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The effects of weak disorder on superconducting aluminum films pre studied over temperatures
0.4T, ~ T~0.98T, and resistances per square of 1.7~R& ~22 Q. The primary effects of disorder
are found to be disorder-enhanced electron-electron scattering and thermal phase, or supercurrent
fluctuations, both of which cause pair-breaking effects. This conclusion is drawn from measurement
of the low-voltage resistance of low-resistance superconductor —insulator —normal-metal (SIN) tun-
nel junctions with aluminum as the S electrode. The effective pair-breaking rates from both pro-
cesses, evaluated at T„increases linearly with RD, in semiquantitative agreement with model calcu-
lations. The electron-electron scattering rate decreases very rapidly as T decreases below T„ in
agreement with theory. The pair-breaking rate from phase fluctuations decreases roughly linearly
with decreasing temperature. Although distinct effects, phase fluctuations, and ele'ctron-electron
scattering share a common origin in electron-density fluctuations, which are enhanced by disorder.
A microscopic theory of disordered superconductors incorporating both electron-electron scatter-
ing and thermal phase fluctuations is needed.

I. INTRODUCTION

Recently we found that the dominant effects of disor-
der on the microscopic properties of superconducting
films arise from pair-breaking effects of thermal phase
fluctuations and from electron-electron (e-e) scattering.
The phase of the superconducting order parameter Auc-
tuations in space and time in response to thermal Auctua-
tions in the local electrochemical potential; fluctuations
in the gradient of the phase represent Auctuations in the
local supercurrent density. The effects were observed in
weakly disordered superconducting Al films' from mea-
surements of the low-voltage resistance of low-resistance
superconductor —insulator —normal-metal (SIN) tunnel
junctions. Quantitative agreement with model calcula-
tions was found for limited values of resistance per square
(R~ —1 0) of the Al film and for temperatures T greater
than about 0.7T, . The present paper reports a systematic
extension of this investigation to 1.7 + Rz ~ 22 Q and to
temperatures down to 0.4T, .

Much previous work on disordered superconduc-
tors has focused on the effects of disorder on the tran-
sition temperature and the critical magnetic field.
Theoretical' '" and experimental' ' work has led to
the picture that weak disorder in the normal state
enhances the inelastic e-e scattering rate. Extrapolating
this to below T„one could expect e-e scattering to persist
and have important efFects such as broadening the singu-
larity in the BCS density of states. (Of course, disorder
also may change the mechanical properties of the film,
e.g., the Debye frequency, or change the electronic prop-
erties, e.g., the density and effective mass of the conduc-
tion electrons. The effects of these changes on supercon-
ducting properties are in some sense "trivial" since they
shift T, without changing qualitatively the microscopic

parameters such as the density of states. '
) Measure-

ments in the normal state' ' have verified quantitative
predictions for the e-e scattering rate above T„but only
limited attempts have been made to measure the rate
below T, . ' ' The major results of the present investiga-
tion are the discovery of the importance of phase Auctua-
tions, and determination of the dependence of both the
phase fluctuation and e-e pair-breaking rates on T and on
R~ for relatively weak disorder.

In this investigation, we measure the low-voltage resis-
tance R. of low-resistance Al-A10 -Cu tunnel junctions
as a function of temperature and of the supercurrent
Aowing in the Al film. The supercurrent is generated
both by direct application from a current source and by
induction with a magnetic field parallel to the Al film.
The quantitative accuracy of this method for determining
electron scattering rates in superconductors has been
demonstrated by detailed measurements on SIN junctions
involving superconducting Sn and SnIn films, ' interpret-
ed with the theory given in Ref. 20.

The concept behind our technique is different from
conventional tunneling measurements on SIN junctions
because here the junction resistance is so low that the
quasiparticle disequilibrium generated in the supercon-
ductor by the measuring current is responsible for a sub-
stantial portion of the measured junction resistance.
Thus we can study scattering processes associated with
quasiparticle relaxation from measurements of R . The
particular disequilibrium is often called a quasiparticle
charge imbalance. ' For a fixed tunneling current, its
magnitude and temperature dependence reAect the mag-
nitude, energy, and explicit temperature dependences of
the various. processes that contribute to charge-imbalance
relaxation. (For the purposes of this paper, we define
pair-breaking processes to be any processes that relax a
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charge imbalance. This defines as pair breaking all in-
elastic scattering processes; elastic scattering from lattice
defects and impurities when the order parameter is aniso-
tropic due to supercurrents or intrinsic anisotropy; and
scattering from magnetic impurities. ) We can isolate ex-
perimentally the charge-imbalance part R + of the total
junction resistance R~ because R + is very sensitive to
the presence of a supercurrent in the superconducting
film. The supercurrent shortens the net relaxation time
by inducing anisotropy in the order parameter and there-
by activating pair breaking from elastic scattering.

In brief, the theoretical analysis involves two steps.
The first is to determine the nonequilibrium distribution
function for the quasiparticles in the superconductor.
This is done by solving the appropriate Boltzmann-like
equation. This equation determines the distribution
function of quasiparticles in energy by balancing the rate
of generation of quasiparticles by the electrochemical po-
tential drop V across the junction against the net relaxa-
tion rate due to e-e scattering, elastic scattering from de-
fects and nonmagnetic impurities in the presence of gap
anisotropy induced by thermal supercurrent (phase) fluc-
tuations and an externally imposed supercurrent, and the
proximity coupling between the superconducting and
normal films comprising the junction. The second step is
to use the distribution function for the quasiparticles and
the superconducting density of states, appropriately
modified by pair breaking, to calculate the tunneling
current I. through the junction, and thus the junction
resistance R = V /I . The important fitting parameters
are the magnitudes of the e-e and phase-fluctuation pair-
breaking rates at T, . The explicit dependences of these
rates on energy and on T are determined by model calcu-
lations. In the end the accuracy of the fit to the data at
all temperatures and applied supercurrents supports the
validity of the model calculations.

