
950 J. ALLEN, JR. AND H. J. GUGGENHEIM

state below TN (as might be inferred from the neutron
data ). The far-infrared data, which suffer less from
instrumental limits on the resolution, indicate, however,
a rather dramatic increase in linewidth which dominates
the results of the theory and produces the opposite effect-
a line broadening at the Noel point. Although the basic
idea proposed by Mills and Ushioda may be correct, in its
present form it does not appear to properly describe the
experimental results.
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Magnetic Excitations in Antiferromagnetic CoF2.
II. Uniform Magnetic Excitations near T=0 'K
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Far-infrared absorption experiments on GoF2 at 4. 2 'K are extended to include all the
uniform magnetic excitations below 300 cm . The linear and nonlinear Zeeman effect, ob-
tained with externally applied magnetic fields parallel and perpendicular to the spin direc-
tion, are also observed. A model of the uniform magnetic excitations derived from an effec-
tive 8 = p, Co ' manifold is constructed by including a large orthorhombic anisotropy field,
determined from Co ' in MgF2, a simple isotropic bilinear exchange, and the independently
determined spin-phonon coupling to the &~ optical phonon. The model gives a satisfactory
account of the energies, linear and nonlinear Zeeman effect, as well as the absorption inten-
sities.

I. INTRODUCTION

In the preceding paper the coupling between the
Co~' effective S= -', spin and the E, optical phonon
was discussed at length —the object being to extract
from the temperature dependence of transferred
magnetic-dipole intensity some microscopic param-
eters describing the spin-lattice interaction. In
the present discussion, we focus our attention on
the spin system and attempt to derive a quantitative
description of the uniform, k = 0, magnetic excita-
tions at T= O'K that evolve from the effective S= —,

'
manifold. Experimentally we have extended the
far-infrared absorption experiments of Barker and
Ditzenberger' as well as Richards to incl.ude all
the uniform magnetic excitations of the system at
4. 2 K below 300 cm '. The Zeeman effect both
parallel and perpendicular to the spin axis is ob-

tained. The work confirms the k= 0 excitation en-
ergies obtained by neutron diffraction3 and agrees
with recent Raman scattering experiments by
Mac Far lane.

The spectrum of excitations that evolve from the
Co ' ion when it is found in a concentrated salt such
as CoF~ may be viewed from two points of view.
In the first case one may consider all but the lowest
excitation to be excitons, perturbed to a greater
or lesser extent by the Co -Co~' interactions,
while the lowest excitation is a spin wave. It is
distinguished from the excitons only by the fact
that in the ahsence of Co -Co ' interactions the
spin waves have zero excitation energy while the
excitons retain a finite energy. With reference to
Fig. 1, for instance, the 12 levels derived from the
'I

4 in the ordered state will contribute eleven
single-particle-like excitations to the collective
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FIG. 1. Crystal-field splitting of the d' manifold by
the orthorhombic crystal field (Ref. 10).

spectrum in the condensed salt but only the lowest
excitation derived from ground- state Kramers
doublet will go to zero energy as we turn off the
Co-Co interaction. This is, of course, a legitimate
point of view provided that the interactions between
the spin-wave branch and the excitons at -150 cm '
are properly included.

The second point of view makes the following
distinction between the excitons. We treat the ex-
citons that derive from the level. s near 150 cm ' as
different from those excitations near -1000 cm '.
Although the distinction may seem somewhat arbi-
trary, it is useful for the following reasons. The
exchange interactions appreciably mix the lowest
Kramers doublet with the first excited doublet but
clearly are ineffective in mixing with the levels at
1000 cm '. Consequently, treating all the excitons
on an equal footing makes the problem unneces-
sarily burdensome. Further, if we should consider
the limiting case where the orthorhombic crystal
field is large enough to completely quench the or-
bital motion, the excited states at 1000 cm ' move
to arbitrarily high energies whereas the lowest
four levels coalesce into a simple spin- —,

' quartet.
Hence, physically, we may think of the lowest four
states as being S= —,

' spin states with appreciable
(&~/E -0. l) but not overwhelming admixture of
orbital motion that lifts the degeneracy by
-150 cm '. This point of view further suggests the
following interesting conceptual problem. How do
we describe the spin excitations in ordered sys-
tems as we gradually increase the local anisotropy
field from the usual limit where anisotropy field/
exchange field «1 to the case where they are com-

parable and finally to the limit anisotropy/exchange
& 1, the case in CoF2? Silberglitt and Torrance'
have recently noted that a new type of two-magnon
bound state may appear in ferromagnets with
S~ 1 as the anisotropy field is increased with re-
spect to the exchange field. The excitations that
evolve from transitions to the doublet at 150 cm '

are in fact examples of such a single-ion two-mag-
non bound state in the limit where the anisotropy
energy -3 &&(exchange energy). However, the dis-
cussion can proceed in a relatively straightforward
manner, since they appear to always lie outside the
continuum of two-magnon excitations derived ex-
clusively from the lowest Kramers doublet. We
take the point of view then that we are dealing with
an effective S= —,

' antiferromagnet in the presence
of an anisotropy field large compared with the ex-
change. The excited states near 1000 cm ' are not
explicitly considered in the treatment that follows.

There have been a number of earlier discussions
of the magnetic excitations of CoF~. Kamimura
first calculated the spin-wave branch by treating
only the lowest Kramers doublet but included an
anisotropic exchange between effective S= —, spins.
Linesv made considerable improvement by including
the exchange mixing of the two lowest doublets by
the molecular field and obtained a good fit to the
lowest branch. With the exception of Ishikawa and

Moriya, ' attempts to straightforwardly extend
Lines's approach to the excitations derived from
first excited doublet have been successful only from
a qualitative point of view. ' Ishikawa and Moriya
have recently calculated the excitation spectra for
CoF2 and have obtained reasonably good agreement
with the energies of the uniform excitations, but
have neglected the strong interaction of the trans-
verse modes with the F., phonon. ' In the present
paper we have calculated the uniform magnetic ex-
citations at T= 0 'K including the spin-phonon cou-
pling and have also obtained the linear and nonlinear
Zeeman effects for applied fields parallel and per-
pendicular to the spin axis. The results obtained
with this model agree reasonably well with the ex-
perimental results.

In Sec. II the model for the low-lying excitations
is developed, the resulting Hamiltonian put forward
and diagonalized with suitable approximations at
T = 0 'K. Section III summarizes the experimental
results while Sec. IV attempts to reconcile the
model predictions and experimental results. Section
V is reserved for final discussion.

