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Competition of pairing and Peierls —charge-density-wave correlations
in a two-dimensional electron-phonon model
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Monte Carlo simulations are used to investigate the competition between superconducting and
Peierls —charge-density-wave (CDW) correlations in a two-dimensional electron-phonon system.
The dependence of these correlations on the band filling (n ), phonon frequency too, and electron-
phonon coupling g is examined. The Peierls-CDW correlations are favored as (n ) moves towards
half-filling, coo decreases, and g increases. When the Peierls-CDW correlations are weak, the Monte
Carlo results for the superconducting correlations are found to be in excellent agreement with the
results obtained using the well-known Eliashberg approximation.

The relationship between superconductivity and insu-
lating phases such as the Peierls-CDW phase is not yet
fully understood. In general they compete, such that the
onset of strong correlations of one kind suppresses the de-
velopment of correlations of the other kind. However,
near the boundary between the phases, both types of
correlations must be taken into account. In order to ob-
tain a better understanding of this competition, we have
carried out Monte Carlo simulations for a two-
dimensional (2D) electron-phonon (Holstein) model.
Here we present results showing how the strength of the
pairing and CD%' correlations vary with the band filling,
the bare phonon frequency, ' and the electron-phonon
coupling strength. We compare the Monte Carlo results
for pairing with the well known Eliashberg approxima-
tion and find that when the Peierls-CDW response is
weak, the Eliashberg approximation is remarkably accu-
rate.

In the Holstein model the one-electron site energy is
coupled to the displacement of an Einstein phonon
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with co =2mmT. This interaction is attractive, giving
rise to the possibility of a Peierls-CDW or a supercon-
ducting state. For the simple square lattice with a near-
neighbor one-electron overlap, the single-particle band
energies are given by

F.„= 2t(cosk„+cosk—),
and for a half-filled band & n & = 1, the Fermi surface is
perfectly nested. For roolt finite, this leads to a low-
temperature Peierls-CDW insulating phase. When the
system is doped away from half-filling, it has the possibil-
ity of becoming superconducting, depending upon the
band filling &n), the phonon frequency A@0/t, and the
relative strength of the coupling g /root.

One measure of the strength of the superconducting
correlations is the pair-field susceptibility

with

Here, c; creates an electron of spin o. on site i, and b;~ is
the creation operator for a local phonon mode of bare
frequency co0 located at site i. The electrons have a one-
electron overlap t between near-neighbor sites on a
square lattice, p is the chemical potential which deter-
mines the band filling, and g is the electron-phonon cou-
pling constant.

The basic electron-electron interaction arises from the
exchange of phonons and in lowest-order perturbation
theory is given by

=X t — t=X it itpf -pl
P I

In an infinite system, gsc would diverge at the supercon-
ducting transition temperature. For the 2D system we
are considering, this is expected to be a Kosterlitz-
Thouless -type transition. Here we will study gsc on
finite 2D lattices, at temperatures above the supercon-
ducting transition. In this case, gsc serves as a probe of
the strength of the pair-field correlations and their depen-
dence on g, cu0, and the band filling.
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When the Peierls-CDW correlations are negligible and
~0/St is small, we expect that the Eliashberg -Migdal
approximation for gsc, shown in Fig. 1, will be useful.
This is the same type of approximation used by Eliash-

I

berg for T T, . We will use it to calculate ysc above T, .
Here the bare phonon propagator of Eq. (2) is used, and
vertex corrections are neglected. The electron self-energy
is then

[1—Z(CO„)]icO„=—g~ =T 1 2g cop
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and gsc is given by
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Here, co„=(2%+1)vr T,

e~= 2t(cosp„+co—sp ) —p,
and p sums over the Brillouin zone for an X site lattice.
The chemical potential p is adjusted to give the desired
band filling taking Z into account self-consistently. We
have solved these equations on finite lattices ranging from
4X4 to 64X64. For the temperature range T/t ~0.2
considered here, an 8X8 lattice is sufhcient. The solid
lines in Figs. 2(a) —2(c) show the results obtained for
gsc by solving Eqs. (5)—(8) with a band filling of 2/5
(e.g. , (n, t+n; & ) =0.8). . Here and in the following figures
we will measure energies in units of t. Figure 2 shows ysc
versus T for an electron-phonon coupling g= 1 and three
di6'erent phonon frequencies.

