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The superconducting transition temperature was measured as a function of magnetic field
for thin-film hollow cylinders in an accurately parallel magnetic field. Quantitative results
were obtained for one indium and nine aluminum cylinders with film thicknesses d varying
from 2900 to 340 A. and with diameters from 1.4 to 4.8 p. The results agree well with Tink-
ham's analysis based on the Oinzburg-Landau theory even in the very-thin-film region where
the penetration depth»& d and the transition region is greatly broadened. Values of ~ obtained
from the amplitude of periodic variations of T~ with H and from the background monotonic
variation of T~ both agree with values derived from the low-temperature critical field and
theoretical estimates. A search for higher-order electron correlations which would give an
admixture of higher periodicity of flux quantization yielded a negative result. Evidence was
found for the effect of fluctuations on the magnetic field dependence of the phase boundary.

I. INTRODUCTION II. SUMMARY OF THEORY

The discovery that in very small hollow super-
conducting cylinders the transition temperature is
periodic with magnetic field was made by Little and
Parks. '~ Their measurements showed that the
magnetic field period in cylinders of tin, aluminum,
indium, lead, and tin-indium alloys corresponded
approximately to the value expected from the quan-
tization of magnetic flux in units of hc/2e. These
results confirmed the somewhat prior discovery
of flux quantization in superconductors by Doll and
Nabauer~ and Deaver and Fairbank. Additional
measurements have been made by Little, ' by Meyers
and Little, ~ by Groff and Parks, by Meservey and
Meyers, and by Spence. The normal-supercon-
ducting phase boundary in the H, T plane was
studied quantitatively by Groff and Parksv for rela-
tively thick aluminum films on small-diameter fi-
bers; their results are in good agreement with the-
ory.

The present investigation extends the range of
quantitative data on aluminum to thinner films and
larger diameters and gives some results on indium.
%e also describe observations of fine structure on
the phase boundary, a search for higher-order cor-
relations, and the probable observation of fluctua-
tion effects. In the present experiment the mag-
netic field is aligned accurately parallel to the
cylinder's axis. A subsequent paper will describe
the angular dependence of flux quantization effects.

The variation of the transition temperature of a
small thin-film superconducting cylinder as a func-
tion of the magnetic field has been given by Tink-
ham' on the basis of the Ginzburg-Landau theory.
The result is similar to that used by Little and
Parks' in analyzing their original experiment, but
gives a numerically important correction and con-
siders the case of a nonzero angle between the mag-
netic field and the axis of the cylinder.

The basic result of this theory is that the phase
boundary between the normal and superconducting
state of a, thin-film cylinder is given by the follow-
ing expression for H, and T,(H):

T.(0) H'
T,(H) = T.(0)—,('),( )

Hcose-
ff CB n'R

+— r H cos 8+4H sin 8 . (1)
1 d
3 R

In this expression T,(0) is the transition tempera-
ture for zero magnetic field, T,(H) is the transition
temperature for an applied magnetic field H, and
R is the mean radius of the cylinder, whose thick-
ness d is assumed to be small compared with R.
The angle 8 is that measured between the direction
of H and the axis of the cylinder.

In the part of the investigation reported here,
only the case 8 =0 will be considered. However,
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even for 8=0, it is useful to have the full expres-
sion to determine the limit to which the alignment
with field must be made in order that the expres-
sions for 8 =0 be valid. This is particularly true
for small values of d/R, with which we are mainly
concerned. To see how stringent the requirement
for angular alignment can be, consider the case of
d = 500 A and R = 5 g. Here the condition for the
third term in the brackets in Eq. (1) being unim-
portant as compared with the second term is that
the field be aligned within

a 8 «d/2 v 3 R = 2. 9x 10 ' rad .
Equation (1) is derived assuming the empirical

temperature dependences

~ (f) = ~ (o) (1 —f') '" (2)

H~(t)=H~(0) (I -f ), (3)

R~ neo ~ 1 d2

8& (0)H (0) vR 3 R

In this case, where 8 = 0, Douglass" has derived an
expression containing additional higher-order
terms, which, as slightly corrected by Groff and
Parks and by Delmasso and Pagiola, ' is

where X,(0) and H,s (0) are the penetration depth of
the film and the bulk critical field both at T = 0.

