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Dipolar NMR line shape in a crystal with nonequivalent sites
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We have performed ' F pulsed NMR measurements in a single crystal of the cubic perovskite
KZnF3. For an orientation of the magnetic field along [110],a distinctive feature of the line shape
not previously identified becomes apparent in the derivative of the absorption spectrum. A pattern
of four resolved peaks which constitute a dipolar signature of the two types of nonequivalent ' F
sites present for this orientation was observed in the absorption-derivative spectrum. For this pecu-
liar line shape a closed expression was derived using continued-fraction approximants. The model
line shape was in good agreement with the data without introducing adjustable parameters.

I. INTRODUCTION

The calculation of the spin correlation function which
determines the dipolar NMR line shape in a rigid lattice
of spin- —,

' nuclei has become a classic problem which at-
tracted considerable interest for many years. To a large
extent much of the effort was motivated by the existence
of an almost ideal system which permitted rather accu-
rate tests of the various types of approximations usually
employed in the calculations. Such a system is CaF2
where the 100% abundant spin- —,

' ' F nuclei form a sim-

ple cubic lattice of spins interacting via magnetic dipole-
dipole interactions with essentially no other magnetic
moments present. Since the pioneering work of Lowe
and Norberg' many different approaches ' have been
proposed which have permitted an accurate description
of the high-temperature spin auto-correlation function
for increasingly longer times.

In CaF2 each Auorine spin is surrounded by six nearest
neighbors and twelve next-nearest neighbors and the ' F
NMR absorption spectrum obtained by Fourier trans-
forming the free-induction decay (FID) is quite feature-
less. The characteristic structure that can be sometimes
observed, for example, when the dominant dipolar in-
teractions arise from a small cluster of spins, is absent in
CaF2. This fine structure of magnetic dipolar origin often
constitutes an important signature which enables one to
monitor a variety of physical, chemical, and even biologi-
cal processes. A well-known example is the famous Pake
doublet.

It is generally accepted that when each spin in a crystal
interacts with a large number of neighbors via magnetic
dipole-dipole interactions, as in CaF2 for example, no dis-
tinctive signature of dipolar origin in the NMR spectrum
can be expected. Although this statement is in general
correct, some interesting exceptions are possible when
the periodic arrangement of spins in the crystal does not
constitute a Bravais lattice. In this case one can find situ-
ations where each spin interacts with many neighbors but
these neighbors form, for example, two groups of non-
equivalent spins with relatively small mutual coupling. If
for some orientation of the magnetic Geld, not only the

mutual coupling becomes small but also the internal di-
polar couplings within one group attain strengths which
are largely different from the coupling strengths within
the other group, a quite distinctive line shape can be ob-
tained. This line shape will display a pattern resembling
the superposition of two unshifted resonances involving a
narrow and a broad component and may lead to the ap-
pearance of well-resolved peaks in the deriUatiue of the
NMR absorption spectrum.

The situation described above can be realized in prac-
tice to a good approximation in many crystals with the
perovskite structure. %'e report the result of our mea-
surements of ' F FID signals in a single crystal of the cu-
bic perovskite KZnF3. For an orientation of the external
magnetic field parallel to a [110]direction, the derivative
of the line shape exhibits very distinctive peaks which
constitute a dipolar signature of the two types of non-
equivalent ' F spins existing for this particular orienta-
tion. The presence of nonequivalent ' F spins in this
crystal structure can of course be easily detected by
NMR if one totally substitutes the Zn atoms by a mag-
netic specjes like Mn or Ni. In this case, up to three
different paramagnetically shifted resonances, corre-
sponding to three nonequivalent ' F spins in the unit cell,
can be observed for some orientations of the crystal with
respect to the external magnetic field. '

Given the importance of crystals with the perovskite
structure in many physical phenomena and the charac-
teristic signature in the derivative of the absorption spec-
trum, a closed expression for the spin correlation func-
tion describing this peculiar line shape was derived.
Continued-fraction approximants to the spin autocorrela-
tion function incorporating an arbitrary number of mo-
ments have been reported and shown to accurately de-
scribe various types of NMR line shapes when a sufficient
number of moments are computed. In the present case
we employed continued-fraction approximants involving
the second and fourth moments. Although only these
two moments were included, the postulated two-
component asymptotic line shape and the superposition
of their individual continued-fraction approximants was
sufficient to yield a good fit with no adjustable parame-
ters.
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II. DIPGLAR NMR LINE SHAPE IN KZnF3

describing the free-induction decay signal. In Eq. (1) Hd
represents the high-field secular dipolar Hamiltonian and
I denotes the total spin component transverse to the
external magnetic field Bo assumed to be aligned along
the z axis.

