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A quantum theory for the electronic states in doped semiconductors is given on the basis of the
Green’s-function formalism by an extension of the bent-band theory. This semiclassical theory
neglects all quantum correction terms for the ease of summing up all terms of multisite and multiple
Born scatterings and therefore gives a poor explanation of impurity band tails observed in heavily
doped semiconductors. The present theory includes quantum correction terms of all orders in a
series expansion, and a formally exact solution is obtained for the one-particle Green’s function by
an extension of the method developed previously for the bent-band model. By picking up dominant
terms for practical calculation, it is shown that the present theory gives a better explanation of ob-
served band tails but a worse explanation of observed low-temperature conductivities than the
bent-band theory. For obtaining a good explanation of the conductivities, it is assumed that there
are localized levels with degeneracy unity at energies below some value. By also taking into account
the exchange effect, experimental data of both the density of states and the low-temperature conduc-
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tivity are shown to be well explained by the present theory.

I. INTRODUCTION

Electrical and optical properties of doped semiconduc-
tors are strongly affected by impurity band tails which
appear as a result of the impurity doping. The low-
temperature conductivity in a heavily doped semiconduc-
tor is a typical example and is of academic interest be-
cause electrons interact strongly with many impurities
simultaneously, as in the localization and declocalization
problem. Various theories! ~7 have been developed so far
in order to understand the conduction in the presence of
ionized impurities. Although the theories have turned
out to be useful®’ at high temperatures and/or light dop-
ing levels, they cannot explain'® the conduction at heavy
doping levels, especially at low temperatures. By even
more careful calculations,!!™!® the experimental depen-
dence of the low-temperature conductivity on the doping
level has not been satisfactorily explained. The reason
may be that the above calculations have been performed
neglecting important effects of the band tails, of the
simultaneous interaction of each electron with many im-
purities, and of the Born scatterings of higher than
second order.

As for the impurity band tails, there have been a num-
ber of calculations, starting with earlier calculations!#~1
based on perturbation and propagator techniques. These
calculations have led to band tails which are cut off too
sharply. Kane!” has calculated the density of states
(DOS) with the use of the Thomas-Fermi approach for
the fluctuating potential, obtaining a Gaussian tail. This
is a disadvantage because simple exponential tails are
often observed from experiments.'®!® As a quantum
counterpart of the semiclassical theory of Kane, Halperin
and Lax?* have offered a minimum counting method
which is rigorous only for sufficiently deep states. Sa-
yakanit and Glyde®! have improved the method with the
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use of the variational principle but the theory has been
found?>? to give a poor description of experiments.

On the other hand, a semiclassical approach has been
adopted by Bonch-Bruevich?* with the use of the bent-
band model (BB), which is useful for the potential vary-
ing slowly enough. Instead of solving directly the
differential equation as was done by Bonch-Bruevich, the
present author has reached the same result?® with the the
use of the diagram method, taking into account all terms
of multisite and multiple Born scatterings. With the use
of the one-particle Green’s function obtained in this way,
the Auger recombination rate and the low-temperature
conductivity have been calculated. Despite the agree-
ment found®~? between the calculations and experi-
ments, it has also been found?*?>?3 that the BB theory
gives values of the DOS much smaller than experimental
ones especially in the band-tail region. This directly
reflects the fact that a semiclassical approach of the BB
theory is not applicable especially at low energies, be-
cause the BB model is useful under a sufficiently slow
spatial variation of the impurity potential at least in an
effective sense. Therefore, the agreement between the
theory and experiments on the electronic properties does
not have a solid basis.

A cure has been provided by the present author,
who has devised a semiempirical pseudopotential (SP) ap-
proach. In this theory, the BB theory is modified so as to
take into account the quantum effect with the use of a
semiempirical effective potential. It has turned out that
the theory gives a better explanation of the band tails ob-
served experimentally. However, a disadvantage is that
we have no solid basis supporting the SP approach. Thus
it seems that we still have no theory which satisfactorily
gives a quantitative explanation of electronic properties
of doped semiconductors in a coherent way.

Recently, the present author has shown®® that the
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two-particle Green’s function is, within the framework of
the BB model, exactly obtainable with the use of the dia-
gram method. Thus we have both the one-particle
Green’s function and the two-particle Green’s function,
so that the conductivity can be calculated more rigorous-
ly in this case than in the previous case of the BB
theory.?® It has been found?®?° that experimental data of
the low-temperature conductivity in Si and Ge are con-
siderably well explained by the BB theory at doping levels
above the metal-insulator transition. For the calculation,
the two-particle Green’s function is rewritten as a sum of
the free part and the vertex part. The free part, which is
given in terms of the one-particle Green’s function, has
been found to be a key factor determining the conductivi-
ty at heavy doping levels. However, experimentally ob-
served band tails are still inexplicable by the BB theory.
From this view point, therefore, there is a strong need for
a quantum-theoretical treatment as an alternative to the
BB model which provides a solid basis for the one-
particle Green’s function.

The purpose of the present paper is to present a quan-
tum theory giving a rigorous calculation of the one-
particle Green’s function. Here we take into account the
quantum correction terms which have been neglected in
the BB theory. Thus we go beyond the BB theory in a
direct way. The calculation is done by an extension of
the method developed?® for obtaining the two-particle
Green’s function in the BB theory. All the terms
representing multisite and multiple Born scatterings are
summed up and a formal exact solution is obtained in a
series. Then a practical form of the solution is given by
picking up dominant terms in the series. With the use of
the one-particle Green’s function obtained, the DOS is
calculated. The low-temperature conductivity is calculat-
ed from the free part and the vertex part of the two-
particle Green’s function. The free part is given in terms
of the one-particle Green’s function obtained by the
quantum theory. On the other hand, the vertex part,
whose contribution is not very important in the doping
range except in the close vicinity of the metal-insulator
transition, is given simply by the BB theory.

The quantum theory gives a stronger effect of the im-
purity doping than the BB theory, leading to larger
DOS’s in the band-tail region and to shorter relaxation
time of carriers. As a result, the conductivities are small-
er in the quantum theory than in the BB theory. On the
other hand, the BB theory gives much smaller DOS’s in
the band-tail region and somewhat smaller conductivities
than the respective experimental ones. Therefore, the
quantum theory gives a better description of the DOS
than the BB theory, while the former gives a much worse

GR(Ik,IK;0)=G&(Ik,w) A(k—k'>+§ > H

n=14qq, ""q, m=l1

G§
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description of the conductivity than the latter. For this
difficulty a cure is provided by assuming that we have lo-
calized states at energies below some critical value and
that each localized state can be occupied by only a single
electron irrespective of the spin multiplicity and the val-
ley number. We consider also various terms due to the
electron-electron repulsion via the Coulomb interaction
and the electron-electron attraction via the electron-
phonon interaction. It is shown that the above assump-
tion of the occupation is especially important in explain-
ing experimental data of the conductivity.

This paper is organized as follows. In Sec. II, a formal-
ly exact solution for the one-particle Green’s function un-
der the quantum model is given, together with a more
tractable but approximate form of the function. These
functions are derived in Appendixes A and B. In Sec.
III, a practical method for calculating the DOS and the
conductivity is described. In Sec. IV, calculated results
of the DOS and the conductivity are shown and discussed
especially in relation to a new assumption adopted.

II. DERIVATION OF THE GREEN’S FUNCTION

First we present a model for the analysis of the
electron-impurity interaction together with a general
principle for the calculation. Let us consider the Hamil-
tonian as a sum of those for the unperturbed-band elec-
trons, the electron-impurity interaction, the electron-
electron interaction, and the electron-phonon interaction,
details of which are found elsewhere.?®*° Starting with
bare interactions, we obtain screened interactions by the
many-body theoretical treatment. Based on these in-
teractions we go into the discussion of the retarded one-
particle Green’s function GR(Ik,Ik';0), where [ is the
band index, k and k' the wave vectors, and w the energy
parameter. Two wave vectors k and k' appear in the
presence of randomly distributed impurities, and a single
band index / appears as a result of neglecting the inter-
band scattering.

Let us consider the impurity potential I'(r) given by

Ni
I'(r)= ¥ Ui(r—R,),

n=1

(2.1)

where N; is the number of the impurities assumed to be
of a single species and U;(r—R,,) is a screened potential
due to an impurity at R,,. With the use of the Fourier ex-
pansion

I'(r)= 3 T(q)exp(jq-r), (2.2)
q

we obtain’!

AlS q,—k+K

m=1

Ik— 3 qu0 |T(q,)

a=1

] ; (2.3)

where A(x) is defined as A(x)=1 if x =0 and A(x)=0 otherwise with x as a scalar or a vector; GoR(lk,(o) is the free-

particle Green’s function
1

GRko)=— L
o k)= O+ j0°

(2.4)
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with E;(k) as the unperturbed band energy. Let us suppress / and o in GX, G¥, and E, hereafter. With the use of Eq.

