this study, the
fiux N& for the unpolarized state is obtained from Eq. (1)
while N& is obtained from Haldane's hierarchical formu-
la for the polarized state, i.e., replacing N, by (N, —I)
in the second term on the right-hand side of Eq. (I). In
Fig. 1, we plot the unpolarized-state energies at v 3 for
systems with up to eight electrons. Also plotted are the
lowest energies of the polarized states at the same filling.
These data are obtained from the known results of v
and v 1 polarized states' by using the electron-hole
symmetry. For the polarized case, the energy of an N-
electron system on a sphere with N, degeneracy in the
lowest Landau level (denoted as v state ) is related to the
energy of its conjugate system, with N, + 1 —N electrons
on the same sphere (filling 1 —v) by'

(2)

lo equals the magnetic length lo in the thermodynamic
limit. This method has been well tested and extensively

N,

4, 6, 8 5, 8, 1 1

TABLE I. A list of systems given by Eq. (I), where the
ground states are found to be spin unpolarized in the absence of
the Zeeman term.
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FIG. 1. The ground-state energies per electron in spin-
polarized and unpolarized states at v= —', , as functions of I//V„
in units of e /elo. The dashed lines are the linear fittings. The
Zeeman term is not included.
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cent experimental findings as we will discuss later.
The spin of a quasihole in the unpolarized state at

v —,
' has been discussed by Haldane and studied numer-

ically by Rezayi. %'e have found similar behavior for the
spin of the quasiparticle at v 3 unpolarized state. The
spin distribution of the excitation is well localized, and
strongly tied to the charge profile as shown in Fig. 3.
Therefore, the quasiparticle excitation at v 3 is a true
spin- —,

' object. For the quasiparticle at v —,
' and

quasihole at v —, , the spin distributions have some indi-
cations of being localized, but the systems we have studied
seem too small to give a clear demonstration of the local-
ized nature.

FIG. 2. The ground-state energies per electron in spin-
unpolarized states at v= —', , in units of e2/do. The energies in

spin-polarized states are quoted from Ref. 17 for comparison.
The dashed lines are the linear fittings. The Zeeman term is not
included.

of the spin polarization, and are e* = + e/3 and ~ e/5 for
v 3 and 5, respectively. The spin of the excitations
(defined as the total spin change in the excited state) de-
pends on the spin polarization of the ground state. For the
spin-unpolarized ground states, the lowest quasiparticle
and quasihole states have spin 2. However, the exciita-
tions of spin-polarized ground states may or may not in-
volve spin reversal, with spin being an integer, 1 or 0. In-
terger spin of the excitations is a consequence of the fer-
romagnetic ground state. The excitation gap 2d (in units
of e /elo) of a finite system, defined as the energy to
create a well-separated pair of quasiparticle and quasi-
hole, is given by

I/2

2d, =W, (e++ e —2e, )+2e*
2N,

(4)

where e+ and s—are the energies per electron in systems
with one quasiparticle and one quasihole, respectively.
The calculated excitation gaps for various spin con-
figurations are listed in Table II. In particular, we find
that for the v =

5 spin-polarized state, a quasiparticle ex-
citation with spin reversal is energetically very favorable.
However, the energy gain by reversing one spin in the
quasiho1e state is much less. This is similar to the spin-
reversal excitations at v = —,', and it is relevant to the re-

IV. COMPARISON WITH EXPERIMENTS

To compare the above results to experiment, we must
include the Zeeman energy. The Zeeman energy favors
the spin antiparallel to the external magnetic field B. The
Zeeman energy per electron in the spin-polarized state is
Ez = ——,

' pqg8 and is zero in the unpolarized state. The
unpolarized state is stable if the exchange energy gain
overcomes the loss in the Zeeman energy. In the tilted
field experiments, the field component perpendicular
to the two-dimensional plane is kept fixed while the total
field 8 changes. The Zeeman energy is proportional to the
total field. We express the Zeeman energy in units of
e i/eIo in order to compare the Coulomb energies obtained
from Sec. III. Consider the case with perpendicular com-
ponent field 8& 6 T, which is about the value in the re-
ported experiments. Using the values g 0.4 and e 13,
we obtain Ez —0.0018, where 8 is in units of tesla and
8 ~ 8~. We find that gains in exchange energy in the un-
polarized states at v =