In the present experiments the cylinder will al-
ways be exactly aligned with the magnetic field and
so with 8 =0, Eq. (1) becomes

T.(O) —T.(H)

T,(o)

+——2H2 1+— —+0 — . 5

The equation is useful in determining the possible
effects of certain higher-order terms, but actually
the precision of present or previous experiments
has not been sufficient to definitely detect these
higher-order corrections. In practice, therefore,
Eq. (4) is sufficient for most comparisons with mea-
surements.

Equations (4) and (5) give n curves in the H, T
plane corresponding to n different angular momen-
tum states. Figure 1 shows these curves with the
magnetic field H expressed in units of $0/vR',
where R is the mean radius of the cylinder and $0
= hc/2e. It is assumed that the actual phase bound-

ary corresponds to the value of the integer n which
maximizes the critical temperature T,(H). Thus
the normal state is to the right of the curve for the
angular momentum state giving the highest value
of T,(H) for a given applied magnetic field. The
general features of the curve are particularly
transparent in Eq. (4). Here, the first term in the
parentheses gives a periodic cusplike oscillation of
T,(H) and the second term gives a monotonic de-
crease in T, (H) proportional to Ha. The latter
term is the same as that caused by the screening
effects if the cylinder had a break in it and was
singly connected. The first term results from the
constraint that the angular momentum must be
quantized in a doubly connected superconductor.

Some properties of Eq. (5) which will be useful
in the aralysis of the experiments will be noted. ~

By setting d(ht, )/dH= 0 we find the local maxima
in T,(H) to be at

8& (0) H~ (0) vR 2R (8)
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FIG. 1. Theoretical phase boundary
for a hollow thin-film superconductor as
a function of temperature and enclosed
magnetic flux (units of fp =Ac/28), The
numbers denote angular momentum states;
the state with the highest value of T for a
given value of ft) determines the transi-
tion temperature. The dotted background
parabola connects the maximum values of
T for each angular momentum state.

TEMPERATURE (ARBITRARY SCALE) INCREASING ~
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and the difference between local maxima in T, (H)

is, according to Eq. (5), completely independent of
H. Neglecting terms of the order d4/Ra , parabola
which passes through these local maxima is given

H( 241,' (0 ) (l~ '(D)

This background curve, which it should be noted
is not the envelope of the individual curves for each
quantum number, is just what we would observe for
a singly connected film. For n= 0 we also have a
parabola (except for high-order terms) given by

R' Vd' d4

s&,'(0)H '(0) +12R' ' P . '

(s)

This is the form used to obtain Eqs. (1) and (4) and
X,(0) is the empirical penetration depth at T = 0
which must be found from other measurements. On
the other hand, the microscopic BCS theory for a
pure bulk superconductor gives for X in the limit
T Tc

x(r) = ~, (0)/v 2 [(r,—r)/r, ]"' . (14)

Here Xz, (0) is the London penetration depth as de-
fined by the BCS theory '3 .Actually, however, the
superconductors of interest have nonlocal electro-
dynamics in the bulk and the above equation does
not apply. Miller'4 has given the following equation
for the penetration depth of a nonlocal superconduc-
tor when the mean free path l «go and T T, :

X(T) = &~(0) [(2)fV„kr,)/(w am (T) l)] ~. (15)
The ratio of the quadratic coefficients of these two
parabolas, that of the periodic term and that of the
background term, is

(at~)„.0 3R
(at, ) d' '

This can alternately be written as

~(t) = (o. sos)~, (o) ((Jt)'" (i —t)-'"
This is the same as Eq. (13) with

(is)

again neglecting terms of order d4/R'.
The values of H for which we have a local mini-

mum in T, are

(10)

For n = 0 the value of d t, at this minimum in T,
where the n= 0 and n= 1 curves intersect is

R~

(8Z.'( ) 0H'(0)}

1+ ~+0 ~ . 11

prom Eqs. (S) and (10) we see the local maximum
for n equals the local minimum for n —1 at

n = 3 R'/2d '
For H larger than that corresponding to this quan-
tum number, there will be no local maximum in
4t„but this does not imply that the modulation of
the background curve caused by flux quantization
will end at this point.