In KZnF3 with Bo~~[110]one can write

Hd =H~ +H~+H~~, (2)

where Hz represents the dipolar interaction among the
N~ fiuorine nuclei of type A ( A ) (Fig. 1), HB denotes the
dipolar coupling among the Nz =Nz /2 fluorine nuclei of
type B and the mutual coupling between spins of type
A(A), and type B is represented by H„B.The none-
quivalence between the two groups of spins does not ex-
clude the possibility that the coupling term H~z in Eq.
(2) may become negligible compared to the sum of the
other two terms for some orientation of the crystal with
respect to Bo. In that case, since [H„,HB] =0, the total
Hamiltonian Hd=H~+Hz reduces to a sum of two
commuting terms and the autocorrelation function of Eq.
(1) can be readily shown to separate into a sum of two in-
dependent terms,

KznF3 is a member of the perovskite family of crystals
which includes a large number of systems of considerable
physical interest. This particular crystal is especially
suitable for dipolar NMR line-shape studies because zinc
is nonmagnetic and possesses no nuclear magnetic rno-
rnent whereas K nuclei possess a very small magnetic
moment compared to fluorine nuclei. Thus the magnetic
dipole-dipole interaction among ' F spins is by far the
predominant interaction.

The KZnF3 unit cell (Fig. 1) shows the arrangement of
' F nuclei which occupy the centers of the cube faces.
This arrangement, unlike the one in CaF2, does not con-
stitute a Bravais lattice by itself. Instead it can be viewed
as originating from a simple cubic Bravais lattice of lat-
tice constant a=4.040 A, by assigning to each site a
basis of three fiuorine atoms at coordinates A( —,', 0,0),
A (0, —,', 0), and B(0,0, —,

'
) measured from the center of the

unit cell (Fig. 1). Although each fiuorine is surrounded
by eight nearest neighbors, a larger number than in CaFz,
and six next-nearest neighbors, a quite distinctive dipolar
signature in the derivative of the ' F NMR absorption
spectrum of KZnF3 can be observed for some orienta-
tions of the crystal with respect to the external magnetic
field 80

When Bo is along a [110]crystal direction the magnetic
dipole-dipole interactions of spins A and A (Fig. 1) with
other Auorine nuclei are identical and these two types of
spins can be considered as equivalent. Fluorine spins of
B type, on the other hand, have difFerent dipolar interac-
tions with some neighboring spins and must be con-
sidered as being nonequivalent to the A 3 group.

The quantity of interest in a pulsed NMR experiment,
where the system of spins is prepared by a m/2 pulse, is
the spin autocorrelation function'

K

Zfl

FIG. 1. Unit cell of the cubic perovskite structure showing
the atomic positions in KZnF3.
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Here Tr~ and Tr~ denote traces with respect to a basis
of A spins and B spins, respectively, Iz„and Iz~ denote
total spin components within the two groups of spins,
and Iz =Ized +I~~.

The approximation of completely neglecting the cou-
pling term HzB in Eq. (3) can be improved in a standard
way by introducing a small Gaussian broadening which
restores the correct value or the total second moment.
Thus the first term in Eq. (3) should be multiplied by

e ' ' »& and the second term by e ' " »&",—(1/2)(M )t 2

where M2~& represents the contribution to the second
moment of a central A spin due to interactions with
neighboring B spins and Mezz denotes the contribution
to the second moment of a central B spin due to dipolar
interactions with neighboring A ( A ) spins.

The calculation of the individual autocorrelation func-
tions in Eq. (3) corresponding to spins of type A ( A ) and
B is- still difticult. Among the many approaches that have
been proposed to deal with this problem, one that has at-
tracted considerable interest addresses the question of ob-
taining a spectral function given a finite number of its
moments. The maximum entropy method"' has been
recently shown to yield very good results in the CaF2
line-shape problem. Another method which is particular-
ly simple to implement is based upon a continued-
fraction expansion in the frequency domain. It has been
shown ' that a single ansatz concerning the asymptotic
behavior of the coe5cients in a continued-fraction repre-
sentation yields useful approximants which incorporate
any desired number of known moments. Although
several moments are frequently necessary to obtain accu-
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(5)

The SA ' sum involves a central F' spin of type A and
extends over other neighboring spins also of type A or A.
The SB ' sum is similar to the previous one but involves
spins of B type. The SAB sum, on the other hand, in-
volves a central A-type spin and extends over neighbor-
ing spins of type B.

