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Connection of envelope functions at semiconductor heterointerfaces.
II. Mixings of I and X valleys in GaAs/Al„Ga, „As
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The effective-mass approximation is extended so as to take into account mixings between I and X
conduction-band valleys at heterointerfaces consisting of Al„Ga& „As with different x s. Effects of
the mixings are included by boundary conditions expressed in terms of a 6 X 6 interface matrix that
gives a set of linear relations among envelope functions and their derivatives at the interface. The
interface matrix is calculated in an sps tight-binding model with only nearest-neighbor transfer in-

tegrals. The intervalley couplings, although not so large, can be represented by two off'-diagonal ele-

ments of the interface matrix. The usefulness of the present formulation is demonstrated by actual
calculations of transmissions and reflections across a single interface and a single barrier structure
and also of energy levels in multiple quantum wells. The interface-matrix formalism is extended to
treat tunnelings across high barriers to which the envelope-function approximation is not applic-
able.

I. INTRODUCTION

One typical semiconductor superlattice is made of
GaAs/AI„Ga, As heterostructures. With the excep-
tion of ultrathin layers, low-lying states in the conduction
band are localized in the GaAs layer and they are suc-
cessfully described by the effective-mass approximation if
appropriate boundary conditions are imposed at inter-
faces. ' In the preceding paper, which will be referred to
as I, the boundary conditions have been expressed in
terms of a 2 X 2 interface matrix and calculated in the two
relatively simple models, the tight-binding and empirical
pseudopotentials. It has been shown that the so-called
envelope-function approximation (EFA) works
surprisingly well in various heterointerfaces including
GaAs/Al„Ga, „As, GaSb/InAs, and Hg Te/CdTe. The
purpose of the present paper is to extend the formalism
so as to treat mixings of different conduction-band rnini-
ma (valleys) at heterointerfaces.

The conduction band of GaAs has two local minima
along the [001]direction in the vicinity of X points (called
X valleys) as well as the minimum at the I point called
the I valley. On the other hand, A1As has the lowest
minima at the X valleys. At an appropriate Al content in
Al„Ga& „As (x -0.4), the I and X minima have equal
energy. Beyond this critical x, Al„Ga] As becomes an
indirect-gap material. This direct to indirect transition
can occur in GaAs/A1As quantum wells or superlattices
when the thickness of the GaAs layer is sufficiently small.
This is because the effective mass of the I valley is small-
er than that of the X valleys and electrons in the I valley
are raised higher in energy in comparison with those in
the X valleys. Since the energy of X-valley minima is
lower in A1As than in GaAs, ' the material becomes
"spatially" indirect, i.e., the conduction-band bottom
changes from the character of the I valley in GaAs to
that of X valleys in AlAs. A similar transition can be in-

duced by applying high pressures which lower the X-
valley energy relative to the I valley.

In superlattices grown in the [001] direction, these
different I and X valleys can couple with each other due
to the-lack of translational invariance at heterointerfaces.
Recently, there has been considerable interest in such
mixing effects. Several optical experiments have been
performed to study the crossover from direct-I -valley to
indirect-X-valley conduction-band states" ' and some
have presented convincing data showing an anticrossing
behavior when the energies of I and X valleys are
sufticiently close. Tunnelings via X-valley states have
also been observed in double-barrier structures.

There have been reported numerous band-structure
calculations in GaAs/Al Ga, „As superlattices. Some
of the authors performed calculations from first princi-
ples, and most of the works employed simpler
empirical models $uch as pseudopotentials and
tight-binding or Wannier orbitals. These calcula-
tions have demonstrated the crossover from the I -like
conduction band to the X-like conduction band with de-
creasing superlattice period in GaAs/A1As. When these
I -like and X-like states are close in energy, they repel
each other and exhibit small anticrossing. There have
been calculations of tunneling probabilities across
GaAs/Al Ga& „As/GaAs single- or multiple-barrier
structures using empirical models. Such calcula-
tions have also demonstrated the presence of mixings of
I and X valleys at heterointerfaces.

It is highly desirable to extend the effective-mass ap-
proximation so as to treat mixings of different valleys at
heterointerfaces. In this paper, we propose such an ex-
tension of the effective-mass approximation, in which
mixings effects are included as boundary conditions for
envelope functions at the interface expressed in terms of a
6 X 6 interface matrix. Further, we extend the interface
matrix introduced in I to study tunnelings across high
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barriers to which the conventional envelope-function ap-
proximation is not applicable.

The paper is organized as follows. In Sec. II a 6 X 6 in-
terface matrix is introduced and some of its properties
are discussed. The interface matrix gives a set of linear
relations among envelope functions associated with the I
valley and those associated with the X valleys at the in-
terface. %'e assume that the envelope for the I valley
and those of the X valleys satisfy independent effective-
mass equations in bulk. In Sec. III the 6X 6 interface ma-
trix is explicitly calculated using an sos* tight-binding
model. Mixings between different valleys are shown to be
essentially given by two off-diagonal elements of the in-
terface matrix which are roughly proportional to the
difference in the Al content of alloys forming the inter-
face. The resulting interface matrix is used for calcula-
tions of tunneling and reAection coefBcients at a single in-
terface and a single-barrier structure and for calculations
of energy levels in a superlattice in Sec. IV. The interface
matrix is applied to a problem of tunnelings across high
potential barriers in Sec. V. In this problem, effects of
the nonparabolic effective mass play much more impor-
tant roles than mixings between different valleys. A sum-
mary and conclusion are given in Sec. VI. A preliminary
account of a part of the work in this paper has been given
elsewhere.