As described below, the measured values at T, of both
the e-e pair-breaking rate and the phase-Auctuation pair-
breaking rate increase with R z. The magnitude of the e-

e rate at T, agrees with the results of magnetoresistance
measurements in the normal state' ' but disagrees with
the values obtained by a microwave technique. ' Below
T; the e-e scattering rate decreases very rapidly. ' The
pair-breaking rate from thermal phase fluctuations has a
roughly linear temperature dependence in agreement
with a simple model calculation presented below.

II. EXPERIMENTAL DETAILS

The samples are low-resistance Al-A10 -Cu tunnel
junctions, in which the Al films are slightly disordered.
The sample configuration and wiring diagram are illus-
trated in Fig. 1. All the films are vapor deposited in situ
from resistively heated sources through mechanical aper-
ture masks onto glass substrates which are at room tem-
perature. To improve the uniformity of current distribu-
tion in the superconducting Al film and thus to maximize
the measured critical current, junctions are built on thick
anodized Nb ground planes. Nb ground planes are made
by depositing about 0.5-pm-thick Nb films on glass slides
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FIG. 1. Sample configuration and wiring diagram.

by dc sputtering and anodizing them in a solution
prepared from 280 ml of water, 420 ml of ethylene glycol
and 58 g of ammonium pentaborate with a large area
stainless steel blade as a cathode plate. The anodization
current used is 0.5 mA/cm of Nb films and anodization
is finished at 1500 A. Niobium oxide grows at the rate of
23 A/V (about 8 A/V of Nb).

The thickness of the Al films is about 300 A and the
width is about 300 pm. The residual resistance per
square R~ of the Al film is controlled by the Oz partial
pressure in the deposition system during evaporation,
typically —1 X 10 —6X 10 torr, and by the deposition
rate of -4—5 A/sec. These parameters give R~= —1

—25 Q. The thin insulating layer in the junction is made
by oxidizing the Al films in an atmosphere of 5 X 10 to
5 X 10 torr 02 for a minute or two just after the deposi-
tion. The junction area is defined by masking the Al films

by a 500-A SiO layer except for a 300 pm length in
the middle. With these processes we obtain junction
resistances ranging from 0.1 to 5 mQ, near T, .

A superconducting quantum interference device
(SQUID) is used in a nulling feedback mode to measure
the junction voltage. The noise in the mt. asurement is
—10 pV for a 10-Hz bandwidth. For stability, mercury
batteries are used for current sources for the junction bias
current and the applied supercurrent in the Al film. rf
noise is suppressed by doing measurements in a rf-
shielded room and reduced further by the use of a super-
conducting Pb bag on the probe. To avoid geomagnetic
fields a dual-layered p-metal shield is put around the
Dewar. The maximum ambient Aux density measured in-
side the Dewar is less than 10 mG at room temperature,
small enough to have no e6'ect on our results. Measure-
ments are done from 0.65 K to T, with a He probe.

The junction resistance R is measured as a function of
temperature, transport supercurrent applied in the super-
conducting film, and magnetic field parallel to the film.

R, is determined from the current-voltage (I V) charac--
teristic at low voltages. Because the intrinsic resistances
of the junctions are only about 1 mQ, the voltage is al-
ways kept less than 100 nV to ensure that heating is
negligible and the current-voltage characteristic is linear.
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Measurement of RJ as a function of the transport su-
percurrent I, in the superconducting Al film is made by
fixing the junction current I and then measuring the
change in the junction voltage V. as a function of I, . The
additional supercurrent in the Al film due to the junction
bias current is always negligible. We check that the Al
film is superconducting for the range of supercurrents
used here by measuring V versus I, for I =0. Any data
obtained in the resistive state of the Al film

[V (I„I=0)%.0] is discarded.
The applied supercurrent in the Al film is uniform

across the thickness because twice the magnetic penetra-
tion depth 2A, &5000 A is much larger than the film
thickness d -300 A. The uniformity of the current den-
sity across the width of the film is improved by the use of
superconducting Nb ground planes. With the underlying
ground plane, the measured critical current of the Al film
is about 30% of the calculated Ginzburg-Landau critical
current which is large enough to obtain sufficient R~(T)
versus I, data for theoretical analysis, i.e., at least twice
the current at the inAection point of the RJ(I, ) curve
whose importance will be demonstrated below.

Measurement of R- as a function of magnetic field is
made by fixing I, then measuring V. as a function of
magnetic field 8~~ parallel to the film. The value of 8~~ is
determined from the current in the magnet coil. The
effect of a magnetic field should be the same as that of an
applied supercurrent since the magnetic field simply in-
duces diamagnetic screening supercurrents. For uni-
formly thin, d ((2k, homogeneous films, the only
difference is that the current distribution is nonuniform
in the case of applied fields, being 0 in the center plane of
the film and maximal near the film surfaces. The max-
imum applied field is about 200 G. Larger magnetic
fields result in Aux trapping and the R~ versus 8~~ curves
become asymmetric and irreversible.

