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It is shown theoretically that for both bulk and thin-film superconductors the dominant contribu-
tions to the disorder-induced degradation of T, can be expressed in terms of the disorder-induced
suppression 6N of the normal-state electronic density of states. This explains the correlation found
experimentally between T, and 6N, and it eliminates the resistivity scale as an adjustable parameter
for comparison between theory and experiment. Agreement with recent experimental results on Pb
is very good. We also discuss the disorder dependence of the superconducting gap.

I. INTRODUCTION

The problem of how disorder suppresses superconduc-
tivity has been of considerable interest for some time. An
important experimental step was the successful fabrica-
tion of microscopically homogeneous superconducting
films. ' It has become clear that the physics which
governs the interplay between superconductivity and dis-
order in these materials is very different from the one in
granular films, and consequently theoretical approaches
to the two different classes have taken very different
routes. Early theoretical work on homogeneous materi-
als suggested that the dominant mechanism for the ob-
served suppression of T, is related to the mechanism
suppressing the one-particle (tunneling) density of states
(DOS) in the normal state. This notion of a
"correlation-gap mechanism" for the T, degradation
was initially put forward as a separate mechanism unre-
lated to other disorder-generated effects which affect T, .
For instance, it had long been known that disorder in-
creases the effective electron-phonon coupling which
tends to increase T„while a disorder-induced increase of
the Coulomb pseudopotential had been shown to have
the opposite effect. It finally proved possible to combine
all these difFerent effects in the framework of a strong-
coupling theory, ' which has allowed a full microscopic
description on equal footing with Eliashberg theory to
come within reach. Reference 9 gave a detailed discus-
sion of the various sources of the disorder dependence of
T, . It also showed how the previous work was relat-
ed to the microscopic theory, and that the latter contains
all effects discussed before separately.

There have been many attempts to compare the vari-
ous theoretical results with experiments. An explicit
McMillan-type solution of the microscopic theory has
been found. Comparison with experimental results for
T, versus resistivity in bulk materials ' gave good agree-
ment. However, there are still many open questions con-
cerning the application of the theory to experiment. For
instance, the explicit solution contains a resistivity scale
which is known only to within a factor of at least 2. At-
tempts to obtain explicit results for thin films have been

plagued by the logarithmic singularities one encounters
in perturbation theory in two dimensions (2D). These
singularities can be remedied by various self-consistency
schemes and by considering inelastic lifetime cutoffs. '

However, realistic inelastic scattering rates in homogene-
ous materials are probably too small to serve the desired
purpose, ' and self-consistent schemes are somewhat ar-
bitrary since the proper resummation of the 2D singulari-
ties is not completely understood even in the absence of
superconductivity. ' The theoretical analysis is further
complicated by the fact that the films in question are in
an intermediate thickness regime, and their effective
dimensionalities with respect to different microscopic
processes are different. Experimentally, the disorder is
usually controlled by means of the film thickness, and it
is not unusual for a single experiment to cover more than
one dimensionality regime even with respect to one mi-
croscopic length scale. All this makes it very dificult to
theoretically produce explicit results for T, versus disor-
der which can be compared to experiment in a meaning-
ful way.

On the experimental side, a clear correlation between
the T, degradation 5T, and the suppression 5N of the
normal-state tunneling DOS in thin films has been ob-
served. '" This observation lends experimental support to
the idea ' that the correlation-gap mechanism plays a
dominant role in the suppression of T, . However, it is
also somewhat puzzling since, as already mentioned,
theoretically many different sources for the T, degrada-
tion are found, only one of which is obviously related to
5'.

The purpose of this paper is to show that the theoreti-
cal relation between T, and 5X can be made precise by
expressing all dominant (i.e., diffusion-related) contribu-
tions to 5T, in terms of the independent observable 5N.
For given clean limit parameters we thus obtain a univer-
sal relation between 5T, and 5N, which can be compared
with experiment without adjustable parameters. This
avoids the difhculties mentioned. It allows us to apply
the theory of Ref. 9 to thin films, which was not possible
before, and provides a stringent and unequivocal test of
the theory. Agreement with the recent experiment by
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Valles et al. ' is very good. A similar reasoning can be
used to obtain the zero-temperature-gap parameter ho.
Within a two-square-well approximation we obtain satis-
factory agreement with experimental results' for Pb,
while the puzzling observations'" on Sn apparently re-
quire a more sophisticated analysis.