The penetration depth X used to obtain Eq. (1)
or (4) was assumed to have the empirical tempera-
ture dependence given in Eq. (2) with A, (0) a known

constant. Actually the correct temperature depen-
dence and absolute value that should be used is not
a very simple question especially for thin films
and deserves some discussion.

Consider first the temperature dependence of
the penetration depth. The temperature dependence
from Eq. (2) in the limit T-T, is

and a 2(P/() change in the constant. According to
de Gennes and Tinkham" in the case of a thin film
where d & l «$0, which should apply in at least the
thinner of the present films,

(is)

TABLE I. Temperature-dependent quantities as T T,.

I Hcs«)jg - &

Empirical 2H,s(0) (1 —t)
BC8 1.74Hc

x(&-t)

H~(t)~, (t)
H„'(o)~, (o)

k~, (o&n tr'" O—. —t)
0.605K, (0) 1.12(1—t)

x(1-t) ~~2

The left-hand side of Eq. (4), which gives the de-
pression in the transition temperature, is the re-
sult of taking the limit as t- 1 of X,m(t) H~m(t)/
X,~(0) H~~(0) using the empirical temperature de-
pendences given in Eqs. (2) and (3). Por the BCS
theory the limiting values as t- 1 for H,s(t) and
X,(t) differ somewhat from the empirical expres-
sions. Both temperature dependences ~re sum-
marized in Table I.

Since Eq. (4) is the condition for the change in
transition temperature because of the magnetic
field, the last column in Table I is to be identified
with the left-hand side of Eq. (4) with (1 —t) = at, .
The net result is to show that using the proper
microscopic expressions in place of the empirical
ones makes only a small change in Eq. (4). The
functional dependence of 4t, on H remains the same,
but its magnitude is decreased slightly. Thus Eq.
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(4) should be corrected by replacing the 8 in the
denominator of the right-hand side by 8. 95.

In practice, since Xz, (0) is not a measured quanti-

ty, the penetration depth can be obtained from the
measured critical field of the thin film by using the
Ginzburg-Landau expression for the critical field
of a very thin film:

H, (T) = (&24) Hos(T) X,(T)/d . (19)

de Gennes and Tinkham, "using the microscopic
theory, modify this result only slightly and give for
T=O

H, (0) = 5. 8 H~(0) X,(0)/d . (2o)

III. EXPERIMENTAL PROCEDURE

A. Preparation of Samples

The samples were prepared by evaporating high-
purity (99.999% pure) aluminum or indium from a
tungsten filament onto rotating quartz fibers located
about 25 cm directly above the filament. The 12-
in. -diam glass bell jar was evacuated with a 2400-
liter/sec 6-in. diffusion pump, with a large "creep-
free" liquid-nitrogen cold trap between the pump
and the evaporation chamber. Before starting the
evaporation the pressure in the evaporation cham-
ber was reduced to 5~10 7 torr. During evapora-
tion the pressure rose to about 2&&10 torr for alu-
minum and about 10 ~ torr for indium. The evapor-
ation rate for both aluminum and indium was such
that at the fiber position about 300 A/sec would be

They also find that for thin films the two-fluid tem-
perature dependence,

H, (f) = H, (O) [(I —f')/(1+ t')]"', (21)

is very close to the microscopic temperature de-
pendence over the entire range of temperature.
These equations allow us to deduce X,(0) from mea-
surements of H, (T) and d.

Although the value of H,s(0) is known for bulk
superconductors, the quantity which we really need
in Eq. (4) is the binding energy of the superconduct-
ing pairs per unit volume of the film. For alumi-
num films T, increases approximately as 1/d and
the energy gap increases correspondingly. As a
first-order correction to H~(0) to allow for the
increase in binding energy it is reasonable to use
an empirical relation which approximately relates
H~(0) of different superconductors to their transi-
tion temperatures T,:

H, (o)/H„,(o) = (T„/r„)'". (22)

This empirical equation is obeyed rather well by
common superconductors and was used to obtain
the corrected value of the bulk critical field, H~(0),
used in Eq. (4) when comparing with thin-film mea-
surements.

