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The Rayleigh-Fano method and a hydrodynamic model have been used to study the electromag-
netic field near a rough surface bounding a nonlocal conductor for both p- and s-polarized incident
waves. Nonlocality is accounted for by including longitudinal electromagnetic waves and using ad-
ditional boundary conditions. A formal perturbative solution has been derived to arbitrary order in
the amplitude of the roughness profile. We apply these formal solutions to an explicit first- and
second-order calculation of the diffracted fields and the reflectance of a periodic grating. Numerical
results are given for both local and nonlocal media, yielding significant differences, which are dis-

cussed.

I. INTRODUCTION

In recent years, there has been an increasing number of
theoretical! "® and experimental’ ~° investigations on the
optical properties of surfaces that are not perfectly flat.
A number of intriguing physical phenomena such as the
surface-enhanced Raman signal produced by molecules
adsorbed on metal surfaces,’®” !¢ the enhancement of
second-harmonic generation in reflection from a metal
surface,!’~2° and light emission by tunnel junctions?! ~2*
require the presence of roughness to be observed. Most
of the theoretical work on rough surfaces has been done
by considering a local dielectric response of the metal. In
this case the Rayleigh-Fano method?® has been success-
fully applied not only to small-amplitude rough surfaces
but also to large-amplitude ones, where the method was
not expected to be valid. In the latter case, the use of the
extinction theorem has been essential to achieve rapid
convergence.?® The type of convergence that is attained
in large-amplitude roughness is still a matter of de-
bate.26 3!

On the other hand, the treatment of a nonplanar sur-
face with a nonlocal (spatially dispersive) dielectric
response has not been thoroughly explored. One would
expect nonlocal effects’?~#? to become important if the
diffracted fields has a short length scale of variation, as in
metallic gratings with spatial periods of the order of 100
A or less. An extreme example of this type of grating is
the reconstructed face of some metallic crystals** where
the spatial period is of only a few angstroms.

In this paper we develop a perturbative formalism
based on the Rayleigh-Fano method for the scattering of
an electromagnetic wave by a rough metal which is de-
scribed by a nonlocal hydrodynamic longitudinal dielec-
tric function**
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Here o is the frequency, o, is the plasma frequency for
the conduction-electron gas, 7 is its electronic lifetime,
€,(®) is the contribution of the bound electrons to the
dielectric response, k is the wave vector, and BZZ%U} is
the stiffness parameter, where vy is the Fermi velocity.

The response (1a) implies the presence of longitudinal
electromagnetic waves whose wave vector I obeys the
dispersion relation

€(w,1)=0, 2)

in addition to the usual transverse waves. As is well
known, the matching of all the field amplitudes across the
surface requires additional boundary conditions
(ABC’s).*6"% These have usually been applied at a flat
surface; in this paper we solve the hydrodynamic model,
but impose the usual electromagnetic boundary condi-
tions and the ABC’s at the surface of a rough metal.

The hydrodynamic model is known to have many
shortcomings for flat surfaces:*° it does not account for
electron-hole pair excitations and it assumes an unrealis-
tic discontinuity in the electronic density at the surface.
We do not expect these effects to be less important at
rough surfaces. However it has not been possible yet to
apply microscopic calculations®! in the presence of
roughness and the extension’? of the semiclassical infinite
barrier model has some unsatisfactory features. The hy-
drodynamic model includes some nonlocal effects, such as
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the existence of longitudinal modes and their coupling to
transverse waves at surfaces, and it leads to a well-posed
problem at rough surfaces, so we believe that its solution
is an important step in the understanding of nonlocal
effects at nonideal surfaces.

The outline of the paper is as follows. In Sec. II, we
extend the Rayleigh-Fano theory to nonlocal systems
within a perturbative approach and we obtain an iterative
expression for the scattered fields to all orders in the
profile amplitude. Then we apply the results to the calcu-
lation of the scattered fields and the reflectance of a
sinusoidal metallic grating up to second order. Our re-
sults and their comparison with the local theory are
shown in Sec. III, and Sec. IV is devoted to conclusions.

