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The spin-resonance amplitude of conduction electrons in a cubic crystal has been calculated keep-
ing terms up to fourth order in the wave vector k in the 2 X2 effective-mass Hamiltonian. Apart
from corrections to the magnetic dipole amplitude, we find that the terms youp(o,Bo k2
+0,Bok}+0,By,k?) and g”png{o-k, By-k]} yield electric dipole amplitudes proportional to k-B.
While in the ordinary Voigt and cyclotron-resonance-active Faraday configurations only the ¥,
term is effective, in the cyclotron-resonance-inactive Faraday configuration both the y, and g"’
terms contribute. We have calculated the angular dependence of the y, amplitude for arbitrary
crystal orientations, the g’ amplitude being isotropic. In narrow-band-gap materials the admixture
of hole states into the electron eigenstates also contributes an isotropic electric dipole spin-flip am-
plitude proportional to k-By, which is distinct from those mentioned.

I. INTRODUCTION

In the presence of a magnetic field By=V X A, the
electrons in an orbitally nondegenerate band of a cubic
crystal in which the energy minimum occurs at the center
of the first Brillouin zone are described, in the lowest ap-
proximation, by the Hamiltonian

2
+38otpo By , (1

H,= p+§A0

2m*

where m* and g are the effective mass and g factor, re-
spectively. The eigenvalues of H are the Landau levels

7k
EP(kp)=to (n +1)+—= +gougBos )
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where w,=eB,/m*c is the cyclotron frequency, n is the
Landau principal quantum number (n =0,1,2, .. .), and
fik; and s are the eigenvalues of the components of p and
1o along the direction of B,. The corresponding eigen-
states can be written in the following factorized form,!

¢(n,nb,kg,s):¢,,,,b(27r)*“2exp(ik§§)xs , (3)

where ¢”"b refers to the orbital motion in the plane per-

1/2

pendicular to By, (277) ™ "/“exp(ik{) to the orbital motion

HA=800"K 5

along the direction of B, and Y, describes the spin state;
these eigenstates are highly degenerate with respect to
the quantum number n;, (n,=0,1,2, ...); since n, is im-
material for our purposes, from now on it will be ignored.

Here, we are mainly interested in the spin-flip reso-
nance at energy fio, =gougB, corresponding to transi-
tions in which the spin s is reversed while the principal
quantum number n remains unchanged.? The spin reso-
nance is electric dipole forbidden in the approximation of
Eq. (1), but becomes allowed and is called electric dipole
spin resonance (EDSR) when either higher-order terms
are included in H, or the mixing of states from nearby
bands into the electron eigenstates is taken into account.
Even though these two corrections are due to the same
physical reason, i.e., the interaction with other bands,
they are quite distinct, as will be shown later. Of course,
it is also possible to resort to a multiband approach in
which conduction and valence bands are treated on the
same footing. However, the latter theoretical framework
always requires a good deal of numerical calculations and
is often not very transparent. Therefore, as long as only
intraband transitions are of interest, a reduction to a
single-band scheme, which allows one to perform analyti-
cal calculations, is desirable.

Including terms up to fourth order in the wave vector
k [#ik=p+(e/c) Agy), the 2 X2 electron Hamiltonian is**

H=H,+H,+H., @

where H, is given by Eq. (1) and

(5)

He= 50k4+ao( {kf:kyz} + {k)127k22} + [kzz,kf} H‘ﬁoﬂ%B(z)+8'HBU'Bok2+g”#B{U'k’ Byk}

+7/0/"B(UxBOxk§+ayB0yk)12+azBOZkzz) 5
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the curly brackets represent the quantum-mechanical an-
ticommutator. Here, the operators ,, k,,, and «, are

Ky =k, k. k,—k kK,
K, =k k,k, —kk,k (6)

xNyPx
K, =k k, k., —k,kk, ,
and the parameters &, €,, @, By, &', &'’, and y, are ma-
terial constants which can either be taken from experi-
ments or calculated within k-p perturbation models of
various degrees of sophistication.* ¢ We note that H , is
odd under inversion, while H is even; the latter has O,
point-group symmetry, while the former only 7; symme-
try, which is appropriate for binary compounds such as
InSb and GaAs. In first-order perturbation theory’ it is
easy to see how H , and H bring about electric dipole
spin-flip transition matrix elements because of the pres-
ence of the spin-orbit—coupling terms proportional to §,,
g"”, and y,.® While the term in 8,, which is odd, gives an
even, effective, electric-dipole operator that can induce
spin-flip transitions between eigenstates of H, with
k=0, the terms in g’ and v, give an odd electric dipole
operator that can induce spin-flip transitions only be-
tween eigenstates with k;sﬁo, which do not have a
definite parity. Furthermore, the terms in g’, g"’, and v,
modify the g tensor and thus both the spin-resonance en-
ergy fio, and the magnetic dipole transition matrix ele-
ment. The EDSR amplitude induced by H , and H and
the complete magnetic dipole amplitude are calculated in
Sec. II.

