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Uniaxial incommensurate lattice of a quantum monolayer solid
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Calculations are reported of the energy and structure of commensurate and uniaxially incorn-
mensurate monolayer lattices of molecular hydrogen and deuterium adsorbed on the basal-plane
surface of graphite. The domain structure and energy for modulations driven by the periodic terms
of the holding potential are determined. The calculations are based on a variational quantum-
mechanical theory of a two-dimensional lattice and use the Silvera-Goldman model of the inter-
molecular potential. Results are in fair agreement with available experimental data.

I. INTRODUCTION

The monolayer solids of molecular hydrogen and deu-
terium physically adsorbed on the basal-plane surface of
graphite are highly compressible quantum solids for
which experimental data show' prominent effects of
the competing periodicities of the adlayer and the sub-
strate. An advantage of studying effects of mutual frus-
tration of components of the interactions in the context
of the adsorbed isotopic hydrogen series is that complex
structures arise from relatively simple interactions among
the constituents. We report here the results of calcula-
tions of the ground-state energy and structure for a two-
dimensional (2D) model of the quantum monolayer
solids, and comparisons with experimental data' for
hydrogen and deuterium.

The phase diagrams of monolayer solids of molecular
hydrogen and deuterium adsorbed on the basal-plane sur-
face of graphite, H2/graphite and D2/graphite, include
several registry and orientationally ordered phases. A
combination of experimental techniques has been used to
identify phase boundaries and to confirm proposed struc-
tures: specific-heat measurements, ' neutron scatter-
ing, and low-energy electron diffraction. ' At low
temperatures, H2 and D2 condense on graphite in the
( &3 X &3 )R 30 commensurate lattice with 4.26 A
nearest-neighbor spacing of the molecules and with the
axes of the triangular adlayer lattice oriented at 30' to the
axes of the triangular Bravais lattice of the graphite sur-
face. Under compression, uniaxially registered adlayer
solids are formed' and then triangular incommensurate
solids. ' The H2 and D2 cases have different successions
of orientations of the adlayer relative to the substrate. '
The uniaxially registered adlayer has domain walls which
on average form a parallel array; diffraction experi-
ments' show modulation satellites which reAect depar-
tures from the average adatom spacing along the direc-
tion perpendicular to the remaining registry. The extent
of the departures, expressed as a width of the domain
wall, is available from quantitative analysis of the in-
tensities of neutron-diffraction peaks. Thus, there is
much information available on the nominally simple iso-
topic hydrogen layers, in a low-temperature regime
where ground-state energy calculations are relevant.

In previous calculations for hydrogen monolayers, '

we used the Lennard-Jones potential parameters of de
Boer for the molecular interactions in a Jastrow varia-
tional approximation for the triangular lattice as a func-
tion of density. As for helium, this procedure leads to a
fair account of much thermodynamic data with a simple
interaction model. However, in the exploratory calcula-
tions performed in formulating this project we found neg-
ative bulk moduli in the model for uniform triangular lat-
tices of D2/graphite at densities less than 1.12 times the

0
commensurate density (p, =0.0636/A ). Since including
the substrate periodic potential removes a scaling in the
variational quantum mechanics which is a major compu-
tational advantage of the Lennard-Jones model, we now
use the modern Silvera-Goldman (SG) multiparameter
potential model" for the molecule-molecule interaction.

The periodic-potential amplitude Vg for the molecule-
substrate interaction at the minimum of the holding po-
tential is a poorly known input to the calculations. We
used several values for V, starting with a value ob-
tained' from a Lennard-Jones model for the holding po-
tential derived' from molecular-beam scatterings. The
values are in a range to give' zone-center frequency gaps
for commensurate Hz/graphite and D2/graphite which
are close to the gaps determined by inelastic neutron
scattering. '

The usual Jastrow variational trial function' for a
quantum solid contains two parameters which, roughly,
are a pair correlation length and a Gaussian width for vi-
brations about the lattice sites. For the modulated uniax-
ially registered monolayer solid, we introduce a third pa-
rameter: a "wall width" I which is the characteristic
length of a sigmoid distribution of misfit over rows of the
repeating domain unit. The limit of zero wall width, very
sharp domain walls, has the misfit concentrated at one
row. The search to determine the optimal values of the
three variational parameters involves repetitious Monte
Carlo calculations. '

A very different approach to the determination of the
structure and energy of a striped phase is the path-
integral Monte Carlo calculation for adsorbed helium
performed by Abraham and Broughton. ' Such a formu-
lation does not have the constraints imposed by a varia-
tional trial function, but has large computational require-
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ments from the outset. As we discuss in Sec. IVB, op-
timizing the variational parameters in a more general tri-
al function would require calculating quite small energy
increments.

The organization of this paper is as follows: Section II
contains a description of the interaction model, with the
additions to the Silvera-Goldman potential arising from
the monolayer setting. Section III contains a description
of the striped, domain-wall, monolayer lattice and the pa-
rametrization used in this paper. Results of the calcula-
tions and comparisons to experimental data are given in
Sec. IV and some concluding remarks are given in Sec. V.
Summaries of results for the classical one-dimensional
discrete chain and of the methods used to process the
computational data are contained in the Appendixes.