Although measurements of R. versus I, and R versus

8~~ in principle contain the same information, they serve
as checks on each other because of the different distribu-
tions of supercurrent density. One result of the difference
is that the calculated pair-breaking rate from a measured
transport supercurrent is inversely proportional to the
film thickness d, for given R~, while that of a measured

magnetic field is proportional to d. ' ' Thus we expect
that inevitable minor sample nonidealities, such as thick-
ness variations, may cause quantitative discrepancies be-
tween the two measurements, but should not result in
qualitative differences. As discussed below, we find excel-
lent qualitative agreement with generally small quantita-
tive discrepancies.

III. EXPERIMENTAL RESULTS AND DISCUSSION

A. Experimental results and data analysis

Measured sample parameters are listed in Table I. Be-
fore discussing the measurements, we compare some im-
portant length scales to put our samples into context.
The electron mean free paths l for all samples are much
shorter than the clean limit coherence length
go=iriV&/m. b,o—= 16000 A (Ref. 26). Thus the films are in
the dirty limit and appropriate expressions must be used
for the Ginzburg-Landau coherence length g'(T) and
magnetic penetration depth A, (T). Since the electron
thermal coherence length (DA/kz T)' is larger than the
film thickness, e-e interactions are efFectively two dimen-
sional. '3'5'27

We now move on to describe and interpret our mea-
surements of junction resistance R as a function of tem-
perature and of supercurrent and magnetic field. The im-
portant parameters, such as the values of the various
scattering rates at T„are determined from detailed fits to
the data of numerical solutions of the theory described in
detail in Refs. 1, 19, and 20. In the present paper, we
give a qualitative description that illustrates the underly-
ing concepts and clarifies what features of the data deter-
mine each parameter. We begin by appealing to several
useful theoretical results that are strictly valid only near
T„but are qualitatively accurate for lower temperatures.

First, RJ can be written as the sum of two components:

R (T)=R, (T)+R ~(T),

where R, (T) is the "equilibrium" junction resistance
that has the T dependence of high-resistance junctions, in
which the "nonequilibrium" resistance R + is negligibly
small. R + is due to the nonequilibrium charge imbal-

TABLE I. Sample parameters. Samples are arranged in the order of resistance per square.

Sample
d

(A)

300
422
343
301
303
303
300
300

w

(pm)

286
300
300
300
286
314
315
300

lb

(A)

77.5
41.0
49.3
21.6
18.0
15.3
11.6
6.0

R'
(Q)

1.72
2.31
2.37
6.15
7.2
8.62

11.5
22.3

1.470
1.519
1.480
1.808
1.800
1.920
1.905
2.070

R~
(mQ)

1.67
0.16
1.0
0.165
3.25
1.26
4.44
1.25

1«tun
(10 s ')

0.35
3.1

0.58
3.2
0.18
0.43
0.12
0.47

'w is width of Al film.
l is electron mean free path of Al film calculated from pl =4 X 10 ' 0 rn (Ref. 33).

'R& is resistance per square of Al film.
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ance generated by the current used to measure R . At
low temperature, RJ -R,q, and both increase very rapid-
ly as T decreases due to an exponential decrease of excita-
tion probability associated with the energy gap. Near T„
R, approaches the intrinsic junction resistance R&, but
R + diverges proportional to the charge-imbalance relax-

Q
ation time r, and hence R diverges. R ~( T) is approx-
imately proportional to the relaxation time r

18

14

12

10

08

In Eq. (2), I/r«„ is the rate at which an electron at the
Fermi surface tunnels through the insulator from the su-
perconductor to the normal metal, ' and it represents
the pair-breaking proximity effect between the X and S
films through the insulator. It is defined as—=2N(0)e QR&, where 2N(0) is, the volume density of
states of the S film and 0 is the volume of the S film in
the junction area. 2N(0)=3.48X10 /eVm for Al.
Finally, 1/~ is related to the intrinsic pair-breaking
rates, which are the focus of this investigation, and the
extrinsic pair-breaking current through '

1 1 1

2k~ T 2v;„2~;„

1/2

(3)

For the present measurements 1/2r;„= 1/2r, ,+ 1/2r«„
is the sum of the e-e and tunneling pair-breaking rates
and 1/r, = I/r, ,„,+ I/rscF is the sum of the elastic pair-
breaking rates due to applied supercurrents (extrinsic)
and supercurrent fluctuations. From Eq. (3), R

&
~

diverges as ksT, /b. near T, . The appearance of this
divergence in the data is the signature of charge imbal-
ance.

Figure 2 shows R (T) for one of our samples. The
charge-imbalance contribution to the junction resistance
is substantial (about 10% near T, from R versus I, data
which will be chosen below), but it is almost invisible on
the scale of Fig. 2 except for the small rise very near T, .
Two important parameters can be read from this data im-
mediately. The minimum value of R~(T), which occurs
close to T„ is approximately equal to the intrinsic resis-
tance R& of the junction, so that the tunneling rate 1/~t„„
is determined. Also, the divergence of R. determines T,
to within about 10 mK.