An additional contribution to the electric dipole spin
resonance, as we said, comes not from complications of
the conduction-band dispersion relation, but from the ad-
mixture of, say, hole wave functions into the conduction-
electron eigenstates. This effect, which can be important
in narrow-band-gap materials, is discussed in Sec. III on
the basis of a very simple three-band model for InSb.° As
this model calculation neglects inversion symmetry-
breaking terms (they are, in this context, a second-order
effect), the resulting transition amplitude is proportional
to kg, just as that caused by Hc. Finally, in Sec. IV, we
give a few numerical estimates for InSb and GaAs.

II. ELECTRON-SPIN-RESONANCE AMPLITUDE

In the present section,!® we give the spin-flip

transition-matrix elements for arbitrary experimental
configurations. H , and H are treated as perturbations
to H,; the perturbed eigenstates are expressed as

[,y =e®v) , (7)

here |v)= In,k;,s ) are the eigenstates of H, and the
Hermitian operator S is such that e “He S is diagonal in
the unperturbed representation, i.e.,

e SHeS|lvY=EW)|v) , (8)

where the symbols E (v) represent the perturbed energies.
To first order in H , and H, S is given by!!

S~S,+S¢, )
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with
H, +i[H;, S,]1=0, (10)
and
Hq+i[H,, Sc]1=0, (11)

where the square brackets denote commutators. Under
the action of a radiation field described as a plane wave of
frequency , polarization € and wave vector
q=\/_e(a)/ ¢)i (e is the dielectric constant), the transition
amplitude is proportional to

M, =P, |VIy,) =V |V +i[V,S]lv) , (12)
with
V=1{8-v,eld7} + iia:\/é[(ﬁx’é)-g-a,eiq"} . a3

where the g tensor is defined by

OH _, .
3B, 1Bg 0 (14)

and the velocity operator v=(1/i#)[r,H] is the sum of
three terms v, v, and v corresponding to each of the
three parts of the Hamiltonian H,, H 4, and H.. Disre-
garding the spatial dependence of the incoming radiation,
the first term in Eq. (13) gives the electric dipole ampli-
tude, while the second gives the magnetic dipole ampli-
tude.

To calculate transition matrix elements, the expres-
sions of H 4 and H. with respect to the &,7,§ axes ({||B)
are needed, H, being isotropicA. TQ obtain these we use
the Euler angles of the triad (&,%),£) with respect to the
cubic axes (X,¥,Z). The Euler angles are defined as fol-
lows.

(i) a is the angle between § and the line of nodes Z X z.

(ii) B is the angle formed by Z and €.

(iii) v is the angle between the (£,£) and (&,z) planes.
Clearly, 0=a <27, 0=<B=m,and 0=y <2m.

For any vector u,

u;= 3 uR, (15)

where [ =x,y,z, k=+,—,&, and
Uy =ugtiu, . (16)
The coefficients R;, are given by
R, . =R}_=1le"(cosacosB+isina) ,
R, =cosasinf ,
R, ;=R}_=le(sinacosf—icosa) , (17)
R, =sina sinf3 ,
R, ,=R}_=—1le'sinB,
R, ,=cosB .
The form of H , is
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H, =18, 3 o, lky, k,k,}(kA;uv), (18) F3:%e3i”[cos(2a)sin(23)+isin(2a)sinB(1+coszﬁ)] ,
KAl v
(23)
as

where the symbols (kA;uv) are given by
H =180, +i0,)Q+ 180, —~io, )0 +800,0,, (24)
(K}\. [J/V)— kzlekUR KR,}\RJ# jv (19) where