II. THEORY

A model for the magnetic excitations in CoF~ is
constructed from the following simple minded point
of view. We first assume that all the single-ion
properties can be taken from Co~' in some suitable
diamagnetic isomorph and described by an effective
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J z, &001) the spin-orbit interactions and the orthorhombic
crystal field. These are, indeed, quite large. But
they are purely single-ion effects and may be in-
cluded in a suitable single-ion spin Hamiltonian.
For the body-centered site shown in Fig. 2, we
write for the single ion an effective S= —,

' Hamil-
tonian:

—5S, + y(S, —S, )+g, S„H,+g, S„H„+g, S,H, .

FIG. 2. CoF2 crystal structure showiag xnagnetie
ordering below 37. 7 K (Ref. 10).

8= & spin Hamiltonian including terms no higher
than second order in the spin. Second, we assume
a simple isotropic bilinear exchange between the
S= —, spina. This requires some justification. The
only complication that is introduced is the spin-
phonon coupling to E, optical phonon. With these
ingredients we first put forward the spin Hamil-
tonian and indicate how it is diagonalized for an
arbitrarily directed magnetic field. We pay special
attention to the longitudinal excitations which ex-
perience a Davydov splitting. These modes are not
coupled to the E, phonon and can be used to extract
an exchange parameter.

The magnetic crystal structure of CoF2 is shown
in Fig. 2. ' It consists of two magnetic sublattices
with magnetic moments parallel and antiparallel
to the c axis. The Co ' ion is surrounded by an
orthorhombically distorted octahedron of F- ions. "
The local symmetry at the two possible sites is
identical if one rotates the octahedron by 90' about
the c axis as one passes from the body center to the
corner of the unit cell.

A. Truncated Spin and Lattice Hamiltonian

The collective magnetic excitations below 300
cm ' in CoF& are assumed to evolve entirely from
lowest four levels of the Co~' ion found in a suitable
diamagnetic isomorph. This appears to be a rea-
sonable assumption for the next levels are approxi-
mately"' 1000 cm ' above the ground state and the
ion pair interactions which distinguish the concen-
trated salt from the isolated Co~' ion are only of
the order of 50 cm '. ' This is not to say, of
course, that there is no appreciable mixing of the
lowest four levels with the higher eight levels by

The corner sites are obtained by rotating about the
z axis by 90 . All the interactions with the ex-
ternal magnetic field are assumed to be described
in (I). It should also be noted, that in transplanting
the single-ion parameters determined from Co~'

in MgF&, we tacitly assume that there is no dynamic
spin-optic phonon coupling of consequence in the
diamagnetic isomorph. Although the matrix ele-
ment connecting the exciton and phonon state must
be nearly the same in Co ':MgF~ as it is in CoF&,
in retrospect, we note that the energy separation
between exciton and phonon is five times greater
in Co '

MgF~ than in CoFz. This leads one to es-
timate that the single-ion crystal-field splitting
of Co ' in MgF~ is perturbed by only 3 cm ' by the
dynamic spin-lattice interaction with the E~ phonon.
We do not include these corrections here. The as-
sumption then is that exchange effects alone do not
appreciably mix the ground S= —,

' manifold with the
higher states and that the single-ion Hamiltonian
is given by (I).

The exchange interaction need not act alone,
however, between the ground-state manifold and
the other states. The spin-orbit interaction taken
with the exchange interaction can alter the nature
of the exchange interactions in the ground state. "
These appear as multipole-multipole spin interac-
tions, the largest of which is the Moriya-
Dzialoshinski'~ antisymmetric exchange and is of
the order of (A/E) 8 i, S„X5swhere X/Eistheratio
of spin-orbit energy to the energy of the excited
orbital states and is approximately 0. 3. Fortu-
nately the antisymmetric terms are of no conse-
quence as long as we restrict our attention to the
uniform excitations of the system. The next im-
portant multipole-multipole interactions which do
influence the uniform response of the system are
dipole-octupole, quadrupole-quadrupole, and aniso-
tropic, symmetric, bilinear exchange which all
appear in third order. They are of the order
(& /E~) Z-0. 09J. However, restricting our discus-
sion again to the uniform response of the system
further reduces the estimate. It is shown in Ap-
pendix A that at k= 0 the coefficients of these third-
order terms (second order in & and first order in
J) actually appear as differences between the var-
ious off-diagonal exchange parameters. Following
Ishikawa and Moriya's' suggestion that these ex-
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change parameters should differ from one another
by no more than 30k reduces the magnitude of these
terms to 0.3'/Eid-0. 03 J and hence they are rel-
atively unimportant. In the discussion that follows
then, we assume that only an isotropic exchange
interaction, between effective S= —,

' spins on the
body-center and corner sites, is required. The ex-
change interaction between the spins on the same
sublattice along the c axis is also ignored. We
take as our final justification for these simplifying
approximations the relatively good quantitative
agreement obtained with experiment, while rec-
ognizing that the remaining discrepancies may in

part be due to these assumptions.
The third interaction that we consider in con-

structing the Hamiltonian for the system is the spin-
lattice interaction. This may be separated into
two parts —exchange striction and magnetostriction.
Exchange striction is ignored throughout. It should
be no larger in CoF~ than in the other transition-
metal fluorides and does not significantly alter the
spectrum of spin excitations. Magnetostrictive
effects are produced by modulation of crystal field
by the lattice distortion and do play an important
role in the magnetic excitations. As discussed in
the preceding paper, we consider only distortions
which transform locally about the Co~' like the zx
and zy shears. We must further distinguish, how-
ever, two types of distortion, the internal and ex-
ternal or macroscopic distortion. " The internal
distortion only moves the atoms within the unit
cell —it does not distort the bravais lattice. The

macroscopic or external distortion distorts the en-
tire lattice uniformly. It is in fact the strain pro-
duced by an applied laboratory stress. Clearly a
static uniform external strain produces a static
internal distortion; however, a high-frequency pho-
non at k = 0 which is a pure internal distortion does
not produce a corresponding macroscopic external
strain of the same symmetry. As a result, it is
important to point out that the experiment described
in the preceding paper determines the coupling to
the internal distortions alone and does not tell us
what the static magnetoelastic coupling constants
are. " Consequently although we may use the spin-
lattice coupling parameters determined in the pre-
ceding paper to calculate the excitation spectra,
they do not help us determine the magnetoelastic
ground state when we produce a static distortion by
applying a magnetic field perpendicular to the e
axis. However, it is shown in Appendix 8 that the
nonlinear Zeeman effect produced by applying the
magnetic field perpendicular to the spin direction
is not significantly affected by the magnetoelastic
coupling —the errors introduced being less than the
errors in the perpendicular g factors used in the
calculations —and as a result the magnetoelastic
effects on the perpendicular Zeeman effect are
ignored. The dynamic spin-lattice coupling to the
internal distortions is included for it appreciably
alters the spectrum of spin excitations.