While data on R versus T yield reasonably accurate
values for Rz, I/r«„, and T„ they are insufficient to
determine the intrinsic rates of interest here. The key
measurements to determine 1/r, , ( T, ) and 1/rscF( T, )

are R versus I, and R versus 8 ~~. The concept is as fol-
lows. The intrinsic processes of e-e scattering and
thermal phase fluctuations determine the magnitude ofR, since they determine r + [Eqs. (2) and (3)]. An ex-

trinsic pair breaker, i.e., I, or 8~~, reduces the relaxation
time ~ +, and thence R . When the extrinsic pair-
breaking rate 1/~, ,„t equals the intrinsic rate, R is re-

duced by about half and this point can, in principle, be
used to estimate the intrinsic rate. Unfortunately one

does not know where "half" is unless the entire curve is
measured out to R -0, and this is usually not possible.
A more convenient measure of the intrinsic pair-breaking
rate can be obtained from the value of 1/r, ,„, at the
inflection point in R~ versus I, or B~~. At the inflection
point, the extrinsic rate is approximately half of the in-
trinsic rate. [This relation can be obtained from Eqs.
(1)—(3) if 1/r, is the sum of an intrinsic rate and an ex-
trinsic rate proportional to I, or 8~~, and R, and 6 are
not affected by the extrinsic pair breaker. This last con-
dition breaks down very close to T, where the depen-
dence of 6 on I/r, ,„,becomes important. ] Although the
inflection point is not sharply defined, and hence accurate
values of 1/r, ,(T, ) and I/r sc(FT, ) are obtained in the
end from detailed comparison of data with numerically
calculated curves, we fill focus on the inflection points in
the discussion to obtain a quick qualitative insight into
the data.

Figure 3 shows the fractional change of junction resis-
tance M /R versus I, /I, (0), where I,(0) is the theoreti-
cal critical current at T=O calculated from the measured
sample parameters from

I, (0)=2. 562dw 2N (0)(k~ T, )3/iriR ~ . (4)

The change 5R (T,I, ) is mostly from the decrease of
R + ( T). R, changes only when 1/r, ,„, approaches
6/fi, which is much larger than the intrinsic pair-
breaking rate. The pair-breaking rate is related to the ap-
plied supercurrent through the dirty-limit expression:

s, ext

&p,'
2R2

2y R~ n, (0)
~I, , (5)

n. 2 (N)(0kT, ) dw n, (T)

where D is the electron diffusion constant, p, =2mU, is
the superfluid momentum, U, is the superfluid velocity,

I I I I I I

0.3 0.4 0.5 0.6 0.7 0.8 0.8 1.0

T/Tc

FICx. 2. Junction resistance as a function of temperature for
sample 6. The rates at T, were obtained from the best fit of
theory to both R, ( T) and R,(I, ) data.
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FIG. 3. Fractional change of junction resistance as a function
of applied supercurrent in the Al film for sample 6. Theory
curves were calculated with the same rates shown in Fig. 2.

and m/y=1. 764. n, is the density of superconducting
electrons. For the second equality in Eq. (5) the free elec-
tron relation 1/p=2N(0)e2D was used, where p is the re-
sidual resistivity.

The theoretical curves in Figs. 2 and 3 are calculated
from a Boltzmann-like equation for the quasiparticle dis-
tribution function in which generation of excitations
from tunneling at each energy level is balanced against
relaxation due to e-e scattering, phase fluctuations, and
the proximity effect. Because the full integral form of the
Boltzmann equation is used, rather than a relaxation ap-
proximation, the only adjustable parameters are the mag-
nitudes of the e-e and phase-fluctuation rates at T, .

The calculated curves in Figs. 2 and 3 agree with data
very well both qualitatively and quantitatively from T,
down to 0.5T, . In Fig. 3 especially note that the calculat-
ed infiection points occur at the same values of I, /I, (0) as
in the data, within +10% (actual data are continuous
curves from an XY chart recorder but here shown in sym-
bols just to clearly distinguish them from theory curves).
The significance of the inAection point allows us to un-
derstand the data at 0.443T, . There, the calculation
overestimates 5R /R by a factor of almost 2 but accu-
rately reproduces the value of 1/r, ,„, at the infiection
point. Our interpretation of this discrepancy is that there
are weak spots in the junction insulator. Weak spots de-
crease R, because the gap is reduced in the supercon-
ductor by the proximity coupling to the normal metal.
Weak spots decrease R because the charge imbalance
is reduced by diff'usion of quasiparticles away from the
weak spot. The eff'ect of weak spots is enhanced at low T
because the resistance through the strong parts of the
junction becomes very large so current focuses into weak
spots. Now, if our physical interpretation of the

0.443

—2

N

573

—5
0.00 0.02

I

0.04

1./lc(o)
0.06 0.08

FIG. 4. Same data as in Fig. 3, but with theory curves calcu-
lated with 1/v.scF(T, )=0 and with 1/~, ,(T, )=2.8&10 /s, i.e.,
four times larger than expected from Eq. (7) as is needed to
match the data at T/T, =0.956.

inQection point in terms of changing the charge-
imbalance relaxation time with the applied supercurrent
is correct, then the inAection point in the data should
occur at the same extrinsic pair-breaking rate as in the
calculation, regardless of the magnitude of R +, and this
is what is observed.

To emphasize the importance of including phase Auc-
tuations as well as e-e scattering in the theory, Fig. 4
shows the data from Fig. 3 with curves calculated
without phase fluctuations but with an e-e scattering rate
magnified by a factor of 4 to match the data at 0.956T, .
As T decreases below 0.956T„ in the calculated curves
the inAection points occur at a smaller supercurrent than
is observed, indicating that the e-e rate in the calculation
decreases much more rapidly than the intrinsic relaxation
rate in the film. (Calculations presented below quantify
the rapid decrease in the e-e rate just below T, . ) Consid-
ering that 1/~, „,~I, , the calculated intrinsic rate at
0.573T, is smaller than the measured rate by a factor of
-5—6.