ii. INTERFACE MATRiX

I.et us consider a GaAs/AI„Ga& „As heterointerface
grown in the [001] direction. Throughout this paper we
con6ne ourselves to the case k =k =0, i.e., along the 6
axis. According to various b@nd-structure calculations
and experiments, the additional conduction-band minima
are now believed to be located slightly away from the X
points in GaAs. This is true also in AlAs. Therefore,
we have to consider the presence of two inequivalent
minima X+ and X, where X+ and X denote the
minimum in positive and negative k, direction, respec-
tively. Figure 1 shows the conduction bands with the 6&
symmetry calculated in the sos tight-binding model in-
troduced in the next section.

%'ithin the effective-mass approximation, the total
wave function is written in the presence of multiple band
extrema as

slowly varying potential:

d z+s~+V(z) g (z)=Eg (z) .
2PPI ~ dz

(2.3)

where Tg~„=(tP ) is a 2X2 matrix, V"=(mo/m ")V',
and Vp=(rnolm p )V with mo the free electron mass and
m and m the effective masses of semiconductors A

and B, respectively, at the minimum o;.
Such a 6X6 matrix has been calculated previously

within the sos* tight-binding model, the same as that
used in the present paper. Unfortunately, applicability
of this 6X6 matrix has turned out to be quite limited to
the energy range very close to the X-valley minima. The
effective mass of the X valleys along the k, axis is quite
large (of the order of the free electron mass) and the ener-

gy at wave vector +2~/a (the Brillouin zone boundaries)
is not much different from that of X+ and X . At
k, =+2m/a the X+ and X valleys interact with each
other strongly and the dispersion relation is modified

T I
l

I

Al„Ga~ „As
(x 0.0)

I I I

AlxGa)-xAs
(x-1.0)

0)

~ae
0)
C

UJ

That is, the envelopes associated with different extrema
are independent of each other in bulk.

The presence of abrupt interface potentials gives rise to
mixings between the three different valleys a =I,
X+,X . Such mixings can be included as a form of a
6 X 6 interface matrix Tp„=(T zz ) as follows:

gp(0) g "(0)
=m TP~

VBgB(0) X BA V AgA(0)

P(r)=g[g (r)g (z)+g'(r)Vg (z)], (2.1)

with V =a (8/Bz) and a the lattice constant, where g (r)
is the Bloch function at the extremum a and g'(r) is its
6rst derivative with k, . Using the usual k-p perturbation
theory, we have

A'( j~p, ~a)g'(r)= ia ' g—g (r) o(, — (2.2)

I

0.0 0.5 1.0 0.0
lave Vector (2m/a]

l I I

0.5
lave Vector (2m/a}

).0

where g (r) and E. are the Bloch function and the energy
at the wave vector k corresponding to valley a and
(j~p, ~a) is the matrix element of the momentum in the z
direction. In the bulk, the envelope g (z) satisfies the
conventional effective-mass equation in the presence of a

FICx. 1. The energy of the conduction band of (xaAs and
A1As as a function of the wave vector in the [001j direction cal-
culated in the sps tight-binding model. The energy origin is at
the valence-band top at the I point.
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drastically (see Fig. 1).
We can increase the range of applicability by treating

the X valleys as degenerate bands. We choose the X,
(lower in 'energy for GaAs and denoted by u) and X3
(denoted by U) Bloch functions as the basis for the X val-

leys. The envelopes for the X valleys are given by a vec-
tor with two components g„(z) and g„(z). By choosing
the phase of basis functions appropriately, the envelopes
satisfy the following matrix effective-mass equation in
the presence of slowly-varying potential V(z):

E„—(A' /2m„)(d /dz ) i (A /2moa)P(d/idz)

i (A—/2moa)P(d/idz) E, —(A' /2m„)(d /dz )
+ V(z) E — =0, (2.5)

and

and g"=g', a=t, u, u (2.6)

where E„and E, are the band energies at the X point,
and P is the momentum matrix-element between u and U,

i.e., P=(2a/i')(uip, iu). The boundary conditions are
still given by Eq. (2.4) except that the valleys are now
speci6ed by I, u, and U.

We can choose z =0 at one of As atomic planes and
the phase of the basis Bloch functions such that

TBA
Vg„

'(}'kr

0tr
11

0 t22
I

011

0

0 12

t11" 0 0

0 22 21

tI U.

12

tQ 0 0 tQU
11 12

0 t22 t2; 0

0 t12 t11

(2.11)

This leads to the following general form of the 6X 6 inter-
face matrix:

gr( —z) =+Pr(z), gr( —z) = —gr(z),

Q„( —z) = +Q„(z), f'„(—z) = f'„(z), —

Q„( —z) = —f„(z), Q', (
—z) = +Q'„(z) .

(2.7)

I"
21 0 t21 0 0 t22 .