= (ki k% +k2k, —8k_k})F,
and g;; is the Levi-Civita rank-3 completely antisym-

metric tensor density. H , is conveniently expressed in +203k k_k +3k_k k., —4k z )F,
terms of the four functions 2k k_k, —4k+k§ F, +2k2+k§F3
Fo=— %sin( 2a)sin(2B)sing (20) —10k2 k F} —2k* F} 25)
F,=1Le"[cos(2a)sin(2B)+i sin(2a)sinB (3cos’B—1)] , and
, 2 2 13 '
F2=%e2’7[2005(2a)cos(2ﬁ) +4k+kg)F1+4k+k§F2 k+F3]+H.C. (26)
+i sin(2a)cosfB (3cos?B—1)] , (227  The terms proportional to &, &, Bo, and g do not con-
tribute to the spin-flip amplitude. The remaining terms
and of H are
J
g”/.LB {0"1{, Bo‘k] :zg'lﬂBBokg[ogkg+-§—(0§+i0‘7’)k__ +%(0§'—i07,)k+ ] 27)
and
YoM EBOIU k _7OILBBO 2 a‘rkyksz §R rRlu iv * \ (28)
T,V
The tensor g is given by
g=(go+2g'k*)1+2g"{k,k} +2y(RRkZ+Y§k +22k2) , (29)
which contains an anisotropic part proportional to y,, namely
27/02 kRE =2y, 3 kpk ’fv?sz,kR,#R vRip - (30)

A, v,p

While in the magnetic dipole amplitude different combinations of the components of g might be involved, depending on
the experimental configuration, the spin-resonance frequency w,, depending only on g, is'?

fiw :/.LBBol(n,k§|g§§|n,k§)| =upBo |80 t2g’ +4g”k§

—kl—z(zn +1)+k
0

+2y0 |25 (2n +1) S R, R, _RL+k1 3 RL 1)
0 i :

where |n,k g) represents the orbital part of the Landau eigenstate; the absolute value is needed for materials with a neg-
ative g factor (like InSb and GaAs). :

We now proceed to evaluate the spin-resonance amplitude M vy in both the Voigt and Faraday configurations for ar-
bitrary crystal orientations. In the Voigt configurations, taking A= 17, we can neglect the spatial dependence of the in-
cident radiation field e 97 and consider as initial and final states |n, k o7 1) and |n, k;, -1 ), respectively. In the ordinary
Voigt (OV) configuration s—§ and

v  ~»
V=v0§+vAg+vC§+m\/e§-g-a ; (32)
we have
1 | ik 1
<n,k;,—%|vog|n,kg,%>:<n,k§,"5 *"mtf* ",kgE):O, (33)
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_ 1|1 9H, 1\_ % aat 248, 292
(n,kga_%lvAgln’kgy%)‘—<n,k§’—E ; akg n,k;, 2>—?<n)k§ a—k; n, §> ﬁR%( +%_k§R0)FT ’ (34)
and
_ 1|1 0Hc 1\ _ YosBo 3
<n,k§,_%lvcgln,k;,%>_<n,k§,_5 % ok, ,k§,5>——r4k§§Ri§Ri_ , (35)
Then, as S is already of first order in H , and H., we have
(nke, =3IV, Slin ke, 2 =~{n,kg, — Lli[vgg, S]ln,kg,%)=—’;-*—(k§—k§)<n,k§,—{-lSIn,k;,%)=O . (36)
Finally, the magnetic dipole term is
1| ifiw ifio  ~ 22, A
<n ke, — > | am \/Eg‘g o |n kg, >=4mc\/e(n,kglg-g‘(g—i-tn)ln,kg)
ifiw ’ ” ”
=4mc\/2(n,k§[go+2g k*+2g"kek  +2g"k kg
+4702k,ukvz(Ri++Ri~)Ri4 iw zv|nk )
", v i
= ;’ﬁn“’ Vegoy(nke) , 37)
where
(n k)= go+28(2n +1+k3R3)+2E (0 + 1)+ 4y k2 2
8ovin, ¢ 8o R2(2n + 5R0)+ R2 (n 7) 47/0 §2(Ri++Ri*)Ri~Ri§
‘ 0 0 i
+——(2n +1)§‘, R,,+R,_)R, ,R%: (38)
Hence, for the OV configuration, we obtain
My, =~ {n ke, — LV +i[V, SDin kg, +1)
1280 ﬁk;’yo o ~
~ 2 (2n+1-—2k§R )FT + —gr;———ZR,_R +4mc\/egov(n,k§), (39)
In the extraordinary Voigt (EV) configuration, with i=4% and ’€:/§\, we have
ifio  ~»
=voe e F Ve~ Vel g 40
vV U0§ UAé' ch 4me Egg o ( )
and
#ik
Rl S 1\ _
(n,k;,—%|v0§|n,k§,%> <n ké” m* n,kg,?>—0 y (41)
1 90H , 1
<n,k§',’——|UA§|n ké—,'z—) < kg,”‘ '% aké. n,k;,;)
_ 1|1 |9H, dH, 1
_<n,k§, ak+ ak_ n,kg, 2>
8o an' | aa'
=—(n,k +—Ink
7 <" ok, ok ™ >
43, S
= S (F§ +F3)(2n +1—-2k:Rj) , (42)