II. THEORY

In this section we solve the boundary-value problem
for an electromagnetic plane wave with arbitrary polar-
ization incident upon a surface defined by the equation

f(x,p,z2)=z—h&(x,y)=0. (3)

We assume that the region z > h&(x,y) is characterized
by the dielectric functions €, and ¢; given by Eq. (1) and
the region z <h&(x,y) is vacuum. We will treat 4 as a
small parameter in the perturbative solution of the prob-
lem.

The unit vector fi directed normally outward from the
surface is given by

Vi (—h&,—hE,D

MO =TT~ T, Pt (h P+ 1172

4)

where £, and £, denote the partial derivatives of §(x,y)
with respect to x and y. The wave vectors of the incident,
reflected, and transmitted waves are denoted by

q; =(Q4i, Q)i qz) » (5a)
q=(0x,9,—4;) » (5b)
k=(Q,,0,,k;), (5¢)
where gi=w’/c*— Q% k2=€,0*/c*—Q?, and

Q=(9,,0,,0).

The transmitted electric and magnetic fields are
decomposed into s (E;, and B,) and p (E,, and B,,) polar-
ized components:

Esr(Q):Stei(Qxx+ny+kZZ)('_Qy,Qx,O) ’ (6a)
Bgt(Q)zistei(Qxx+ny+kZZ)(_szx7_k2Qy’Q2) ,
(6b)
Ept(Q): c Ptei(Qxx+ny+kZZ)(szx’szyy_QZ) ’
€,0
(6¢c)
and
Bpt(Q)=Ptei(Qxx+ny+kzz)(__Qy,Qx’O) ) 6d)

Similar expressions can be written for the incident
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(reflected) field(s) by setting €, =1 and replacing k, by g
(—gq,). We call §,=S,(Qw) and P,=P,(Q,w),
a=i,rt, the amplitude functions. Here and in the fol-
lowing we omit the explicit dependence on Q and @ and
the real-space coordinates of this and other quantities un-
less it is inconvenient.

Within a spatially dispersive metal there are also longi-
tudinal waves whose electric and magnetic fields are
given by
E(Q)=Le" %" "% g o 1), (7a)
B,(Q)=0, (7b)

where [=(Q,,0,,l,) satisfies the dispersion relation
given by Eq. (2) and L =L(Q,w) is the longitudinal am-
plitude function.

We choose the X-Z plane as the plane of incidence, i.e.,

q;=(Q,:,0,9,;). Using the notation introduced above,
the incident fields are given by
E,=E;(Q))+E,(Q;), (8a)
B,=B;(Q;)+B,(Q;), (8b)
the reflected fields by
E, =3 [E,(Q)+E,(Q)], (8c)
Q
B,=3[B,(Q)+B,(Q")], (8d)
Q
and the transmitted fields by
E, =23 [E,(Q)+E,(Q)+E,(Q)], (8e)
Q
B, =3 [B,(Q)+B,(Q"]. (8f)
Q

Now we proceed to establish the boundary conditions
which have to be fulfilled at the interface z=h&(x,y).
Two of them follow from Maxwell’s equations; they are
the continuity across the interface of the tangential pro-
jection of E and B,

F=E—(A-Ei, (9a)
K=B—(i-B)i . (9b)

We choose as an additional boundary condition the con-
tinuity of

G=(1-¢,En, 9¢c)

which corresponds to the continuity of the normal pro-
jection of the conduction-electron current.*®

Of the nine continuous field components appearing in
Egs. (9) only five are independent. Choosing the x and y
components of F and K, the z component of G, and using
Eq. (8), we write the continuity conditions in matrix form
as

S R(Q,pIW(Q',p)e '@ PA(Q)=1(p)e'¥?,  (10a)

