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Electron states of a wide quantn~ well in a tilted magnetic field
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The magnetoresistance of an electron system in a selectively doped, wide quantum well of
Al Ga~ — As is studied with the magnetic field (8) tilted slightly away from the sample plane.
We observe a dramatic manifestation of the subband-Landau-level coupling. At low 8, we ob-
serve magnetoresistance oscillations which are not periodic in 1/B, and are related to the magnetic
depopulation of the hybrid (electric-magnetic) subbands. At higher fields, Shubnikov-de
Haas-like oscillations (periodic in 1/B) are observed as the Fermi level crosses the quantized en-
ergy levels associated with the lowest hybrid subband.

The energy-level structure of an electron system spa-
tially confined in a narrow quantum well is principally
controlled by the well width. For a moderately strong
magnetic field 8 applied in a direction tilted with respect
to the plane of the electron system (the x-y plane), the
spatial quantization still dominates the form of the wave
function. This is true as long as l » ~, where
l=(h/eB)'/ is the magnetic length and w is the well
width. The motion in the x-y plane is quantized into Lan-
dau levels with the cyclotron frequency determined by the
component of 8 normal to the plane. ' In a sufficiently
strong 8 (so that l «w), however, the electron orbits are
constrained to spiral along the oblique magnetic field
lines. In this Rapid Communication, we report the obser-
vation of such electron states, which we call oblique
states, in a wide quantum-well system.

The structure consists of a selectively doped, wide, par-
abolically graded well which, owing to the self-consistent
Poisson potential, approximates a wide square well of
width w = 1000 A. Magnetotransport measurements,
at low temperatures and for magnetic fields oriented close
to the sample plane, reveal two kinds of characteristic be-
havior. At low field (8 ~ 2 T), magnetic depopulation of
hybrid (electric and magnetic) subbands, manifested by
strong oscillations in the magnetoresistance, occurs. In
the range of 8 ~ 2 T, we observe Shubnikov-de
Haas-like oscillations which are periodic in 1/8 and can
be associated with the crossing of the Fermi energy with
the oblique states. These observations provide clear evi-
dence for the oblique states in a strong tilted magnetic
field.

The details of our structure and its growth parameters
were given previously. It consists of a wide, undoped,
parabolic Al, Ga~ -„As well bounded by undoped (spacer)
and doped layers of AI~Ga~-~As (y )x) on two sides.
Classically, once the electrons are transferred into this
well, they screen the parabolic potential and a system of
almost uniformly distributed electrons in a Aat potential
can be expected. In order to determine the quantum-
mechanical subband structure of the electron system, we
performed self-consistent calculations by solving Poisson
and Schrodinger equations, and taking into account the

exchange-correlation via local-density-functional approxi-
mation. The calculation indicates that for the
measured electron areal density in our structure
(n, =2.4 x 10 ' ' cm ), four electric subbands are occu-
pied at 8 0. It is interesting to note that despite the rel-
atively small number of occupied subbands, the electron
density is fairly constant over a wide distance (—1000
A). If the eA'ective width of the wave function is tak-
en to be =1000 A, then the three-dimensional electron
density in the well is =2.4x 10' cm

To measure the transport coefficients, contacts were
made by alloying indium in a hydrogen atmosphere at
400 C for 3-5 min. The sample was mounted in a He
cryostat with a tilting stage which allowed the sample ro-
tation so that B could be tilted with respect to the sample
(x-y) plane. The sample current was along the x direc-
tion, and B was applied in the x-z plane. We denote the
angle between B and the sample plane by 0.

The data are shown in Fig. 1. We first discuss the two
cases 0 =0 and 90'. For 0 90, we measure the con-
ventional transverse (p„„)and the Hall (p,~) resistivities.
The low-temperature (T=0.5 K) p,„and p ~ data exhibit
integral quantum Hall eA'ect for 8& 2 T. The vertical ar-
rows in Fig. 1 indicate the Landau-level filling factors (v)
at which the integral quantum Hall effect is observed.
The positions of p„minima in this field range are con-
sistent with an electron areal density n, =2.4& 10"cm
In the range of 8 ~ 2 T, however, the oscillations in p
contain several frequencies. To determine these frequen-
cies, which are directly proportional to the areas of the
Fermi surface cross sections, we calculated the Fourier
transform of the p„, vs 1/8 (in the range of 8 & 0.75 T)
(Ref. 4). We then determined the subband densities from
the measured cross sections. The measured densities are
in excellent agreement with the subband densities ob-
tained from the self-consistent calculations, providing
quantitative evidence for the realization of the electron
system described above.