As the phonon frequency cop decreases, the interaction
is increasingly retarded, and the Peierls-CDW correla-
tions can become stronger than the pairing correlations.

iq t
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provides a measure of the strength of the Peierls-CDW
correlations. These correlations lead to important
modifications of both the phonon propagator and the
electron self-energy. In the crossover regime it becomes
necessary to treat both the pairing and Peierls-CDW
channels on an equal footing. In order to explore these
questions, we have carried out Monte Carlo calculations

sc and +CDw. For a half-filled band, &cDw peaks at
q* =(vr, ~) corresponding to the staggered charge density

This can be understood, in weak coupling, by noting that
the co =0 limit of the electron-phonon interaction, Eq.
(2), enters in calculating ycDw while finite frequencies
co %0 are exchanged in the ladder graphs, Eq. (8), con-
tributing to ysc. The interaction, Eq. (2), is clearly most
attractive for ~ =0 and becomes weak when co exceeds
cop. The CDW susceptibility

y,Dw= f d—r(p (r)p (0)),1 P

0
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FIG. 1. (a) Eliashberg approximation for the superconduct-
ing pair field susceptibility gsc. Here the wavy line represents
the bare phonon propagator, the double straight lines the elec-
tron propagator dressed within the Migdal approximation
shown in (b) and the single straight line is the bare electron
propagator.

As the band filling moves away from half-filling, q ini-
tially remains locked at (vr, m) Qn an 8X. 8 lattice, this
locking occurs for (n ) ~0.8, and throughout this work
we will show ycDw for q"=(vr, m) The details o.f the
Monte Carlo technique we use have been described else-
where, and we will turn directly to the results.

Figures 2(a)—2(c) show Monte Carlo data for ysc (solid
dots) and ycDw (~,vr) (triangles) versus T. At high fre-
quencies, such as the cop =2 data shown in Fig. 2(a), the
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Monte Carlo results for ysc are in excellent agreement
with the predictions (solid line) obtained by solving the
Eliashberg equations for an 8 X 8 lattice. As previously
discussed, ' the Eliashberg results are suppressed beneath
the ~oninteracting g=0 values at high temperatures, but
then cross over and are enhanced over the noninteracting
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FIG. 3. ysc and ycz&~/25 vs (n ) on an 8X8 lattice for
T=0.2, g= 1, and coo= 1. The solid line is the Eliashberg result,
and the dashed line through the CDW points is a guide to the
eye.
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values at low temperatures. For no= 2, the CDW
response is weak and temperature independent. One
might worry about the neglect of vertex corrections when
coo is large, but it appears from these results that as long
as ycow is not large, the Eliashberg approximation is
quite adequate. In Fig. 2(b), rpp is reduced by a factor of 2
(cop= l.o), and now, as the temperature is lowered, ysc in-
itially follows the Eliashberg behavior until ycDw be-
comes large. At this point the Peierls-CDW correlations
become dominant and the superconducting correlations
are suppressed. Lowering coo by another factor of 2 leads
to a situation in which the Peierls-COW correlations are
dominant over the entire temperature regime, as shown
in Fig. 2(c).

At large values of cop/t, the electron-electron interac-
tion is effectively instantaneous, and in the limit opr/t » I
with g coo finite, one has a negative-U model. This fol-
lows simply from the fact that when coo/t &&1, the band-
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FIG. 2. (a) ysc vs T for (n ) =0.8, g= I, and r00=2. The
solid points are Monte Carlo data and the solid line is the solu-
tion of the Eliashberg equations on an 8X8 lattice. (b) The
same parameters as in (a) except coo= 1.0. Here the triangles are
Monte Carlo results for ycD~/25. The dashed line through the
CDW points is a guide to the eye. (c) Similar to (b) with
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FIG. 4. pic and gcD~/25 vs g on an 8 &8 lattice for T=0.2,
( n ) =0.8, and cop = l.
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width sets the cutofT' and the phonon exchange is
equivalent to a negative eA'ective U equal to —2g coo. At
half-filling, the 2D negative-U model has T, =O and a
ground state with both long-range CDW and pairing
correlations. When a negative-U system is doped away
from half-filling, the superconducting correlations dom-
inate with a finite Kosterlitz-Thouless transition and the
CDW correlations are short range. However, as coo/t is
reduced and retardation becomes important, a region of
filling around the half-filled band is dominated by CDW
correlations. The dependence on the band filling (n ) is
shown in Fig. 3 whe e gsc and gcDw are plotted versus
(n ) for g= 1, ruo= 1, and T=0.2. Well below half-filling,

ysc follows the Eliashberg result, but as one approaches
half-filling, strong Peierls-CDW correlations develop,
leading to a suppression of the pairing correlations.
Again, it is interesting to see how well the Eliashberg ap-
proximation does until the Peierls-CDW correlations be-

come dominant. Figure 4 shows a similar plot versus the
coupling constant g. Here (n ) =0.8, coo= 1, and T=0.2.
As g increases, the superconducting susceptibility initial-
ly increases and then is suppressed when gcDw becomes
large.

These results clearly show the competition between
pairing. g and Peierls-CDW correlations which can occur in
a 2D Holstein model. When the photon frequency is
lowered, g increased, or (n ) moved closer to half-filling,
the Peierls-CDW correlations can become dominant.
When they are not, we find that the Eliashberg equations
provide a useful approximation for ysc.
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