II. THK INTERACTION MODEL

A. The pair potential

P(r) =Pp„,(r)+ ( C9/r )f,(r),
P „,(r)=exp(a —Pr yr )—

—(C6/r +Cs/r +Cio/r' )f,(r),
f, (r)=exp[ —(1.28r /r —1) ], r (1.28r

=1, r & 1.28r

(2.2)

(2.3)

(2.4)
0

where r =3.41 A is the separation of the minimum of
The parameters in Eqs. (2.2)—(2.4), in atomic units,

are C6 = 12.14, C, =215.2, C,o =4813.9, a = 1.713,
f3= 1.5671, y =0.009 93, and C9 = 143.1. They were
determined from a combination of theoretical calcula-
tions and fits to experimental data. The separation at the
minimum and at the zero of P~„, are 3.41 A and 2.97 A,

The Lennard-Jones (12,6) potential model with de
Boer's parameters has been used' in many previous cal-
culations for condensed phases of molecular hydrogen
and has computational advantages' arising from its sim-
ple functional form. However, as noted in Sec. IVA, it
leads to predictions of mechanically unstable triangular
lattices of Dz/graphite at densities nea, r the commensu-
rate density. Because these may be artifacts of the model
which could lead to unphysically large adlayer modula-
tions, we now use the more detailed Silvera-Goldman in-
teraction model. " The Silvera-Goldman model is suc-
cessful in accounting for a wide range of data for three-
dimensional bulk phases' of hydrogen and deuterium;
for 2D D2 it has mechanically stable triangular lattices of

O

nearest-neighbor spacings up to 4.22 A. In this section
we define the model and summarize what is known for it
in the 3D dense phases.

The Silvera-Goldman interaction is a semiempirical
isotropic effective pair potential for dense molecular hy-
drogen and deuterium. The potential energy of the
many-body system is

(2.1)

respectively, while the values for the Lennard-Jones po-
tential' are 3.32 A and 2.96 A.

The first term in P „,represents a short-range overlap
repulsion and the second term a van der Waals attrac-
tion. The cutoff function f, (r) serves to eliminate the
divergence of the multipoles at the origin and to dampen
the van der Waals attraction in the region of the pair-
potential minimum, in accord with other modeling. It
enables an interpolation through the potential minimum
by a sum of terms based on large and small separation
limits.

The constants" C6, C8, and C,o were calculated by
Meyer. Silvera and Goldman determined the parameters
a, P, and y by fitting an experimental P Visot-herm of
solid D2 for pressures of 0—20 kbar and the zero-pressure
sublimation energy of D2, subject to a requirement that
the small separation limit of the interaction agrees with
self-consistent field calculations. The pair potential then
reproduced differential cross-section data.

The C9 term is an approximation to the many-body en-
ergies in the solid phases. It is a simplification of the
Axilrod- Teller-Muto triple-dipole potential, ' which
scales as the cube of the 3D density. Silvera and Gold-
man introduced the approximation to facilitate their
computations, although they noted that second-order
quantities such as the speed of sound may be sensitive to
this simplification. Their value C9 = 143 a.u. rejects
three-body lattice sums on the 3D lattice; in the mono-
layer calculations we use a value C9=29.7 a.u. derived
from the corresponding sums for the triangular lattice.

Since the construction of the SG model, there have
been further constructions, ' ' with an emphasis on high
pressures, small molar volumes, and high temperatures,
for phenomena such as high-pressure melting and shock-
wave propagation. In the monolayer solids treated here,
the nearest-neighbor separation is generally larger than
3.5 A, which corresponds to a 3D solid of molar volume
greater than 18 cm /mol and a 3D pressure of less than 2
kbar at low temperatures. Yourig et al. showed that
the SG model describes isotherms of solid H2 and D2 very
well up to pressures of 20 kbar. Norman et al. com-
pared ' the SG model with later models and concluded
that it treats large molar-volume data with an accuracy
comparable to that of the later models.

Thus, there is an extensive documentation"' ' ' ' for
the SG model in 3D dense phases showing it to be a rath-
er accurate approximation to the isotropic pair interac-
tion of isotopes of molecular hydrogen. Novaco' used it
in his calculations of the dynamics of the commensurate
monolayer and we concluded that it had sufficient validi-
ty to warrant the extensive calculations needed to deter-
mine the structure of the uniaxially incommensurate
monolayer. The energy and length scales of the SG mod-
el are set by fitting to the 3D solid; for the modulated
monolayer, these scales are balanced against those in the
holding potential.

B. Holding potential and substrate efFects

The ground-state energy for a single H2 or D2 adsorbed
on graphite is derived from measurements' of selective
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adsorption resonances. For H2/graphite it is —482 K
and for D2/graphite it is —516 K. The experimental
data do not directly yield the leading Fourier amplitude
V of the lateral variation of the holding potential at the
equilibrium height; a value V = —6.4 K was estimated'
from a model for the holding potential, with an average
over zero-point motion in the perpendicular direction.
Because such modeling underestimates the corrugation
for other adsorbates on graphite, we have performed the
calculations for several values of V in the range —6.4 to
—9.6 K.

The periodic potential experienced by one molecule is
expressed in terms of V~ by

U „(r)= V g exp(ig r), (2.5)

where r is the lateral (2D) position, measured relative to a
commensurate lattice site, and the sum runs over the first
shell of six reciprocal lattice vectors of the substrate, of
magnitude go (=2.95 A ' for graphite).

The corrugation amplitude Vz is poorly enough known
that we do not attempt to model its dependence on the
distance from the substrate. Correspondingly, the mono-
layer is modeled as a two-dimensional planar solid, with
no allowance for a possible "warping" of the monolayer
by displacements perpendicular to the substrate in the
domain-wall regions where the smallest nearest-neighbor
spacings occur. However, except for the largest values of
V, the smallest spacings in these calculations are larger
than the monolayer limit of compression ' of the tri-
angular lattices.