Q
which has to be solved for the amplitudes of the reflected
and transmitted waves
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5,(Q) R(Q',p)= jzk RU(Q"EL(p)EK(pInI TF (11a)
AQ )= it((g:)) (105) WQ,p)=3 WN(Q e pn! , (11b)
g : ;
P(Q) l(p)=3 190 (p)gk(p)ni | (110)
LQ) ‘ i
Here p=(x,y), the five-dimensional vector I(p) character- Al Q'):§ A(Q)A™ . (11d)

izes the incident fields, the 5X5 matrix R(Q’,p) depends
on the local orientation fi of the surface while the matrix ~ Notice that we extracted from R(Q’,p), W(Q’,p), and
W(Q',p) has the information on the height #&(p). Expli- 1(p) all the shape-dependent information, so that

cit expressions for |, R, and W are given in Appendix A. RYUM(Q"), W(Q'), and 1Y% are independent of the sur-
Now we perform an expansion of all quantities in Eq.  face profile. Substituting Eq. (11) in Eq. (10a) and taking
(10a) in powers of A a Fourier transform, we obtain
J
2 2 é—jkl(Q_Qr)R(jk)(Q/)W(I)(QI)A(m)(Q')hj+k+1+m=2 é—jkO(Q__Qi)l(jk)hj+k , (12)
Q' jk,m=0 Jk

where we defined the Fourier transform through
1 .
—_ = iQp, 2
FQ== [Flple~'*d%, (13)
with 4 the area of the nominal (z =0) surface, and £/*/(Q) is the Fourier transform of

§*p)=EL(p)ES(p)Ep) . (14)

Now we equate the coefficients of equal power of 4 in both sides of Eq. (12) and noticing that W®(Q’)=1 and that
£oQ’ —Q)=8q,q» which corresponds to the conservation of the parallel projection of the momentum at a flat surface,
we solve Eq. (12) for A"(Q) iteratively,

A(")(Q):‘[R(OO)(Q)];I 2 gjkO(Q__Qi)l(jk)_z 2 gjkl(Q__Q:)R(jk)(Q:)W(I)(QI)A(n—j—k—I)(Q:) . (15)
P RS R

Notice that in order to solve the problem to an arbitrary order in 4, it is only necessary to invert the 5X5 matrix
R%(Q). This is equivalent to solving the problem of dispersion of light incident with a parallel wave vector Q upon a
flat surface. Furthermore, since p-polarized and longitudinal waves are uncoupled to s-polarized waves at a flat surface,
the problem is further reduced to the separate inversion of the 3 X 3 submatrix which corresponds to the electric field in
the plane of incidence, and the 2 X2 submatrix which corresponds to the electric field normal to the plane of incidence.
Analytic expressions for these inverses are readily obtained.

To illustrate this solution procedure, we choose a simple sinusoidal profile, that is,

z=h&(x,y)=h cos(g-p) . (16)

For simplicity, we choose g=(g,0,0) parallel to Q, so there is no mixing between s- and p-polarized waves. Using Egs.
(15) and (16) we find that the amplitudes of the diffracted field are given to zeroth order by

A(O)(Q)=[R(OO)(Q)]—”(OO)SQ’Q[ ) 17)
to first order by |
A(l)(Q):%[R(OO)(Q)]*I{ig[l(lo)_R(IO)(Qi )A(O)(Qi )](BQ,Qi+g —'SQ,Qi*g)
—RO(QIWM(Q,)A(Q;)(8q,q, +5t 80,0, ~5)} » (18)
and to second order by
A(z)(Q)z _%[R(OO)(Q)]—1{g2[|(20)__R(20)( Q; )A(O)(Qi )](SQ,Q,.Hg"‘ZSQ,Qi +8Q,Q,.—2g)
+ROAQ)IWAQ)A(Q;)(8q,q,+25+28q,0, T 8q.q,—2¢)
+igRU(QIWM(Q)A(Q;)(8q,q,+26—8q,q, ~2¢)
+2igR“°)(Q—g)A‘”(Q——g)—2igR“°)(Q+g)A‘”(Q+g)
+2R®(Q—g)W(Q—g)A(Q—g)+2R(Q+g)W (Q+g)AM(Q+g)} . (19)
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Explicit expressions for R"9(Q’), W"(Q"), and 1'"® with
Q'=(Q’,0,0) are given in Appendix B for n =0,1,2.