(2.2), Eq. (2.3) is rewritten as

GR(k,k')=G§(k)iVfdrexp[—j(k—k')-r] S [GR(k+jV)T(D)]"
n=0

where V=3/0dr and V is the crystal volume. A symbolic
expression for Eq. (2.5) is

GR(k,K)=GE (k)5 [ drexpl —j(k—k )]
o—E(k+jV)+j0"
o—E(k+jV)—(r)+jot
(2.6)

Because GX(k,k’) depends on the impurity sites R,’s
through TI'(r), we take an ensemble average?*3! of
G®(k,k’) over the impurity sites, which is defined as

(GR(k,Kk)=V"" [dRdR, - dRy GF(kk")
=GRKk)A(k—K') . 2.7)

The last step of this' equation comes from the fact that
the space uniformity, which is lost under random distri-
bution of the impurities giving k5k’, is restored under
the average distribution giving the momentum conserva-
tion k=k’. G&(k) is the retarded Green’s function in the
average impurity distribution, for which the rule of the
diagram method is known’!. Owing to k=k' in Eq. (2.7),
we have

’ — 1 ; ’
(GR(k,k )>—-l7fdrexp[ —j(k—k’')-r]

W ———
o—E(k+jV)—TI(r)+j0

(2.8)
In view of this relation, we write G®(k,k’) as equal to the
right-hand side of Eq. (2.8) without average notation

hereafter.
Defining the operator

O (V)=E(k+,jV)—E(K), 2.9)
GR(k,Kk’) is rewritten as
R ’y — 1 . ’
GR(k,k )—c;g(k);fdrexp[—,(k—k )r] -
! , (2.10)

1-GEr—cgo,
J

=1 e
Ko(k)——j—fo ds exp

G& (k)

— B4y, [ dr{expl—jsU,(r)]— 1}

(2.5)

—
where G&T and GgO_k are the abbreviations of
GR(k)I'(r) and G&(k)O, (V). With the use of the expan-
sion

1 1 = | .z 1 "
= GRo,———
1-GEr—GRo, 1-GEr ,,éo[ 07k —GET
(2.11)
we write GR(k,k’) as
GRk k)= I K,(kk'), (2.12)

0

where
1
"— R — 3 —k').
K,(k,k')=Gj (k) Vfdrexp[ jk—k')r]

1

X ——— |G& 1
1-G&r

0 PR
07k 1 —GET

(2.13)

It should be noted that the term of » =0 contains no spa-
tial derivative. The special case where we neglect the
terms of # = 1 and retain only the term of » =0 gives the
BB approach which is useful for the impurity potential
varying slowly enough. The calculations of the one-
particle and the two-particle Green’s functions based on
the BB model have been given previously?® as a semiclas-
sical approach. In the quantum theory we include now
all the terms of n = 1.

The average Green’s function can be given from Eq.
(2.12) in the form

GRK)= S K,(K),

n=0

(2.14)

whereiK,,(k) is defined through an ensemble average of

K,(k,k') as
(K,(k,k'))=K,(k)A(k—k’') . (2.15)

Especially K, (k) is the Green’s function in the BB model
given?® by

, (2.16)

where n; is the impurity concentration N, /V. By an extension of the BB theory?® for the two-particle Green’s function

as shown in Appendix A, K, (k) for n 2 1 is given by

— :—n—1 *x jsO n © .Sm n n
K,(k)=j fo dsoexp[Gg(k) fdrOS(ro)mr:[l fo ds,, exp R "L[l [ dr,,8(x,,)0, Emv,
Xexp n,-fdr exp |—j > Ufr+r,)s, J—l] ] , (2.17)
m=0
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where V;=3/0r; and O,(3}-,,V,) should be placed
from the left to the right in the increasing order of m.
Thus Eq. (2.14) under Egs. (2.16) and (2.17) offers a for-
mally exact solution for the one-particle Green’s function
describing the electron-impurity interactive states. Into
those equations, other interaction effects are incorporated
by replacing G& (k) in Egs. (2.16) and (2.17) with Gf(k)
given by
1

o—E(k)—3%(k)
where =&(k) is the self-energy due to those interactions,
e.g., the electorn-electron interaction and the electron-
phonon interaction.

Let us find a practical formula for G®(k) from Egs.
(2.14), (2.16), and (2.17) by assuming spherical symmetry
of U;(r) [=U,;(r)] and the unperturbed band energy of
the form

GR(x)= , (2.18)

1

m

2
Ek)="1

2 kz2

(2.19)

L(k,3+'ky2)+
m,

given in terms of the transverse mass m, and the longitu-

dinal mass m; hereafter » and E(k) are measured from
J

h(t)=n,-fdr exp

3 # )
—thi(r)—j‘;leUi(r)l +

As pointed out, k in Egs. (2.21) and (2.22) is used as k’. It
is seen that in the classical limit of m¢— o and mp— oo
we have G®(k) in the BB model.

III. PRACTICAL METHOD FOR CALCULATION

A practical method for calculating the DOS and the
conductivity is given considering various interactions un-
der the Thomas-Fermi screening. Assuming singly ion-
ized impurities of one species, we obtain

(3.1
|

o2
Uj(r)=———exp(—Ar),
€or

GRk,0)=G R(Q,k)/E,
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the unperturbed band edge, # the Planck constant divid-
ed by 2, and k=(kx,ky,kz ). Then the density-of-states
mass mp, the conductivity mass m¢, and an averaged
mass my are defined by mD=(mfm")l/3, mcl=02m!
+m;1)/3, and mgy'=C2m[ "2 +m ) /(3m}?), re-
spectively. It is convenient to define also k'=(k;,k,,k;)
under k,=(mp/m )"’k ,k,=(mp/m)'"*k,, and k,
=(mp/m, )!72k,. All the functions of k which have been
considered hitherto are expressed as the functions of k’;
for example, GR(k) is rewritten as GR(k’). Noting the
relations f dk= f dk’ and

ﬁ2

E(k)= 2my

k'|>’=Ep(k'), (2.20)

we then rewrite k' simply as k hereafter. Now by sum-
ming up dominant terms under approximations as shown
in Appendix B, we obtain

Rg)y=L [“4 S AP 2.21)
G (k) jfo t exp GR () ( ,
where
2 2 2
LA V2U,(r)—jt? % k-VU,.(r)]—ll. (2.22)
mc 2mF

where e is the electronic charge, €, the static dielectric
constants due to the host lattice, and A the inverse
screening length. The interaction between electrons at r,
and r, is given by U(r,—r,)= —U;(r;—1,). As the self-
energy in Eq. (2.18) we first consider only the Coulomb
term of the lowest order in the screened electron-electron
interaction. We have

SR=n, [drU(r) . (3.2)

Then the practical formulas for computing the one-

particle Green’s function are given by

(3.3)
~ R . 1 *® . ‘

G (Q,k)—7f0 dgexp[jEQ+yg (&K)], (3.4)
g (Ek)=—jE+ fo”dxxZ{H(x,k)exp[F(x)]—l} , (3.5)

3 2 2

_E a4 T ahEm

F(x) ]xexp( x)—j 6 o2 exp(—x) 2 xexp( x), (3.6)
H(k,x)= |sin %aFkgzl_*_zxexp(-x) / %apk§21+2xexp(—x) , (3.7)

P4 X
Q=[0—Ep(k)—ZRk,0)]/E, , (3.8)
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where y=dmn; /A%, E,=e’\/€y, ac=%e€y/(mce?), arp
=#’ey,/(mpe?), and 3X(k,0)==R(k,0)—Z&.

For the calculation of the DOS, p(w) and the conduc-
tivity o, we consider a multivalley semiconductor with
the number of the valley v and the temperature 0 K. For
convenience in a later discussion, we assume a general
case where the degeneracy is a function of the energy o
given by f(w). In the usual method for calculations, the
degeneracy due to the spin multiplicity 2 and to the num-
ber of the valley v is given by f(w)=2v. Thus we replace
2v appearing in the usual expressions as for the DOS, the
conductivity, and the inverse screening length with f(w).
First the DOS and the inverse screening length are deter-
mined from?®

1
p(w)=*mf(w)fdemGR(k,w) (3.9)

and

24 o [ do Flo)m[GR ). (.10
eo(wf [ dof(@Im[G*(k,e)]

Here, oy is the Fermi level determined from

MASUMI TAKESHIMA

40

@F
[ “doplo)=n, . (3.11)
Actually, A? is given as a sum of the free part and the ver-
tex part?® and Eq. (3.10) has been obtained by neglecting
the vertex part. Because GX(k,») depends on A, Egs.
(3.9)-(3.11) are solved for A.