& (0.006) and —', (0.009) estimat-
ed for a bulk system are barely enough to compensate the
loss in the Zeeman energy, even at 8=8&. In our calcu-
lations, the layer thickness eff'ect has not been included.
This effect usually results largely in a reduction of the en-
ergy scale in the Coulomb term, hence a reduction of the
exchange energy gain in the spin-unpolarized state. '9

Therefore, one expects that the Zeeman energy dominates
and the ground states at v= —', and —,

' are spin polarized.
The experimental findings ' with spin-unpolarized
ground states are at fillings v= 3 and —,'. These are the
conjugate states of fillings v= —,

' and —,', respectively, if
we assume the absence of the higher Landau-level mixing.

TABLE II. Excitation gaps at v= —, and 5 .

Filling and
spin polarization

Spin of excitation
Quasiparticle Quasihole'

Excitation gap (units of e /elo)
N, =3 N, =5 N, 7

3 tl
5 tl
~s 1t
5 t f

t 1

0.132

0.067

0.104

0.045

0.084

0.120

0.056

0.084

0.029

0.063

0.111
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0.02e /cia at a field of 10 T. On the other hand, the gain
of the quasihole energy by reversing a spin is small, and is
not large enough to overcome the loss in Zeeman energy,
especially if we consider the reduction of the energy gain
due to the finite layer thickness. ' Therefore, our results
may identify the excitations in the high-field region in the
experiment of v =

5 to be the quasihole with one spin re-
versal and quasiparticle without spin reversal. Notice that
the quasihole at v =

& corresponds to the quasiparticle at
—,
' and vice versa.

V. CONCLUSION

FIG. 3. Charge and spin profiles, in units of 4npR with p the
charge and spin density, respectively, for a quasiparticle of the
spin-unpolarized v=

3 state. N, =5, N&=6, and the total spin
1s

Since the difference between the Zeeman energy and the
exchange energy is quite small, some other effect, such as
Landau-level mixing and disorder, may be crucial to
determine the spin polarization of the ground state at
these fillings.

In the work of Eisenstein et aI. , the activation energy
as a function of the total magnetic field has been reported
for v =

& . In the low-field case, the activation energy de-
creases as the field increases, while it increases in the
higher-field case. This behavior has been discussed as be-
ing quantitatively consistent with a transition from the
spin-unpolarized to polarized FQHS, with the assignment
of spin of quasiparticle and quasihole to be —, in the form-
er state, and one spin reversal in the quasiparticle-
quasihole pair in the polarized ground state.

Our calculations at v= —,
' show that for the polarized

ground state the excitation energy is about 0.04e /do
lower for the spin-1 quasiparticle than that of the spin-0
quasiparticle. This means that the lower quasiparticle
state is with one spin reversed. The value 0.04e /do is
large enough to compensate the Zeeman energy loss

We have studied the spin configurations of the ground
and excited states in the FQHE, using a numerical diago-
nalization method for small systems on a spherical sur-
face. We found the ground states at filling v=2/q, with q
odd, are spin unpolarized in the absence of the Zeeman
energy. This finding is consistent with the experimental
results by Clark et al. These states are all rotational and
translational invariant and belong to the incompressible
FQHS. We estimated the energy diA'erences of a bulk
system between spin-polarized and unpolarized states at
fillings v= 5 and 3 . Our results on the spin polarization
of the excitations at v =

& agree with the experimental re-
sults reported by Eisenstein et al.

Finally, we wish to point out that with the evidences for
spin-unpolarized FQHE at v= —,

' from the small system
studies, as well as from the related experiments, it is im-
portant to propose an appropriate Laughlin-type wave
function at this filling.
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