Because of their different dependences on temperature,
the contributions of e-e scattering and phase Quctuations
to the total intrinsic pair-breaking rate can be separated
in the numerical fits to the data. Our calculations show
that while the electron-electron scattering rate drops very
sharply as T decreases, the phase-Auctuation rate de-
creases linearly with decreasing T, as will be demonstrat-
ed in Sec. III B. At low temperatures, phase fluctuations
dominate, and the pair-breaking rate due to fluctuations
is determined with precision. With the fluctuation rate
determined, the e-e rate is determined by optimizing the
fits to data near T, . Fits comparable in quality to those
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shown in Figs. 2 and 3 were found for all temperatures
for all of the junctions reported here, that is, for all high-
quality junctions as judged by a rapid rise in R at low
temperatures.

Uncertainties associated with the rates shown in Fig. 2
are as follows. The sum of the pair-breaking rates,
1/vsc„( T, )+ 1/2r, , ( T, ), is determined to +10%%uo. The
uncertainty in the e-e rate 1/r, , ( T, ) alone is +20%; for
the phase (supercurrent) fiuctuation rate 1/rsc„( T, )

alone, + 10%%uo. There is a large uncertainty in the fitted
value of the e-e scattering rate because the rate decreases
so rapidly below T, that it is overshadowed by the larger
phase-Quctuation relaxation rate over the accessible ex-
perimental range. For all the samples studied uncertain-
ties of fitted rates have similar magnitudes.

As discussed in the next section, physical considera-
tions lead us to expect 1/r, ,(T, ) and 1 /rsc„( T, ) to be
proportional to R~ and T, . To illustrate the dependence
of these rates on disorder, Fig. 5 shows the fitted values
of these rates, normalized to T„versus R~ of the Al film

at 4.2 K. R~ ranges from 1 to 20 0 per square, which is
still the weak disorder limit, Rz «4 kA. Both rates are
approximately linear in Rz. The phase-Auctuation rate
seems to increase more slowly than linearly; R~ is a
better fit. Figure 5 summarizes the most important ex-
perimental results of this paper.

Some important assumptions implicit in the theory
have been checked experimentally. The analysis of R
versus I, assumes a uniform supercurrent density J, in a
uniformly thin Al film. However, J, is larger near the
edges of the Al film than at the middle because the width
m of the films is much larger than the transverse penetra-
tion depth A, , =A, /d (Ref. 34). Moreover, all films have

inevitably some forms of inhomogeneity, such as thick-
ness variations. The following independent experimental
tests indicate that both of these considerations are negli-
gible.

First, measurements of the effect of a supercurrent on
high-resistance SIN junctions, with the same geometry
and materials are those reported here, are in excellent
agreement with calculations that assume a uniform su-
percurrent density. In these measurements, only R, is
observed since R + is negligibly small in comparison.
The theory for R, versus I, has been long established,
and any discrepancy would have indicated the need for a
more precise physical model of the superconducting film.
Apparently J, is very close to its average value I, /wd
throughout most of the superconducting film because the
increase in J, occurs over a very small range (-A, , =5
pm « w) near the edges and does not draw much current
away from the rest of the film.

Second, we have probed indirectly the importance of
nonuniformities in the films by comparing results with a
directly applied supercurrent to results with a super-
current induced by a magnetic field parallel to the super-
conducting Al film. The field was oriented along the
length of the Al film, so the induced currents Bowed
across the top of the film, around the edges, then back
across tl.e bottom surface. According to theory, the
pair-breaking rate is proportional to the spatial average
of J, (Ref. 24) for films with d «A, . For homogeneous,
uniformly thin films, the different spatial distribution of
J, should be unimportant; the effect of the field should be
the same as an applied supercurrent when the data are
expressed in terms of the extrinsic pair-breaking rate.

Figure 6 shows for R (8~~) and R (I, ) along with.
theory curves calculated with both electron-electron
scattering and phase fluctuations for sample 3. The pair-
breaking rate due to the applied parallel field B~~ was cal-
culated from

10

e2B2d2 B2d
Il Il

6A' 12%(0)R~A'
(6)

e

10

ations

10
1 10

R (n)

100

FIG. 5. Fitted values of 1/&sc„( T, ) and 1/~, , ( T, ) vs R z for
eight samples studied. Note that both electron-electron scatter-
ing and fluctuation terms increase roughly linearly with R&.

where free electron relations were used for the second
equality. We used the film thickness d, which is known
to about +15% for these thin films, as a fitting parameter
to get the excellent agreement shown in Fig. 6. Clearly
there is no qualitative difference between applied and in-
duced supercurrents, despite the different spatial distribu-
tion of currents. Quantitative discrepancies were oc-
casionally observed. In the worst case, the fitted film
thickness was 40% larger than the measured value,
which was outside of uncertainty. We do not know the
reason for this. However, we conclude that the qualita-
tive, and usually quantitative, agreement between mea-
surements with applied and induced supercurrents sup-
ports our assumptions of uniform films and supercurrent
density in the analysis. We believe that the data taken
with an applied supercurrent are more accurate because
of the quantitative accuracy and reproducibility of a pre-
vious study of Sn and SnIn films' using the same tech-
nique as the present study, and because of the quantita-
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normal state which determines the localization of elec-
tron wave functions, ' '" there is no problem with conver-
gence because the coherence factor that governs charge-
imbalance relaxing processes cuts off the divergence at
low energies. The temperature dependence of the net e-e
scattering rate is determined from its energy dependence
and the Boltzmann equation.