The conductivity is given as a sum of the free part o,
and the vertex part o,, i.e., 0 =0 ;+0,; each part comes
from the respective part of the two-particle Green’s func-
tion. By modification of the expression in Ref. 28, we
have

_ 2e’#
0

= =€8% dk Ep(k
Sr2myme flop) [ dk Ep(k)

X[ImGR(k,wp)]?  (3.12)

for a cubic crystal. In order to calculate o, we need the
two-particle Green’s function in the quantum theory,
which is not available in the present paper. Therefore we
use the expression for o, in the BB theory®® in view of the
finding®® that the contribution of o, to o is not very im-
portant in the range except in the close vicinity of the
metal-insulator transition. We have

remp ) [dx [ dO[ImG RQ,B,;x)—ImG KQ,B,; )]
o,=—flo x m »Be;x)—Im ,B,; 0
2 127T3ﬁmc F 0 —® €
2k 4k . |, k 2k? 2k
= |1—cos | ZEx | |- 2% Zx | +25 [1+cos | =% . 3.13
X 2 1—cos 7 X P 2)\x cos | 5=x ’ (3.13)
Here B, is some large quantity of the order of 10 (we use B, =30 in this paper), Qp=wr/E,, k=(2A/ap)(Qz—Q)'?,
and
GMQBix)= [ "dLexpliEQ oL Bix] (3.14)
where
1 &+B. { . §—B.
sx)=—jt+— [dx' o —exp(— |x'— 1 = —exp(—|x'+1x|) | -1, 3.15
#(E,B,;x) je+ yym fdx exp ]2\x’—%x$exP( |x 2xl)+]2|x'+%xi exp(—|x'+1x|) (3.15)
[
x’ and x are the three-dimensional dimensionless vectors. U(q,0)=U(q0)+E(q,0)Dy(q,0) , (3.18)
In Eq. (3.13);, x. is defined as a quantity large enough
for ImG ®(Q,B,;x,) to be practically the same as  Where
ImG ®(Q,B,; »). Note that we have T ola.0)= Uy(q) (3.19)
t+B, -8, T (e '
$(GB0)=g |2 |+g |25 (3.16)
- Y 2
with bla,0)="0 zv‘,IMv(q)I ) (3.20)
e NS
g(&) j§+fo dx x* |exp ]xexp( x) 1] . Do(q,0)= 1 — 1 —_ . @a
ﬂ)“ﬂ)ph+]0 0)+(0ph+JO
(3.17)

Now we consider the electron-electron interaction,
U;(q,w) (q is the wave vector), as a sum of the Coulomb
repulsion and the attraction due to the electron-phonon
interaction. We have®®

with Uy(q)=4me?/q% Here U,(q)/V and U,(q)/V are
the Fourier components of the bare interaction
e/ |r;—r1,| and of the screened interaction, respectively,
between electrons at r; and r,, M, (q) the matrix element
for the electron-phonon interaction in the phonon mode
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v, Dy(q,w) the free-particle Green’s function for the pho-
non, and €r(q,®) the sum of the free-carrier screening
and antiscreening due to the Coulomb interaction and the
electron-phonon interaction, respectively. In Dy(q,»),
@,y is the phonon energy which is assumed to be constant
and equal for all phonon modes. As for €;(q,®), we have

er(q,0)=€(q,0)—€Do(q,0)x(q) S |M,(q)]? (3.22)

correcting an error in Ref. 30 as for this equation, where
€(q,w) is the sum of the free-carrier screening and the
screening due to the host lattice; Vx(q) comes from the
polarization diagram for the free-carrier screening. With
the use of the Thomas-Fermi approximation and with the
neglect of the retardation effect in the screening, we have
A2=—4mex(0)/€, and e(q,w)=¢€(1+A%/g?), so that
we obtain

€A’ '
s M|
2me wp, 5

)\'2
> =

€r(q,0)=¢, l+;— (3.23)

Considering the acoustic phonon scattering (M, ), the
nonpolar optical phonon scattering (M, ), and the polar
optical ~phonon  scattering (M,,), we give®?
|Mac|2:‘:-‘2wgh/(2cl)’ |ano‘2=E,21powph/(2E), and
|M,|>=2me’w,;,/(€*q?), where E,. is the acoustic defor-
mation potential, E,,, the nonpolar optical deformation
potential, ¢; the longitudinal spherical average elastic
constant, ¢ the averaged elastic constant, and (e*)™!
=¢_!—¢; ! with €, as the high-frequency dielectric con-
stant due to the host lattice. Then Eq. (3.23) is rewritten
as

Ao
1+ o

GT( q,0)=eeﬂv ’ (3.24)

2,=n;[U(0,00—T(0,0)],
=1 F e T Rk —
s, 7TV§f_waerT(q,oan (k—q,) ,
2

47re?

2V q €0‘12601

ReGR(k—q,0—w,),

) 1 2|__ @ph R
24=—V-2w—12|MV(q)| Zm—ReG (k—q,0—
q v

1 wph

Here , is the plasma frequency given by 3

=4me’n#i/(egmc) and w%=w§(1+q2/k2)+[E(q)]2.
Equations (3.28)-(3.30) have been given for the original
coordinate system of q and k, as used in Eq. (2.19). In
practical calculations, q and k are rewritten in the new
coordinate system, as defined just below Eq. (2.19). In
obtaining Eqs. (3.28)-(3.30) we have neglected the imagi-
nary part of Z,’s, whose effects are negligibly small as
compared with that of the impurity scattering. Equation
(3.27) and Egs. (3.28)-(3.30) come from Figs. 1(a) and
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G (k,w)

! L\
|
(a) (b)

FIG. 1. Diagrams representing the terms of the electron-
electron interaction in the lowest order in Ur(q, ).

60)&2 EZ Erzlpo
€n=¢6 |1— =R (3.25)
=0 47e? [01 ¢
€,
=A% |1—— (3.26)
€

Equation (3.24) gives the modified form of the Thomas-
Fermi screening, where the electron-electron attraction
via the electron-phonon interaction leads to the
antiscreening in contrast to the case of the Coulomb
repulsion. We use €4 and A4 in place of €, and A, respec-
tively, in the calculations.

Now 3X(k,w) in Eq. (3.8) is given with the use of Eq.
(3.18) considering the diagrams shown in Fig. 1. As for
Fig. 1(a), we omit the term of the electron-electron repul-
sion, i.e., the first term in Eq. (3.18), because this term has
already been included in Eq. (3.4) in terms of Eq. (3.2).
As for Fig. 1(b), we include the Coulomb-hole term com-
ing from the plasmon pole.’3 As a result we obtain =R as
asumof 2, (n=1,2,3,4), where

(3.27)
(3.28)
(3.29)
[0)
w1)+w2—_‘—2ReGR(k—q,w—wph) . (3.30)
ph— @1

1(b), respectively. Equations (3.29) and (3.30) come from
the first term and the second term, respectively, of Eq.
(3.18), taking into account the poles of €7! and of Dj.
Actually we use G¥ in place of G* in all the equations for
simplicity.

The dependence of the conductivity on the impurity
species having the same valency in a given material is
considered, as has been discussed®®. We consider isocoric
and nonisocoric impurities’* which have the same cores
and the different cores as that for the host lattice, respec-
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tively. In order to take into account the core effect, we
consider mp, to depend on the energy as in the method of
Ref. 29. We give energy-dependent mp(w) as

mplw)=mp, wZo,

(3.3D

<o,

D— o,
2E,

mp(w)=mp+(mp—mp)exp

where E, is the binding energy of an isolated impurity,

2

0=ty 4z, (3.32)
€

with 2 being defined as the shift of the band at an ener-

gy (e?L/€y)y due to =R(k,w), and

E, (nonisocore)

’

mp, mp (3.33)

E,(isocore)
for a multivalley semiconductor. The values of E,’s are
obtained from experimental data on isocoric and noniso-
coric impurities. For the valence band, we calculate m,
directly from mj=%%€,/(ape?) with aj, calculated from
E,=e?/(2¢e4ap) with the use of E, obtained from experi-
mental data. With the use of mpy(w) in place of mj, in
various expressions such as Egs. (3.12) and (3.13), the
DOS and the conductivity are calculated.

IV. RESULTS AND DISCUSSION

In this section the theory in the previous sections is ap-
plied to various materials at 0 K. Especially, important
parameters used for the calculations such as
me, mp, mp, and E; are shown in Table I. For materi-
als where experimental data of E, are not found,
mp=mp is assumed and E, is calculated from
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E,=e?/(2€4ap). Experimental data on some of the pa-
rameters and other parameters concerning the electron-
phonon interaction are found in Refs. 8, 9, 35, and 36.

The resistivity is calculated as a function of the doping
level up to the critical value n, for the metal-insulator
transition. Here, n, is obtained from experimental data
or from the relation®’

apnl’?=0.25

with aj, =#%,/(mpe?) unless experimental data are
available.

First of all we discuss the calculation of the DOS and
the conductivity for which the usual degeneracy of
f(w)=2v is assumed. In order to compare the present
calculation with the previous ones we use m, =m =mg¢
=my =0.48 especially for p-type GaAs, take =X=0, and
neglect the effect of the electron-phonon interaction. Fig-
ure 2 shows the DOS for p-type GaAs under
n;=5.4X10" cm ™3 with ©=0 at the unperturbed band
edge. The solid line and the dashed line show the results
of the present theory and of the BB theory, respectively.
The solid circles*® show experimental data, which have
been obtained for Zn-doped GaAs from tunneling experi-
ments at 4.2 K. The data are plotted so that an experi-
mental value at an energy lying sufficiently deep in the
band may fit the value in the present theory. It is seen
that the DOS in the present theory is a few times larger
than that in the BB theory especially in the range of
® <0. Thus the present theory explains the experimental
results better than the BB theory. However, the peak
found in the experimental data is not obtained in both
theories. The reason may be that we have used-the aver-
age Green’s function.