The above approximations and assumptions are
gathered in the following Hamiltonian describing the
low-lying magnetic excitations:

&S,"(i) + y [S„"(i) —S,"(i) ] &S, (i) —y [S„(i) —S (i) ] + g, [S, (i) + S, (i)]H,

j. /2
+[g„s"„(i)+g„s„'(i))H„+[g,S,"(i)+g„s'„(i)]H,)ZZ ZS"(i) S'(i, Z)+ „,2 2 Z j(u-„,-u';, )

"([&0"..(f)ff', ~ &@.'.()g'- ] [iiC(f)fl,'o+(4', ()g,,]) +2 2 h;,, ;',, „-,

In the above the first terms represent the single-
ion effects produced by the crystal field and the ex-
ternal magnetic field. The second is the simplest
form of exchange that could be introduced between
the next-nearest-neighbor spins —an isotropic
Heisenberg exchange. Z runs over the body corner
sites. The third term is the spin-phonon coupling
used in the preceding paper, where we have re-
placed the phonon displacement operator X„- ~ with
the combination of phonon operators j(&-„,~- & f,~)
&(ff/2m&; ~)'~'. The last term is the energy of
the k, p phonon.

B. Diagonalizing the Hamiltonian

Diagomalization of the Hamiltonian proceeds in

I

a manner similar to that described by Grover, " and
subsequently used by Cowley et al. ' It is a logical
extension of Lines's' approach to CoFz.

We diagonalize the Hamiltonian (2) by first finding
a self-consistent molecular field ground state at
T= 0'K for an arbitrarily directed external mag-
netic field. This is done by an iterative procedure
which first finds the ground state on the A sites
produced by the following Hamiltonian:

H= —ti(S", )i+ y[(S„")'—(S„")']+zJ(S ) S"

+g, H, S", +g, H„S",+g, H„S", . (3)

The initial value chosen for (S ) may be taken as
——,

' i, . The value for (8") found for the ground state
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H= —b(s, }~- y[(S, ) —(S„)~] + ad& S"&S

+ g, H, S, + g, H, S„+g„H, S„. (4)

of the above Hamiltonian is then simply used in a
similar Hamiltonian for S

rules:

[a, „,b, , ]=O, [a', „,b, ]=O,

and

The procedure is repeated by using the ( S ) found

from the ground state of (4), and substituting into

(3), generating a new (P). The iteration converges
for the parameters used, to the known spin struc-
ture for III = O. In the actual calculations, which
were done on a computer, self-consistency was con-
sidered achieved if the calculated spin values dif-
fered by no more than 10 s from the input values.

As previously mentioned, for applied magnetic
fields perpendicular to the spin direction, static
quadrupole moments Q and Q~ mill be generated
which will produce at least local distortions
of the lattice. These static distortio»s of the lattice
will lower the electronic free energy and rigorously
should be included in the calculation of the ground
state. It is shomn, however, in Appendix 8 that
this produces only 5% effects on the g factors for
magnetic fields perpendicualr to the spin axis,
hence these magnetoelastic effects are not included
in the ground-state calculation.

The ground-state calculation simultaneously gen-
erates three excited-state energy levels and wave
functions of each Co~ site which can then be used
as a basis for calculating the collective excitations
at T = 0 'K. The four levels on the A site in the ith
unit cell may be labeled Ii, A, n) where n goes from
0 to 3. Ii, A, o) is taken as the ground state. A set
of local creation and destruction operators is de-
noted by (a[ „, a, „, b, „, b, „]. In the local rep
resentation which diagonalizes (3), at „would take
the following form for n= 2:

If the molecular field ground state is a good approx-
imation to the final ground state then

&I [a, ,„,a', , ]l ) = b, , —(l a, , az, I
&

+ a„„1— a', ,a, ,
PAt

and we may approximate the operators so defined
by bosons.

The local spin operators may be expressed as a
quadratic function of these operators as follows:

S
S"(i}= &Ol

&"
I

O&+ Z [&nl S"
I

n& -
&OI

&"
I o&]a]..a&,.

S

+Z &nls"lo&af, „+&ol5"ln&a, „

S S

+Z Z (mlPln&at, ,a,„+&nlsl m)at „a, , (9)
nn1 nt&n

where the matrix-element coefficients are deter-
mined in the representation diagonalizing the self-
consistent molecular field Hamiltonians (3) and (4).
Similarly we may write the quadrupole operators
Q and Q,„as a suitable combination of these local
quasiboson operators.

The interactions between the Co~' sites and its
neighboring sites as mell as the E, phonous, that
were not included in the molecular field treatment,
are now added to the Hamiltonians (3} and (4} to

(3):

0000
oooo
0000

These operators satisfy the following commutation reproduce the original Hamiltonian
I

H = Z ( ~s", (i)'+ b [s-,"(i)'- s„"(i)']+a~& s'& s"(i) —bs,'(i)'- y [s,'(i)' s,'( )']i-as+& s"& s'(i}

+g, [s,"(i)+S, (i))H, + [g, S,"(i)+g, sa(i)]H, + [g, S,"(i}+g„sa(i)]H„]

+Z Z ~[&"(i)-&S"&) [S'(i, ~)-&s'&)-Z ~~&s"& ~ (s'&+ „„,ZZZ ~(a;,,—a';,,),
& ([qQ,",(i)f, + (Q,„(i)g'g", ]+ [re@~(i)f~g'p+ fQ" (i)g ~f',,']] + Z Z I(uI, a,'-,a;, .

k
(Io)

The first summation in the above is recognized
as the molecular field Hamiltonians (3) and (4) and
is immediately replaced by

Z Z (ll)
f F1

where the E„" and E~ are the energies obtained from
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the molecular field. The second sum, represent-
ing the off-diagonal interactions or transfer of ex-
citation from one site to the next, contains terms
through fourth order in the creation and destruction
operators. We keep, however, only the bilinear
terms in the present calculation. In general, for
arbitrarily oriented external magnetic fields, we
have

o
Z g(E &xll0" lo&xj,.+«II s"I &o, .)