The zeroth-order solution corresponds to the scattering
by a flat surface. Clearly, the poles of R‘®Y(Q)™! satisfy
the dispersion relation of the surface plasmon polaritons
(SPP) of a flat surface

€
1____
€p

QZ
1,(Q)

Thus from Eq. (18) we can see that the first-order solu-
tions show resonant scattering at frequencies for which
Q,tg satisfy Eq, (20). These first-order resonant solu-

" tions lie outside of the light cone; therefore, they are non-
radiative in nature and they do not contribute directly to
the reflected beam. Nevertheless they can be detected,
for example, through the fields radiated by adsorbed mol-
ecules on the surface.”®> On the other hand, we can see
from Eq. (19) that there is a second-order resonant con-
tribution to the specularly reflected beam (Q=Q;) which
can be determined in reflectance experiments. These ex-
periments are usually analyzed in terms of the differential
reflectance, defined as

€,9,(Q)+k,(Q)+ =0. (20)

AR R —RWY
RO~ RO

, 2n

where R is the reflectance of the rough surface, and R ©
is the flat-surface reference.

In our case taking only into account contributions up
to second order we obtain for p polarization

(2)
p

P(O)

r

, (22)

where P{™ is the amplitude function of the nth-order con-
tributions to p-polarized reflected electric field [see Eq.
(6¢)].

In the local case the calculation follows the same pro-
cedure as above but without including the longitudinal
wave, and therefore with no additional boundary condi-
tion. One is led to 4 X4 matrix equations whose pertur-
bative solution has exactly the same structure as Egs.
(17)-(19). It is worthwhile to point out that it is not con-
venient to obtain the local case as the / —i o limit of the
nonlocal calculation, since in our perturbative approach
we expand the fields in powers of /& [see Eq. (A2)] and
this causes convergence problems when the limit above is
taken.’? Since the details of local calculations have been
already reported,! we will only show the numerical re-
sults in the next section, when we compare them with
those of our nonlocal theory.

III. RESULTS

In this section we present numerical results for a
sinusoidal metallic grating using the formulas derived
above. From Egs. (18) and (19) we can see that while
there are no first-order specular beams and scattering
occurs at Q=Q; g, in second order there is one specular
and two nonspecular beams with Q=Q,, q;+2g. There is
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resonant scattering whenever the scattered wave vector Q
or any of the intermediate wave vectors Q' [see Eq. (15)]
satisfies the dispersion relation of the SPP [Eq. (20)]
shown in Fig. 1. This figure was obtained by giving real
values to w, solving Eq. (20) for Q and plotting its real
part. We used the dielectric response given by Eq. (1)
with ®,7=100 and B=0.003 61¢, and we took €, =1 for
simplicity. For small Q (Q <<w,/B) there is no appre-
ciable difference with the local case, which corresponds
to B=0. The effects of nonlocality show up at large
values of Q where there are significant deviations from

" the local result. This figure will be used to interpret the

structure of the curves described below. In order to ana-
lyze our results for resonant scattering we define an
enhancement factor as
ool |RE(Q; +g)]
m—_——R = 2
gh  [ER(Q,)]

_ 1P(Q; +g)l [1g.(Q;+8)*(Q; +g)*+(Q; +g)*1'”