The Aux averaged over a volume of the order of a unit
cell is given by

Equation (2.6) shows that all the elements of the 6X6
matrix can be chosen real. Equation (2.7), on the other
hand, gives the following relation between TBA and T„B,
which is the interface matrix of the system obtained by
the mirror symmetry operation at z =0: =22, g'(z ) g„(z)—8

j(z)= . g'(r) g(r)
a

2lm0 Bz
g*(r) g(r)

Bz

g'(z) g (z)
Bz

cr, 0

TAB = 0 cr,

0 o., 0

TBA 0 z 0 (2.8)
+ . [g„(z)g„*(z)—g„'(z)g, (z)] .AP

2im0
(2.12)

0 0 —o., 0 0 —o,

pBgB p AgA

gA

B gBgB g ~ AgA

gB gA

p BgB q AgA

both for the case that 3 is on the left-hand side of the in-
terface (z (0) and for the case that A is on the right-
hand side. We have the relation TAB =T B„',which com-
bined with Eq. (2.8) gives

0 0

TBA 0 z 0 . (2.10)

(2.9)

o, 0

TBA 0 z

0
0

0 0 —o., 0 0 —o.,

I

where o., is the z component of Pauli's spin matrix.
As has been discussed in I and will be shown in the

next section, there are cases in which the boundary con-
ditions are written in the same form

The last term of the right-hand side of the above equation
arises due to the presence of off-diagonal elements in the
eff'ective-mass Hamiltonian (2.5) for the X valley. The
Aux conservation condition is now written in terms of the
interface matrix as

+
TBA

lOy 0

0 Eoy

0 ~PB

0 Eoy

VPB TBA
— 0 l o

lOy 0 ~PA l O'y

(2.13)
where o. is the y component of Pauli's spin matrix,
~= (cr, + 1)/2, and P„and PB are the momentum matrix
element P of semiconductor A and 8, respectively.

III. EMPIRICAL TIGHT-BINDING MODEL

A. Method of calculation

The conduction band for k„=k =0 with the 5, sym-
metry is described by six atomic orbitals consisting of s,
p, (simply denoted by p in the following), and s of a cat-
ion and an anion in a unit cell. ' The equation of motion
1S
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HooCo(")+Ho)L, C)(n)+Ho)zC)(n +1) ECo(n)
(3.1)

H»C)(n + 1)+H)oLCo(n)+H)oz Co(n +1)=EC)(n + 1),

where CJ (j =1,0) is a vector consisting of the three
components C, , C~, and C +. Note that cations and

J
anions are denoted by subscript 1 and 0, respectively, in
this paper, which follows the conventional notation ' but
is opposite to that used in the linear-chain tight-binding
model considered in I. The 3X3 matrices appearing in
the above are defined as and

0 0

0 0 E~
Sp

0 0

H))= 0 E
0 0 Eg

Sl

Hoo= 0 E 0
Pp

(3 2)

Ho&Z

H]01.

$0

=Po

S)

V, , /2

+V, /2

+V, „ /2 V ~/2
SpS 1

+V g, /2
~p'&

(3.3)

so . V , /2
$1$p J

where the upper sign is for Ho&z

1 0 0
H)oz = 0 1 0 (Ho)~ )'

0 0 1

+V e/2 Ve e/2
p1 p SpSl

and the lower for Ho, I . Others can be obtained by

1 0 0
0 —1 0
0 0 1

(3.4)

The same relation holds between H, 0L and Ho, L.
This can readily be solved by setting Co(n)=exp(ikz„)Co and C&(n)=exp(ikz„')C, with z„=(n —1)a/2 and

z„'=(n —I —1/2)a/2. We have

H(k)C(k) =EC(k) (3.5)

with

C)
C(k) =

Co
(3.6)

H))
)) az~+H —)) a~~

ooze oil. ~

ika/4+ H —ika/4
&ox ~ 10L

(3.7)

Now, consider the interface consisting of material A occupying the left-hand side (z &0) and B the right-hand side
(z &0). The interface is chosen at the position of the interfacial As atom z&. The equation of motion at the interface is
explicitly written as

Ho)L C,"(I)+Hoo Co (I)+Ho, ~C) (I +1)=ECo (I), (3.8)

where we have allowed the orbital energies of the interfacial As atom to be di8'erent from those in bulk. By extrapolat-
ing the bulk equations past the interface from the left and right side of the interface and then taking their average, we
have

—,'[Ho)L C,"(I)+Ho,L C, (I)]+ ,'(Hoo+Hoo)Co (I—)+—,'[Ho)~C,"(I+1)+Ho)g C) (I +1)]=ECo (I), (3.9)

where

C A( I )
—CB(I )

—C AB( I) (3.10)
The boundary conditions consist of Eq. (3.10) and those
obtained by subtracting Eq. (3.9) from Eq. (3.8). We

choose a simple arithmetic average of A and B for the or-
bital energies of the interfacial As atom, i.e., H oo
=(Hoo+Hoo)/2. Then, the boundary conditions are
given by
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H()&L C& (i) H()&~C& (I +1)
=HO, LC (1)—H „C (l+1) . (3.11)

The interface matrix can be calculated by substituting

C,(n)=+exp(ik z„')[C,(k )g (z„')+C',(k )Vg (z„')]

into Eqs. (3.10) and (3.11), where C'(k ) is the change of
C(k) to the lowest order in k —k . Expand H(k) into
the power series

H(k)=H(k )+(k —k )aH'(k )

+ ( k —k ) a H" ( k ) /2+ (3.13)