9
~ Z (nlg&'lo&o(;, . (ols'ln&o, ,;,„) . (12&

Similarly in the spin-phonon interaction term, we

replace the quadrupole operators with expressions
like

q",„(f)=Q &gg~ q",„~ 0&ag' „+&0~ q"„~ n&ag „.
We may now Fourier transform the boson oper-

ators a& „and b, „ to obtain plane-wave excitations
of the system ak, n and bh, n:

$E ~ g]
C~ „= 1/p ~ 8 Qj, „

Upon substitution of the above transformation as
well as the expressions (ll)-(18) into (10) and re-
stricting our attention to k= 0, we obtain for the
Hamiltonian

9 S 3x=r & a, , s. f oe..o ..+zo r (xls Io&s..+(olg"I "& .. Z &mlp lo&ol.. &ols'I &o. )nsl ns 1 fns 1

1/2
„&~, , „-4, „&(, or &&~lo"„lo&4„.&olo" I.&s „&

s e nsi

3

+ $ Q (&m~ q,„~o)bo +&0~ q
~

m)bo )+j(ego —n&0 E )
fns1 8l p g' e

~ (&sl q"„~0&a,„+&01q,"„ls&~,„)+q ~ (&ml q,', IO&bo',.+&Ol q,', Im&b, .)
-n 1 fnsi

OIEg( OOEXysx 0&EX,sx+ 0 E s 0 E s ) (15)

This Hamiltonian can be straightforwardly diag-
onalized by making a transformation" of the follow-
ing form:

9 3

»g =Q(ggx gggp, „-t&„,gggo, „)+ Q (gg gbp —
g& gbp )

f+ ( sx, g O, EX,xx sx, g , 0,EX)sx

+ ( ,ggssog, Ex,xs g&sx, g o, E,x&) & (16)

where x, satisfies the equation

[ff, »g]= —E, »g .
The eigenvalue problem produced by magnetic fields
in the (100) direction requires finding the eigen-
vectors and eigenvalues of a complex non-Hermitian
16 X16 matrix. This is done most conveniently by
computer using a nonsymmetric matrix package
which was kindly provided by Businger. '9

In summary then the program is as follows. A
self-consistent molecular field ground state ignor-
ing static magnetoelastic effects is found for an
arbitrarily oriented magnetic field. The resulting
energies and wave functions are used to construct

a set of local quasiboson operators which are in-
troduced to describe the off-diagonal interactions
between Co~' ions and between the Co ' ion and the

Ee phonon. The Hamiltonian is bilinearized and the
eigenvalues and eigenvectors found from the equa-
tions of motion on the computer. The results for
zero applied magnetic field are shown schematically
in Fig. 3. At high temperatures (no molecular
field), each site contains two Kramers doublets
separated by -15V cm '. We first apply a molec-
ular field lifting the degeneracy and producing four
levels on each site. At T=O'K there are three
distinct excitations from the ground state which
form the basis for describing the collective excita-
tion. The six excitations per unit cell then give six
uniform, k = O, "single-particle" exeitations at
T=O'K. These are also shown schematically in
Fig. 3. There are two pairs of transverse excita-
tions transforming like I",+ I",. (That is, they are
polarized like S, and S,x. ) In addition, we show the
E phonon which transforms like 1"',+ I",. There
are two longitudinal magnetic excitations, I"', and
I'0 (S, polarization), that experience a magnetic
Davydov splitting. ~
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~ EtI, k 20 PHONON

c [(a —b}2+ 3y2]l/2 —a+
Way

(21)

R
4J
Z
LU

(22)

The coupling between sites is provided by the S,
matrix element which in second-quantized form
becomes

For the longitudinal modes we need only consider
the ground state 10& and the excited state 12&. The

energy separation we denote by

2 [(a+ b}2+ 3y2]1/2

A- SI TE B-SITE 4-SITE 8-SITE keO
I

z. b. S,"= (2
l
S, l

0) (aR+ aR), (23)

FIG. 3. Schematic of the evolution of the CoF2 mag-
netic excitations from the two Kramers doublets in the
paramagnetic state to the collective behavior in the
ordered state at T =O'K.

C. Longitudinal Spin-Excitations-Davydov Splitting

We now consider explicitly the longitudinal ex-
citations of the system that suffer a Davydov split-
ting. In the absence of an applied field, these
modes do not interact with the E, phonons and
therefore can be used to extract the exchange pa-
rameter zJ unambiguously from the experiments.
In zero applied field the molecular field Hamiltonian
that we solve has the following form for the A sites:

where

For S, we have simply

o&=-&2ls". o) .
Then we have

S,"= 2ab(aR+ aR),

N = —2ab(bR+ bR)

and for the Hamiltonian

H = &2~a&+ &zb~b2

—zJ(2ab) (aR+ aR)(bR+ bR) .

(24)

(23)

(26)

(SA)2 y[(SA)2(SA)2]aSA

where a= —zZ(SR& and we note that in this case
1(S,& l

= l(S,"& I. The resulting eigenvslues and
eigenvectors' are

Z ——2-5+ -'n+ [(n 5)'+3y ]'

Z, =-R- b- ,'a+ [(n+ b)2+ 3y']'",—

+ Q b+ 1 a [(22 b)2+ 3y2]1 /2

[(a b)2 3y2]l /2

(19}

X, = CI(aR+ bR) + CR(aR+ bR),

X2 Cl (a2 b2) + ~2(a2 b2}

(27)

where

C', zJ(2ab)
CR [22 —2zRZJ(ab) ]'/ + Zj(2ab) —22

(28)

and

The Hamiltonian is diagonalized by the following
transf ormations:

and C zJ(2ab)
22+ Zl (2ab) —[22 + 2zRZJ(2ab) ]'/ (29

l
3& = dl —l& - cl 2&,

l»=CI —2&+dl 2& ~ lo&=al 2&+bl —2&

(20)

The operators are properly normalized by

(C1& —(CR) = 2 end (C1) -(CR) = 2 .
The eigenvalues are

&2, 1= [zR + 262z&(2ab}']

(30)

(31)

where

a [(n+ 5)2+ 3y']' "+a+ &

b W3y

The higher-frequency mode Xa is easily shown to be
optically active, in o polarization only, whereas
the lower-frequency mode is optically inactive.