Figure 3 shows comparison of the present theory (solid

TABLE I. Material parameters.

Material Dopant m? mp® mp € v E, (meV)
Ge P 0.12 0.22 0.21 15.4 4 12.0
Ge As 0.12 0.22 0.22 15.4 4 12.7
Ge Sb 0.12 0.22 0.17 15.4 4 9.7
Si P 0.26 0.33 0.33 11.4 6 453
Si As 0.26 0.33 0.39 11.4 6 53.5
Si Sb 0.26 0.33 0.31 11.4 6 43
Si Bi 0.26 0.33 0.50 114 6 69
GaAs n type 0.067 0.067 0.067 12.8 1

InP n type 0.082 0.082 0.082 12.4 1

GaSb n type 0.042 0.042 0.042 15.7 1

Ge Al 0.31 0.36 0.18 15.4 1 10.2
Ge B 0.31 0.36 0.18 15.4 1 104
Ge In 0.31 0.36 0.20 15.4 1 11.2
Ge Ga 0.31 0.36 0.19 15.4 1 11.0
Si Al 0.49 0.53 0.54 11.4 1 57
Si B 0.49 0.53 0.44 11.4 1 46
Si Ga 0.49 0.53 0.68 11.4 1 71
GaAs Zn 0.48 0.48 0.37 12.8 1 30.8
GaP Zn 0.54 0.54 0.56 10.8 1 62
InP Zn 0.65 0.65 0.35 12.4 1 31
InSb Zn 0.40 0.40 0.21 17.9 1 9.0

2The mass is in unit of the electron mass in vacuo.
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FIG. 2. DOS’s vs the energy which are obtained for p-type
GaAs with the acceptor concentration of 5.4 X 10'® cm ™ by the
present theory (solid line), by the BB theory (dashed line), and
from experiments (solid circles).

line) with earlier calculations?*?* based on various other
theories for the DOS in p-type GaAs at 0 K with
n;=1.6X10" cm™3 The latter theories are the BB
theory (dotted line), Kane’s theory (dotted-dashed line),
and the Halperin—Lax—Sa-yakanit—-Glyde theory?%?!
(dashed line). All these theories are found to give much
smaller values of the DOS than the present theory in the
range o <0.
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FIG. 3. DOS’s vs the energy which are obtained for p-type
GaAs with the acceptor concentration of 1.6 X 10! cm ™3 by the
present theory (solid line), by the BB theory (dotted line), by the
Kane’s theory (dotted-dashed line), and by the
Halperin—-Lax—Sa-yakanit—Glyde theory (dashed line).
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Now the present theory is applied to the calculation of
the conductivity in n-type Ge and n-type Si at 0 K, for
which experimental data at 4.2 K are available. We use
material parameters in Table I and take ZX=0. We con-
sider only isocoric impurities, i.e., As in Ge and P in Si.
Figure 4 shows the resistivity plotted versus the doping
level exceeding the critical value for the metal-insulator
transition on Ge:As. The solid line and the dashed line
show the results of the present theory and the BB theory,
respectively. Experimental data are shown by the open
rectangles'® and the open triangles.’® As is seen, al-
though the BB theory explains considerably well the ex-
perimental data,** the present theory gives a worse ex-
planation of the data.

The above situation is seen also in other materials such
as n-type Si. Figure 5 shows the resistivity plotted versus
the doping level exceeding the critical value for the
metal-insulator transition on Si:P. The solid line and the
dashed line show the results of the present theory and the
BB theory, respectively. The solid circles show experi-
mental data.*! As is seen, the present theory gives a
worse explanation of the experimental data than the BB
theory.

As has been seen above, the present theory gives larger
DOS’s in the band-tail region and larger resistivities than
the BB theory. This is a consistent result in the respect
that an increased effect of the impurity scattering in the
present theory leads to increased DOS’s and increased
resistivities as compared with the case of the BB theory.
The increased DOS has been found to better explain the
experimental data. However, a difficulty is that the BB
theory better explains the experimental data of the con-

4q
Ge - As
o PRESENT THEORY
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A o EXPERIMENT
E
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FIG. 4. Resistivities vs the donor concentration which are
obtained for Ge:As by the present theory (solid line), by the BB
theory (dashed line), and from experiments (open triangles and
open rectangles).
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FIG. 5. Resistivities vs the donor concentration which are
obtained for Si:P by the present theory (solid line), by the BB
theory (dashed line), and from experiments (solid circles).

ductivity than the present theory. This is curious from
the viewpoint that the present theory is more rigorous
than the BB theory. On the other hand, it is found that
the SP theory?>? gives nearly the same DOS as the
present theory. It is found also that the SP theory gives a
worse explanation of experimental results on some elec-
tronic properties such as the conductivity, the Auger
recombination?%, and the intervalence band absorption*?
than the BB theory. The SP theory is another approach
giving the quantum correction to the BB model. There-
fore, the difficulty stated above is common to both the
quantum and the SP approaches giving the quantum
correction.

The decrease of the conductivity in the quantum
theory relative to that in the BB theory occurs through
the decrease of the Fermi level resulting from the in-
crease of the DOS in the band-tail region and through the
decrease of the peak height of —ImG ®(Q,k) resulting
from the increase of the width of the function; an inverse
relation between the peak height and the width is under-
stood from the relation

— [ daImmG RQ,k)=n .1
for a given k. In order to give a satisfactory explanation
of experiments still within the framework of the quantum
theory, therefore, there should be some situation where
the DOS, especially in the band-tail region, is smaller,
still remaining close to the experimental one. This situa-
tion, which might seem contradictory, is found by consid-
ering both localized states at low energies and =X given
as a sum of Egs. (3.27)-(3.30). Thus the theory is im-
proved as is seen below.

Although the quantum theory never leads directly to

localized states, it is considered that the localization
occurs at energies below some critical value. The reason
why the theory does not lead to the localization may be
the use of the vertex part of the two-particle Green’s
function simply in the BB theory and of the ensemble-
averaged Green’s function. In view of this it is assumed
that we have localized states at energies below some criti-
cal value and that the degeneracy for each localized state
is unity in place of 2v. The latter assumption is based on
the same situation*’ found on localized donors and accep-
tors. The critical energy for the localization lies in be-
tween the band edge and the ground level of an isolated
impurity. The band shift due to the Coulomb term of the
electron-electron interaction is found to be (e2A/€,)y by
hypothetically setting U;(r) to be zero in Eq. (2.22) and
by neglecting X, In considering 2%, therefore, the shift-
ed band edge is at w. given by Eq. (3.32) as measured
from the unperturbed band edge. The critical energy for
the localization is assumed to lie in between w, and
w.,—E,. For w>w, we have f(w)=2v while for
w<w,—E, we have f(w)=1. An abrupt jump from 2v
to 1 may occur at a critical energy in between @, and
o.—E,. However, only because we have no precise in-
formation of the critical energy, we assume a somewhat
gradual variation of f(w) according to

flo)=2v, w20,
(4.2)

flo)=1+(2v—1)exp ’E,

, <O, .

We use this new definition of f(w) and consider 2% for
the improved calculation below. The effect of =R is to
cause the shift of the DOS towards a lower energy region
as compared with the case of neglected =X. This shift
tends to compensate for the decrease of the DOS under
f(w) above. The effect of the electron-phonon interac-
tion is considered. Let us call hereafter the improved
theory above and the theory before the improvement as
the present theory and the previous theory, respectively.

First we compare the present theory with experiments
on the resistivity in materials for which experimental
data at low temperatures are available. Figures 6-8
show the resistivities as functions of the doping level
which are obtained from the present theory (lines) with
experiments (points). In Fig. 6, the solid line, the open
triangles,* and the open rectangles'® are for Ge:As, the
dashed line, the solid triangles,”® the solid rectangles,'®
and the solid circles* are for Ge:Sb, and the dotted line is
for Ge:P. In Fig. 7, the solid line and the solid circles*!
are for Si:P, the dashed line and the open circles* are for
Si:As, the dotted-dashed line is for Si:Sb, and the dotted
line is for Si:Bi. In Fig. 8, the solid line is for Ge:Ga,
Ge:In, Ge:Al, and Ge:B, and the solid circles** are for
Ge:Ga. It is seen that agreement between the theory and
experiments is considerably good for all the materials
shown.