Using Eq. (2.2) we can easily show that

(jlH'(k. ) I ~)
C'(k )= i Q—C (k )

jXa &j a

Further, the effective mass becomes

(3.14)

ma

2moa
—,'(a~H"(k )~a)

/(gH (k. ) fa)/'
+

jWa
(3.15)

and the momentum matrix element P becomes

(3.12)

C,(n)=g exp(ik z„')[C,( k~)g (z„')+C'&(k )Vg (z„')j

effective-mass approximation for the X valley. The 2X2
effective-mass equation predicts that the minima of the X
valley in GaAs, for example, are at +ko with
ko =0.154(2n./a) away from the X point, while the exact
diagonalization of Eq. (3.7) gives ko =0.123(2m/a). Such
deviations from the effective-mass approximation are not
surprising because the effective mass at the X point is
very large and the distance of minimum from the X point
already exceeds 10% of that between the I and X point.
We may have to redefine parameters such as m„, m„E„,
E„and P so as to reproduce overall features of the
dispersion instead of using the parameters given directly
from the k p perturbation. This does not have so much
meaning, however, because the present understanding of
the band structure in the vicinity of the X point is
insufficient to determine these parameters and because
the accuracy of the result of the tight-binding model itself
is also uncertain.

Examples of calculated Tz~'s for GaAs/Al„Ga& As
with x =0.3 and 0.6 are given in Table III. First, we no-
tice that all the off-diagonal elements except tz," and tz",

are very small and that the diagonal elements are close to
unity. This suggests that mixings of I and X valleys at
the interface can be approximately described by the inter-
face matrix whose diagonal elements are all unity and
whose off-diagonal elements are neglected except tz,", tz, ,

tzj, and t2&. The latter two elements are required only be-
cause of the Aux conservation in the X valleys, i.e.,
tz&

~ (Pz P~ )/2 —and t2~& 5 (Pz P„)/2.—C—alculations
for interfaces of Al Ga& As with different x's reveal
that both tz&' and tz& are approximately proportional to
the difference in the Al contents of the two materials, i.e.,

2moa
P = i —(u~H'(2n. /a)~U) .

fi
(3.16)

In the case of X valleys (for u and U), the states u and U

should also be excluded in the sum over j in the above
equations, because mixings between u and U to the lowest
order in k —k are taken into account by the matrix
effective-mass equation (2.5). The resulting equations
constitute six independent boundary conditions which
determine six unknown quantities (g, Vzg ) (a=I, u, u)
for a given set of (g",V„g"). These equations are writ-
ten in the form of Eq. (2.9) and therefore the resulting in-
terface matrix has the form given by Eq. (2.11).

B. Results

In actual calculations of the interface matrix, we use
the parameters similar to those proposed for GaAs and
A1As by Schulman and Chang ' and assume an arithmet-
ic average of GaAs and A1As for those of Al Ga& As
(virtual crystal approximation). The parameters are list-
ed in Table I, where small spin-orbit interactions are
neglected for simplicity because they are unimportant in
conduction bands. Calculated energy bands for GaAs
and A1As are given in Fig. 1. Table II shows the corre-
sponding k.p parameters of GaAs and A1As calculated in
the tight-binding model.

We immediately notice some limitations of the

Parameters

E,

Ep

E~
So

sl

V, ,0 1

V, p

0 1

V, p

V
S)$0

V
I'o'

&

V
~i'0

0 1

GaAs (eV)

—8.4570
—2.7788

0.9275

3.5547

8.4775

6.6247

—6.4513

4.4800

0.0000

7.8500

0.0000

1.9546

7.0500

4.7922

0.0000

AlAs (eV)

—7.6201
—1.1786

0.8905

3.4939

7.3905

6.6339
—6.6642

5.1106

0.0000

6.3000

0.0000

1.8780

7.2000

4.5216

0.0000

TABLE I. Tight-binding parameters for GaAs and A1As
used in the present calculation. Spin-orbit interactions are
neglected.
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TABLE II. Effective-mass parameters for the I and X valleys calculated in the tight-binding model.
The energy origin is at the top of the valence band. The wave vector kp and the energy E& are calculat-
ed using the matrix effective-mass equation for the X valley, and the numbers in parentheses for kp and
Ez represent those calculated directly in the tight-binding model.

Parameters

Er (eV)
E„(eV)
E. (eV)
P
mr (mp)
m„(mo)
m, (mp)
kp (2m. /a)

E (ev)

GaAs

1.544
2.073
2.293
1.588
0.0679
1.350
1.575
0.154

(0.123)
2.049

(2.056)

Alp 3Ga,p 7As

2.009
2.143
2.223
1.897
0.100
1.410
1.409
0.211

(0.169)
2.030

(2.051)

Alo. 6Gao. ~As

2.474
2.213
2.167
2.224
0.142
1.477
1.270
0.241

(0.190)
1.989

(2.021)

AlAs

3.095
2.300
2.119
2.688
0.222
1.580
1.117
0.275

(0.209)
1.926

(1.973)

tz~(= —p(x~ —xz) and rz, =q(x~ —x„), where both p
and q are a quantity of the order of unity.