II. THEORY

As a starting point I choose my recent strong-coupling
theory for disordered superconductors. The key obser-
vation was that in the presence of disorder the anomalous
self-energy 8'and the renormalization function Z are not
suScient to describe the. superconductor. Rather one has
to keep an additional piece Y(E,Eco) of the normal self-
energy, which in the clean limit is constant and can be
omitted. The frequency dependence of Y was shown to
be weak, and the energy dependence was replaced by a
Taylor expansion

Y(c,)=(E e—')Y',

where Y'=(dY/de) ~. In Ref. 9(b) e* was chosen to be

zero. As pointed out by Valles et al. ,
' a*=co with an

average phonon frequency 6 is a more physical choice,
which we will adopt here. Reference 9(b) proceeded to
calculate Y' for bulk materials as a function of resistivity,
and Y' was shown to be an important source of disorder
dependence of T, . Here we instead relate Y' to the DOS
K(co). In the normal state, or well above the gap fre-
quency, one has

disorder, ' ' where difFusive singularities govern the crit-
ical behavior near the metal-insulator transition. We
therefore employ the diffusion pole approximation (DPA)
which consists in keeping only the diffusive contribution
of the density correlation function to the disorder depen-
dence of all quantities. Within DPA one has universality
in the sense that the disorder only appears in the form of
a wave number integral over a difFusion pole

Xl(E)= g 1

i e+—D (q, E)q

Here D(q, c, ) is a generalized electronic diFusivity, and c,

is some energy variable whose meaning depends on the
particular quantity under consideration. The evaluation
and interpretation of terms of this form is nontrivial for
2D or quasi-2D systems, since in lowest order
D (q, E) =D' ', and 2)(0) diverges. Within DPA, howev-
er, we can make use of the above-mentioned universality
and express all disorder-dependent quantities in terms of
Y'. Since Y' depends on the phonon spectrum and on the
Coulomb propagator, we have to specify these first. For
a Debye spectrum and Thomas-Fermi screening with
screening wave number ~, one obtains

~XF
ReS(0)= Y'= ~XFy . —

p —3 +4k,
(4a)

Here k is the usual electron-phonon coupling parameter,

p=(1/2x )ln(1+x )

is the Coulomb parameter' with x =2k+/~, and

N(co)=XF J de 5(coZ(co) —c, —(E—co) Y'), g=x arctanx ln(1+x ) . (4c)

where Xz is the clean normal-metal DOS at the Fermi
level. We thus obtain for our disorder parameter Y' the
relation

Y' =N~ /X(co ) 1. —

Equation (2) is independent of the dimensionality of the
material and holds for arbitrary disorder. ' lt constitutes
the desired relation between the parameter of the
correlation-gap mechanism for the T, degradation and an
observable independent of T, .

It is well known that Y' is not the only source of disor-
der dependence of T, . Both the electron-phonon cou-
pling and the Coulomb pseudopotential increase with
disorder. These effects have been discussed in a unifying
framework together with Y' in Ref. 9. It was shown that
all disorder dependencies can be expressed in terms of
correlation functions for normal conducting electrons,
which in turn can be expanded in a complete set of elec-
tronic modes starting with density, current, stress, etc.
Since the density is the only conserved quality in the
disordered electron system, we expect the contribution of
the density correlation function to be the most important
because of the associated diffusion pole. Indeed this is
known to be the case for both the Coulomb and the
electron-phonon interaction in the limit of small disor-
der, ' where the diffusion pole leads to nonanalyticities
in the perturbation expansion, and in the limit of large

(6a)

P=p, [1+(1+()y] . (6b)

Finally we solve the strong-coupling equations in two-
square-well approximation, and adjust the prefactors
such that in the clean limit we recover the Allen-Dynes
formula

~iog —1.04(1+X+Y')
T, = exp

X, —P, *[1+0.62K/(1+ Y')]

It is easy to see that within DPA co], does not depend on
Equation (2) and (4)—(7) are the desired relation be-

tween T, and the tunneling DOS. A similar idea of ex-
pressing 5T, in terms of 5n (for a diFerent theory for
5T, ) was formulated earlier by Muttalib. '

For systems not too close to a metal-insulator transition,
all disorder-dependent quantities can be expressed in
terms of ReS(0). Neglecting the argument of Xl(E) has
the same range of validity as neglecting the energy depen-
dence of Y'. We find' a disorder-dependent electron-
phonon coupling

X, =k(1+y),
and a disorder-dependent Coulomb pseudopotential
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1.04[1+XF(u)+ Y']

Xf~{u)—P *[1+f X/(1+ F')]
(8)

Here

2 I dx
~~(u) =

1„(2/„)

f„=2f dx a f(x)/x,
1

(9a)

a f (y ) =—f dx a F(x coo ) /(x +y ),
0

(9c)

F(u) =2f dx f (x)+2f 2 2, ~2 xf (x),
(x 2 u 2)1/2

with
1f (y) ={coo/k)f dx a F(xeno)/(x +y)

(10a)

(10b)

a in Eq. (8) is a phenomenological factor similar to the
prefactor 1/1.2 in Eq. (7), which is needed since the two-
square-well approximation is known to give an in-
correct prefactor. A choice of a =1.4 with a Debye spec-
trum gives very reasonable values for 2ho/T, in the clean
limit ranging from 3.5 for A, =0.5 to 4.8 for A, =2.0. This
shows that T, and b, o have been treated consistently.