and
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_ 111 ch dH¢ 1
<n,k§,—%lvcg|n,k§,+%)—-<n,k;, ~ ﬁ ak+ ak~ n,k;,;)
2g"ugB 4yaupB
= ; O oo+ d;” Ok§2R,-2§R,-_(R,-++R,-_). 43)
Then, we have
(kg — iV, STk ) = (m k=L i [k, 8] koo
n, & 71 ’ n, ;,7—n, & 21 *[5,]n, §’2
=it S Uk —Llkell k=) Lk, —LISIn kL)
_lm* 2 n, & ZIREIHRES 7 sy 2 n, &7
I=nzl
-'(n,kg,'—%lsll,kg,%)<I,k§,';—|k§1n,k§,%>) ’ (44)
with
(n +1,k§,—%|S|n,k§,%)=g(—+—w(n +1,kg, —L(H +HC) n kg, L)
—4vV2vVin +1 LB Bok "
and
—4V2Vn .UBBokg
(n—l,k;,——HSln,kg,%):(wc__ms)Ro ﬁRo(n —2kGR{IFI +———7, SRR} (46)
Therefore,
—4% 1 8oF g ppBok ,
(nkg,—LliV, S1in kg, L) = Rl | oto ﬁR2(2n+l——2k§R§)+—Bhu [-;—g +y02Ri2Ri+Ri_]
s 1
1 OFZ 2p2 I'I‘BBOkg 2p2
o —o, ﬁR0(2n+l 2k;R0)+——7——702R,~§R,~, 47)
Finally, the magnetic dipole amplitude is
it
_4m€0 Veln, kgl_[;g (§+z1])|nk )——z \/e4yo<n k;’Eklk ZR,,LR R,-;R,-_ln,k§>
'  fiw 22n +1)
=—i—Vedy, ————————ER,_R,JrR +k2 ER, R;_
4mc 2 it &
= fn“; Veggy(nk;) . (48)
Hence, in the EV configuration, we obtain
M, ~(nky,—L(V+i[V, SDIn, ke, +1)
2g"ugB 4 B
~ —2(F§ +F§)(2n +1—2k}R})+ g :B Skt y(,;;,g “ke 3 RER; (R, +R,_)
0 i
1 8oF 122 okg
—4 2 —2k?2 22T (14 2R. . R.
[ T o, /o, mag( n+1 2k§R )+ 7 1g yozi‘,R,gR,+R,_]
1 8oF 3 #BBokg ifio .~
o, /o, | #R2 (2n +1—2k§R3)+——h—yozRE§R,?_ —4mc\/egEV(n,k§). (49)

In the Faraday configurations (F )i= 2, we must keep the spatial dependence of the incident radiation field e and
consider as initial and final states |m,k §,~) and |nk cta,—3 ), respectively. In the F, configurations
E=(1/V2) gim) and
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1 % Vel (F+in i
—z—ﬁ{vi,e’qg} 8\/;mc Ve{(§tif)-g o, )=V, .
We have to calculate

M3, =(nketq,— LV +i[Vy, SDinkg,t) .

Now,
(mke+g,—5|Viln kg L) = 2 75 \mketa —lvslnketg, Y5 5 (mkg, —3losln kg 3
ﬁa)\/e (n k +q|(§im)g (E+ifnk.+q)
81/2 ¢ ¢
ﬁw\/e 2 A 2
8\/2m ——A(n ,k;[(gizn)g (§+z11)|n,kg) ;

For the velocity matrix elements, we have

(n,kg, —%|Ui1n,k§,%>_=<n,k§, ‘—%|U0i +UAi+UCiIn,k§,%>

T (T LR
A\ 8 2 0dky  oks |7 02)
where
2 1 |9H , 1\ _ N
O 2KEROIFE
2 1 |9H, 1 202k
ﬁ<n’k§’ 2 ak+ n; 4‘}2) 2k§Ro)F0 >
2 1 |9H¢ 1 _SVouBBo R2
h(n,kg, R n,k;, 2>‘— k ER l§ ’
and
2 1 |9H¢ 1\ _48"upBg 8vatsBo
'g(f'l,ké‘,_z ak+ n,k§,3>—— ﬁ k§+ ﬁ kng +R,__R,§