Two parameters can be immediately extracted
from a measurement of these two frequencies.
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First the molecular field energy &, is given by

[&(g 8 ~ 2)]l/8 (32)

and the exchange parameter is determined from

4zgzJ(2ab) = &z —&g'. (33)

We discuss this further so that we may take full
advantage of these simple arguments to extract zJ.
From (22) we can solve for n=zJ(S, ) obtaining

%'e presume to know 5 and y from the diamagnetic
isomorph MgF& and using c& from the arithmetic
mean of the squares of the Davydov states ~, and

Xz [Eq. (32)] we determine n. But u taken with
5 and y determine the coefficients a, b from (21).
At this point the magnetic interactions are corn-
pletely specified, within the framework of this
simplified model, for (S,) is immediately deter-
mined from

and zJ from o|//(S, ). We can use the Davydov split-
ting in the form of (33) to immediately check on
how consistent the model is, since the splitting has
not been used to extract any parameters up to this
point. "

III. EXPERIMENT

Far-infrared absorption experiments were per-
formed on oriented single-crystal plates of CoF,
grown by the Bridgman technique. A Michelson
Fourier-transform spectrometer was used to re-
cord the spectra from 10 to 300 cm '. '~ Polar iza-
tion of the radiation was achieved with grid polar-
izers constructed either of wires or strips of gold
on Mylar. The temperature of the sample was
held at 4. 2'K for most of the experiments but could
be warmed and held to any desired temperature up
to room temperature by means of a heater, forward
biased GaAs diode thermometer, and feedback con-
trol circuit. Magnetic fields as large as 50 kG
were used to measure both the linear Zeeman effect
obtained with the field parallel to the c axis as well
as the nonlinear splittings produced with the field
perpendicular to this axis.

Essentially, all of the uniform, k = 0, single-
particle excitations of the spin system have been
observed below 300 cm ', as well as the two-par-
ticle excitations represented by the two-magnon
absorption, previously reported by Richards. The
energies of the modes and their Zeeman effect are
summarized in Fig. 4. Energies and frequencies
are expressed in wave-number units. The lowest-
frequency mode at 36. 3 cm ' is the antiferromag-
netic resonance and was first reported by Richards.

The data shown here are due to Richards. ' The
mode is twofold degenerate, splitting linearly in
a field parallel to the c axis and nonlinearly in a
field perpendicular to the c axis. As expected,
polarized radiation determines that the transition
is a magnetic-dipole transition polarized perpen-
dicular to c. There are two other modes at 193
and 256 cm ' that appear to have the same symme-
try as the resonance at 36. 3 cm '. Complete po-
larized radiation experiments cannot be done on
the former due to the strong lattice absorption for
g and 0 polarization; however, its appearance in
n polarization is at least consistent with a magnetic-
dipole transition perpendicular to the c axis. This
mode can be successfully interpreted as the trans-
verse exciton or spin wave derived from the upper
Kramers doublet of the Co ' ion. It was originally
observed by Barker et al. ' in the infrared and by
Martel et al. ' withneutrons. The 256-cm ' line has
been discussed at length in the previous paper and
is interpreted as the E, phonon which derives its
magnetic-dipole strength from the interaction with
the magnetic excitations.

Neither of the Davydov split excitations is seen
in zero magnetic field. On the one hand the low-
frequency component at 168. 5 cm ' is forbidden in
zero field and on the other the high-frequency mode
at 210. 9 cm ' can be seen in 0 polarization only,
which is strongly absorbed by the lattice. For-
tunately CoF2 is very sensitive to magnetic fields
perpendicular to the c axis, which break down the
above selection rules, and enable one to see the
excitations in other polarizations at least in a finite
magnetic field. The frequencies quoted are those
obtained oy fitting the observed frequency depen-
dence on magnetic field to a. square law and extrap-
olating back to zero field. The zero field data are
consistent with the neutron results.

For the sake of completeness, we also show the
two-magnon absorption seen for E tl c axis at 4. 2 'K
(Fig. 5). The shift of the relatively sharp peak away
from the peak in two-magnon density of states may
be accounted for by magnon-magnon interactions
which lead to a. resonant two-magnon bound state in
the two-magnon continuum. '

IV. RESULTS

In this section we take the experimental results
discussed briefly in See. III and attempt to make
contact with the model and theory generated earli-
er. First we use the Davydov-split longitudinal
excitations to determine the exchange parameter zJ.
A simple test for consistency is made by determin-
ing the Davydov splitting above and below the Neel
point and comparing with experiment. Second, all
the magnetic excitations at k = 0 are calculated as
a function of applied magnetic field in the three
principal directions. At this point no spin-lattice
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which may be compared to the value of 1.25 mea-
sured by nuclear magnetic resonance (NMR). We

note here that no effects due to zero-point spin devi-
ation are included in these calculations. This will

have the effect of making the discrepancy between

(S,) determined from the Davydov energies and the

NMR measurement slightly larger. The discrepancy
although noteworthy is not unbearable. The ex-
change parameter is then found to be zJ= 31.8 cm '.
This value differs by - 10% from the value given

by Lines' and by 5% from the work of Belorizky
et al. on Co ' pairs in MgF3.

At this point, the magnetic interactions are com-
pletely specified and we can test to some extent the

consistency of the present calculations, without

proceeding much further, by asking for the Davydov

splitting both above and below the Noel point. At
T= 0 'K we use Eq. (31) and obtain

110
I I

115 120 125
FREQUENCY ce '

150

&&=209. 5 cm ',

A., = 171 cm '

which compare satisfactorily with the experimental
values

FIG. 5. Two-magnon absorption at 4. 2'K for E II c
8xi8.

coupling is introduced and discrepancies between
experiment and theory are noted for the two trans-
verse spin-wave modes. Third, the spin-phonon
coupling determined in the previous paper is in-
cluded and the magnetic excitations are again cal-
culated and compared with experiment. Fourth,
the integrated intensity of the various modes is cal-
culated and compared with experiment, and the
parallel and perpendicular susceptibilities at T = 0
'K are obtained.