~ glPAQ)) [1g.(Q)PQ?+0/1'
(23)
for the first-order fields, and
" |n*ER(Q,)]
(gh) |EQ(Q))
(2)
P

for the second-order specular field, where we have intro-
duced the expansion E= 3, h"E™. Notice that care
must be exercised in the calculation of the absolute values

30' 1.00+ 5‘F?e(0c/wp)
~
3
OIOO 1 1 1 1 1 1 1 1 L
000 50.00 100.00
Re (QC/(.UP)
FIG. 1. Dispersion relation @ vs Re(Q) of the surface

plasmon-polariton of a flat metal surface, calculated with a hy-
drodynamic (solid) and a local (dotted) model. The retarded re-
gion is enlarged in the inset. The dash-dotted line represents
the light cone and the shadowed region is that in which the met-
al becomes transparent.
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in Eq. (23) since the electric field might be a complex vec-
tor without a real direction. The dependence of the first-
and second-order fields on % is divided out in the
definitions of r; and r,, and the scattering wave vector g
is used to generate dimensionless quantities. Notice that
ry is defined for scattering at Q; +g; a similar expression
holds for scattering at Q; —g.

In Figs. 2, 3, and 4 we show local and nonlocal results
for r, and r, as a function of g when the p-polarized light
hits the surface at an angle 6=30° for three different fre-
quencies: ®/w,=0.4, 0.5, and 0.8. The first-order non-
local calculation shows a dip in Fig. 2 for a value of g
which corresponds to a root of r;. This is not strictly a
zero because the roots are complex due to the finite value
of 7. In the local case the zeros obey the relation

€Qi(Q; +8)—k,(Q))k,(Q; +g)=0,

which can be solved analytically and is displayed in the
inset of Fig. 2, together with the roots that correspond to
the nonlocal calculation which were obtained numerical-
ly. Notice that as g— o the local calculation approaches
a finite frequency given by the smallest root of

4 2

© | —(2sin%0+1) +1=0

@p

o

Dp

(neglecting dissipation); this is not the case in the nonlo-
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FIG. 2. Enhancement factor r, (dashed) and r, (solid) as a
function of gc /w, for a fixed frequency w/w,=0.4. The corre-
sponding local calculations are shown with dotted-dashed and
dotted lines. The wave vectors g such that Q;+g lie on the SPP
dispersion relation, on the light cone (LC), and the root (R) of
the first-order scattered field are indicated. In the inset we show
a schematic plot of the real part of the roots of r, as a function
of w; the solid line represents the nonlocal case while the dotted
line represents the local one.
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2.20

0.60

-1.00

10g,o I'M

-2.60

-4.20

-1.00 0.00 1,00

log,o (gc/wwp)

2.00 3.00

FIG. 3. Enhancement factor r; (dashed) and r, (solid) as a
function of gc /w, for a fixed frequency w/w,=0.5. The corre-
sponding local calculations are shown with dotted-dashed and
dotted lines. The notation is as in Fig. 2. In the inset we show
schematically the processes of SPP excitation at Q;+g or
Q; —g. The surface projection Q; of the incident wave vector is
represented by a dashed line through the origin inside the light
cone (LC) and the nonplanar surface provides the additional
momentum +g.

3.20
1.60
£ 000
Q
o
Re]
-1.60
-3.20
1 . 1 1
-1.00 0.00 1,00 2.00 3.00
log,,(gc/we)

FIG. 4. Enhancement factor r; (dashed) and r, (solid) as a
function of gc/w, for a fixed frequency w/w, =0.8. The corre-
sponding local calculations are shown with dotted-dashed and
dotted lines. The notation is as in Fig. 2. In the inset we show
schematically the processes of SPP excitationat Q;+gorQ;,—g
which are possible in the nonlocal case only. The dotted line is
the dispersion curve for local case.
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cal calculation. It can be seen in the inset of Fig. 2 that
for  <0.440, there are roots in both the local and non-
local cases, while for ©>0.44w, there are roots only in
the nonlocal case with large value of g. This behavior is
also apparent in Figs. 3 and 4, where the nonlocal results
show dips which are absent in the local case.