From the numerical values listed in Table I it is ap-
parent that the second-order AB coupling represented by
SAB is considerably smaller than the sum of the other two
terms S„')+S~( ' for Bo~~ [110]. Moreover the dipolar cou-
pling among A( A ) spins represented by S„'' is much
larger than the coupling term among B spins represented
by SB '. Thus the conditions leading to a two-component
line shape with its characteristic signature can be realized
in KZnF3 for Bo~~ [110]. It is worth noticing that the AB
coupling term SAB is not small compared to SB ' but
rather of the same order. Consequently one can expect

—(1/2)(M )t 2

the correction term e»B to significantly aA'ect

the decay of the B-spin autocorrelation function of Eq.
(3). However, since this decay is much slower than the
A-spin decay and is weighted in Eq. (3) by the smaller

rate results for long times, ' the particular form for the
correlation function adopted in Eq. (3) permits a satisfac-
tory description with only two moments.

For the perovskite structure of KZnF3 with Bo~~ [110]
we have computed various ' F dipolar sums. The ap-
proximant to the first correlation function of Eq. (3) re-
quires the calculation of second- and fourth-order dipolar
sums which determine the A-spin contribution to the
second and fourth moments of nuclei of type A. These
sums were also calculated for B spins and incorporated
into the approximant to the second correlation function
of Eq. (3). For the sums involving dipolar couplings
among spins of types A and B, only second-order terms
were employed in the calculation of the broadening pa-
rameters M2AB and M2AB.

Denoting by r p the vector joining a spin (of type A) at
site a with a spin (of type B) at site P and by 8 p the angle
between r p and Bo, the dipolar sums can be expressed in
terms of the adimensional quantities:

3

b p= (1—3cos 8 p) . (4)
~aP

The following second-order F' dipolar sums were
computed for Bo~~ [110]in KZnF3:

Likewise, the A-spin and B-spin second moments M2A
and M2B which enter into the approximants to the two
autocorrelation functions of Eq. (3) must be defined from
Eq. (6) as

M&A=
2 2

3 +N S(2) 3 V N S(2)
4 3 A & 28 4 3 B

a a
(8)

In addition to the second-order dipolar sums of Eq. (5),
the following fourth-order dipolar sums were also com-
puted:

S„','= g b,
( )b ((x), Sp)) = g bppbpp

a'Wa" P'&P"

2SA2= X b ~, (b,
( )

— „(-))
a'@a"

(9a)

S» = g br p„(bpp, bpp„), —(4) 2 2

P'~P"

S„'3=g b (a), Sa3 =g bpp
a' P

(9b)

(9c)

The numerical values of these parameters for Bo~~ [110]in
the cubic perovskite structure are listed in Table I.

From the fourth-order dipolar sums of Eqs. (9), the in-
dividual A-spin and B-spin fourth moments that together
with Eqs. (8) completely specify the approximants to the
two autorcorrelation functions of Eq. (3) can be calculat-
ed. These two fourth moment contributions are given
b 14, 15

factor Ni) =N„/2 (Fig. 1), the effect of the broadening

function e
—(1/2)(M' )t only becomes significant in the

overall decay at relatively long times.
The total second moment' M2 can now be calculated

from the second-order dipolar sums of Eqs. (5):

2

[ 2(S(2)+S(2) )+ ) (S(2)+2S(2) )] (6)
a

where yN=2. 5166X10 sec 'gauss ' is the gyromag-
netic ratio for F' nuclei. For KZnF3 with 80~~[110] one
obtains from Eq. (6) and data of Table I M2=3.882X10
sec

Equation (3) and the proposed Gaussian correction
suggest that in Eq. (6) we must identify the correction pa-
rameters as

2
'2

3 &TN (2)~2 AB 3 SAB M2 AB 2M2 AB4 a'

TABLE I. Dipolar sums for ' F in the cubic perovskite structure of KZnF3.

S(2)
A

S"'B SAB
(2)

+1 A

(sec) S(4)
Al SA2(4) SA3(4)

M4A
(sec )

+2 A

(sec)

87.406 5.062 5 494 1.408 X 10 ' 0.546 X 10 1.248 X 10 0.2115X 10 4.771 X 10' 1.609 X 10

M2„ M2B
(sec ) (sec )

5.042 X 10 0.292 X 10

2M2 AB M2 AB

(sec )

0.317x 10'

+1B
(sec)

5.852 x 10-'

SB1
(4)

22.833

SB2(4)

36.845

SB3(4)

2.796

M4B
(sec ")

1.964 x 10"

+2B
(sec)