A. Longitudinal Spin-Excitations-Davydov Splitting

Using the energies of the two Davydov components
XI=210.9 cm ' and X=168.5 cm ', we can deter-
mine the molecular field splitting ez from Eq. (32):

&3=190.8 cm '.
From Eq. (34) we solve for n= zJ(S,) by using
5=+24 cm ' and y=43 cm ', the crystal-field pa-
rameters determined from Co ' in MgF&.

n = zZ( S,) = 35. 6 cm ' .
The wave function for the molecular field ground

state 10), 10) = al &)+ bl ——,'), is determined from
(21)

a=0. 902, g= Q. 433 .
This gives

(Sg) = 1.13,

X,=210.9~1 cm ',
X)=168.5+1 cm

Above the Noel point we must recalculate &z and
the matrix element (2 I S'10) = 2ab. c~ is equal to
157 cm ' while a and b are given by

a = 0. 808, b = 0. 589 .
Using Eq. (31) again, we obtain, above the Neel
point

Aa= 183 cm ',
&&=126 cm ',

as compared with the experimental values given

by the neutron scattering~

&3= 178+ 3 cm ',
X&=138+3 cm ' .

Although the agreement is not as satisfying as was
obtained at T = 4. 2 'K, the deviations are only about
5'. Although it is not clear why one has a larger
discrepancy above the Nhel point, we can suggest
a possible source. We note that the increased
Davydov splitting above the Neel point is due to the
increase of the matrix element (2 I

S'
I 0) caused in

turn by reducing the molecular field to zero. Al-
though the average field is zero in the disordered
state, at any time there will, of course, be a finite
exchange field at a particular site which will both
alter e~ and change the matrix element (2 I S'I 0).
It is clear that this will broaden the line but it may
also lead to a shift if we allow near-neighbor cor-
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relations. %'e wiQ not pursue the high-temperature
results further.

The fact that the sJ extracted from the molecular
field energy zq can be used successfully to obtain
the Davydov splitting implies that either the results
are fortuitous or that the longitudinal excitations
are relatively unencumbered by either appreciable
multipole-multipole spin interactions produced by
off-diagonal exchange or dynamic spin-phonon
coupling. Since the discrepancy in the Davydov
splitting is approximately 10%, we may infer, ig-
noring the possibility of a fortuitous agreement, that
off-diagonal exchange and spin-phonon coupling
energies for the longitudinal excitations are & 10/o
of zJ. We then proceed with only the single ex-
change parameter zJ ignoring off-diagonal exchange
but admitting the possibility of terms & 10% of the
simple isotropic near -neighbor exchange.

B. Spectrum of Excitations-No Spin-Phonon Coupling

Using the prescription described in Sec. IV A,
we can now construct the full spectrum of uniform
magnetic excitations for arbitrary magnetic field.
%'e do so first with no spin-phonon coupling. The
results along with the experimental data are shown
in Fig. 8.

The most obvious discrepancy is the unperturbed
E» phonon. It is neither allowed in absorption nor
does it show any magnetic field effects. It is
shown at 245 cm'-the unperturbed value deter-
mined in a latter computation-and also close to the
room-temperature energy determined by MacFar-
lane and Ushioda, + 248 cm '. Further we note that
the high-lying transverse excitation at 207. 5 cm'
is approximately 15 cm' too high and the low-lying
excitation of the same symmetry at 40 cm', the
antiferromagnetic resonance, i,s -4 cm ' too high.
Further the nonlinear splitting of the high-lying
mode only qualitatively agrees with the experimen-
tal result. There appears to be too much interac-
tion with the high-frequency component of the
Davydov excitations.

C. Spectrum of Excitations-Spin-Phonon Coupling

The spin-phonon coupling calculated in the first
paper is introduced in a slightly underhanded way.

TABLE I. Spin-E» phonon coupling parameters.

Although the relative magnitude of the two interac-
tion parameters g and $ was presumed to be well
determined from the shape of the intensity-versus-
temperature curves, the absolute magnitude was
determined by the measured integrated intensity
which is known only to within 10%. The energies
of the excitations are determined with consider-
ably more precision. Consequently in fitting the
energies at k = 0, we have adjusted the magnitude
of the coupling parameters while keeping the ratio
constant. At the same time, the unperturbed E,
phonon frequency was adjusted simultaneously un-
til the E, phonon energy and the high-lying trans-
verse spin excitation were reproduced to within
1cm'.

To allay any suspicion at this point, we quote
the spin-phonon interaction parameters obtained
by such a fit and compare with those determined
in the first paper. These are shown in Table I.
In both cases approximately 5/o discrepancies are
introduced in order to fit the energies of the high-
lying transverse spin wave and the E, phonon to
within 1 cm '.

The results obtained for all the k = 0 excitations
as a function of applied magnetic field are shown
in Figs. 7 and 8. There is little to choose between
the two sets of parameters. Parameter set I im-
proves the agreement of the antiferromagnetic
resonance by shifting it downward by - 3 cm ' but
does not reproduce the (100) magnetic field shift
of the high-lying transverse excitation or the high-
frequency Davydov component. Parameter set II
gives good agreement for all of the Zeeman-effect
data but does not perturb the antiferromagnetic
resonance at 40 cm ' and consequently leaves a
discrepancy there of about 3. '7 cm'. Both sets of
parameters reproduce the splitting of the E, phonon
in an (001) oriented magnetic field. The experi-
mental data also agree with an estimate of the

g factor for the E, phonon recently made by Mills
and Ushioda.

The zone-boundary spin-wave energy obtained in
the absence of spin-phonon coupling is 56 cm ',
compared with a value - 63 cm ' obtained by neu-
tron scattering. No attempt has been made to ob-
tain the zone-boundary energy with the spin-phonon
coupling included but it does not appear that it
could ameliorate the existing discrepancy.

D. Integrated Intensities

(s/am~~)'/'n

(K/2m~~)' '] 21.6 23. 48

Intensity E» phonon k =0, energies
(cm ')

17.5

The matrix elements obtained by diagonalizing
the Hamiltonian (15) can be used to calculate the
integrated intensities of the k = 0 modes from the
following equation:

21.5

—26. 6

20. 5

-25. 35 adv= (M )'cm'
hc
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TABLE II. Integrated intensity. zJ=31.8; p= —24; y=43; g~=2. 6; g„=2.6; g„=1.8; ~&=245; &=19; )=23.48.

Frequency cm i

Expt Theor Expt
Axial

Theor

Intensity fedv cm 2

Theor Theor

36. 3
168.5
193
210.9
256

37. 6
170.6
194.4
209. 5
255. 7

900+90
0

440+40

1100
0 0

660 +45
0

1000
0
860
0

500

where n is the index of refraction taken from Barker
and Ditzenburger'; p, o is the mks permeability of
free space, 4mx10 '; p is the reciprocal of unit-
cell volume, mks units; v is the resonant frequency
in cm '; h is Planck's constant, mks units; c is
the speed of light in cm/sec; (M ) is the square
magnitude per unit cell of the total magnetic mo-
ment operator in the g direction; P specifies the
direction of the infrared magnetic field.