The van der Waals attraction between adsorbed mole-
cules is reduced from its value in the 30 gas by the elec-
trodynamic screening response of the substrate, the
McLachlan interaction. ' We estimate its effect by calcu-
lating also for an effective value of C6=9.94 a.u. , rather
than 12.14 a.u. , in P „,to mimic the contribution of the

0
McLachlan interaction at lateral spacings of 3.4—4.3 A
and an overlayer height relative to the image plane of 1.5
A. With this modification the minimum and zero of P „,0 0
occur at 3.50 A and 3.06 A, respectively.

III. QUANTUM-SOLID THEORY
A. Adlayer structures

Most previous work for quantum monolayer solids has
been limited to treating adlayers on structureless sub-
strates or to the specific case of the commensurate
(&3X&3)R30' lattice. Such triangular lattices are in-
cluded in the present work.

We now describe a specific nontriangular adlayer lat-
tice modulated by the periodic potential of the substrate,
the so-called striped structure of the uniaxially incom-
mensurate adlayer. It arises from the competing periodi-
cities of two lattices, the intrinsic triangular lattice of the
adlayer and the surface lattice of the substrate —here a
triangular Bravais lattice for the basal-plane surface of
graphite. 'We summarize the geometric definition of the
stripes, the identification of the associated energy, and
the diffraction signature of the structure.

The statistical mechanics of striped lattices and of
disordered domain-wall arrays has been treated by

Halpin-Healy and Kardar, with reference to the phase
diagram of helium adsorbed on graphite. In their
lattice-gas model, a domain-wall Quid phase is intermedi-
ate to the commensurate and uniaxially incommensurate
lattices. In the present zero-temperature modeling, we
neglect the domain-wall Quid. A consequence of this om-
ission and of omitting vacancy effects may be that the cal-
culated step in the chemical potential from the value at
condensation in the commensurate lattice to the thresh-
old for finite misfit would be rounded at finite tempera-
tures.

The striped domain structure arises under uniaxial
compression of the (&3Xv'3)R30' commensurate ad-
layer along the substrate y axis shown in Fig. 1. In terms
of the x and y axes of Fig. 1, the primitive reciprocal lat-
tice vectors of the triangular surface lattice are

Si=gox (3.1)

and g2=go[ —,'x+(&3/2)y], with go=4m. /L&3 =2.95
A ' for 1.=2.46 A, the side of the graphite surface unit
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FICs. 1. Schematic diagram illustrating the orientation of a
six-row uniaxially compressed monolayer with superheavy
domain walls relative to the surface honeycomb lattice of the
basal-plane graphite. The primitive reciprocal-lattice vectors of
the graphite surface and the x and y axes of the coordinate sys-
tem used in Sec. III are shown.
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cell. The average positions in the adlayer lattice have x
components

R„(a)=nL,

crement in chemical potential necessary to drive the'ad-
layer incommensurate in a continuous transition. The
adlayer first condenses in the commensurate lattice at a
chemical potential given in terms of the calculated E, by

and (3.2) p, =E, /N . (3.10)

R„(P)=(n + ,')L, —

in alternating rows a and I3, and y components

R =m (V3/2)L, +v(m), (3.3)

The zero-temperature grand potential for a system of N
particles in a fixed area A and chemical potential p is

(3.11)

0
where n and m are integers, L, =4.26 A.

The increment u (m) is zero in the commensurate lat-
tice. For the uniform uniaxially incommensurate lattice,
v (m) is a linear function of the row index "m," while in
the striped structure u (m) is a succession of sigmoids as a
function of m. For a structure consisting of domains of
2n rows separated by parallel superheavy domain walls,
as proposed' for H2/graphite and D2/graphite, the
function v (m) has a periodicity

N =N, /(1+m) .

Combining Eqs. (3.9)—(3.12) gives

II =N(p, ——', L,wm —p);
not until p reaches a threshold

(3.12)

(3.13)

with coverage in terms of the number N, in the com-
mensurate layer

u (m +2n ) = u (m ) ——', (&3/2)L, = v (m) —L, (3.4)
pt=p +—L N (3.14)

and the fractional mean misfit of the average spacing of
the rows relative to the commensurate row spacing of
(&3/2)L, is

m = —1/(3n ) . (3.5)

The average density relative to the commensurate density
is

p/p, = 1/( 1+m ) . (3.6)

A periodically repeated patch of N rows then has
N~/(2n) walls. The total length of walls is, with N
atoms in each row and total number N atoms in the
patch,

N L,N /(2n ) =NL, /(2n ) . (3.7)

The energy per unit length of the walls is derived from
the difference between the energy of the striped lattice
and the energy of the commensurate lattice, both calcu-
lated for the same number Xof particles:

w =
I [E(stripe) —E, ]/N }(2n /L, ) . (3.8)

E(stripe) =E, ,'NL, wm . —— (3.9)

This construction gives the intrinsic energy per unit
length of well-separated walls in the limit of large n, but
at finite n the energy difference includes interaction ener-

gy between the walls. We use n=3, domains of six rows,
in the calculations and argue in Sec. IV 8 that the walls
are narrow enough, and the wall-wall interactions are
small enough, that Eq. (3.8) gives a good approximation
to the intrinsic wall energy.

To the extent that Eq. (3.8) leads to an energy w which
is approximately independent of n for large n, the energy
E(stripe) varies linearly with small mean misfit

does an increase in the chemical potential cause a lower-
ing of the grand potential by an increase of coverage.
Such a step in the chemical potential may have been ob-
served for the onset of the striped phase of Xe/Pt(111).