Unfortunately, the resulting 6 X 6 interface matrix does
not satisfy the fiux conservation condition Eq. (2.13) ex-
actly. Table IV compares the left-hand side of Eq. (2.13)
with the right-hand side for x =0.3. We see that the
left-hand side of Eq. (2.13) gives rise to oft-diagonal ele-
ments with respect to I and U. This slight violation of
the Aux conservation is presumably inherent to the
present approximation scheme in connecting envelopes of

and X valleys. Note that the Aux conservation is
satisfied quite well within each valley, however.

We have assumed that waves associated with the I and
X minima possess energy equal to each other. In Eq. (2.1)
those waves are all expressed in terms of the solutions
calculated by the k p perturbation around each ex-
tremum point. The k.p solution is exact only to the
lowest order in (k —k )a, and, therefore, the energy of
the waves can actually be slightly diA'erent from each oth-
er. The linear combination of waves with di6'erent ener-

gies gives rise to a Aux oscillating in time and the condi-
tion (2.13) need not be satisfied. For practical purposes
this slight violation of the conservation law does not give
rise to any serious problems as long as we keep this fact
in mind in actual calculations.

When the energy at the X minima is sufficiently high in
comparison with that of the I minima, we can eliminate
the presence of the X valleys regarding them as evanes-
cent waves and express the boundary conditions for the I
valley envelopes by a 2X2 interface matrix. There are
two ways to determine this 2X2 matrix. The first is to
introduce two exact evanescent waves at the energy of
the I minimum in each material and then solve the equa-
tion giving the boundary conditions (T z„' ). We can also
calculate it from the above 6X6 matrix by replacing the
X-valley envelopes by evanescent solutions of the
eff'ective-mass equation ( T zz ). The consistency requires,
of course, that these two methods should give results very
close to each other.

For GaAs/Al„Ga, ,As (x =0.3), we have explicitly

TABLE III. Examples of 6X6 interface matrices for GaAs/Al„Ga, As interface with x =0.3 and
0.6.

x =0.3

gB
qBgB
gB
qBgB
gB

q BgB

1.063
0.000
0.003
0.000
0.000
0.244

0.000
0.953
0.000

—0.005
0.006
0.000

gA

—0.015
0.000
0.974
0.000
0.000

—0.099

0.000
0.020
0.000
0.992

—0.011
0.000

0.000
—0.360

0.000
0.061
0.950
0.000

—0.005
0.000

—0.003
0.000
0.000
1.059

x =0.6
gB
qBg8
gB
pBgB

gB
pBgB

1.132
0.000
0.004
0.000

0.000
0.554

0.000
0.896
0.000

—0.007

0.013
0.000

—0.031
0.000
0.948
0.000

0.000
—0.203

q AgA

0.000
0.048
0.000
0.981

—0.020
0.000

0.000
—0.686

0.000
0.125

0.894
0.000

q AgA

—0.011
0.000

—0.007
0.000

0.000
1.118
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TABLE Iy Co
E. 2

Comparison of the left--( t o tp
a, As (x =0.3

n eses) and right- (inn es )
' - in parentheses) ha dan si es of
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(2.13)

gB

gB

pBgB

gB

0.000
(0)

—1.011
( —1)

0.000
(0)

—0.027
(0)—0.619
(0)
0.000

(0)

qBgB

1.011
(1)
0.000

(0)
—0.030

(0)
0.000

(0)
0.000

(0)
—0.011

(0)

gB

0.000
(0)
0.030

(0)
0.000

(0)
—0.984

( —1)
1.595

(1.588)
0.000

(0)

qBgB

0.027
(o)
0.000

(0)
0.984

(1)
0.000

(0)
0.000

(0)
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assumed that P is independent of x.
In the following, we shall exclusively consider the in-

terface of Al Ga& As's with x =0.32 and 0.5. This
combination is chosen because the relative position of the
I and X valleys is intriguing. As is shown in Fig. 2, the
bottom of the X valleys for x =0.5 is below that for
x =0.32 but still higher than the bottom of the I valley
for x =0.32. Therefore, if we make a barrier of
Al Ga, As layer with x =0.5 by sandwiching it by
Al Ga& „As layers with x =0.32, there can be virtual
bound states associated with the X valleys in the barrier
layer.

A. Transmission and re8ection at heterointerfaces

Let us first consider rejections and transmissions of
electron waves at a single interface consisting of
Al„Ga& As with xz =0.32 (left-hand side) and xz =0.5
(right-hand side). An electron in the I valley is incident
from the left-hand side. Calculated transmission and
reflection coeKcients are given in Fig. 3. With increasing
energy, the transmission into the X valley starts to take
place when the energy E reaches E~, the bottom of the X
valley of 8, reaches a maximum when E =E„, and
reaches another maximum when the energy is at the bot-
tom of the X valley of 2, i.e., E =E~. With further in-
crease, the transmission decreases due to opening of the
channel of reflection into the X valley of the left material.
There appears a small structure at E =E„, and finally,
when the energy is beyond the bottom of the I valley or
the right-hand side, the transmission increases drastically
and rapidly approaches unity. The maximum transmis-
sion from the I to X valleys is about 1%. There exists an
energy between E„and Ez where the transmission nearly
vanishes. This is presumably due to formation of an in-
terface resonance state using evanescent waves arising
from states near Ez and E„.The reAection into the I
valley remains almost unity up to E =E

& in spite of the
presence of small transmission probabilities into the X
valleys.