Figure 9 shows comparison of the result in the present
theory using =& (solid line) with those in the same theory
especially under the neglect of =R (the dotted-dashed
line), in the previous theory (dashed line), and in the BB
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FIG. 6. Resistivities vs the donor concentration which are
obtained by the present theory (lines) and from experiments
(points) for Ge:As (solid line, open triangles, open rectangles),
for Ge:Sb (dashed line, solid circles, solid triangles, solid rectan-
gles), and for Ge:P (dotted line).

theory?® (dotted line) on the resistivity in Ge:As; the open
triangles and the open rectangles show the same experi-
mental data as shown in Fig. 6. It is seen that the present
theory gives the best explanation of the experimental data
and that the contribution of =X to the conductivity is
significant but small as compared with that of f(«w)72v.

10° ¢
g THEORY EXPERIMENT
Si:P .
Si:As —— o
10 E
E
(3]
o]
> | 0-2 E
=
>
-
1]
2
@ 1073

‘Ola — ‘”“‘IOIQ — ”‘“;ozo 3
DONOR CONCENTRATION (cm™)

FIG. 7. Resistivities vs the donor concentration which are
obtained by the present theory (lines) and from experiments
(points) for Si:P (solid line, solid circles), for Si:As (dashed line,
open circles), for Si:Sb (dotted-dashed line), and for Si:Bi (dotted
line).
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FIG. 8. Resistivities vs the acceptor concentration which are
obtained by the present theory (solid line) for Ge:Ga, Ge:In, Ge,
Al, and Ge:B, and from experiments on Ge:Ga (solid circles).

This situation is the same for other materials. Thus the
present theory is most useful for explaining the experi-
mental data of the resistivity. Stimulated by the success,
the resistivities in the present theory are shown also in
Figs. 10-12 for p-type Si, n-type III-V compounds, and
p-type III-V compounds, respectively.

Figure 13 shows the DOS’s in p-type GaAs doped with

Ge:As
PRESENT THEORY
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10°F —— PREVIOUS THEORY
F ——— BB THEORY

a o EXPERIMENT

RESISTIVITY (Q cm)

17
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DONOR CONCENTRATION (cm™>)

10

FIG. 9. Resistivities vs the donor concentration which are
obtained for Ge:As by the present theory with (solid line) and
without (dotted-dashed line) =&, by the previous theory (dashed
line), by the BB theory (dotted line), and from experiments
(open triangles, open rectangles).
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FIG. 10. Resistivities vs the acceptor concentration which
are obtained for p-type Si doped with B, Al, and Ga by the
present theory.

Zn under n;=5.4X10'® cm ™3 as functions of the energy
w. The solid line, the dashed line, and the dotted line
show results in the present theory, in the previous theory,
and in the BB theory, respectively. The solid circles
show the same experimental data as shown in Fig. 2. Itis
seen that the present theory gives the results closest to
the experimental data.

Figure 14 shows the DOS’s calculated from the present
theory for p-type GaAs with n;=5.4X10'® cm ™ under
various assumptions. The dashed line, the dotted line,
and the solid line show the results obtained by neglecting
the phonon effects, by neglecting 2X, and by including all
these effects, respectively. Correspondingly to the cases
of the solid line, the dashed line, and the dotted line, we
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FIG. 11. Resistivities vs the donor concentration which are
obtained for n-type III-V compounds of GaSb, GaAs, and InP
by the present theory.
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FIG. 12. Resistivities vs the acceptor concentration which
are obtained for Zn-doped p-type III-V compounds of InSb,
InP, GaAs, and GaP by the present theory.

(cm™)

find the resistivities 0.024, 0.027, and 0.036 Q cm, respec-
tively, together with wp=11.8, 27.2, and 36.2 meV, re-
spectively. In view of this result and of results in Fig. 13,
the phonon effect as well as that of 3® is not negligible.
Especially, the result in Fig. 13 that the DOS at w <0 is
larger in the present theory than in the previous theory is
ascribed to the inclusion of 3X, which causes the band to
shift towards a lower energy region.

8
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FIG. 13. DOS’s vs the energy which are obtained for p-type
GaAs doped with Zn at the level of 5.4X10'® cm ™ by the
present theory (solid line), by the previous theory (dashed line),
by the BB theory (dotted line), and from experiments (solid cir-
cles).
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FIG. 14. DOS’s vs the energy which are obtained for p-type
GaAs doped with Zn at the level of 5.4X10'® cm™3 by the
present theory, neglecting the phonon effect (dashed line) or =R
(dotted line), and taking into account all the effects (solid line).

Although the present theory has been found to give a
considerably good explanation of experiments, there are
still many shortcomings in the theory. First, Eq. (3.10)
for A has been given by neglecting?® the vertex part of the
two-particle Green’s function. This neglected part might
be important around the metal-insulator transition, possi-
bly reducing A. However, the Thomas-Fermi approxima-
tion, where the screening is described simply by A, is sup-
ported by the results of the calculation made also under
the Lindhart potential. It is found that the resistivities
calculated under the Lindhart potential with the use of A
given by Eq. (3.10) are practically the same as those un-
der the Thomas-Fermi potential. Second, the vertex part
of the conductivity o, has been calculated simply in the
BB model, and not in the quantum model. Because o, is
J
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an important parameter describing the localization, the
quantum theoretical calculation of 0, may be important
especially around the metal-insulator transition or at en-
ergies below some value. - Third, the Green’s function has
been calculated under an ensemble average over the im-
purity sites assuming uniform probability of the distribu-
tion. This procedure gives the smoothing of the random
impurity distribution so that the effect of isolated impuri-
ties or small clusters of them cannot be included correct-
ly. In fact, the calculated DOS shows simply a monoton-
ic decrease with decreasing @ in the range w <0 where
the experimental DOS shows a peak in contrast, as
shown in Fig. 13.

The above shortcomings altogether may lead to the
failure of the theory in describing the localization. In
fact, the theory never shows a rapid decrease of the con-
ductivity to zero with decreasing impurity concentration
even around the metal-insulator transition observed ex-
perimentally. The semiempirical form of f(w) is provid-
ed as a simple cure for the shortcoming. Naturally, there
is a considerable uncertainty in the semiempirical deter-
mination of f(w), as the fourth shortcoming of the
theory. Further, we have not taken into account the re-
quirement that the decrease of f(w) to values less than
2v in the range o <w, should be compensated by the in-
crease of f(w) to values larger than 2v in the range
o<w,. As a result the Fermi level is overestimated,
which may influence the calculated conductivity.
Despite the above shortcomings, the calculations based
on the assumed form of f(w) have been found to lead to
considerably satisfactory results. It is concluded there-
fore that the quantum theory of electronic properties
based on the one-particle Green’s function is useful under
the assumption of localized states with the use of the
semiempirical form of the energy-dependent degeneracy
although the development of a more rigorous theory still
remains as a future program.
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APPENDIX A: CALCULATION OF THE K, (k) ENTERING G *(k)

We derive an expression for the one-particle Green’s function G*(k), calculating K| (k) and K,(k), and then extend-

ing the calculation to K, (k) for n = 3 as follows.

First we calculate K (k) in Eq. (2.14). Using a new definition 0,(k+jV)=E(k+jV)—E(k) for convenience, let us

start with 1
Kl(k,k')=[G{}(k>]27

0 o0

m=0n=0

S 3 drexp[—j(k—K)rl[GEKIT(T)]"0,(k+jV)GE(KIT()]", (A1)

which is obtained from Eq. (2.13). With the use of Eq. (2.2), the above equation is rewritten as

K (kK)=[GEKP 3 3 2

m=0n=0q,q," "4, PP, " P,

> AQ,+P,+k—k')0,(k—P,) [T [G§ (k)T(q,)] [T [G§(k)T(p,)],
v=1

p=1

(A2)

where Q,,, P,, q,, and p, are the wave vectors with Q=3 /", q, and P, =37_,p,. The terms of K (k) which are ob-
tained from this relation by taking on ensemble average of K, (k,k’) are diagrammatically shown in Fig. 15, where the
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solid lines show G(’f(k), the crosses the impurity sites with each site assigned with N;, and the dotted lines the electron-
impurity interaction U;(q)/V defined as

Ui(r)=-1;2 U:(qlexp(jqr) . (A3)

The upper line and the lower line in Fig. 15 come from the factors [}, [GE (k)I“(q#)] and [[’=,[GR()T(p,)], re-
spectively, in Eq. (A2). As shown in the figure, the impurity sites are classified into three groups. In one group denoted
b =1, each impurity site is connected to both the upper solid line and the lower solid line via the interaction lines. In
the other groups, b =2 or b =3, each impurity site is connected either to the upper solid line or to the lower solid line,
respectively. We write the number of the impurity sites in a group b as a, (b =1,2,3).