The specification of the average row positions is con-
tained in the function u(m). An explicit expression for
v(m) in the case of an isolated domain wall treated in
continuum elasticity approximation is given in Eq. (AS).
We use the following approximation to the function for a
repeat unit of six rows with the domain wall centered be-
tween the third and fourth rows:

u (j)= (L /2) I 1 —tanh—[(3.5 —j)/l, ]},
j =1, . . . , 6 . (3.15)

The smallest nearest-neighbor spacing occurs between
atoms in the third and fourth rows and is

LNN =(L, /2)(1+3}1 ——', tanh[1/(2/, )] } )O (3.16)

The parameter I, is a variational parameter set by finding
the minimum-energy structure;- it measures the wall
width in units of the commensurate row spacing 3.689 A.
The relation of Eq. (3.15) to the continuum solution and
to a solution for a classical discrete lattice is discussed
in Appendix A and in Sec. IV B.

The striped structure of parallel domains has a charac-
teristic diffraction pattern which distinguishes it from the
uniform uniaxially compressed lattice. The pattern may
be described in terms of diffraction peaks associated with
the superlattice of domains or, as here, in terms of the
reciprocal-lattice vectors of the substrate and of the aver-
age adlayer lattice and the misfit wave vectors between
the two families of reciprocal-lattice vectors. Primitive
reciprocal-lattice vectors for the uniform uniaxial incom-
mensurate lattice of misfit m are

The energy increment for a uniaxially compressed lattice
is thus expressed in terms of the energy and density of
added walls.

We use Eq. (3.9), for low temperatures, to find the in-

t, =(go/2) Ix+y(1/[&3(1+ m )])}

t~=(go/2) I
—x+y(1/[&3(1+ m )])} .

(3.17)
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The g, reciprocal-lattice vector of the substrate, Eq. (3.1),
is thus in the lattice spanned by t, and tz.

gi =ti —tz, (3.18)

s(k)=
( x exp((k r ) ~)

J
(3.20)

are reported in Table III and Sec. IV B. In Eq. (3.20) the
expectation value is performed for the optimized
ground-state trial function and the sum extends over the
X particles in the Monte Cario cell. The relative intensi-
ties in neutron-diffraction experiments have been used
to estimate the wall-width parameter for Dz/graphite and
Hz/graphite; comparisons with the data are given in Sec.
EV B.

The frequency gap for lateral (2D) vibrations at the
center of the Brillouin zone for the commensurate ad-
layer can be estimated with an adiabatic approximation
in which the force constant is calculated for small dis-
placements of the adlayer center of mass. If relaxation of
the ground-state wave function during the displacement
is neglected, the result is formally the same as the expres-
sion for the zone-center frequency used in Novaco's self-
consistent phonon theory' of the adlayer. The angular
frequency of molecules of mass M is

0=go [—3 Vs ( exp( i go r ) ) /M] (3.21)

with the ground-state expectation value for one of the
primitive reciprocal-lattice vectors of Eq. (3.1) and dis-
placements r from a commensurate lattice site. In this
approximation, the zone-center frequency is simply relat-
ed to the contribution of the surface corrugation to the
ground-state energy of the commensurate lattice.

8. Variational trial function

The basic calculation is to determine the ground-state
energy for a structure of specified average density. We
use a variational approximation' and a generalization of
the Jastrow trial function for a uniform lattice. ' The tri-
al many-body wave function has the form

%=exp —
—,
' g (b/r, , )' —(&/2) QU,

where the r,- are the interparticle distances in each
configuration and the v =r —R are the displacements
from the average lattice positions R . The variational pa-
rameters are the constants b and 3 and the wall-width
parameter I„Eq. (3.15), which sets the displacements of
the average row positions from the positions in the uni-
form, nonmodulated lattice. In this trial function the pa-
rameters A and b are the same for all rows.

The expectation value of the Hamiltonian is calculated

and the misfit wave vector q is defined relative to the vec-
tor gz by

q=(2t, +tz) —gz=(2m/L)[ —m/(1+m )]y . (3.19)

The relative diffraction intensities from the layer for
wave vectors t3=tj+tz, t3+q, t3 q t] t~+q arid t~ q,
calculated from the static structure factor

by now-standard Monte Carlo methods. ' ' The Hamil-
tonian is separated into the kinetic-energy operator, the
repulsive and attractive functional terms of the pair po-
tential Eq. (2.3), the pair approximation to the three-body
energy, and the periodic substrate potential. The expec-
tation values are separately calculated and smoothed with
the procedure described in Appendix B. Sums of two-
body terms, the pair potential and the Jastrow kinetic-
energy term, are performed for the particles in the basic
Monte Carlo cell, with a nearest-image rule; no continu-
um end correction is made for the contribution of more
distant pairs.

IV. RESULTS

A. Triangular adlayer lattices

The variational ground-state energies for the commens-
urate (+3X+3)830' lattice, E„and for the intrinsic tri-
angular lattice on a smooth substrate, Eo, give a first test
whether the commensurate lattice is the ground state of
the model and also a measure of the contribution of the
corrugation energy V~. The results, listed in Table I,
show that in all the cases the commensurate lattice has
lower energy than the intrinsic lattice. Zero-point oscil-
lations of the molecules about the lattice sites greatly
reduce the average corrugation energy: For V = —6.4
K, the minimum of the periodic potential energy is —38
K, while the expectation value of the periodic potential
energy for Hz is 15 K and for Dz is —19 K.

Interpolating in the results for Dz(a), the "bare" in-
teraction model, gives an estimate of —3.4 K for the cor-
rugation amplitude at which the commensurate lattice
has lower energy than the intrinsic unmodulated lattice;
the critical magnitudes for the other cases are smaller.
Such comparisons provide lower bounds on the critical
magnitude of V~ for stability of the commensurate lattice;
stability relative to the modulated lattice is tested by the
sign of the wall energy per unit length, Sec. IV B.