4.490 x 10-'
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The model line shape which is expected to describe the
behavior of the F' resonance in KZnF3 for Boll[110] can
now be given. Instead of the four moments M2„,M2~,
M4&, and M~~ of Eqs. (8) and Eq. (10), some combina-
tions of these four quantities must be constructed in or-
der to specify the continued-fraction approximants. The
new parameters are defined as follows:
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III. EXPERIMENTAL RESULTS AND DISCUSSION

A closed expression for the continued-fraction approxi-
mant to the sought spin correlation function can be writ-
ten. From Eqs. (A1) of Ref. 8 and Eq. (2) one obtains

—(1/2)(M ) t ~

~c~

CB

where g„(Q)and gs(Q) are given by

2 (rlAr2A )' (1 0rlgrpg—/4)'
g~(Q)=-

I+& (&i~/&z~ —ri~)

(13a)

FIG. 2. '9F FID signal in KZnF3 for 80~~[110] (0). The solid
line is the calculated autocorrelation function obtained from
Eqs. (12) and (13) and the computed dipolar lattice sums of
Table I.

In the frequency domain the characteristic signature of
the two types of nonequivalent ' F spins becomes more
striking if one examines the derivative of the NMR line
shape. Figure 3 shows the derivative absorption spec-
trum obtained by a Fourier transformation of the data of
Fig. 2 followed by differentiation. The pattern of four
peaks observable in Fig. 3 was also present as expected in
spectra obtained by the cw method. These four peaks, in-
volving four maxima and two minima, correspond to the
six inAection points of a well-resolved two-component
line shape consisting of a broad line and a narrower one.

The result of our model calculation obtained from Eqs.
(12) and (13) with the computed values of the parameters
listed in Table I is also shown in Fig. 3 together with the
experimental FID. The agreement is very good without
any adjustment in the numerical value of the parameters
of Table I. The spectrum obtained by a Fourier transfor-
mation and differentiation of the correlation function
f (t) of Eqs. (12) and (13) and shown in Fig. 3 clearly

Using a conventional pulsed NMR spectrometer
operating at a frequency of 60 MHz we have measured
F' FID signals in KZnF3. A single crystal in the form of
a cylinder with its axis coincident with a [100] direction
and positioned perpendicularly to the external magnetic
field Bo was rotated about [100] and data were recorded
for various angles. For Boll[110] the FID develops a
characteristic "hump" with its maximum close to 50 psec
(Fig. 2).

The data shown in Fig. 2 were obtained at 77.8 K and
were corrected for the effect of a finite 210-KHz band-
width of the receiver system. The small correction con-
sisted of a shift' of 1.5 psec of the origin of the FID from
the center of the 1.7-@sec ~/2 pulse towards longer times.
In the region where the receiver is blocked, the data
shown as circles in Fig. 2 correspond to a Gaussian extra-
polation.

ls
F Absorption Oerivative Spectrum

n 0
no

5.8$ itHs

FIG. 3. ' F absorption-derivative spectrum in KZnF3 for
Boll[110] ( ). The solid line is the calculated derivative of the
line shape.



110 ENGELSBERG, de SOUZA, AND VALADARES PEREIRA

displays the characteristic peaks present in the experi-
mental spectrum and is also in good agreement with the
data. Moreover some of the discrepancy between the ex-
perirnental FID and the calculated correlation function
may still be attributed to a slight misalignment of the
crystal which we estimated to be less than 3'. In fact the
experimental value of the second moment obtained from
a Gaussian fit of the initial part of the FID decay signal
of Fig. 1 was M2(expt)=(3. 6+0.1)X 10 sec . Although
this value is slightly smaller than the theoretical value
M2(theory) =3.88 X 10 sec we preferred to compare
the data of Fig. 1 with the calculated correlation function
using the theoretical values of all parameters. Small vari-
ations of these parameters from the values listed in Table
I could actually improve the 6t.

In the computation of the lattice sums listed in Table I
clusters of radii as large as 40 lattice constants were em-
ployed in some cases. Since the estimated increase of the
second moment due to interactions with potassium nuclei
was less than l%%uo, the effect was considered negligible and
only dipolar interactions among ' F nuclei were con-
sidered.

Although a detailed comparison with other line-shape
theories has not been attempted in this work we may con-

elude that the explicit form of the correlation function
f(t) of Eqs. (12) and (13) with the parameters of Table I
permits a quite accurate description of the dipolar NMR
line shape in the perovskite structure for Boise[110]. For
this orientation, the derivative of the absorption spec-
trum displays a characteristic pattern composed of four
peaks which should be a helpful signature in cases where
other interactions in these crystals are present. Such may
be the case, for example, when magnetic ions are substi-
tutionally introduced into these crystals to study various
properties of randomly diluted magnetic systems or when
quadrupole interactions are present.
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