For the magnetic dipole contributions, we set

2(2n +1

0

gp+(n,k§)5% gl §+117 §+11;)|n k;) 4y, 2R,_R,++k ZR

and

g,.:(n,k;)z%(n,k;|(E—iﬁ)~§~(g+iﬁ)|n,k§)

2n +1 ., 2n +1 2(2n +1)
=go+2g’ [ki+ +2¢g =2 +4y, z2 SRR} +k} 2R,+R,AR,§
o 0 0 i
For the terms involving S, we get, to first order,
(n,ke+q,—Li[Vy,Slnk ,i>2<n,k +q,-—l —={vos, €%}, S| |n,k ,—1—>
»Re ’ 2 +> yR g7 I 2 21/2 4 2

= m*‘/‘_z (l’l,k;‘f‘q,—-%-l[e qgk:ty S]1n1k§,%>

i#i
=mi‘/_2_ :E+I((n,k€|kiim,k€>(m,k§,—‘%’S|n,k§,%>

Finally, combining Eqgs. (45), (46), and (50)—(60), for the F configuration, we obtain

[

(50)

(51)

(52)

(53)

(56)

(57)

(58)

(59)

(60)
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(nketq,— (Vi +i[Vy, SDIn ke, 1) = i‘%—%” 2n +1—[(ky+q)*+kZIRG
- l—wls/coc [2n +1—2(n + 1)k +)*R3 +2nk2R3]
+i‘i”ﬁ0"8_30_ [gRizgR,.a] {k§+—g——m[k§+(n +1)q]
_fiwVe

4V 2me

while the corresponding result for the F_ configuration is

(nke+q,—H(V_+i[V_, SDInk, L)

[gF+(n’k§+q)+gF+(n)k§)] ’

(61)

4V 28,F 3 .
=——— — 2p2 _p2p2___ L _ A -
=R 2n +1—(k,+q’R3—kZR} H_ms/wc[2n+l 2n +DkIR3 +2n (k. +q)*R3]
4V2u B, 1 Fo/s
—_— L r” 2 ) ) l___________ _ _ w_
i +7/o§R,gR,+R,_] ket =T 7as kemnd) | =458 (ko) tge_ (n k)]

III. MIXING OF CONDUCTION-
AND VALENCE-BAND WAVE FUNCTIONS
AND ELECTRON-SPIN RESONANCE

In the effective-mass formalism, we focus on a limited
number of states and, correspondingly, construct a pro-
jected Hamiltonian A o by means of Lowdin!® perturba-
tion theory. Then, in order to calculate the velocity ma-
trix elements between states belonging to the chosen sub-
space, we just take the elements of (i /#)[H 4, r]. While
this scheme can give energy eigenvalues as accurate as we
want, it fails to give some of the corrections to the veloci-
ty matrix elements due to the admixture of the chosen
states with other bands. From a formal point of view,
this happens because the velocity associated with the pro-
jected Hamiltonian does not reproduce exactly the corre-
sponding projection of the velocity associated with the
total Hamiltonian. Physically, the problem arises be-
J

o~ 0 C/| conduction band (CB) ,
H= ¢t B| valence band (VB),
a0 ~Egl4><4 o
B= o (—E,—A)l,y,
1 — 1

—k -V —_——

5 K+ 2/3k, \/6k_ 0
C=p . - .

0 —k -V _
ok 273k, =k

where E, is the energy gap, A the spin-orbit splitting be-

tween I'; and I'g bands, and P the Kane momentum ma-

trix element between conduction and valence states.!4
The symbols O represent matrices all whose elements are
zero.

(62)

[
cause the eigenstates do have a “tail” outside the chosen
subspace. From a group-theoretical viewpoint, it is, of
course, possible to get a projected invariant expansion of
the velocity that would contain all possible contributions,
but this expansion does not coincide, in general, with the
velocity associated with the projected invariant expansion
of the Hamiltonian. In the following, a simple model for
InSb is worked out to elucidate this difficulty. The con-
clusion will be that, due to the admixture of hole wave
functions into the ‘“conduction-electron” eigenstates, an
additional contribution to the spin-resonance amplitude
is present; this term is inversely proportional to the band
gap and cannot be obtained using a 2 X2 effective Hamil-
tonian to describe the electronic states.