When 0=0, the longitudinal resistivity (pi) is mea-
sured. The low-field pi data (Fig. 1) show oscillations
which are not periodic in 1/B. With the magnetic field ap-
plied parallel to the quantum well, the potential due to the
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come depopulated in the low-field range (B~ 1.5 T).
Figure 2 indicates that once EF has crossed the n 1

level, there should be no more ocillations in pI. ' With a
finite angle between B and the plane of the sample, howev-
er, the motion parallel and perpendicular to the plane be-
comes coupled and the situation becomes more complicat-
ed. The Hamiltonian for the case of a magnetic field
oriented at an angle 8 with respect to the x axis in the x-z
plane is given by

H [p~+eB(z cos8 —x sin8)] /2m*

+p, /2m +p2/2m +V(z), (2)

where V(z) is the self-consistent confining potential. The
general solutions to 8 are stationary states in the x-z
plane and plane waves in the y direction. The spectrum is
discrete with a degeneracy equal to (eB/h)sin8. For the
case of a quadratic potential V(z), this problem can be
solved analytically and describes coupled harmonic oscil-
lator and Landau-level orbits. ' ' The low-lying states
are then a set of equa1ly spaced levels with a spacing of
6 0 sin8 where 0 is the frequency of the harmonic-
oscillator states in zero magnetic field. For the sake of il-
lustration, in Fig. 3 w'e show the energy spectrum calcu-
lated for a parabolic well whose zero-field subband ener-
gies are of the same order as those of our well (we used
h Q -1 meV). The calculation is for 8 10 . Also shown
in Fig. 3 is the position of EF as a function of B, using the
fact that the degeneracy of each of the quantized energy
levels is equal to (2eB/h)sin8. ' ' In principle, if the
magnetoresistance is measured at finite 0, it should show
oscillations as EF crosses each of the energy levels. In a
real system, however, the energy levels will have finite
widths (because of disorder). Therefore, the density of
states at the Fermi level at low B (~1.5 T in Fig. 3),
where a great number of closely spaced energy levels (cor-
responding to several subbands) are occupied, will be a
nearly smooth function of 8, except when a subband is
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FIG. 3. Energy vs 8 fan diagram corresponding to 0=10
orientation is shown. For clarity, we show only every third level
of the four lowest-lying eigenvalues of each subband. The posi-
tion of EF as a function of 8 is also shown. Spin splitting is not
included.

depopulated, in which case it has a steplike discontinuity.
For small 0, therefore, the low-field oscillations in p
should occur as the subbands are depopulated, similar to
the 8-0' case. At sufficiently high B (~ 1.5 T in Fig. 3),
only energy levels corresponding to the lowest subband are
occupied. New oscillations may then be expected provid-
ed that the width of the levels is small compared with the
separation of the energy levels and that the temperature is
su%ciently low. These oscillations should be periodic in
1/B since the degeneracy of each level is proportional to B.

Our experimental observations (Fig. 1) are in good
agreement with the above predictions. First, we note that,
as expected, the low-field oscillations corresponding to the
depopulation of subbands for 0~20' are similar to those
for 8 O'. ' Second, assuming that the level degeneracy
is equal to (eB/h)sin8, we have indicated in Fig. 1 (verti-
cal arrows) the field positions at which an integer number
of (spin-split) levels are expected to be occupied. The
minima observed in p(B) data in Fig. 1 agree with the po-
sitions of these arrows in most cases. ' We note that for
the self-consistent potential in the wide well described
here, V(z) is expected to be better approximated by a
square well. ' In this case, the Hamiltonian of Eq. (2)
can be solved in the high-field limit by using the adiabatic
approximation, ' and gives the spectrum of the oblique
states. These oblique states are localized in the x-y plane
with the localization length in the x direction, w„depen-
dent on 0. Within the square-well approximation, m„
grows as w/tan8 and the quantized energies scale as
E„tan 0, where E„are the energies of the zero-field elec-
tric subband states in the square well. As 0 0 and
8 ~, w grows infinitely long and the oblique states go
over into plane waves along the field in the lowest bulk
Landau level (Fig. 2). Since the degeneracy of each state
is given by (eB/h)sin8, the oblique states should neverthe-
less produce Shubnikov-de Haas oscillations (periodic in

1/B) as we have observed experimentally. However, since
the energy levels of the oblique states for a square well are
nonuniformly spaced in energy, accidental overlapping of
the spin-split energy levels can occur. We expect minima
at even filling factors for low fields where the spin-splitting
is unresolved, and accidental degeneracies at higher fields
where the spin splitting is large and the oblique levels are
more closely spaced. The latter may account for the miss-
ing minima at particular filling factors in the data of Fig.
1. Further work aimed at a more quantitative under-
standing of the energy-level structure of a square well in a
tilted magnetic field is planned.
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