The results for zero applied magnetic field are
collected in Tables II and III. The entries marked
with m. asterisk are inaccessible since they lie in
the reststrah1 band for E perpendicular to the c
axis. Although the intensity of the antiferromag-
netic . esonanee agrees reasonably weD with the
iaeory for both sets of parameters, the intensity of
the high-lying spin-wave mode at 193 cm ' and the
.:-~ phonon is less encouraging. There are approxi-
mately 50% discrepancies in both values and the
sign of the discrepancy indicates that not enough
intensity has been transferred from the spin-wave
mode to the E~ phonon. It is noted rather strongly
at this point, that for a given energy perturbation
of the two modes in question, different transferred
intensity may be obtained by altering the relative
size of q and,'. For instance, in data shown in
Table ll decreasing q by 25% and increasing $ by
the same does not impair the agreement with the
energies but does increase the E, intensity to 380
cm and decrease the high-lying spin-wave inten-
sity to 750 cm '. This indicates that the spin-
phonon coupling parameters extracted from the
analysis in the preceding paper may be in error by
as much as 30/q.

With a magnetic field applied to the sample in a

(110) direction or a (100) direction the lower com-
ponent of the longitudinal spin excitations becomes
allowed with an integrated intensity that increases
quadratically with magnetic field. The experimental
data as well as the theoretical dependence for a
(110)-directed field are shown in Fig. 9. The
agreement is satisfactory for either parameter
set.

We may also note some qualitative features of
the absorption intensity versus magnetic field per-
pendicular to the spin axis, which hold for either
set of parameters. For a (100)-directed field and
radiation propagating in the (100) direction, the
calculation indicates that only the high-lying mode

of the antiferromagnetic resonance at 36. 3 cm '

should be seen. Richards indicates that the inten-
sity of the high-frequency component to low-fre-
quency component is - 10/1. For the high-lying
transverse excitation at 193 cm ', the reverse is
expected-only the low-frequency component should
be seen. This is verified experimentally.

For a (110)-directed magnetic field and propaga-
tion vector, the calculation indicates that the low-
frequency component of the 36.3-cm ' mode is three
orders of magnitude stronger than the high-fre-
quency component. Richards' observes a ratio of
-10/1. For the 193-cm ' modes the calculation
shows that low-frequency component should be
stronger by two orders of magnitude whereas the
reverse is obtained experimentally with a ratio
of - 5/1. With the exception of the latter, the re-
sults of the calculation agree at least qualitatively
with experiment. Quantitative agreement, at least
for the high-intensity ratios, could only be tested
with well-collimated radiation. Precautions of this

&ABLE III. Integrated intensity. zJ=31.8; 5=-24; y=43; g~=2. 6; g„=2.6; g, =l.8; ~& 245; g=20. 5; $ -25.35.

Intensity cm ~

Frequency cm '

Expt Theor Expt
Axial

Theor Theor Expt Theor

36. 3
168. 5
193
210. 9
256

39.7
170.6
192. 8
209. 5
256. 6

900+ 90
0

~ e ~

440 + 40

1070
0

285

0
660 + 45

0

980
0

860
0

500
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sort were not taken in any of the above experiments.

E. Parallel and Perpendicular Susceptibility

The self-consistent ground state for applied mag-
netic fields parallel and perpendicular to the spin
direction immediately determine the T = O'K sus-
ceptibility. We obtain

l(,(calc) = 616x 10 a emu/g,

y„(calc}= 106x 10 a emu/g,

whereas Foner has observed

l(,(expt) = 600x10 a emu/g,

l(„(expt) = 100x 10 emu/g .

The agreement is satisfactory.

V. DISCUSSION

A quantitative description of the uniform magnetic
excitations in CoF&, at low temperatures, below
300 cm ', can be obtained by including the spin-E,
optical-phonon coupling in an otherwise simple
model for the magnetic interactions. It should be
noted that in this fit we have had only one param-
eter at our disposal, the isotropic exchangebetween
effective S= -', spins. The energies have been re-
produced at k = 0 to within - 3% and the linear and
nonlinear Zeeman effects are satisfactorily repro-
duced by the model. It would appear that off-di-
agonal exchange and the concomitant multipolar
spin interactions are not important in the excita-
tions we have considered. Off-diagonal exchange
would manifest itself in the nonlinear Zeeman ef-
fect or by preventing a single-exchange parameter
fit to the excitation energies. Agreement between
the model and experiment is not perfect but the
existing discrepancies are probably not inconsis-
tent with our estimates of the strength of the multi-
polar terms, - 0. 03zJ.

The integrated absorption intensities are the
least satisfactory. Most noteworthy is the discrep-
ancy between the measured and calculated intensi-
ties of the E, phonon and the high-lying transverse
excitation. This indicates that although the total
interaction between the E~ phonon and the spin sys-
tem is correct, the relative contributions of the
two possible local lattice distortions may be in er-
ror by as muchas 30%.
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APPENDIX A: OFF-DIAGONAL EXCHANGE

We consider the exchange interaction between
two Co' ions shown in Fig. 10. The symmetry
of the pair, determined by the intervening fluorine
ligand, contains a single reflection in the plane
of the bond, i. e. , the zy plane in Fig. 10. The
three relevant orbital states on each site are also
shown in Fig. 11. Translating from the A site to
the B site necessitates a rotation of 90' about the
z axis. This is reflected in the interchange of the

I y) and I x) states on the two different sites.
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co+
plane, 20 of these parameters must be zero. The
remaining 25 may participate in the perturbation
calculation.

We now proceed via perturbation theory to find
the ground orbital state of the pair as a function of
S" and S with & and J as expansion parameters.
There is only one diagonal matrix element of H' in
the ground orbital state for the representation
shown in Fig. 11. It is the simple isotropic diago-
nal exchange used in the paper:

FIG. 10. Symmetry of a pair of interacting Co2'ions.
Sa (A2)

Associated with each of these levels is a fourfold
spin degeneracy which we represent by an effective
S= & spin on each of the sites, S" and P.