Although the actual fitting parameter is the coupling
function a F, for comparison with rates determined with
other techniques it is useful to define a characteristic e-e
scattering rate for charge-imbalance relaxation, as was
done in Ref. 1:

1.4

1 k~T,
=28vrg(3)a F =4.3X10 R~T, ,

7.&h&o&( 7 )
(7)

l

05 l0
~ -I/2

( )O4s-I/2)
s, ext

l.5

FIG. 6. Junction resistance as function of square root of ex-
trinsic pair-breaking rate, where the pair breaking comes from
both supercurrents (U) and magnetic fields parallel to the Al
film (O) for sample 3. Horizontal axis was calculated using
Eqs. (5) and (6), with film thickness d as a fitting parameter for
comparison of the two different sets of data. Theory
curves were calculated with 1/~s&„( T, ) =0.7 X 10 /s and
1/~, ,(T, ) =2.5X 10 /s.

tive success of measurements of the effect of a super-
current on high-resistance SIN junctions mentioned
above.

B. Model calculations

1. Electron-electron scattering

Based on the currently accepted model of disordered
metal films, ' "" ' disorder-enhanced e-e scattering
arises from the coupling of single electron excitations to
electric field fluctuations generated thermally by
electron-density Auctuations, that is, thermally excited
damped plasmons. Even though the plasma frequency is
very high, there is a finite spectral density at low frequen-
cies from damping due to elastic scattering of electrons.
In two dimensions the effective electron-plasmon cou-
pling function for e-e scattering, analogous to the
electron-phonon coupling function, is
a F(co)=e Rz/8n A' (Ref. 10). Note that it is indepen-
dent of energy and increases linearly with R ~. Above T„
this function gives an inelastic e-e scattering rate approxi-
mately linear in T and R~ (Refs. 10—15).

In the Boltzmann equation, the e-plasmon coupling
function simply adds to the (here negligible) electron-
phonon coupling function in the collision integral. (De-
tails of the integral, e.g. , coherence factors, thermal occu-
pation factors, etc. , are explained in Refs. 20 and 36.)
Unlike the calculation of the phase-breaking rate in the

in (OKs) ', where g(3)-=1.202. In Table I and the
figures, the fitted values I/~;", i(T, ) were calculated with
the fitted a F and Eq. (7). The theoretical values of
1/~',";"(T,) were calculated from Eq. (7) with the mea-
sured value of R~. The definition, Eq. (7), was chosen so
that the calculated charge-imbalance relaxation rate near
T 1s31'37

(8)

when e-e scattering is the dominant charge-imbalance re-
laxation mechanism, in analogy to the result when
electron-phonon scattering dominates. ' Equation (7) is
very similar to, but not identical to, the phase-breakihg
rate familiar in localization studies, ' ' which involves a
different average over energy transfers.

The upper solid line in Fig. 5 was calculated from Eq.
(7). The line reproduces the linear increase with R~ seen
in the data, and is in reasonable quantitative agreement
as well. The line of unity slope that best fits the data lines
about 20%%uo higher than the solid line, and the scatter in
the data is about +20% around this best-fit line. More-
over, the fitted rates are in good agreement with rates
from magnetoresistance measurements on similar films,
extrapolated to T, . '

We tried to fit the data with a F ~co' (Refs. 38—40)
and a F~ co (Ref. 41), which would correspond to
normal-state scattering rates proportional to T and T,
respectively, but found that a F o=co gave the best fit to
R versus I, with the most reasonable values of
1/w, ,(T, ). Fits with the other forms for a F could be
adjusted to give a possible fit, but the inAection points
were always way off.

Given that the theory agrees well with the data, with
physically reasonable values of the relevant parameters, it
is interesting to use the theory to elucidate the very
strong T dependence of the e-e scattering rate below T, in
contrast with that of e-phonon scattering and phase Auc-
tuations. Unlike in the normal state, in the supercon-
ducting state there is no standard definition for charac-
teristic scattering rates, so we need to improvise for this
comparison. For the reasons outlined above, the
inflection point in R versus (1/r, ,„,)'/ is a reasonable
measure of the effective intrinsic scattering rate in gen-
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eral. By choosing one intrinsic rate much larger than the
rest in the calculation, the inAection point reAects that
one rate. Explicitly, from Eqs. (1)—(3), for temperatures
near T„but far enough from T, that the effect of extrin-
sic pair breaking on the energy gap is negligible, the
inflection point should occur at 1/r, ,„,-l/2r;„„where
1/r;„,= I /2r, , + I /2v;„„+ 1/rscF is the total intrinsic
pair-breaking rate.