We assume that the I';, I';, and I'g bands of InSb do
not at all mix with other bands and that their mutual in-
teraction is described by the following 8 X 8 Hamiltonian:

(63)
(64)
1 1
ik k-
1 1 ’ (65)
vi3ot V3

In this model, A is the total exact Hamiltonian, but we
are only interested in the conduction-band subspace. To
obtain the 2X2 projected Hamiltonian, we write the ex-
act eigenstates |¢) as (|¢°) +|¢¥)), where |¢°) and |¢°)
have only components in the conduction and valence
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bands, respectively; then, A |¢) = E|¢> gives Expanding m *(E) and g (E), we get
v C A A A
Cly*) =Ely°) (66) A E)=~A%+A, (73)
and where
Ty Dlg0Y — v ~
CTlye)+Bly")y=Ely’) . (67) A%=A4E =0), (74)
Inverting the second equation, we have
and
) = C*IW (68) Aly=ek*+g'upo-Bok >+ Byl B2 . (75)
which, substituted into the first, gives Comparing with Ogg’s expansion, we have 8,=a,=g"
_ . =9,=0. This is due to the very simple form of the origi-
)=E[ye) . (69) nal Hamiltonian H. We note, in particular, that no
inversion-symmetry-breaking term is included in this
We define the operator model that, thus, could also apply to a diamondlike ma-
R + terial. Using A E—Q—H o» We can find good approxima-
a i =C A (ohl¥ tions to the eigenvalues corresponding to the conduction

. . band as well as good approximations to the eigenstates
H . depends on its eigenvalue E and H 4(E)|¢°) =E|y°)  projected into the conduction band (i.e., |¢)).

must be solved self-consistently. The expression for We look now for an electric dipole contribution to the
A «#(E) can be cast in the following form:? spin-flip—transition amplitude. In the 2X2 scheme, ie.,
7K? calculating matrix elements of (i /#)[(H ﬁ—+Hem r], we
B (E)=—1L 4 19(E)u.o-B (70) do not get any contribution, even allowing for k 70
eff . ;8 L)p 0> g
2m*(E) terms. Using, instead, the velocity associated w1th the
with ‘ full 8 X 8 Hamiltonian ﬁ we have
# ) p2 2 1 . o Fol
P + (71) irp i [C,r]
3 vV=— = —
m*(E) E+E, E+tE,+A R (AR I 7o
1 1
= |= |4ap2 —
gB)= 10 5P g +E,+A E+E, 72 and
J
(Wplvi, ) =gs+ b Dv(gd) + )
= (e, r]l¢f>+<¢}l[6ir]|¢f>>
= (% (&1 L5 C )+ (vg |e—L18 ) 1/1?)]
Ey
<¢; e—L ethr—re—L et ¢,¢>+<¢§ o _et—g—T ¢t ¢,¢> . (77)
E,—B E,—B E,—B E,—B

The first term is simply
(W5l /B H g E), t1l9¢)

i.e., the velocity associated with the projected Hamiltonian; the other term [which vanishes if E;,E r<<Eg,(E,+A)]is
an extra contribution which does not appear in the usual 2 X2 approach. The latter term is respon51ble for a k70
electric dipole isotropic spin-flip amplitude. In fact, a straightforward calculation gives

r /\T:l 2 2 + 1
6E_§c Lp E+E, 'ETE,Ta (k tk,+k,rk,+k,rk,)
+ip2 L L o (kyrk,—k,rk,)+cp.], (78)
3 E+E,+A E+E, |- > T2

and, setting ry;=¢, r; =(1/V2)(£+im), and r, =(1/V2)(E—in), we have® !’
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v éEi’jﬁé*_@Ef’f_ﬁéf vi)= e (Lke—5 6EiriA6"—6 f’iﬁé*‘ ikt 3)
[kgaazsjl_ijgo“/msaﬁl,iﬂ A, (79)
with
) 2 0 2
A:%%% Eg-:-Ef—Eg-lFEi+Eg+i+Ei~Eg+ll+Ef :%% m_é A - (80

In view of the preceding discussion, in the case of a
narrow-band-gap material, the spin-resonance amplitude
calculated in the preceding section is modified in the fol-
lowing way. For the F_ configuration [Eq. (62)], the
additional term Ak; is present, and for the EV
configuration [Eq. (49)], the additional term is
(1/\/2)Ak§; Egs. (61) and (39) remain unchanged. There
is, therefore, no additional contribution to the spin-
resonance amplitude in the OV configuration.