&.in.
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FIG. 2. Fused quartz substrate used to support fiber
during metallization and measurement. A and B are
silver paint spots used to attach the leads and the fiber,
respectively.

deposited on a nonrotating flat surface perpendicu-
lar to the flux of the evaporant.

The quartz fibers were prepared by a method
very similar to that described by Strong. ' Starting
with a 6-in. length of quartz rod, about 1 mm in
diameter, the center section is heated to the soft-
ening point in an oxyacetylene flame. Immediately
the two ends are pulled apart, producing two nee-
dlelike sections. Next, one "needle" is placed in
the flame, parallel to the long dimension of the
flame. The needle immediately melts and the )et
action of the flame carries the molten quartz out-
ward producing a long fine fiber that is recoverable
in strong illumination. Many fibers were prepared
with diameters in the range 0. 6-6.0 p, and from
among these a fiber of suitable diameter was chosen
by observation in an optical microscope with a filar
eyepiece. Because of diffraction effects this mea-
surement was not very accurate. The fiber radius
R reported in this paper was in each case calculated
from the measured magnetic field periodicity b,H
and the theoretical flux quantum $0= hc/2e = 2. 07
&10 Gcm, assuming the relation AHmR = $0.

The special substrate used to support the fiber
is shown in Fig. 2. These substrates were cut from
a 1-mm-thick fused-quartz slide, using a glass
saw. The fiber was stretched across a slot about
0. 5 mm wide, and the substrate was bevelled below
the fiber, so that during evaporation the flux of
metal atoms was very nearly uniform on every part
of the fiber (i. e., there was no significant shadow-
ing). Before mounting the fiber on the substrate,
two dots of silver paint jdu Pont high-temperature
silver paint No. 4666'~) shown at A on Fig. 2 were
baked onto the substrate at a temperature of 500 'C.
After the metal evaporation, thin copper wires were
soldered to A using Alpha No. 903 alloy solder. '

The unmetallized quartz fiber was mounted on
the substrate by stretching it across the slot as
shown in Fig. 2 and applying two dots of air-drying
silver paint (du Pont No. 4817") at B. This paint
dried rapidly enough so that after 15 min the fiber
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B. Measurement Technique
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PHASE TRANSITION OF THIN- FILM ~ ~ ~ 829

UJ
Oz
I-,
lA

(I'
LLI
IX

20 60
H (Gauss)

n-
80 IOO I20

FIG. 5. Recorder traces of resistance versus magnetic field for closely spaced temperatures from which Fig. 6
was constructed. The dashed line represents the value of resistance (0.45&N) chosen to represent the phase boundary.

vided the recorder with a voltage proportional to
H. The solenoid was calibrated with a rotating coil
gaussmeter and its uniformity tested with a Hall-
effect probe.

The temperature of the liquid helium was mea-
sured by a 88-Hz resistance bridge. ~o A 10-0 car-
bon resistor was used for temperatures below 1.5
K and a 50-0 carbon resistor was used at higher
temperatures. These resistance thermometers
were calibrated on each run against an oil manom-
eter in the He-II region and a Wallace and Tier-
nan ' dial pressure gauge at higher temperatures.
A pressure measuring instrument using a bellows
and a capacitance sensor (MKS Barytron Gauge~)
was used to give a voltage proportional to the pres-
sure recorder plots against this variable, which
could be readily converted to temperature.

The current source for the sample was a mercury
battery with a series resistance which gave cur-
rents up to 10 pA, which were measured by a dc
microammeter. The voltage was measured with a
battery operated dc voltmeter (Keithley 147).
Voltage and current leads were individually shielded
and the measuring circuit was completely isolated
from the ac line except for the recorder whose pow-
er was obtained from an isolation transformer.