The calculation is quite similar to that for the two-particle Green’s function in the BB approach. Let us define

Ui(pv)
V

n

ﬁi(qy,)

% ; (A4)

H(Q,,P,)=A(Q,+P,) J]
p=1

v=1

especially for n =0 as an example we define H(Q,,,0)=A(Q,, )[I/~, [T, (g,)/V]. Then the diagram in Fig. 15 gives a
term for K (k) as

S(M,N)=[G§(k)M+N+2 3 A(Q+P)O,(k—P) H (N;)® HH(Qbmb P, ) | 5 (AS)
(q)(p) c=1
where Q,,,,, (Pbm ) is the sum of g’s (p’s) with the number of q’s (p’s) being m,, (n,.) for the interaction lines connect-

ed to the 1mpur1ty site ¢ in the group b, Q (P) is the sum of all @’s (p’s), 3(q)p) Means the summation over all q’s and
p’s, M (N) represents all m;,.’s (n,.’s), and M (N) is the sum of all m,’s (n,,’ s) Espemally we have m,;, =0 and n,, =0
together with P,,=0 and Q;,=0. With the use of Eq. (A4),

_1 .
A(q)——-V:fdrexp(jq'r) s (A6)
m U(qy)
fdl'[ umi*=v 3 Alqtq+ - +q,) ] ’ an
419 """ 9, p=1
and
AQ+P)0, (k—P)=- [ drexp(jQT)0,(k+jV)exp(jP-r) (A8)
we obtain after some manipulation
d 3 a &
S(M,N)=[GEK) [ dp,(p,) [ dp,8(p,)0, k+]a n (n)™ [ Dr, T (up)" (wp,)"" (A9)
b=1 c=1

under the definition of u,, =G&(k)U,(r, +p,) for b=1 and 2, u;, =1, v,, =G (k)U,(r,, +p,) for b=1 and 3, and
vy, = 1; n; is the impurity concentration N; /V and we define :Drab =TI, dr,,. We take u 3¢ =VUy. =1 in view of the fact
that we have no corresponding diagrams in Fig. 15.

Defining K-l(k) by
—r R \i2 .0 |z
K, (x)=[GE®)P [dp,d(p,) [ dp,5(p,)0, k+,gp— ]Kl(k) ) (A10)
2
we have
_ ©  (n;)"
E,(x)=T] 2 2 P(M,M) 2 P(N,N) [ Dr,, 11 ()" (0p )™ | (A11)
b=1 = b
where
3 %
P(M,M)=M!/ I 11 m,,c!] (A12)
b=1c=1

and 3} means the summation over all m,,’s under the restriction m,, > 1; these situations are the same for P(N,N)
and Y. Itis easy to see that
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M! @

2 P(M,M) I[ I[ (upe) =3 WE P(M,M,)3'P(M,,M,) H T (up)™ (A13)
b=1c=1 M +M,=M 2° M, b=1c=1

where M;=(m;,my,, . .. ’ml"z)’ M,=2‘,c’=1m1c, and Z'MI means the summation over m;’s for a given M; under
m;. > 1. We make use of the relation?® for M, with / =1 and 2

a—1 )
S P(M;,M;) 11 ()" =3 (—VF3 (u, +u, + - +u, ), (A14)
M, p=0 (m 2 am
where M, (ml,mz, ceomg), My=30_m,,a=a; (I=1 or 2), each u, (x=1,2,...,a —u) takes some one out of

ug’s (B=1,2,...,a), and 3, means the summation over all possible choices of u, ’s out of ug’s under the restriction
that u n, with smaller a is equal to ug with smaller 8. It should be noted that the right-hand side of Eq. (A14) is zero if
we hypothetically take M, in the range 1 <M, <a —1. Therefore, M, (I =1,2) in Eq. (A13) is allowed, after the substi-

tution of Eq. (A14) into Eq. (A13), to be in the range M, > 1 although actually Eq. (A13) makes sense only in the range
M;>a. Asaresult, M and N in Eq. (A11) are in the range M =2 and N = 2. After some manipulation we obtain

3 a;—1 a,—1 a;—1 az;—1

o0 o0
= I I v
K = —_ 1 2 1 _
(=TT ab2222(1)2<1)2(1)2(1)
b=1 a—O M=2N=2(m)n)p,=0 #y=0 v, =0 V3=
4 ) M ! M L) M
2 ul,ma+ 2 uZml7 2 ulma 2 u2m0
o=1 o=1 o=1 o=1
a4 37 Hy N 9" N a3~ V3 N

’ (A15)

-
2 vlna+ 2 U3na 2 vlna z l)3n‘7
o=1 o=1 o=1 o=1

where 3(,,),) means the summation over all possible ways of choosing u., (0=1,2,...,a.—pu;) and v,
a o

(0=1,2,...,a.,—v,). We have no summations over u; and v; corresponding to the fact that we have no diagrams giv-
ing u,, and v,, in Fig. 15.

In Eq. (A15) the summation over M and N in the range M 22 and N =2 can be extended to that in the range M = 1
and N > 1 because the terms for M =1 and/or N =1 are absolutely zero. With the use of the relation

1 1 ® js
=——— | dsex (1—u) (A16)
1—u jG{;(k)fo P1GRK)
where u =G &(k)U with U as a real quantity, we obtain after performing the summation over M and N
£ (k) 1 23
K(k)= |—5—
1 JG§ (k) a=0 9’ % (mz)('n)
a;—1 a,—1 a;—1
X > (=1 2 (-2 S (=) 2 (-1 f dslf ds,exp —af]—(—g(s1+s2)l
#1=0 1y=0 v, =0 0
X{[(F“——l)(Flz—l)—l][(le~1)(F23—1)—1]——1} ) (A17)
where
Jsg G e )
F,,=ex u (b=12),
16— EXP G{,‘(k) El bm,
(A18)
Fy,=ex (b=1,3).
2= €XP Go( 2 l
The suffix b in F,, and F,, indicates that the integration variables r,. (c=1,2,...,a;) for the integral

f Z)rab :H:b=1 f dr,, are contained in F;, and F,,. Thus F,, and F,; are linked in the sense that both are subject to
the common integration, while F,, and F,; are not linked to any others. Noting this situation, Eq. (A17) is found to be

given in terms of the factors

o )ab a,—1
Hl(sb)= 2 o E 2 (-—l)m’fi)r [Fﬁb(ab ”b)—l] (A19)

a, =0 b' (m) py, =0
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with =1 and 2, and
o (ni)al a;—1 u a;—1 Y
H2(S1,S2): 2 ) 2 2 (_1) 1 2 (—l)lfﬂral[F“(al—'[J/I)_I][FZI(al'—"V‘)_I], (A20)
a,=0 1 (m)n)p,=0 v, =0

where F,, and F,, are expressed as functions of a, —u, and a, —v,, respectively, noting Eq. (A18). Actually H,(s,) is
independent of p; and H,(s,,s,) depends on p, and p,. We find

H,(s)=exp[n;Vh,(s)] (A21)
with
=1 .
hl(s)——[7fdr{exp[——st,-(r)]—1} . (A22)
As for H,(sy,s,), after slight modification as
) (nl.)al P Y
Hy(s1,5)= 3 — 3 2 (—1) z ~1" [ Dr, Fy(u)Fy(vy) (A23)
a,=0 o (m)n) =1 =

we obtain

@y ayTmpayTmy

Hysps)=3 0™ S S L

my=0 my=0 my=0 Milmylmsla;—m,—m;—mj)

X[hy(s1,5)+ 1] [—h(s))— 11" [ —h,(s,)—1]"2 (A24)
under a; —m;—m,—m; =0, where
hy(sy,s, )=——1I;fdr{exp[ —jUi(r+py)s, —jU(r+py)s,]—1} . (A25)
The summation over m, m,, and m; is easily performed one by one, starting from that over m;. We obtain
Hy(sy,5,)=exp{n;V[hy(sy,55)—hy(s)—h(s))]} . (A26)
Equation (A17) is calculated with the use of Egs. (A21), (A22), (A25), and (A26). The quantity in the curly brackets of
Eq. (A17) is given by (F;; —1)}(F,—1)(F,; —1)(F,3—1) neglecting the residual terms which vanish in the limit of

V—co because of a factor exp(—n;¥V) involved. Then, Eq. (A17) is found to contain a factor
H, (s )H (sy)H,(s,,8,)=exp[n;Vh,(s,,s,)]. We obtain

(’;k) ] f slf ds,exp

K (k)= (sy+sy)+n;Vh,(sy,s,) (A27)

_J
G&(k)

This equation indicates that only the linked diagrams as in the case of b =1 in Fig. 15 contributes to K, (k). We finally
obtain

0

K,(k)zj—2fdpla<p1)fdp25(p2)fo°°ds1fo"’ ds,exp (s,+5,) |0, k+j5;2—

1
GR(k)

Xexp |n; [ dr{exp[ —jU;(r+p,)s; —jU,(r+py)s;1—1} (A28)

Now we extend the calculation for n =1 given above to that for K,(k) and further to that for K, (k) with n > 3. Let
us start with

=]

K,(k,k")=[G&( k)]31 S 2 2 fdrexp[ —j(k—k)-r][G§(kT(1)]'0,(k+jV)
I Om=0n=0

X[G§(KI(r)]"0,(k+,;V)[GEK)I(D)]", (A29)

which is obtained from Eq. (2.13). Equation (A29) is rewritten as
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———— U(Q)/v © === o
Gz( k) JL -— U@sv
@ o M
VAN l,' //' be
\\ // \\ “ | // @\ @
\V oy . %
\/ W/ We=2e=@ ¥ #
v, y
i ®
7y A
/| \ / |\ -
/ i\ /7 b=2 b=3 b=4
// 1\ /I : \\
[ =
1/ | \ l/ I \\ Cl}-# ®==X ®==X
b=1 b=2 b=3 b=5 b=6 b=7
FIG. 15. Diagrams representing the terms for the electron- FIG. 16. Diagrams representing the terms for the electron-

impurity interaction in K,(k), where the solid lines show  impurity interaction in K,(k), where the circles show G&(k),
G{§(k), the crosses the impurity sites with each site assigned  the crosses the impurity sites with each site assigned with N,
with N;, and the dotted lines the electron-impurity interaction  and the double-dotted lines bunches of the interaction lines
U;(q)/V with various q’s. U,(q)/V with various g’s.