One of the most prominent features of Figs. 2 and 3 is
the peak of r, due to SPP excitation at Q;+g, and two
peaks in r, due to SPP excitation at Q;xg. In the insets
of Figs. 3 and 4 we show schematically these two process-
es. As seen in Figs. 2 and 3, there is a noticeable
difference between the results of the local and nonlocal
calculations for high values of g. However, for small fre-
quencies this difference is negligible around the SPP reso-
nance. On the other hand, at @/, > 1/V'2 (Fig. 4) there
is no SPP peak at all in the local calculation while in the
nonlocal case the resonant scattering by the SPP can be
seen at large value of g. Since in this case Q; <<g, the
two second-order peaks at Q;xg lie so close to each other
that they cannot be discerned in the figure.

In Figs. 2, 3, and 4 we can also see one and two discon-
tinuities in the slopes of r; and r,, respectively. They
correspond to values of g such that Q;+g lies on the sur-
face of the light cone.

The structure in Figs. 5 and 6 corresponds to the
features of Figs. 2—4: resonances when the scattered vec-
tors Q,tg satisfy the SPP dispersion relation, slope

2.00

1.00

0.00
£
Q
o
L
-1.00
-200
-3.00 1 i 1
0.00 0.80 1.60 240 3.20
w/wp

FIG. 5. Enhancement factor r, (dashed) and r, (solid) as a
function of w/w, for a fixed grating wave vector gc/w,=0.5.
The frequencies for which the metal becomes transparent (T)
for propagation with wave vectors Q; and Q,tg are indicated.
Otherwise, the notation is as$ in Fig. 2. In the inset we show
schematically the processes of the SPP excitation at Q; +g or
Q; —g which correspond to two different values of .
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l0g, M

-420 -

0.00 0.80 1.60 2.40 320
w/wp

FIG. 6. Enhancement factor r; (dashed) and r, (solid) as a
function of w/w, for a fixed grating the wave vector
gc/wp=100. The corresponding local calculations are shown
with dotted-dashed and dotted lines. The notation is as in Fig.
5. In the inset we show schematically the processes of the SPP
excitation at Q; +g or Q, —g which correspond to two closely
spaced values of w. The dotted line is the dispersion curve for
local case.

discontinuities when they intersect the light cone, and
dips in the first-order calculations. These processes are il-
lustrated by the insets of Figs. 5 and 6. There are also
discontinuities in Figs. 5 and 6 whenever any of the
reflected waves propagates at the critical angle
0.=arcsinV'¢, at which the corresponding transmitted
wave changes from evanescent to propagating; these
discontinuities did not appear in Figs. 2—4 because there
we chose w<w,. Since the scattering wave vector is
small in Fig. 5, the local and nonlocal results are very
close to each other, while they differ considerably in Fig.
6 for which g approaches an atomic scale.

In Fig. 7 (8) we plot r, and r, versus gc /o, (0/w,) for
fixed value of w/w,=0.5 (gc/w,=0.5) for the s-
polarized light with the electric field along the grooves of
the grating. In this case there is no mixing between s, p,
and longitudinal waves, the local and the hydrodynamic
results become identical, and there are no SPP resonances
and no zeros in the first-order enhancement factor. The
only structure visible in these figures consists of the slope
discontinuities whose origin was discussed above.