Figure 4 shows the transmission probability for a
single-barrier structure consisting of Al Ga, As. The
barrier layer has x =0.5 and is sandwiched by layers with
x =0.32. When the thickness of the barrier is small (50
A), the tunneling is dominated by the I -I channel. At
energies of virtual bound levels associated with the X val-
leys, the transmission exhibits resonances and antireso-
nances due to constructive and destructive interferences
of electron waves in the I and X valleys. Except for the
presence of narrow peaks and dips, the tunneling proba-
bility is very close to that calculated in the envelope-
function approximation, i.e., by neglecting mixings be-
tween different valleys at the interface.

When the thickness of the barrier layer becomes larger
and the tunneling probability calculated in the EFA is re-
duced, the tunneling is dominated by the I -X-I channel
in the whole energy range shown in the figure. There are
many virtual bound states because of the large effective
mass of the X valley. After averaging out narrow peaks
and dips due to such virtual bound states, the remaining
tunneling probability exhibits a maximum around E=E„

and takes a minimum at an energy between E„and E~.
This refiects the energy dependence of the transmission
coefFicient at the single interface shown in the previous
figure. When the energy exceeds Ez, there appears a
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FIG. 3. (a} Calculated transmission coefficients and (b)
reflection coefficients at an Al„Ga& „As single interface. Elec-
tron waves in the I valley are incident on the interface consist-
ing of an alloy with x =0.32 occupying the left-hand side (A)
and that with x =0.5 occupying the right-hand side (B). The
dotted line represents the results calculated by neglecting mix-

ings of different valleys, i.e., in the EFA, the dashed lines are
transmissions or reflections, into the X valley, and the solid lines
are the total. Maximum transmissions and reflections into the
valleys are about 1%.
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strong tunneling into the X valleys due to the opening of
the I -X channel.

In the above calculations, the violation of the Aux con-
servation existing in Tzz can give rise to results which do

not satisfy the condition T+R = 1, with T and R the to-
tal transmission and reflection probability, respectively.
Actually, the results shown in Figs. 3 and 4 have been re-
normalized so as to satisfy T+R =1. The deviation of
T+R from unity is usually very small. The only excep-
tions are at energies of virtual bound states associated
with the X valley in Fig. 4, where the deviation can be ap-
preciable (sometimes as large as a few tens of percent).

Sharp peaks and spikes appearing at energies of X-
valley virtual bound states are qualitatively similar to
those obtained by calculations in tight-binding and pseu-
dopotential models. * The sharp structures are easi-
ly smeared out and may not be observed in tunneling ex-
periments, because the tunneling current is the sum of
contributions for states with difTerent energies. Mendez
et al. measured tunneling probabilities in double-barrier
structures under high pressures. They have observed a
sudden increase of tunneling currents under a constant
bias when the applied pressure exceeds a certain critical
value. Similar phenomena have been observed also by
Solomon et a/. This decrease of the effective barrier
height is qualitatively explained by the increase of tunnel-
ing via X-valley states caused by the lowering of the X-
valley bottom under high pressures.

Unfortunately, more detailed comparison with tunnel-
ing experiments is not feasible because the band parame-
ters in the vicinity of the X point have not been accurate-
ly known. However, our formalism can easily be applied
to calculations of tunneling currents under experimental
conditions once various band parameters are known. In
order to calculate tunneling currents as a function of a
bias voltage across the barrier, we have to integrate the
tunneling probability over energy up to the Fermi level in
incident electrons. In electric fields, we can expect much
richer structures in the energy dependence of the tunnel-
ing probabilities due to the presence of various virtual
bound states. ' After integration over energy, how-
ever, most of small peaks and dips are likely to be
smeared out. Note, further, that the presence of other X
valleys should be considered when the barrier layer con-
sists of alloy Al„Ga, As. Due to alloy disorder in the
barrier layer, electrons can be scattered from the I valley
to transverse X valleys located in the direction parallel to
the interface. It has been shown that this process can
modify tunneling probabilities drastically.

10 ":—

10-8
0.05

(b):
~ ~ I I

0.10 0.15

Energy CeV)

FIG. 4. Calculated tunneling probabilities as a function of
energy across a single-barrier structure consisting of
AIO 32Gao 68As, Alo 5Gao 5As, and Alp 32Gao 68As. Electrons are
incident from the left-hand side in the I valley. When the bar-
rier thickness d is small [(a) d =50 A] and the tunneling within
the I valley is dominant, the presence of virtual bound states in
the X valley in the barrier layer gives rise to small constructive
and destructive interferences with waves in the I valley. With
the increase of the barrier thickness [(b) d =150 A], the tunnel-
ing through I -X-I" channels becomes dominant.