Ms
Ms

2 2 =

091d; " q PPy P ity L,

I
Il

K,(kk)=[GRK)] 3
. 1=0

m=0n

XA(Q,+P,, +T,+k—k')0,(k—P, —T,)0,(k—T,)

1 m n
X I1 [G§ (T (q] IT [G§ ()T (p,)] IT [G&(K)T(t,)], (A30)

A=1 u=1 v=1

where Q;, P,,,, T,, q,, p,, and t, are the wave vectors with Q=3i-1qn P, =3/=1Ppand T,=37_,t,. The terms
of K,(k) which are obtained from this relation by taking an ensemble average of K,(k,k’) are schematically shown in
Fig. 16. Here we have three solid lines of G{f(k)’s called L line, M line, and N line, which come from the factors
ITi=1[G§(KT(q)], TI7=[G§(K)T(p,)], and [17-,[G§(k)T(q,)], respectively. Those lines are represented by L,
M, and N, respectively, in Fig. 16. The double-dotted lines represent bunches of the integration lines U;(q) /¥, through
which the solid lines are connected to each other through the crosses representing the impurity sites assigned with N;.
For the group denoted b =1, each impurity site is connected to three lines L, M, and N. For the groups b =2, 3, and 4,
each impurity site is connected to two solid lines chosen out of the three lines. For groups b =35, 6, and 7, the three
lines are mutually independent.
As an extension of Eq. (A4) we define

! Ut(qk) ” ﬁl(pp) n —i(tv)
H(Q,P,,T)=AQ;+P,+T)HII |—— | I1 (A31)
A=1 4 p=1 v v=1 v
Then the diagrams in Fig. 16 give a term of K, (k) analogously to Eq. (A5) as
S(LM,N)=[GR(K)[*TM*N+3 5 A(Q+P+T)0,(k—P—T)0,(k—T)
(@)(p)t)
7 a
XTI (V) T H(Quy s Pom, s Ten,.) (a32)
b=1 c=1

under the definition of L,L,Q, and some others similar to that given just below Eq. (A5). In a way analogous to the
process from Eq. (A6) to (A16), we obtain

K,(0=[GE®)T [dpd(p)) [ dp.8(p,) [ dp:d(p3)O, ‘k+j5%— +j% ]o,,
2 3

k+j52—3 ]1?2(10 (A33)

with
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3 a4
1 7 @ (ni)
Ky)(k)= |—%— Dr,
? JGg(k)] bl_=Il a',72=o ay! / | mm
a,—1 N a,—1 a,—1 Y
XTSI |3 0|0 |3 -
bEL [A,=0 bEM |p,=0 bEN |v,=0
X [ “ds, [ “ds, [ “dsse ——L(s +s,+s53)
fo lfo zfo 3¢Xp GR(k) 1 T8 TS3
bEL beM bEN
where
Jsi a”ih” (b
F,,=exp u eL),
16 GERk) 2= bl
jsy el
Fp=exp|—%— 3 Upm (beEM), (A35)
2 GRk) ;= e
i L)
F;,=exp P > w, (bEN)
b >
? Gk =

with u,, =GE(K)U;(ry. +p1); Ve =GR(K)U, (1, +p,), and w,, =GE(K)U,(r,, +p3); (1), (m), and (n) in Eq. (A34) refer
tol,, m,, and n,, respectively, in Eq. (A35). In Egs. (A34) and (A35), b €L (M or N) means that b runs over the dia-
grams in Fig. 16, containing L (M or N) line, i.e., b =1,3,4,5 for b€EL, b =1,2,4,6 for bEM, and b =1,2,3,7 for
bEN. Thus, referring to Fig. 16, the rule for obtaining Eq. (A34) is evident and the extension to a general case of
K, (k) is straightforward.

Equation (A34) is given in terms of H, as in Eq. (A19), H, as in Eq. (A20), and

(n;)

al!

a - —_ —
1 a;—la;—la,

1 ,
2 2 f:Z)ral[Fn(al_7‘1)'“1][F21(‘11‘“P1)“1][F31(‘11_V1)_1] ,  (A36)

(D(m)(m) A;=0 p; =0 v, =0

Hy(s1,85,83)= 3

a; =0

where F,, F,,, and F3, are expressed as functions of a, —A,, @, —u,, and a, —v,, respectively, noting Eq. (A7).
Analogously to the case of H,, we find

© 7 a;
1 1
Hy(s1,5,50=3 w1 | = : .
a;=0 b=1 |my=0 Ms* | | S m, |t
1 b |
b=1

beL bEN

X far= 3, m |4 [al—bgmb e 2, m |

X [hs(s1,55,53)+ 11" [—hy(s5,53) =112 [ = hy(s3,5.) =11 [ —h,(s;,5,)—1]"*

X[hy(s)+117" R (s))+1]7 (R (s5)+1177 (A37)
where {(x)=1 and x 20 and {(x)=0 otherwise, and
3
h3(s1,s2,s3)=—-1‘;fdr exp |—j 3 Uir+p)ls, ~1] . (A38)
I=1
Equation (A37) becomes
Hy(sy,8,,53)=exp{n;V[hj;(s,,55,53)—h,(5,,53)—h,(53,5)—hy(sy,8,)—h(s))—h(s,)—h,(s5)]} . (A39)

Now we neglect the terms in Eq. (A34) which vanish in the limit of ¥— c due to the factor exp(—n, V) involved.
Then the quantity in the large square brackets of Eq. (A34) is given as the product of four (F, —1)’s with b € L times
the product of four (F,, —1)’s with b €M times the product of four (F3, —1)’s with b € N. This situation is similar for
a general case of K,(k); we construct the product of (F;,—1) with all b’s allowable for a given solid line i
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(=1,2,...,n) and then obtain the product of all those products. Equation (A34) is found to contain the product of the
factors, i.e.,

H3(SI,SZ,S3 )Hz(Sz,s:; )Hz(Sa,Sl )H2(SI,S2 )Hl(sl )HI(SZ )HI(S3) . (A40)

Each factor comes from one of the diagrams in Fig. 16 and the factors are placed from the left to the right in the in-
creasing order of b for the corresponding diagrams. Note that we have s, s,, and s; correspondingly to the L, M, and
N lines, respectively. From Eq. (A40) we obtain

3
—_ 1 © © ) !
K,(k)= |——— d d ds;ex (sy+s,+s3)+nVhy(s{,5,,83) | . (A41)
2( jGOR(k)]fO Slfo Szfo 3€Xp GR(k) 1T i¥n3(sy,8; 3]
As a result we have
Kz(k)=j_3fomds1fowdszfowds3exp ?l(—l;-)-(s1+s2+s3) Jdpdip)) [ dpd(py) [ dpsdips)
0
x0, |k+j=2-+j=2- |0, |k+j= |exp n; [ dr |exp ——ji Ur+p,) [—1 (A42)
g 9p, aps | * 9p; ' = ! )

On the basis of the discussions given for K (k) and K,(k), we can obtain K, (k) easily. As an extension of Eq. (A33),
we start with

n+1 n+1 n+1 _
K, () =[GET* [ dp,s(p) TI [fdp15(p1)] I1 |0 [k+) 3 5 JK,,(k). (A43)
1=2 1=2 m =1 m