After mounting the samples, their resistance was
measured at room temperature, at liquid-ni. trogen
temperature (= 77 K), and, after filling with liquid
helium, at 4. 2 K. As the temperature of the liquid
helium was lowered below 4. 2 K the resistance as
a function of pressure was plotted on the x-y re-
corder using the Barytron gauge to provide a voltage
proportional to pressure. The pressure was low-
ered until the sample passed through its supercon-
ducting transition and showed no more resistance.
A measuring current of 1.0 p,A was standardly used
and it was checked to see if increasing or decreas-
ing this current by a factor of 3 changed the shape
of the curve.

After the position of the transition was located,
the temperature was adjusted to be in the steepest
part of the transition, where the value of the re-
sistance was about one-half the normal resistance,
8„/2. The temperature regulator was locked on to
maintain this temperature constant to within about
a 10 K. The magnetic field was then increased and

l.252

l.23

I. I9

I . I 7
0

I

20 40
QUANTUM NUMBER (n)

60

FIG. 6. Measured phase boundary for a thin-film
aluminum cylinder 1030 A thick, 1.78-p, radius. T, as
a function of the magnetic field as measured in units
of quantized flux (magnetic field change per quantum
= 2.07 G). Insets show enlarged view of the phase
boundary in three regions. Dashed line is a parabola
fitted to the measured curve at n= 0 and n = 50.

the resistance would pass through a number of os-
cillations superimposed on a monatomically rising
background. The angular position of the sample
was then changed in such a way as to decrease the
resistance by reducing the component of magnetic
field perpendicular to the axis of the cylinder. By
successively increasing the magnetic field and ad-
justing the angular position of the sample about the
two orthogonal horizontal axes to a minimum re-
sistance, the sample could be aligned in a relatively
high field with great accuracy. After this initial
alignment the temperature was raised briefly above
T, to eliminate any flux trapped in the cylinder and
a final alignment made in the same way but starting
with the cylinder almost exactly aligned.

Once the cylinder was aligned with the magnetic
field the phase boundary was mapped out by one of
two procedures. For smaller diameter samples
where the changes in transition temperature were
comparatively large so that there was good long-
term stability in the measured resistance at a given
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FIG. 7. Temperature plotted against the square of
the magnetic field for the local temperature maxima
for the sample of Figs. 5 and 6.

value of H and T, the resistance R as a function of
H for closely spaced values of constant T was plot-
ted on the g-Y recorder. An example of such a
family of curves is shown in Fig. 5. If we chose
a given value of the resistance to define the phase
boundary, for instance, R = R„/2, the intersection
of the line R= R„/2gives various values of H and T
on the boundary. If the successive temperature
traces are closely spaced, additional interpolated
values of H and T on the phase boundary can be
found until a complete curve of the locus of H and
T for a given value of R can be constructed. The
effect of changing the arbitrarily chosen value of
resistance was also investigated. The limitations
and complications of determining the phase boundary
in this way will be discussed later. .

For larger-diameter cylinders where the voltages
involved were smaller and the long-term stability
of temperature and magnetic field would not allow

many successive recorder traces, the phase bound-
ary was plotted out point by point. Starting at T
= T,(0), the transition temperature for H= 0 (de-
fined, for instance, as the point at which R = R„/2),
the temperature would be successively lowered and
the field changed to obtain the same resistance.
Using the temperature regulator and the resistance
bridge small changes in temperature could be rap-
idly and conveniently made. The magnetic field
would then be changed until the original resistance
was recovered. At intervals the point at T = T,(0),
H= 0 was checked to eliminate the effect of drift,

For some of the films the critical magnetic field
was measured at a series of temperatures down to
the lowest temperatures available (T =0.87 K) using
a magnet giving up to several kG. These data were
used to calculate the penetration depth of the film.