We now treat the perturbation of the ground state
by the spin-orbit interaction and off-diagonal ex-
change. The perturbing Hamiltonian is the follow-
ing:

The largest second-order terms are those in ~'
and generate the orthorhombic crystal field for the
effective S=

& states:

[(S,")'+ (S', )'] ——[S(S+1)]
2 E, ' ' E)

+~ [(S"„)'—(S",)']-2E [(@'-(S„'}'1~ (A2)

8' = gL" ~ S"+ gL~. S~

~ Z J( ()((' ~ s'+K( ), (Al)

where A. is the spin-orbit coupling and L is an ef-
fective l =1 operator in the I'4 manifold. X is in
fact an effective spin-orbit coupling parameter for
the L=1 operator in the I'4 manifold. If it were
not for the weak mixing of the F state with the
P state by the cubic field X= —&A, where A is the

appropriate spin-orbit parameter for the 4F mani-
fold of Co ' in MgF&. A should be close to but dif-
ferent from the free-ion value for the 'F state.

ccording to Gladneyit X 1 43A and h- -157
cm ' about 10% reduced from the free-ion value
for the 'F state of 178 cm '.

The exchange parameter Z((( ",) describes off-
diagonal exchange between the A and 8 sites. We
change the orbital state on site A from I a) to I P)
and the orbital state on 8 from Iy) to 15).' K(N (()

describes a similar simultaneous change in orbital
states but is spin independent. If we may describe
the exchange as being either pure kinetic or poten-
tial exchange, then Z(((,") reduces to either
4n J((( 5) or - ,'n Z(z,"), respectively, whe—re s is the
number of electrons or holes on the magnetic ion being
exchanged. "" In this case n= 3. For an unknown
mixture of kinetic and potential exchange, the rela-
tionship between K and J is unspecified. In the
following we ignore K since we are interested only
in the spin-dependent part of the perturbation.

In the absence of any symmetry at the pair, there
are 45 different exchange parameters. Since the
plane containing the fluorine bond is a reflection

~ q" y i„.(s"xs').
Eg x z

(A4)

The total symmetry of CoFB prevents this term
from contributing anything to the uniform excita-
tions of the system. Terms second order in J are

Iys la+ EN - IOOOce-I
EI

Iy s

A 8ITE B 8ITE

FIG. 11. Splitting of the I'4 orbital ground state of
Co2' by the orthorhombic crystal field.

[lt should be noted here that there are single-ion
terms of the order of zJX /E which effectively
change the magnitude of the anisotropy field in
(A3). Since they are zJ/E times the terms in (AS),
they are probably only - 5% corrections and indis-
tinguishable from real changes in the crystal-field
terms produced by changing the host from MgF3 to
pure CoF&. These exchange-induced corrections in
crystal field may be viewed as a change in effective
spin-orbit parameter, on a given site, when it is
interacting via off-diagonal exchange, with neigh-
boring orbitally degenerate iona. ~~ 3~] Also of sec-
ond order but less important is a single term in
4-the Moriya-Dzialoshinski antisymmetric ex-
change'3:
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of no consequence-for that matter any term involv-

ing J/E rather than A/E may be safely neglected.
The first interesting multipolar spin interaction

terms appear in third order, second order in ~,
first order in J. The terms that arise are many
and we write only a typical one here:

2 J y —J SA, $BSB$B

+ J -J $$$, . A5

If we restrict our discussion to the uniform re-
sponse of the system, we simply sum interactions
of the form (A5} over all the neighbors at the
corners of the unit cell to find the total interaction
between the two sublattices that has the same form
as (A5}. We obtain

x(S ~ Sg ~ S Sg +S ~ S S"Sg), (A8)

For the sake of completeness we write all the
spin interactions up to second order in & and first
order in J which contribute to the uniform excita-
tions:

Single-ion anisotropy

-E (S",)'-E (S,')'-E (S„")'-E (S„')'. (Av)

Bilinear exchange

x (S"SBS $ ~S SASASA

+S"$ 5 $ +Ps"S"$") (Alo)

In the limit where all the J's are equal, all of
the multipolar terms vanish and the remaining an-
isotropy in the bilinear term proves to be small,
- 0. 06zJ when the appropriate parameters are in-
troduced.

APPENDIX B: MAGNETOELASTIC CONTRIBUTION TO
NONLINEAR ZEEMAN EFFECT

E = Bcu + ku(Q,",+ Q„)+ zJS" S

-gVB($".+ $')HO ~ (»)
where u is the lattice strain, c the elastic constant,
k the quadrupole-lattice coupling constant, zJ the
exchange energy, and Ho the applied magnetic field.
The field Ho will deviate the spins by a small
angle 8 from the preferred axis (z axis). Then we
have for small 8

Q =Q,„-$8,

We make a crude estimate in this section of the
contribution of the magnetoelastic coupling to the
nonlinear Zeeman effect by calculating the magneto-
elastic free energy for an applied magnetic field
perpendicular to the spin direction. We assume a
classical model of the spin and lattice and write
the following expression for the energy:

zJ " $" $'-zJ ",S,"S,B

zJ 2+E2

S"„=S'„-S8,

S" S - —(1 —28 )SB,

(a2)

+2 E B z& + zJ ($,$„+$„$,) .1 A.
2 g y X X

2E2 y g y y
E(u, 8) = —' cu +ku8$ + zJ'$ (-1+28 ) —2gu H 8$ .

(Bs)

Quadrupole-quadrupole

(A8)
The equilibrium lattice distortion is given simply
by

8E—=0
8Q

kS88=-
C

x (2Q..Q..+ B(Q..Q.'.+Q"Q')] (A8)

Dipole-octupole

+ 2
— zJ +zJ —J

Then the energy as a function of 6} is
k2g4E= —zjs +2zJ$8 —— 8 —2gu, BSHB8 . (B5)

2

It is clear then that the magnetoelastic coupling re-
duces the exchange energy by the following factor:

x (SASBSBSB SBSASASA)
1 ks 11--
4 c zJ (a8)
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The energy k'/c can be easily shown to be of the
order 2i)'(k/2m~, )/1i&u, where i) and )f~~ are the

parameters used in Eq. (2). This gives

k S l q 3/2m(u~
4 c' 2 S&~

But zJ is of the order of 60 cm '; hence, the mag-
netoelastic coupling alters the effective exchange
parameter that one might use to calculate the spin
configuration in a perpendicular magnetic field by
approximately 3'%%uo in CoFz. These corrections are
neglected in the calculations performed in the main

body of the paper.
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