Let us also consider the disorder dependence of the gap
parameter Ao by solving the strong-coupling equations of
Ref. 9(b) at zero temperature in two-square-well approxi-
mation. We find Ao/coo=u where coo is the maximum
phonon frequency, and u is the solution of the transcen-
dental equation

obtain the curve shown in Fig. 1. Over the range of F'
considered, this curve is an almost exact paraHel displace-
ment of the one obtained in Ref. 14 with a larger value of
A. which gives the actual clean limit T, .

The Ã' dependence of the gap parameter resulting
from Eq. (8) with a Debye spectrum is shown as the solid
line in Fig. 1. 26O/T& decreases slightly, while in experi-
ment it stays constant, though the data scatter consider-
ably. It should be noticed, however, that the disorder
dependence of b,o as given by Eq. (8), and therefore also
that of 260/T„depends on the form of the Eliashberg
function. Inspection shows that an a I' with more spec-
tral weight at large frequencies produces a weaker de-
crease of 50/T, with increasing Y'. The dashed line in
Fig. 1 shows the result one gets for an Einstein spectrum
with a =2.3, which fits the data very well. However,
only a McMillan inversion procedure applied to the equa-
tions of Ref. 9 will show if this is not an artifact of the
two-square-well approximation. %e conclude that in the
case of Pb there is excellent agreement between theory
and experiment for the T, degradation, and reasonable
agreement for b,o/T„ though the latter requires more
theoretical work.

For Sn the situation is less satisfactory. Experiment'
shows that amorphous Sn is strongly coupled, and for
R & 2500/G the behavior of T, is very similar to that of
Pb. However, with increasing disorder the ratio 2ho/T,
drops from 4.5 at small F' to values less than 3.5 at
F'=-0. 8. The sensitivity of the F' dependence of 50 to
the form of the Eliashberg function which was previously
demonstrated does lead to a stronger decrease of bo/T,
with increasing F' if cx F has more spectral weight at
sma11 frequencies. However, we found it hard to obtain a
drop as rapid as the one observed in experiment. Again it
wi11 take a McMiHan inversion procedure applied to the

In. DIScUSSrOx

Equation (7) has been compared with experiments on
Pb in Ref. 14, so we can confine ourselves to a brief dis-
cussion of the clean limit parameters entering Eq (7). It.
is weH known that if one starts to make a clean supercon-
ductor disordered, there often is an initial sharp drop in
T, . This is connected with the smearing of anisotropies
in both the electron and the phonon system, and it gives
way to a more gradual behavior once the "dirty limit"
has been reached. In the experimental results of Refs. 2
and 14 the initial sharp drop is apparent, and the dirty
limit has clearly been reached at R =1000/O. The
present theory is concerned with the gradual behavior in
the dirty limit and is not designed to deal with how the
dirty limit is reached. T, (Y'=0) according to Eq. (7)
therefore has to be interpreted as the T, of a hypothetical
Pb which stays isotropic all the way to the clean limit.
This T, will be smaller than that of'rea1 clean Pb. It is in-
teresting to note that Allen and Dynes obtain tunneling
va1ues for A, , ~„, and p' which lead to T, =6.49 K
which is consistent with a linear extrapolation from the
dirty limit of the data in Refs 2and 14.. If we use Eq. (7)
with the values for A., co], , and p' taken from Ref. 20 we
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FIG. 1. Solid curves are theoretical results for the transition
temperature and the ratio 250/k~ T, . A Debye spectrum was
used and k= 1.SS, p =0.10S, m~, g

=S6 K. The dashed curve is
the theoretical result for 250/k& T, with an Einstein spectrum.
Circles are experimenta results for Pb from Ref. 14.
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equations of Ref. 9 rather than the simple two-square-
well approximation to decide if the present theory can ex-
plain these observations. The full solution will also be
necessary to see if the presence of l" remedies the con-
vergence problems which were encountered in an attempt
to analyze these materials with Eliashberg theory.
These questions are left for future investigations.
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