In Fig. 9 we show the normalized change in reflectance
AR /R versus w/w, upon roughening [Eq. (21)] for a sur-
face with microscopic scale roughness (gc /o, =100) il-
luminated with p-polarized light [Eq. (22)] at the angle
6=30°. Note that the result was scaled with the pertur-
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FIG. 7. Enhancement factors r, (dashed) and 7, (solid) for s-
polarized field as a function of wave vector gc/w, for a fixed
frequency w/w,=0.5.

bation parameter (gh)?. The structure in this figure is
closely correlated to that of Fig. 5 except for the peak at
the Brewster frequency wpz=w,/(1—tan’0)=~1.20,
which arises from the zeros of R‘?). The other large peak
originates from the SPP resonance and its position is

shifted significantly between the local (=0.71w,) and the

0.80 -

-0.80

-1.60

L | |

000 0.80 1.60 2.40 320
w/Wp
FIG. 8. Enhancement factor r, (dashed) and 7, (solid) for s-

polarized light as a function of frequency w/w, for a fixed grat-
ing wave vector gc /w, =0.5.
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FIG. 9. Differential reflectance of p-polarized light as a func-
tion of frequency w/w, for a fixed grating wave vector
gc /w, =100, obtained through a local (dashed) and a nonlocal
(solid) calculation. The positions of the SPP resonance and the
Brewster (B) condition are indicated.

nonlocal (=~0.9w,) calculations. Actually, in the local
case this peak is quite insensitive to g while its position is
nearly linear in g in the nonlocal case.

IV. CONCLUSIONS

In this work we have used the Rayleigh-Fano method
to study the scattered fields near a rough metallic surface.
Spatial dispersion was accounted for by using a hydro-
dynamic model complemented by an additional boundary
condition. We have derived a formal perturbative solu-
tion to arbitrary order in the amplitude of the roughness
for both nonlocal and local media. Our solution was ap-
plied to gratings and we obtained numerical results to
first and second order. Our results display a very rich
structure which was analyzed in terms of the bulk and
surface modes of the corresponding flat system. The
most noticeable structure stems from the excitation of the
surface plasmon polariton which becomes possible due to
the nonconservation of momentum along the surface.
The position of the SPP resonance is shifted in the nonlo-
cal calculation with respect to the local results, but its
strength is not modified substantially. This result should
be important in the analysis of surface-enhanced Raman
scattering from surfaces with microroughness. We also
found that under certain conditions the first-order
diffracted fields are suppressed. These conditions are
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very sensitive to spatial dispersion. As g increases, non-
local effects become more important, and they must be
incorporated in calculations involving systems whose
roughness profile has characteristic lengths of the order
of interatomic distances, as is the case for certain recon-
structed metallic surfaces. Although not entirely realis-
tic, our hydrodynamic calculation is the first one applied
to metallic surfaces with small-scale roughness. Further-
more, the reflectance change upon roughening which we
calculated to second order could be observed experimen-
tally, for example, as an anisotropy in the reflectance of
reconstructed (110) surfaces of noble metals.

R,(Q\p)=—n.n,Q —(1—n})Qs ,
R,(Q,p)=(n,n,)Q, +(1—n})Q, ,
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APPENDIX A

In this appendix we give explicit expressions for the
elements of the matrices R(Q’,p), W(Q',p), and I(p)
which appear in Eq. (10a):

R13(Q,’p)=[-nxnyquQ; +(1_nyz)qleJ:——nzny(Q,)2]c /o,

R(Q,p)=[—n,n, QL(k. /€,)+(1—n2)Q; (K, /€,)+n,n,(Q" /€ ]c /o ,

R 5(Q,p)=—n,n,Q; +(1 —nf)Qy'—nznylz’ ,

RZI(Q,’p):[_(l_-n)?)qle; +nynxqz’Q}:+nznx(Ql)2]c/w ’

Ryp(Qp)=[—(1—=n)k;Q  +nyn k;Qy—n.n (Q")]c /v,

R, (Q,p)=(1—n})Q,+n,n,Q; ,
Ry(Q,p)=—(1—n)Qy—n,n.Q;) ,
R,5(Q',p)=0,
Ry(Q,p)=(1—n)Q)+n,n. 0, ,