Finally, we mention that including in H 4 a term like
g"upi{o-k, Byk} would lead to an electric dipole spin-
flip amplitude of a similar structure as that above, but
equating the A term to a g’’ term would be completely
wrong because the A term does not at all correspond to a
modification of the energy levels (in the present model,
g''=0). In the literature, the spin-flip amplitude given by
Eq. (79) has been called nonparabolicity allowed; we
stress that it is related not to complications of the disper-
sion relation, but to the holelike “tail” of the electron
eigenstates.

IV. APPLICATIONS TO InSb AND GaAs

In order to illustrate the theoretical results described in
the preceding sections, we will now discuss several nu-
merical examples pertinent to InSb and GaAs. For these
materials extensive experimental data are available, and
most of the parameters relevant to the electron-spin reso-
nance can be determined.

We consider first the g factor.!®!”7 This is given by
Egq. (31), which, for n =0 and k§=0, reduces to

28" | 4

(0,0lg[0,0) =go+=5-+—2S R, R, R%L. (81
R Rj 5

From the magnetic field dependence, the values g, = —51

and g'=6.0X10'> cm? are obtained. Fitting the observed

anisotropy, one gets 7,=8.2X 10713 cm? Neglecting
higher Landau levels is clearly justified, since
fiw, /kpT =90 (#w,/kgT=~30) at B,=40 kG and

T =4.2 K. Here, we consider the influence of k§=/20
effects on the g factor. Their importance depends on the
equilibrium distribution of the electron momenta along
B,. In particular, the relevant quantity is the average of
k2,

(k2Y= [dk, fkok} ; (82)

[
f(k¢), the probability that the eigenstate |0,k., +1) is
occupied, is given by

(k,) Bo |itexp M+ ilt; - (83)
- €X D EE— N
S ke Amicn, P 2m*kyT
with
M=o, —w,)—p],

kT

where it is assumed that all electrons have n =0 and
s=+1, n, 1is the electron concentration and
u=ulny, T,B,), the chemical potential. For B,=40 kG,
T =4.2 K, and n,=10'" cm ™~ 3,we obtain

M=0.9, (84)

which implies that the electrons are not degenerate. In
fact, Eq. (82) gives

m*k, T
1—2= (85)

or

kT

~1.2X1072,
10)

R3(kZ)=~1.1

(86)

c

while, assuming a Boltzmann distribution, we have sim-

ply

m*kgT
o

Now, the correction to the g factor due to the kﬁéo

effects is

(k2)= (87)

=2g'k}+4g"k;+2yokE 3 R} - (88)
In view of Eq. (86), the terms proportional to g’ and y,
are negligible compared to the corresponding ones in Eq.
(81). It is estimated!”’ that g''=~—2.0X10°
a.u.=~—5.7Xx10"" cm? thus, also the term 4g"k; is a
very small correction. Furthermore, the peak of the ab-
sorption line is expected to be between the k ¢ =0 position
and the k§=(<ké )12 position, as shown in Fig. 1, and
thus the determination of the g-factor parameters is even
less affected than given by Eq. (86). We notice that if
Ogg’s estimate for g’ is used, i.e., g""=~—3.5X10* a.u.
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instead of —2X 10° a.u., the main contribution to Ag in
Eq. (88) becomes 2g’'kZ, which has a positive sign; as a
consequence, the absorption line would look similar to
that shown in Fig. 1, but with the asymmetric tail on the
J

ﬁzYo

vv

0 6m 80

the contributions due to the admixture of hole states van-
ishing in this configuration. Taking i||[110] and as Euler
angles a=7mw/4, y =0, and f arbitrary, corresponding to
the angle between B and the [001] axis, we get

F?} %’B,O :11_6sinb’(3coszﬁ—1), (90)

= —41sinfBcosB(3 cos?’B—1), (91)

T
_’ ’0
n B

S R,_Rj}
1

and, as explained above, we approximate

2 ’ 2 ”n
gov(0,kp)~go+E-+E =g, (92)
R5  Rj
and
1—2kZRG=~1. 93)

We obtain

Absorption (arb. units)

AN

40.3 407 41.1 41.5 41.9

FIG. 1. Spin-resonance absorption line, the asymmetry is due
to k70 effects [the circle corresponds to k,=0, while the
square to k. =((k}))'"*].