B. Energy levels ia a superlattice

The 6X6 interface matrix can also be used in calculatee
ing mixing effects on energy levels and wave functions in
GaAs/Al Ga& As superlattices. Explicit calculations
can be performed variationally by expanding the wave
function in terms of an orthonormal basis set and by
treating the boundary conditions as terms in the Hamil-
tonian matrix. This is quite similar to the method de-
scribed in more detail for calculations of phonon spec-
tra '4

Figure 5 gives the energy dispersion in an Al Ga, As
superlattice consisting of a layer with the Al content
xz =0.32 and the thickness dz =52 A and that with
xz =0.5 and d~ =48 A. Only the lowest subband shown



ll 628 T. ANQO AND H. AKERA

250

xA 0.32 dA 52A
200 x8~0.50 dg~48A

150

E

m 100

I Minimum——X Ninima

lave Vector (m/1I

0.5
I

Energy Dispersion

1.0

2.5

Ia
1.5

C
O
o

1.0
U

0.5

k~ 1.0 (x/1)
E 63.40 meV

ICr I

[Ig I2+Ig I211/2

/5
I

l

t
I

I l
l
l
l
i
1
l

I l
I l
I
I 'l

I l
I

/
I

50

0
50

z (Ai

100

0.0
50

z (A)

100

I T
I

k~ 0.0 (x/dI

2.0
Ilail
(y I2+Ig I2)1/2

E 61.23meV

I

1.5

O
OW

0
4

1.0
Q

E 53.83meV
I
I
I

I
I
I l
I

gl
l
'l

l

FIG. 5. Calculated subband dispersion in a superlattice con-
'sting of Al Ga As with x& =0.32 and x8=0.5. The thick-

f8ness of the layer A (left-hand side) is d& =52 A and that o
(right-hand side) is d&=48 A. The bottom of the X valley is
shown by the hoxizontal dashed lines. At k, =0, only the lowest
subband has I -valley characters and the others a11 have X-
valley characters. For large k, these subbands associated with
dNerent valleys cross in energy, where a very small energy sp1it-
ting appears due to mixing e6'ects.

FIG. 7. Calculated envelope functions for the first excited
subband at k, =m/d for the Al Ga& „As superlattice. The pa-
rameters are the same as in Fig. 5. Envelopes are strongly
mixed with each other.

in the figure is associated with the I valley and all other
subbands have essentially a character of the X valley.
Figure 6 gives examples of calculated wave functions of
the lowest two subbands at k, =0. The I -like lowest sub-
band has an appreciable amplitude in the barrier layer.
On the other hand, the wave function of the X-like first
excited subband is strongly localized in the barrier layer
and exhibits an oscillation due to the double-minima
structure of the conduction band in the vicinity of the X
point. Couplings of energy levels and wave functions of
the I and X valleys are small and negligible as long as
their energy levels are suSciently far from each other.
Mixings become appreciable only when their energies are
close to each other as shown in Fig. 7, which gives en-
velope functions of the first excited subband at k, =m. /d
with d =d~+d~. The splitting of energies of the first
and second excited subbands remains less than 1 meV at
k, =m/d.

V. TUNNELING ACROSS HIGH BARRIER

0.5
I'I

I
/ /

I0.0

z {Al

100

The interface matrix can be extended so as to treat
problems of tunneling across high barriers, to which the
conventional envelope-function approximation is not
directly applicable. Consider a barrier with width d. The
interface matrix now relates the envelope at the left side
of the barrier (z =0) and that at the right side of barrier
(z =d), i.e.,

FIG. 6, Calculated envelope functions for the lowest two
subbands at k, =0 for an Al„Ga& As superlattice. The param-
eters are the same as in Fig. 5. Mixings between different val-
leys are negligibly small for both subbands.

g(d) g(0)
V'g(d) V'g(0) (5.1)

where T(,d)i=(, t }is a 2X2 matrix. "In this section, we
LJ

shall confine ourselves to the case of a single conductson-
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band minimum.
It is straightforward to calculate transmission and

reffection coefficients across the barrier once T(d) is
given. One way to characterize properties of barriers is
to use the scattering matrix S, defined by

rameters. The expression of the S matrix is also charac-
terized by the two quantities ri and 5.

It is almost straightforward to calculate the interface
matrix T(d) if we use the sos tight-binding model em-
ployed in the previous sections. At z =0 the amplitudes

S=
0

l l

r t'
t r'

(5.2)

where i and 0 denote incoming and outgoing channels, re-
spectively, in the left-hand side of the barrier, and i' and
0' are corresponding channels in the right-hand side.
The Aux conservation leads to the unitarity of the S ma-
trix, i.e., S+S=1, and the time reversal symmetry leads
to t =t'.

When the incident energy is sufficiently small, we can
expand the S matrix in terms of k~ and k~ and have

t = t'= i (k~ —k~ )'~ g[ 1+i (k„+k~ )5+ ],
r =(1—

~t~
)'~ exp(2ik„5),

r'=(1 —
~t~ )' exp(2ik+5),

(5.3)

g=2a/t2, and 5=at„/t2, .

The former parameter g is proportional to the
transmission coeKcient and therefore will be called "tun-
neling length. " The latter parameter 5 describes the
penetration depth into the barrier. The meaning of 5 be-
comes clear if we consider a series of two barriers charac-
terized by the S matrix S, and S2. The total S matrix be-
comes

where k~ and k~ are the wave vector in the material A

occupying the left-hand side of the barrier (z (0) and
that in B occupying the right-hand side (z )d), respec-
tively. In the above, we have introduced g and 5, both of
which have the dimension of length. They are expressed
in terms of elements of T(d) as
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(5.5)

with r 2r2e p(x2ikL) and tz=t2exp(ikL), where k is the
wave vector in the layer sandwiched by the barrier 1 and
2 and L is its thickness. The resonant tunneling occurs
under the condition k (L +5&+52)=2njwith integer j in
the limit of small ~t~ and ~t'~, demonstrating the increase
of the well width by the penetration depth.