Ry,(Qp)=—(1=n2)Q) —n,n,Q} ,

R3;(Q,p)=[(1—n3)q;Q; —n,n.q;0) —n,n (Q"V]c /o, (A1)
Ry,(Q,p)=[(1—n})Q;(k,/€,)—n,n,Q,(k, /€ )+n,n (Q")/€e]c/a,

Rys(Q,p)=(1=n2)Q; —n,n Q) —n.n,l; ,

R,(Q,p)=[n,n,q,0.—(1—n2)g;Q;+n,n,(Q)]c /o,

Ry(Q,p)=[n,n,k; Q) —(1=n))k; Q) —n,n,(Q"Ple /o ,

R43(Q'»P):‘nx"yQ;—(l_"yz)Q; s

R4 (Q,p)=(n.n,)Q,+(1—n))Q, ,

R4(Qh,p)=0,

R (Q\p)=n.n,Q;—n,n,Q,

RSZ(Q”p):—nxanbQ}:+nynz6bQ;c >

Rs3(Q,p)=[n,n,q,05+n,n,q;,0,+n}(Q"’]c /o ,

Rsy(Q,p)=[n,n.k;Qc+nynk;Q;—nXQ'Vle,c /6,0,

R55(Q’,p)=(nxan;+nyan)f+nzzlz')eb ;

W(Q,,p):diag(e—z(q;+qzi)g’ei<k;—qz,)g,e—f(qz’+qu)§,ef<k;~q,i>§’ei<l;~qz,-)§) i (A2)
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I&

and

(1—n2)Q;8; +[(—n,n,)g,;Q;c /o+n,n,Qc /w]P
[(1=n2)N—g,Q;c /®)—n,n, Q% /®]S;+(—n,n, Q)P
p)="1| (—n,n,0)S;+[(1—n})g,Q;c/0+n,n Qc/w]P; . (A3)
[(—nen, (—g,:Q;c /@) —n,n, Q¢ /0]S; +[(1—n})Q; 1P;

(n,n,Q,)8; +(n,n,q,Q;c/o—n}Qlc/w)P;

APPENDIX B

In this appendix we give explicit expressions for the elements of the matrices R"(Q’), W"(Q’), and 1'""® for
Q'=(Q’',0,0) and n =0, 1,2 which appear in Eqgs. (17)-(19):

—Q' Q' 0 0 0
—cQ'q, /o —cQ'k,/w 0 0 0
ROQ)= 0 0 cQ'q;/0  cQ'kj/we, Q' |, (B1)
0 0 -0 o’ 0
0 0 c(Q')/o —c(Q')e,/we, L€,
0 0 0 0 0
—c(Q)V/0 c(Q')V/w 0 0 0
RIO(Q)= 0 0 c(QV/0  —c(Q')/we, I , (B2)
0 0 0 0 0
0 0 —qlcQ' /o —ck}(Q')e,/we, —Q'€,
0 0 0 0 0
cQ'q, /o cQ'k,/w 0 0 0
R2Y(Q)= 0 0 —cQ'q, /0 —cQ'k,/we, —Q' |, (B3)
0 0 0 0 0
0 0 —c(QV/w c(Q')Ve, /we, —I€,
woQ)=1, (B4)
W“)(QI)=dlag( _l(qzl+qzz )’l(kz’ 4z )’ _—-l(qz,_’_qzt )’l(kz, 4 )’l(lz’ 4 )) ’ (BS)
WR(Q)=diag(— (g, +q,;)% — +k; — g%, — 1(q; + 9., — H(k; — g, P ==, (B6)
9;S;
—¢q,;Q;S; /w
1= 1 cq, QP /0 |, (B7)
QP
—cQP; /o
0
cQ2S; /w
119= | —cQ?P; /0 |, (B8)
0
—cq,; QiP; /o
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and
0
cq;QiS; /o
—¢q,; Q;P; /0
0
cQ?P; /w

|(20):

13
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