128, 2R 2\ E* 3
My =5 |(1m2kERDFT + o ke 3R R |+
1
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higher-field side instead of the lower.

As a second example, we consider the spin-resonance
intensity in the ordinary Voigt configuration.'®!® The
transition matrix element [Eq. (39)] is

ifiw, Ve
*4;1—0“ e'gov(o’k§) ’ !
T
5 fio, ~
o 2o 0 S rd
M, =~ 3isinB(3 cosB l)sz(Z) Y mc v egov
1 (3cos’B—1) il ©4
1 sinB cosB (3 cos’B mR27O"
0

As shown below, the last term is negligible; the first two
terms interfere with each other and a very good fit to the
data is obtained with

380 mc -
ﬁR(Z) ﬁws‘/_elgOV|

6.0, (95)

which gives §,=~66 a.u.~2.6X10"% eVcem?® (f gy is
calculated using Ogg’s estimates for g’’, one obtains
8p=>56 a.u.). We note that the last term in Eq. (94) is in
quadrature with the others, and thus its contribution to
the intensity with respect to the §, contribution is of the
order of

#k 2 2 >kpT
cYo | | A Yo | BB 5009,  (96)
m 60 mRO 80 ﬁa)c
which is negligible.

We consider next the cyclotron-resonance-inactive
Faraday configuration (F_). Here, we are interested in

Boi [T10] [1T2]  [ifo]  [u2] [i0]
An=2, As=0,0V
08 Anpun N
=« osl -
g
3 - -
P
s 04f .
HH
o2} i
1 1 1 ! 1 1
095 90 180 270 360

6 (deg)

FIG. 2. Angular dependence of the intensity of As =0,
|An|=2 transitions in the OV configuration with fi|| [111].
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comparing the contribution due to the admixture of hole
states as given by Egs. (79) and (80) with all the others
given by Eq. (62). In Eq. (62), we can neglect ¢ in com-
parison with k; for incident wavelength A~120 um, for
instance, we have ¢ =(27/A)Ve=~2X 10> cm™!, while
CEENV2=(1/B)(m*kpT)?~8X10* cm™!, at T =4.2
K. Then, with the same approximations described above,
Eq. (62) reduces to

4v28, 1

0., = * —_——

v #R2 O 1+, /0,
_ _fwVe 2828 ©o7)
2V 2me R? R}

from Egs. (79) and (80), we get the additional amplitude
|

' 2
" , iaHA )
I<|M,, |°~ <v % ok, v
8o Q :
= —ﬁ—<ni2,k§ '@g— V,k§>

5
= |5 (n L2,k (4k%F, +4K2F3)ln, ke )

this angular dependence is shown in Fig. 2.

Finally, we briefly consider GaAs. Experimental
data®"?> and theoretical estimates?® give® 8,~20 eV A 3.
Experimental data®* 26 are also available for the g-factor
parameters g'~10"' cm? and y,~10"'* cm? we men-
tion that from a comparison between free- and donor-
bound-electron data,?*2% it should be possible also to esti-
mate g'’.?” We assume, as above, n,=10" cm™3,
T =4.2 K, and B;=40 kG; then, the electrons are not
degenerate and

~5X1072.

kpT
O (101)

c

Equation (96) for GaAs gives

, V2 P?
My, =Ake==3""%

11

—————— |tk . (98
(E,+a2 EZ | % o8

The dominant term in M., is (4V/28,/#R})F%, which is

purely imaginary and cannot interfere with M, ; at
T =4.2 K the ratio |M.,,|*/|M,,,|* is of the order of

A (kZ ) ARG ) kT

82 o,

2

#AR,
~0.11, 99)

8o

M, is therefore not completely negligible compared to
M,,.
The term H 4 in the Hamiltonian can also induce com-
bined resonance transitions and overtones of the cyclo-
tron resonance.!® We take this opportunity to correct
Fig. 8 of Ref. 19, which refers to parity-conserving transi-
tions with As =0 and |An|=2 in the OV configuration
with fi||[111].%° The intensity for this transition is

|Fy(a,B,7)1?; (100)
[
# Yo szT 3

2 ~4X10"

mR, 8, | i, 1077, (102)
while Eq. (99) yields

ksT [#AR, |*

fiw, | 8, =107, (103)

which is completely negligible.
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