In the following, we consider GaAs/
Al, Ga, „As/GaAs(001) barrier structures with diff'erent
x. In this case, we have the relation

CO

0)
100

CS
~~

I—
10 i .—

102 .—

20 30 40 M
Thickness IA)

T(d)=o.,T(d) 'cr, , (5.6)

which is obtained from a symmetry relation under a mir-
ror reQection around the center of the barrier layer simi-
lar to Eq. (2.12) of I and by noting the fact the system is
invariant under the reAection. This gives the condition
that t

&&
= t2z. Since we have the condition of Aux conser-

vation detT(d)=1, there exist only two independent pa-

FIG. 8. Calculated tunneling length g {proportional to the
tunneling probability) as a function of the thickness of the bar-
rier Al, oa& As layer for diferent x's. (a) 85%:15% rule and
(b) 65go..35% rule. For high potential barriers the envelope-
function approximation underestimates the tunneling probabili-
ty considerably. For x =1 in (b), the tunneling length exhibits
nonsmooth dependence on the barrier thickness and can also be
negative (open circles) due to resonances and antiresonances
with virtual bound states associated with the X valley.
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X are responsible for this controversy, we can use the
6 X 6 interface matrix calculated in the previous section.
The results of such calculations show that the penetration
depth becomes smaller due to deviation of diagonal ele-
ments t » and tzz from unity (see Table III, for example).
However, the tunneling probability becomes slightly
smaller than that calculated in the EFA except in the
case that the X minimum in the barrier layer is lower
than the incident electron energy. The major origin of
the discrepancy of the tunneling probability is the non-
parabolicity of the conduction band.

Figure 11 gives the effective mass as a function of ener-
gy measured from the valence-band top of Al„Ga& As
in the band-gap region. The effective mass is defined by
(l/2' )(Bk /BE) with k the (imaginary) wave vector of
waves associated with the I conduction-band minimum
or valence-band top at energy E. It shows that the mass
in the band gap becomes considerably smaller than the
band-edge mass with decreasing energy. This means that
the decay length of the evanescent waves associated with
the I conduction-band minimum can be much larger
than that calculated in the EFA, leading to larger tunnel-
ing probability. This seems to agree with the conclusion
obtained by Ko and Inkson, who used an empirical
pseudopotential model. Reliable estimates of tunneling
probabilities may be made even in the EFA if we use a
k p Hamiltonian containing both the conduction band
and the valence bands. Tsuchiya and Sakaki have mea-
sured escape rates of an electron from a GaAs quantum
well across A1As barriers with different thicknesses and
shown that they are explained reasonably well by calcula-
tions in the effective-mass approximation. In their
analysis, they have assumed that the effective mass in the

barrier layer is the same as that of the conduction-band
bottom of GaAs.

VI. SUMMARY AND CONCLUSION

We have presented a formalism in which mixings of
the I and X valleys at GaAs/Al Ga, „As heterointer-
faces are treated within the effective-mass approximation.
Effects of the presence of interfaces are included in
boundary conditions for envelope functions and their
derivatives at interfaces expressed in terms of a 6X 6 in-
terface matrix. The interface matrix hag been calculated
in an sps tight-binding model with nearest-neighbor
transfer integrals.

The calculated interface matrix slightly violates the
Aux conservation across the interface due to the
difference in energies of the I and X conduction-band
minima in bulk. Mixings at the interface are described by
two off-diagonal elements which are roughly proportional
to the difference in the Al content x of the two materials.
The proportionality coefficients have turned out to be al-
most unity in the tight-binding model. Actual numbers
may strongly depend on models used for calculations and
should rather be regarded as parameters to be determined
experimentally.

As a demonstration, transmission and reAection
coefficients across a single interface have been calculated.
The results exhibit interesting features due to the I -X
mixings. Same calculations have been made for a single-
barrier structure. The presence of virtual bound states
associated with the X valleys in the barrier layer gives
rise to constructive and destructive interferences in the
tunneling probability for electron incident in the I" val-
ley. Except for the presence of sharp peaks and dips due
to such interferences, the I -X mixings are not important
for small barrier widths. Only when the barrier becomes
thicker and the tunneling probability calculated in the
conventional envelope-function approximation becomes
extremely small, tunnelings via X-valley states become
dominant. The 6 X 6 interface matrix has been used also
in calculating energy levels and wave functions in a
multiple-quantum-well structure. Mixing effects have
turned out to be very small again except in the case
where energy levels associated with the I and X valleys
cross with each other.

The interface matrix is also useful in studying a tunnel-
ing problem across high potential barriers to which the
envelope-function approximation is not applicable. The
2 X 2 interface matrix of I -valley electrons for
GaAs/Al Ga& As/GaAs barrier structures has been
calculated in the sos* tight-binding model. It has been
shown again that mixings between the I and X valleys
are usually unimportant. The nonparabolicity of effective
masses within the band gap of barrier materials plays a
more important role in enhancing tunneling probabilities
than that calculated in the envelope-function approxima-
tion.

FIG. 11. Effective masses of Al Ga& As calculated in the
sps* tight-binding model as a function of energy measured from
the valence-band top. The solid lines represent those in the
band gap and the dashed lines in the conduction and valence
bands.
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