Results for the various scattering rates below T, are
shown in Fig. 7. The procedure for obtaining the curves
is to solve the Boltzmann equation describing charge-
imbalance generation and relaxation in the junction, and
thence to calculate R versus (1/r, ,„,)', with the intrin-
sic pair breaking being due to e-e scattering (bottom
curve); e-phonon scattering (middle curve); or phase fluc-
tuations (top curve). The proximity effect contribution
1/2r, „„ to the total pair-breaking rate is unavoidable
since the physical arrangement is a SIN junction. How-
ever, 1/2r, „„is small so that the inflection point is deter-
mined primarily by the intrinsic rate of interest. The
scattering rates in Fig. 7 are normalized so that the three
curves would go to 0.5 at T, if the strong dependence of
5 on 1/~, ,„, did not cause the downturn seen very close
to T, . For the three curves, the total pair-breaking rate
at T, is the same, 2.8 X 10 /s, which is much smaller than
b, (0)/A' so that b, (T) and the density of states have their
BCS values. For reference, all three curves merge at low
temperatures where only the proximity-effect pair break-
ing remains and other processes freeze out.

Let us compare the curves in Fig. 7. When the dom-
inant intrinsic charge-imbalance relaxing (pair-breaking)
mechanism is elastic pair breaking associated with phase

0.5

0.4

0.1

0.0
0.5 0.6 0.7 0.8 0.9 1.0

FIG. 7. r, ,'„,~;„„/r;„,'( T, ) vs T/T, for several different
charge-imbalance relaxation processes. Notice the very sharp
decrease of electron-electron scattering with decreasing T just
below T, .

Auctuations, then the effective pair-breaking rate mea-
sured by the inflection point in R& versus (1/r, ,„„)'/ is
roughly linear in T. When intrinsic pair breaking is due
primarily to e-phonon scattering, with cz F ~co in the
collision integral, then the effective rate decreases ap-
proximately as T, just as in the normal state. However,
when the intrinsic pair breaking is due primarily to e-e
scattering, with a F ~co, the effective rate decreases ex-
tremely rapidly just below T, . From Fig. 7, it is clear
why the e-e scattering and phase Auctuation rates can be
separated on the basis of their different dependences on
T.

There is an interesting physical reason for the rapid
drop in the effective e-e scattering rate just below T, .
The reason concerns the number of bosons (damped
plasmons), with sufficient energy to efFectively relax a
quasiparticle charge imbalance. Because a F is indepen-
dent of energy, there are a very large number of low-
energy bosons available to scatter. However, an excita-
tion must change its energy by at least 6 in a scattering
event if the event is to be effective in relaxing a charge
imbalance because the coherence factor for charge-
imbalance relaxation is zero for zero energy transfer, and
increases to near unity only for energy transfers of about
A. Thus as T decreases below T„and 5 increases rapid-
ly, the number of thermal bosons with energy greater
than 6 decreases exponentially with the Bose function,
and so does the effective e-e scattering rate.

2. Phaseguetuations

The difFerence in the phase P(r, t) of the order parame-
ter b, (r, t) between two nearby points in space develops in
time according to the Josephson relation, rig/Bt =2(eV
+p)/tit, where e V and p are the electric and chemical po-
tentials of the electrons, respectively. Fluctuations in the
local electron density induce Auctuations in the electric
potential V, and hence in P. The fluctuations are also
given in part by charge-imbalance Auctuations, i.e., Auc-
tuations in the chemical potential p. Phase Auctuations
are pair breaking because spatial gradients in the phase
represent Auctuating supercurrents, which are pair break-
ing just as an applied supercurrent is. There exists at
present no theory of disordered superconductors that in-
cludes phase Auctuations, although several authors have
commented on the existence of phase Auctuations.
It would be useful and instructive to have such a theory
to unify, clarify, and quantify the relationship between
phase Auctuations and e-e scattering and their effects on
superconductivity.

We include phase Auctuations in the theory the same
way as an applied sup ercur rent, which is an elastic
scattering term in the Boltzmann equation. The tem-
perature dependence of the associated pair-breaking rate
is determined from the explicit T dependence of the am-
plitude of the Auctuations and the temperature and ener-
gy dependence of the relevant coherence factors and Fer-
mi factors.

The magnitude of the pair-breaking rate from phase
Auctuations can be estimated as follows. If all the super-
conducting electrons in a volume -g (T)d undergo
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Brownian motion as a single particle with the appropriate
mass mn, g d, then the equipartition theorem gives the
mean-square superfiuid velocity v, by mn, g dv, /2 =k+ T,
where v, is a thermal average. The pair-breaking rate is
calculated using Eq. (5) with p, =(2mv, ):

1

&theor( T)SCF Ts

4D mk& T

n, g (T)d
(9)

The important assumption here is that the size of the
coherent particle is determined by the temperature-
dependent coherence length g( T).

A somewhat'more microscopic approach, which gives
the same result, is to consider each spatial Fourier com-
ponent of the Auctuations independently. The root-
mean-square kinetic energy of each k mode is again
determined by the equipartition theorem to be k&T/2,
i.err M, v, &/2=kit T/2, where M, is the mass of all the
superconducting electrons in the film since all superelect-
rons participate in each k mode. Since all the k modes
are independent, we can calculate the net pair-breaking
rate by summing v, & over k up to some cutofF, k, . The
choice k, = I /g( T) leads to Eq. (9). While this choice for
k, seems reasonable, the microscopic reason for this
cutoff is not clear. Another reasonable choice is I/gi„
where gp is the Pippard coherence length. In dirty films,
g'i, =/ for all T. If there is no shorter cutoff, the cutoff
surely occurs at I/gi, because n, is zero for k above

25

A still more microscopic approach is to consider the
Langevin equation for the Auctuating distribution of exci-
tations in the superconductor, as was done by Aronov
and Katilyus. Even in that theory, the important ques-
tion to be answered is, still, how is the pair-breaking
effectiveness of a particular Auctuation k mode related to
its wavelength?