In the diagrams for K, (k) as in Figs. 15 and 16, there are n + 1 solid lines, for which we consider all possible combina-
tions of various number of the solid lines connected to one impurity site by the interaction lines. For the moment we do
not consider the number of the interaction lines, as in Fig. 16. Then we have (",7!) ways of connecting m solid lines (in-
cluding m =1 as in the case of b =5, 6, and 7 in Fig. 16). The number of all those ways, i.e., the groups b’s, is

n+1
m

n+1

=2"tl—1=p_, . (A44)

m=1

On the other hand, we have (},) ways of finding m solid lines connected to a given solid line, so that the number of all
those ways is

b

m
m =0

including %lso the case where the given solid line is unconnected. In place of four in Eq. (A34), we have 2" factors
3, (—1)"™(F,—1) for a given solid line / (1</<n+1) and for such various groups b (1<b <b,,,) as contain the
solid line /. Neglecting the terms which vanish in the limit of ¥ — « due to the factor exp( —n;¥) involved, we obtain

max

_ B 1 n+1b .. © (n )“b n+1 - Ay
where P, represents the product of m factors and we define
js; @ w
Fy, =exp Gk =, Upe (A46)

with u}, =GR (k)U,(r,, +p,); () in Eq. (A45) refers to ¢, in Eq. (4.18) meaning all possible choices of ¢,’s. Then K, (k)
is given in terms of the factors

o (n;)" n+1 A
H, (51,81, 55 )= 3 =11 =3 |[ D, |Pn S (—D"F,—1 |, (A47)
a,=0 @' =1 |(c)a, A

where b denotes the group of the connected m solid lines /,,/,, . . ., I, picked out of the n +1 solid lines. Defining
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1 m
hm(sll,s,z,...,s,m)=—V-fdr exp |—j S Uir+py)s;e | =11, (A48)
o=1
we find
m m
Hm(sll,s,z,...,s,m)=exp V| (—1)ym~! ! h; , (A49)
I=1

where h; is a symbolic expression for the function defined by Eq. (A48); (]")h; means simply that the number of 4,’s is
(7") with all ;’s being different.
As in Eq. (A40), K, (k) contains the product of the factors as

n+1 (n+1y
Im )", (AS0)
m=1

which is also a symbolical expression meaning simply that the number of H,,’s for a given m is (%,*!) with all H,,’s be-
ing different. Use of Eq. (A49) in Eq. (A50) gives a form of exp(n; VS) with

n+1 |ln+1|m m
S=3 |, |Z =0Tk
m=1 =1
:hn+l' (A51)

As a result we obtain

n-+1 .
K, (k)= Pds, [“dsy - [ "ds, exp | —L—(s;+s,+ - + wt1)
G(I)I(k) f() lfo 2 fO +1€Xp Gg(k) 1 2 Sn+1
+n;Vh, (51,80, - .58, 41) | 5 (A52)

from which K, (k) is obtained. With a slight change of notation we have Eq. (2.17).

APPENDIX B: APPROXIMATIONS YIELDING from a numerical result for anisotropic mass.
TRACTABLE G*(k) Now we pick up typical terms in K, (k) by defining
We put expression (2.14) under Egs. (2.16) and (2.17) 7 n 2
for the one-particle Green’s function into a more tract- P (r)=—j IVU,.(r)I2 > s
able but approximate form. Let us restrict the discussion 2m, I=m
hereafter to the case where U;(r) is spherically sym- 2 ) "
metric, so that we write U;(r) as U;(r). Then we replace + f VzUi(r)—jﬁ—k-VU,-(r) > s,
0, in Eq. (2.17) approximately with 2m, mg I=m
R R (B2)
O==5, " |2V Hi—k3V,, (B
c |1 mg 5 the operator J,(r) upon a function F(r) as
‘where k is in the new coordinate system; here we have _ . z
considered an average over all the directions. Strictly, jnF(r)—n,-f drexp _]Ui(r)1§OSI o B
Eq. (B1) is useful for K;(k) and for some factors in

K, (k). Approximate validity of using Eq. (B1) is found and S, by
J

exp [ni fdr

K, (0= I

“d
i fo s;exXp

exp

'—] E Ui(r)sm l_l
m =0

—(—;?{;T)sl ]Sn . (B4)
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The problem is now to examine S, by noting the relation
fdrexp 1—j S U;(r)s; %exp[ —jU(r)s,,1=0. (B5)
I

First we have S;=1 and

S, =J,(r)P(r) . (B6)
Next we have
S, = [TH(r)P3(r)][T,(r)P}(r)]
+Ir)PA ()P () + - -+, (B7)

where the ellipsis represents residual terms.
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tegers between 1 and n without repeated choices of the
same number, and 2(m,) means the summation over all
possible ways; we define A(x)=1 for x =0 and A(x)=0
otherwise.

In order to proceed further, we define new variables
t, =3 7=, 5 for all integers m in the range 0<m <n.
Then K, (k) is given in terms of ¢,,’s. We obtain (using ¢
in place of ¢;)

_J

1 ro
K, (k)=— dt ex t
j Sy dtexp GR(k)

+n,-fdr{ exp[ —jU;(r)t]

For a typical form of U;(r) such as the Thomas-Fermi —1} |1, (B9)
screened Coulomb potential, the first term and the second nee
term in Eq. (B7) are finite and infinite, respectively. The where
infiniteness of the second term is related to the divergence . .
of U;(r) at r—0. On the other hand, the contribution of T,(ty)= f’dtl f ldtz ce f ”—'dtnsn (B10)
U,(r) at large values of r is larger to the first term than to oo T 0
the second term. The residual terms in Eq. (B7) such as Here, S, is given in terms of the integration operator
2
T (r)=J(r)=n; | d —jU(rt B11
7,05 lVU(r)I 515 H(D)=3(x)=n, [ dr exp[ —jU;(r)] B1D
and
are intermediate between the first and the second terms.
The situation in K,(k) is similar to that in K,(k) with  Pp(r)=-—
n =3, so that we pick up only the terms similar to the
first and the second terms in Eq. (B7). We obtain w” o, # ,
+ Y. v U,-(r)—]Tn——k~VU,'(r) t (B12)
n v F
zny(mzn[mum zm—n , ¢
v=11=1 (m,)p=1 From Eq. (B8) we obtain
n v
B8 T.(0=3 [I J IR, (rpry, ... 150, (B13)
where [P(ry)]m" is a symbolic expression for the product v=1Asl
of m, factors of P, (r,) with m picked out from the in- where
J
t tn
R, (r1p ... ,rv;t)=fotd11fold’z T fo dt > H [P” (r, )17A 2 m,—n (B14)
(m ),u 1
This equation is rewritten as
¢ 4 [ n v
Ry(ryy .. orgn)= [ldt, [ dey - [ 7 dt, I |3 Prix) (B15)
f
With the use of Eq. (B12) we find With the use of Egs. (B1), (B9), and (B12) we obtain
)= S " Rgy=L [ —J
Ry(rpry .. i) =20 | 3 Blrn) | (B16) GHik)== J Tdrexp sl
where we define +n; fdr{ exp[ —jU;(r)t]
B(r, z)——; |v Ur )12‘ 1} |71, ®B18)
where
+ —ﬁ——VZU,-(r =i v v | "
2m, * B mpg s LA ] © 1 = v v
TH=3 — X I1J(r) | | X B, (B19)
(B17) n=0 n v=1 [A=1 p=1
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with the abbreviation B, =B (r,,?); the term for n =0 in

the equation is unity.
The summation in Eq. (B19) is performed by rewriting
the equation as For the residual part in T'(t), we consider the case of
m;=n—m (20), my=m (=2), and m, (£=3)=0, ob-

An
1
o 1

TIMS

=exp4d . (B21)

4™y taining the second partial sum
T(t)“z E 2 H 7(1’ XB, )" ne—m m
n=0v=1(m,) my! = J(r,) E" zn" 4 (B,) =expA J(r)[ expB (r,1)
2 n=2m=2 (n —m)im! P P ’
S my—n|, (B20) —B(r,t)—1].
A=1
(B22)
where 4 =J(r)B,=J(r)B(r,t). We first consider the = For the rest of the sum we consider the case of
case of m;=n and m, (un=2)=0, obtaining the first par-  m,=n—m,—m; (20), m,;>2, m;>m,, and m,
tial sum in T°(2): (1= 4)=0, obtaining the third partial sum
J
© n n An—mz“m3(B2)mz(B3)’"3
I(ry)I(x3)
2 n§4m§__2m3§m2 (n —my—m3)m,lm;!
= = (B))"%B;)"
=expAJI(r)J(r;) 3 I —2—’3'——
my,=2my=m, myims:
1 P B;”Z © B;”} B my
A +
=y exp J(ry)J(r3) mz}iz o 2yl myl
—%epr {J(0)[expB (r,0)—B (r,1)—1]}? . 523

The last step is reached by neglecting the second term in the large parentheses in the second to last step. This is a crude
approximation adopted on the basis that in the large parentheses the first term is equal to or larger in magnitude than
the second term. In a similar way we obtain the m + 1th partial sum for m =3 as

Tnl—'—epr{j(r)[expB(r,t)—B(r,t)—l]}’" (B24)
using the approximation as in Eq. (B23). The sum of the terms in Egs. (B21)-(B24) gives
T(t)=exp{ A+ J(r)[expB (r,t)—B(r,t)—1]} . (B25)
The final form of GR(k) is
G&k):%fomdt exp Eﬁt +n; fdr{exp[ —jU;(r)t +B(r,1)]—1} ] , (B26)
where
2 72 7
B(r,H)=—j——"—|VU, + 2 U (r)—j—k-VU(r) | . B27
(r,2)= ]3 2 IV (r| 5 2mCV (r) ij VU:(r) (B27)
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