A necessary condition for mechanical stability of a lat-
tice is that the bulk modulus be positive. The bulk
modulus calculated for uniform triangular lattices of Dz
with the de Boer—Lennard-Jones potential' is negative

0
for lattice constants larger than 4.02 A, i.e., at densities
within 12%% of the commensurate density. To the extent
that this feature is an artifact of the Lennard-Jones mod-
el, there would be concerns about related artifacts in cal-
culations for the striped configuration with average densi-
ty 1.125p, . As a preliminary study of the SG model, we
calculate the bulk modulus of uniform triangular lattices
of Hz and of Dz, on a structureless substrate. The bulk
modulus is positive for densities down to p, in three of
the four cases of Table I; for Dz(a), it becomes negative
at 1.02p, . The results are shown in Table I for three den-
sities: The deuterium is more compressible than the hy-
drogen at each density; domain walls for average densi-
ties in this range are expected to be sharper for Dz than
for Hz.

The frequencies for the zone-center gap of the com-
mensurate layer, calculated with Eq. (3.21), are listed in
Table I. The values found by Novaco' in a self-
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TABLE I. Triangular lattices of hydrogen and deuterium, Silvera-Goldman potential model. '

V b

0
1V (0)

1.4Vg(0)

Property

Eo'
Lo'

d

E,
CO

E,

&'(p, )

8(1.09p, )

8 (1.22p, )

H, (a)
—25. 1

4.09
—24.3
—35.6

39.1
—41.8

48.5
14.4
26.6
54.8

—12.5
4.32

—12.4
—24.6

39.8
—30.9

49.2
22. 1

37.0
70.8

Dz(a)

—45.4
3.78

—37.4
—52.5

31.2
—60.2

38.5
—1.8

9.0
39.2

D2(b)

—28. 1

3.98
—26. 1
—42. 1

31.6
—50.0

39.6
47

19.4
59.0

'Silvera-Cxoldman model as defined in Sec. II. Case (a): C6=12.14 a.u. case (b): C6=9.94 a.u.
Corrugation amplitude for Eq. (2.5); Vg(0) = —6.4 K (Ref. 12).

0

Energy (in K) per particle and nearest-neighbor spacing in A, of the minimum-energy intrinsic triangu-
lar lattice.
Energy (in K) per particle of the &3 commensurate lattice.
Brillouin zone-center frequency gap (in K) for lateral motion, calculated with Eq. (3.21).
Bulk modulus in erg/cm of uniform triangular lattices with density stated as a multiple of the com-

0
mensurate density p, =0.0636/A .

consistent phonon approximation for a model similar to
our case (a) are 36.9 K for Dz and 46.6 K for H2. No-
vaco reexamined the averaging to set the value of V and
used somewhat different values ( —7.7 K for Hz and —8.1

K for D2) than the reference value' —6.4 K here; inter-
polation in the values of Table I shows satisfactory agree-
ment with his results. The gap values from neutron
scattering measurements are 47 K (Ref. 6) and 41 K (Ref.
7) for D2 and S7 K (Ref. 6) for H2,' thus the 2D corruga-
tion amplitude V needed to reproduce the data is slight-
ly larger than the largest value ( —9.6 K) used in our cal-
culations.

The mean-square lateral displacement for commensu-
rate D2/graphite is reported to be 0.25 A . The model
calculations for case (a) give 0.6S and 0.59 A for Vs(0)
and 1.4Vg(0), respectively [and 0.63 and 0.57 A in case
(b)]. A comparison by Frank et al. to the mean-square
displacement for Hartree calculations' is misleading:
The optimized Jastrow trial function gives values which
should supersede the results of the Hartree approxima-
tion.

The chemical potential at monolayer condensation into
the commensurate lattice is constructed as the sum of the
ground-state energy of the lateral structure, E, in Table
I, and the ground-state energy for a single molecule in the
holding potential, ' —482 K for Hz/graphite and —516
K for D2/graphite. The result for H2/graphite is

p, ——520 K, a value in good agreement with estimates
of —510 to —540 K obtained by Motteler from extrapo-
lation of vapor pressure data. For D2/graphite the result
is p, ——570 K.

We have not repeated the calculations' of the mono-
layer limit of compression. An estimate based on com-
paring the length scale in P „., with that in the Lennard-
Jones model is that the smallest nearest-neighbor spac-
ings of the triangular monolayer lattice for the Silvera-
Cxoldman model are 0.05—0.1 A larger than those' for
the Lennard- Jones model.

B. Uniaxially incommensurate lattice

Specific-heat data for both Hz/graphite and D2/
graphite show the existence of an o.'phase at low temper-
atures for densities in the range (1—1.2)p, . Diffraction
data' show the a phase is a uniaxially incommensurate
lattice.

We calculate the ground-state energy for the uniaxially
incommensurate lattice shown schematically in Fig. 1: a
lattice of average density 1.125p„with mean linear misfit

9 and domains of six rows of molecules. The Monte
Carlo calculation has periodically repeated cells of 144
particles, arranged in 12 rows of 12 particles and in two
domains (n=3). The variational calculation has one pa-
rameter, l„ to set the displacements of rows in the
domains; presumably the energy minimization is most
sensitive to the smallest nearest-neighbor spacings.