The cutoff choice indicated by the data is that the size
of the coherent particle is that of a Cooper pair, namely,
the T-dependent Ginzburg-Landau coherence length.
Near T„using dirty-limit expressions for g(T) and A,(T)
(Ref. 25), Eq. (9) can be rewritten as

1 =2.2X10 R~T,theor( T)SCF
(10)

in (QKs) '. Note that Eq. (10) for I/r'scF"(T, ) is very
similar to Eq. (7) for I/r', ","'(T, ) in magnitude and
dependence on Rz and T. The physical reason likely
stems from the common origin of the two effects in
electron-density Auctuations. The lower solid line in Fig.
5 was calculated from Eq. (10). Equation (10) is in
reasonable quantitative agreement with the measured
values of 1/rsc„( T, }, but describes a faster increase with
R~ than is seen in the data. 1 /rs(cT)tt-R~~ fits the
data much better. We do not understand the origin of
this discrepancy.

In our numerical calculations, phase (supercurrent)
fluctuations are included in the Boltzmann equation by
simply adding the rate in Eq. (10) to the pair-breaking
rate for applied supercurrents, as described in detail in
Ref. 20. Although Eq. (10) is obtained near T„we have

assumed that it is roughly valid at low T too, so that the
pair-breaking rate vanishes at low temperatures. Figure
7 indicates that the contribution of phase Auctuations to
charge-imbalance relaxation decreases roughly linearly in
T when Eq. (10}is used.

This model can be extended to general dimensions by
replacing g d with g d in Eq. (9), where 5 is dimen-
sionality and d is size of any dimension smaller than g.
The result just below T, is

1

+scF ( T

The rate increases with disorder for all three dimen-
sionalities since po- I/1 and gtx:&l. Also, the rate be-
comes larger in lower dimensions for a given material.

It is interesting to put phase Auctuations into the per-
spective of other work. In terms of Fourier components,
phase Auctuations correspond to overdamped modes of
oscillation, except in very restricted conditions of k and
temperature. Very near T, and for very large k values,
Auctuations represent thermal excitation of Carlson-
Goldman modes, which are counter oscillations of
superAuid and normal Auid such that the total electron
density is constant. In very thin wires or films, for small
k values, Auctuations represent thermal excitation of
plasma modes described by Mooij and Schon for nar-
row wires. For most k values, Auctuations are over-
damped, and the pair-breaking effects of Auctuations are
dominated by these damped modes. These latter authors
noted the magnitude of Auctuation supercurrents associ-
ated with thermal excitation of plasma modes, but did
not consider the contribution from damped modes. More
details are in Ref. 46.

IV. CONCLUSION

We have performed measurements of the low-voltage
resistance of low-resistance Al-A10 -Cu tunnel junctions
as a function of temperature and of supercurrent both
directly applied and induced by a magnetic field parallel
to the filrn. Pair-breaking rates at T, associated with
electron-electron scattering and phase Auctuations are ex-
tracted from comparison of data with numerical calcula-
tions based on a Boltzmann-like theory of the quasiparti-
cle distribution function, including both electron-electron
scattering and phase Auctuations. Both pair-breaking
processes are found to be enhanced by disorder and are
described well by model calculations presented in this pa-
per.

Measured values of the electron-electron scattering
rate at T, are in agreement with values from magne-
toresistance measurements on similarly disordered Al
films. Below T„ the contribution of electron-electron
scattering to charge-imbalance relaxation dropped very
rapidly with decreasing T, in contrast to the linear T
dependence predicted and observed above T„and in
agreement with calculations. The measured pair-
breaking rate from thermal phase Auctuations was in
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reasonable agreement with a crude model calculation, but
the model predicted a linear increase with R~, while the
data fit better to R z . The pair-breaking rate from phase
Auctuations decreased roughly linearly as T decreased.

More work is needed. Studying how the phase Auctua-
tions are dynamically related to the formation of thermal
vortex-antivortex pairs and KT transition in very disor-
dered systems would be interesting. Also, since thermal
phase Auctuations are believed to be enhanced in reduced
dimensions, it would be interesting to study them in thin
wires theoretically and experimentally. Electron-electron
scattering and phase Auctuations are believed to be close-
ly connected by a common driving force, electron-density
fluctuations, but a microscopic theory is needed to verify
and quantify this.

Finally, we comment on the experimental technique
because of its novelty. The phenomenological parameter
of interest here, the resistance R, is a linear-response
transport parameter analogous to thermal and electrical
conductivities because the first-order correction to the
quasiparticle distribution function is important. A spe-
cial feature of the technique is that it is sensitive only to
pair-breaking rates, not simple elastic scattering unless

the order parameter is anisotropic, and these rates are
often of interest. Moreover, since the technique deter-
mines the relaxation time, it is especially sensitive to
small rates, unlike conventional tunneling measurements
that probe the pair-breaking rate from the broadening in
the BCS singularity in the density of states. Also, in the
dirty limit, the quasiparticle distribution function is iso-
tropic in momentum space, simplifying the analysis.
Disadvantages are that it involves fabrication of very
low-resistance tunnel junctions on thin films and numeri-
cal solutions of the theory are tedious. However, in the
end, the results presented here demonstrate the power of
charge-imbalance measurements for studies of supercon-
ducting films.
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