The energy per unit length w of the walls obtained, us-
ing Eq. (3.8), from the calculated ground-state energy and
the ground-state energy of the commensurate lattice is
shown in Fig. 2 as a function of the corrugation ampli-
tude. The values of m are positive, which establishes the
stability of the commensurate lattice against spontaneous
formation of such walls. Under linear extrapolation of
the data shown in Fig. 2, the wall energy vanishes at a
threshold corrugation amplitude of —3.9 K for D2(a)
and —0.3 K for D2(b). Such magnitudes are much small-
er than modeling' ' of the holding potential indicates
and than the magnitudes needed' to fit the measured
zone-center frequency gap, so that the corn. mensurate lat-
tice is assured as the minimum-energy structure for this
interaction model.

The values of the wall-width parameter I, in Table II
correspond to sharp domain boundaries: For most of the
cases 40% or more of the misfit is concentrated between
the most closely spaced rows [rows 3 and 4 in Eq. (3.15)].
The interaction energy between walls separated by six
rows in Joos's solution for the 1D Frenkel-Kontorova
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chain, adjusted to the same scaled nearest-neighbor spac-
ing as for the entries im Table II, is less than 5% of the
single-wall energy. To estimate the effect of the 2D ex-
tent of the walls we integrate over line segments with the
exponential variation fitted by Joos: The wall-wall en-
ergy for the six-row domain may be as much as 10% of
the wall energy for. the D2 cases and up to 20% for the
H2 cases. The wall-wall energy is included in the energy
tU calculated with Eq. (3.8), and therefore the chemical
potential step calculated with Eq. (3.14) is larger than the
value which would be obtained if the wall interaction en-
ergy had been isolated. Also, the Peierls pinning poten-
tial for the domain walls appears to be very small in these
cases: With Joos's solutions, chosen in the same way as
for estimating the wall interaction energies, the pinning
potential energy is less than 2% of the wall energy

An important simplification in the trial function, Eq.
(3.22), is that the Gaussian width 2 and the correlation
scale b are the same for all rows. To explore how serious
this constraint is, we note that the optimized A and b
differ from their values in the commensurate lattice by 8
and 3.5%%uo, respectively, for the Hz cases and by 8 and
7.5%, respectively, for the D2 cases. As a scale, l%%uo

changes in the trial energy for the domain structure arise
under changes of A by 15% (H2) and 25% (D2) and of b
by 3% (H2) and S%%uo (D2). We infer that to optimize the
var'iational parameters in an elaboration of the trial func-
tion with different values of A for different rows in the
domain would require tracking quite small variations in
the Monte Carlo expectation values. If such a detailed

o H (G)
20 x H gb

0 (G)
+ D, (b)

1.5
Vg /Vg(0)

FICJ. 2. Wall energy per unit length, in K/A, of the modulat-
ed uniaxial incommensurate lattice as a function of the corruga-
tion amplitude, scaled by Vg(0) = —6.4 K, Ref. 12. Energies de-
rived from the calculations using Eq. (3.8) are shown for H2 and
D2 for two interaction models: Case (a) is the Silvera-Cxoldman
model as defined in Sec. II A, and case (b) is the modified model
with C6 =9.94 a.u. , to include adsorption-induced modifications
of the van der Waals attraction.

TABLE II. Parameters of the domain-wall structures. '

H, (a) H2(b) D,(a) D,(b)

1 Vg(0)
W 9.1 3.7
Apt 58.4 23.8
l' 1.40 1.07
LNN 3.56 3.38
1 4Vg(0)
W 12.9 19.1 7.,6
~Pr 82.2 122 48.3
l' 1.17 1.23 0.93
LNN 3.44 3.47 3.27
'SG interaction model, with cases as in Table I; for six-row
domain of mean misfit —9.
Corrugation amplitude in units of —6.4 K.

0
'Wall energy per unit length, in K/A, calculated for six-row
domain with Eq. (3.8).
Step in chemical potential, from value at condensation, to drive

nonzero misfit, Eq. (3.14).
'Wall-width parameter, in units of 3.689 A, for Eq. (3.15).

0
'Nearest-neighbor spacing, in A, between molecules in the most
closely spaced rows in the domain.

15.1
96.4

1.46
3.58

9.7
62

1.14
3.42

13.8
88
0.99
3.32

picture of the domain is needed, it appears that another
technique such as the quantum path-integral method of
Abraham and Broughton' should be used.

The energy per unit length of the walls, the wall-width
parameter, the smallest mean nearest-neighbor separation
in the domain, and the step in the chemical potential to
create finite misfit [Eq. (3.14)] are listed in Table II for
several cases. The nearest-neighbor spacings for the
larger corrugation cases in Table II are less than the
values for triangular lattices at the monolayer limit of
compression, 3.51 A (Hz) and 3.40 A (Dz), which may in-
dicate a need to include the three-dimensional character
of the monolayer in such cases.

The chemical potential at monolayer condensation of
H2/graphite is about —520 K and the bulk chemical po-
tential is' —133 K for D2 and —90 K for Hz. For
H2/graphite, Motteler found by an analysis of vapor-
pressure and specific-heat data that the chemical poten-
tial increases to —390 K at density 1.2p, and to —280 K
at 1.4p, . There was no indication of a sharp step in the
chemical potential, Eq. (3.14), in his analysis, but his pri-
mary vapor-pressure data were for temperatures above 15
K and the a phase occurs only below 10 K so that
thermal effects may be important for the comparison.
We have calculated the chemical potential for the intrin-
sic triangular lattices of H2 discussed in Sec. IV A,
without including effects of the substrate periodicity. For
an area of 13 A /mol (1.2p, ), . the increase of chemical po-
tential from p, is 50 K [case (a)] and 100 K [case (b)];
comparing to Ap„Table II, indicates the a phase may be
unusually compressible.

The calculated increment in chemical potential to drive
the commensurate lattice to nonzero misfit is small
enough that there should be, as observed, a large chemi-
cal potential range available to the incommensurate
monolayer before further condensations occur.

The domain-wall width has been derived by fitting
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R sF = —(1/k )1n[S(k )/S (k, static) ] . (4 1)

Rs„ for a peak at wave vector k is closely related to the
Debye-Wailer factor; in the absence of multiphonon pro-
cesses it would be constant.

With Eq. (3.15) for the row displacements, the ratio of
the intensity of peak 4 to peak 3 increases and that of
peak 6 to peak 3 decreases as l, increases. Similar trends
are found in static lattice calculations with two other
functional forms for the distribution of misfit among rows
in the domain: If the parameters l~ and IJ, in Eqs. (A8)
and (A13), respectively, are adjusted to make the solu-
tions have the same smallest nearest-neighbor spacing as

the relative intensities of diffraction peaks for neutron
scattering from monolayers of average density close to
the 1.125p, case. The values reported for the parame-
ter lz in the continuum approximation to the rom dis-
placements, Eq. (A8), are 10.3 A (l~=0.888) for Hz and
9.2 A (lF=0.792) for Dz. The corresponding smallest
nearest-neighbor spacings are 3.56 A (Hz) and 3.49 A
(Dz). The variational parameters /, which give rise to
these spacings, 1, =1.41 (H2) and l, =1.26 (D2), are not
far from the values listed in Table II. As a measure of
the sensitivity of the variational calculation to the choice
of l„we note that the trial energy varies by only 1% un-

der 20% changes in l, .
Results of calculations of the structure factor for

several wave vectors related to the reciprocal lattice vec-
tor of the average lattice and to the mis6t wave vector,
Eq. (3.19), are presented in Table III for the case
V = —6.4 K, in the form of the normalized structure fac-
tor (equal to 1 at the reciprocal la-ttice vectors of a static
uniform lattice). There are also entries related to ratios
of the quantum expectation values to the classical values
for a static lattice with the same average positions,

for Eq. (3.15), the ratio of intensity of peak 4 to peak 3 is
the same, to 10%, for the three functions. For the less in-
tense peaks listed in Table III, there are differences up to
about 30% for the relative intensities from the three
functions. The differences for the functions from Eqs.
(A8) and (A13) range up to about 20%. For future data
analyses, a method which includes the discreteness of the
lattice in the functional distribution of misfit in the
domain and involves only modest calculations might be
to use the solution of Eq. (A13) and adjust lz to fit the ex-
perimental relative intensities.

The neutron-diffraction intensities from the
D2/graphite striped lattice are reported as the ratio of
the sum of the intensities of peaks 1 and 2 (as identified in
Table III) to that of peak 3. The calculated ratios at
1.125p, for the D2 cases (a) and (b) in Table III, with
multiplicities 2, 4, and 4 for the peaks 1, 2, and 4, respec-
tively (to account for the experimental powder averaging
procedure) are O.OS6 and O.OSO, while for the corrugation
1.4V (0) they are 0.076 and 0.068. The ratio for the neu-
tron intensities at this density is in the range 0.07—0.10,
so the model reproduces the primary data satisfactorily.
For H2/graphite at this density the calculated ratio is
about 0.03 and the measured ratio is in the range
0.05—0.70.

For reference, the elastic constants for a triangular
lattice, on a structureless substrate, with the same aver-
age density as this structure are given in Table IV for the
SG model. The de Boer—Lennard-Jones model for D2 has
a negative bulk modulus at this density.

V. CONCLUDING REMARKS

These calculations of the energy and structure of
monolayer lattices of deuterium and hydrogen, with a
multiparameter potential model which reproduces a wide

TABLE III. Structure factor intensities for uniaxial incommensurate lattice of density 1.125po
cases.

S{k) peak'

Rsp'
1

2
3
4
5
6

Wave vector

t3 —q
t, —q

t3
tl+ q
t3+q

(a)

0.021
0.0064
0.514
0.446
0.017
0.031

0.52
0.28
0.20
0.15
0.26
0.27

Hz

0.020
0.0063
0.530
0.464
0.016
0.029

0.49
0.23
0.19
0.15
0.25
0.26

(a)

0.047
0.0099
0.596
0.483
0.031
0.064

0.46
0.36
0.13
0.068
0.24
0.20

Dz
{b)

0.043
0.0091
0.611
0.504
0.028
0.060

0.45
0.34
0.13
0.071
0.24
0.20

Calculations with Eq. (3.20) for the minimum-energy structure, with trial function specified by Eqs.
(3.22) and (3.15) and V~ = —6.4 K.
Cases as in Table I.

'Enumeration of peaks as given in Refs. 1 and 2.
Wave vectors of peaks, from Eqs. (3.17) and (3.19), with m = ——'.

'Debye-Wailer factor ratio, Eq. (4.1).
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TABLE IV. Elastic constants of a triangular monolayer lat-
tice of density' 1.125p, . n=1 n=1

N —I N
E =J g (x„+~—x„—a) —A g cos(2m.x„/b) . (Al)

Ec
yd
Be
C3

C2/( 2 f

H2(a)

—24.9
1.01

32.8
24.3
57.0
2.41

H {b)
—9.5

4.39
44.6
30.0
74.6
2.74

D,(a)
—42.7
—3.79
15.21
14.5
29.7

1.83

D2{b)

—28.1
—0.54
27.6
19.8
47.4

2.36

'Density chosen to match the average density of the uniaxial in-
commensurate lattice, sketched in Fig. 1, for which results are
reported in Table II.
"Interaction model and cases as in Table I.
'Energy per molecule in K.
Spreading pressure in erg/cm; negative values for cases dilated

related to the minimum energy lattices of Table I.
'Bulk modulus B, shear modulus C,3, and elastic constant C»
(all in erg/cm ), calculated as described in Ref. 27.
Calculated ratio of squares of the speed of longitudinal and
transverse sound.
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APPENDIX A: THK ONE-DIMENSIONAL CHAIN

Consider the energy of the one-dimensional Frenkel-
Kontorova chain ' of N atoms:

range of data for the three-dimensional bulk phases, give
a fairly good account of available experimental data. The
most uncertain input information is for the leading
Fourier amplitude Vg of the lateral variation of the hold-
ing potential at the equilibrium overlayer height. As for
other systems, a value based on atom-. atom modeling of
the holding potential seems to underestimate the lateral
variations; the calculated Brillouin zone-center frequency
gap is 10—25% lower than experimental values. The
two-dimensional lattice approximation may be suspect
for the most closely spaced rows in the uniaxial incom-
mensurate lattice we have treated.

We have extended the variational quantum mechanics
for the ground state of a quantum solid to include efFects
of the modulation of the monolayer by the substrate.
Further work might include the three-dimensional char-
acter of the layers and a more detailed account of the re-
laxation of rows at domain boundaries. However, the
multiparameter variational searches, from our experi-
ence, would depend on very precise evaluations of small
energy increments and other methods may then be more
powerful. Qualitatively, the expectation that a highly
compressible quantum monolayer solid has sharp domain
walls is borne out in the present work.

If the positions x„are expressed in terms of scaled dis-
placements u„relative to the basic commensurate lattice
by

x„=nb + ( bu„) /(2m ),
the energy is rewritten as

(A2)

E =X[J(b —a) —A]+(Jb/vr)(b —a)(u~ —u, )+DE,
(A3)

with

N —1 N
bE/A =(l~/2) g (u„+,—u„) + g (1—cosu„) (A4)

and
n=1 n=1

l~=(J/2A)(bin. ) (A5)

The energy increment in the continuum approximation
of slowly varying displacements along the infinite chain is

AE„/A = f dn [lz/2(du/dn) +(1—cosu)] . (A6)

For the case of a single heavy wall with

u ( oo ) —u ( —ao ) = —2m, (A7)

the continuum energy is minimized by a wall structure
(here written as centered as n =0)

u(n)=4tan '(exp( n/l~)), —

with

(AS)

hE, =83/~ . (A9)

If the exact solution Eq. (AS) is approximated by a trial
solution

u, (n) =sr[1 —tanh(n/l, )], (A10)

the corresponding approximation to the continuum ener-
gy is minimized by

/, =1.643/ (A 1 1)

with a bound for the energy for

Eco 8 008 A/I; (A12)

u„+1—2u„+u„,= 1// sinu . (A13)

For the discussion of Sec. IV we solve Eq. (A13) for a
domain of six rows with a heavy wall centered between
rows 3 and 4 and compare the resulting positions to those
based on Eqs. (A10) and (AS). There are three domain
structures to be compared: one based on Eq. (A10) with
an optimized l„one based on Eq. (AS), and one based on

i.e., the upper bound is less than 1% larger than the exact
solution. Alternatively, forcing the slope of the trial solu-
tion to match that of the exact solution at n=0 gives
l, =(~/2)l~

If the positions in the discrete lattice model, Eq. (Al),
are varied to minimize the energy, the optimal positions
satisfy
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Eq. (A13) with l =lJ adjusted to give the satne smallest
nearest-neighbor spacing as Eq. (A10).

APPENDIX B: MINIMIZATION
OF THE VARIATIONAL ENERGY

The Monte Carlo calculation for each parameter set in
the striped structure is performed on a periodically re-
peated cell of 144 particles, with an average over 450000
configurations. The cases are ordered on a large grid ac-
cording to the values of A, b, and l.

A least-squares fit' using a cubic polynamial in the
variables A, b, and I is made over the grid for each expec-
tation value, following Nosanow et al. ' The resulting
20-term power series are used to interpolate the expecta-
tion values; the fitting procedure reduces effects of statist-
ical randomness of the Monte Carlo averaging on the in-
terpolations. The trial energy is formed by combining
the fits to the individual expectation values and is given
as another 20-term power series. The minimum trial en-

ergy is located with a three-dimensional Newton-
Raphson search method on A, b, and /. The grids span
the region of the final optimized parameters. For the H2
case the grid has 436 points and for D2 542 points; there

is a small overlap of the grids. The grid for the parame-
ter "b" extends +7%%uo from the central value, with a trial
energy varying by 0.5% over this range. The grid for A

extends +33%%uo from the central value and for I, +50%%uo

from the central value. These are indications of the rela-
tive sensitivity of the trial energy to variations in the pa-
rameters; the uncertainties in the final values of the varia-
tional parameters reQect the relative sensitivities.

APPENDIX C: COMPUTATION
OF THE BULK MODULUS

The bulk modulus of triangular lattices of H2 or D2 is
constructed from finite difference approximations to the
density derivative of the variational energy. For each set
of A and b, the Monte Carlo averaging is performed over
450000 configurations of a periodically repeated cell of
100 particles.

We use at least 50 A and b cases to identify the trial
energy minimum at each density and fit the energy as a
cubic polynomial over the density range. The Monte
Carlo calculation is performed for a total of eight densi-
ties and more than 400 A and b cases.
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