The dimensions of the film were measured op-
tically. The length (= 1 mm) could be determined by
a measuring microscope. The diameter was de-
termined approximately by a micrometer filar eye-
piece on an optical microscope, but because of dif-
fraction effects, this measurement was not accurate
enough to use in analyzing the results. The diame-
ter used was that calculated theoretically assuming
the correctness of flux quantization in units of hc/
2e. The thickness of the evaporated film was mea-
sured by the method of equal chromatic order. A
step was made by scribing away a portion of the
film on the flat fused quartz substrate and over-
coating with silver. Provided the sticking coeffi-
cients of the quartz fiber and the quartz substrate
are the same, the thickness of the evaporated cyl-
inder on the fiber should equal that of the plane film
on the substrate. This was the assumption made.

IV. RESULTS

A. Phase-Boundary Measurements

Figure 6 shows the measured phase boundary for

1.200

'1.
1 50

FIG@ 8 (T~)fft~ versus H, 2500-A
aluminum film.
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Tc 1.300
FIG. 9. (Tc~ma versus H, 985-A

aluminum film.
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an aluminum film 1030 A thick with a radius of
2. 78 p, . The general form of the boundary is evi-
dently as predicted by theory. To a first approxi-
mation, sections of parabolas are arranged on a
parabolic background essentially as shown in Fig. 2.
The shape of the curve is similar to that found by
Groff and Parks, ' although the phase boundary has
been measured to much higher quantum numbers.
In fact the measurements extend beyond the point
at which the measured local maxima in T, disap-
pear because of the steep background, and the dif-
ferent angular momentum states are only marked
by discontinuities in slope. For this particular
sample the highest angular momentum state that
could be detected was e = 75 and to observe these
high-numbered states it was important to have the
sample exactly aligned with the magnetic field. The

shape of the variations of Tc for different regions
of quantum number is shown by the enlarged insets.
A closer inspection of Fig. 6 shows that there are
deviations from the predicted parabola defined by
the maxima in T,(H). In addition the amplitude of
the oscillations falls off more rapidly with n than
is predicted by Eq. (4).

Figure 5 shows for this same film some of the
original data from which the phase boundary was
constructed. The resistance as a function of mag-
netic field was recorded at a series of tempera-
tures. The background curve (connecting the maxi-
ma in T,) was constructed from the values of T and
H at the resistance minima lying on the 8 = 0.45 8„
line (dashed line in Fig. 5). Additional points could
be obtained by interpolating the temperature be-
tween two resistance minima on each side of this

1.394

Tc
FIG. 10. (Tc)~~ versus H, 340-A.

aluminum film.
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field near H =0 for closely spaced
temperatures, A, B, C are three dif-
ferent resistance levels used to con-
struct the phase boundary.
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value of resistance and close enough to it to be in
a region where the resistance was linear in tem-
perature at a given field. In Fig. 5 curves at in-
termediate temperatures are not shown for the sake
of clarity. The minima in T, can be plotted out in
a similar manner. Given these reference points
for each angular momentum state and the fact that
there is a resistance region over which resistance
is a linear function of temperature, the entire phase
boundary can be made up of interpolated segments
of such tracings. Figure 6 was constructed in this
way.

Figure 7 shows the maxima of T, plotted against
the square of the corresponding magnetic field. The
result is a straight line in agreement with the pre-
diction of Eti. (4). Similar results are shown for
other films of different thickness in Figs. 8-10 for
a sample thickness of 3500, 984, and 340 A, re-

spectively. In all samples measured, the transition
temperature was depressed an amount proportional
to H~ over the entire range of fields where maxima
could be distinguished. The considerable scatter
in the case of the 340-A film was associated with a
rather broad transition with considerable structure.

The same technique for mapping out the phase
boundary was applied in detail to the zero-angular-
momentum state in many of the samples. Figure
11 shows the resistance curves as a function of
magnetic field made for many closely spaced values
of the temperature. Close to the normal resistance,
which is approximately at the level of the maximum
of the highest curve, the pecularities of the curves
are associated with structure on the highest position
of the transition curve. This region will be dis-
cussed later but will be ignored at present. The
lowest resistance of the curves corresponds to the

Ltl 1.216

g 1.215

+ 1.214

FIG. 12. T~ versus H from the
data of Fig. 11 show the periodic
term (n=0) for the three choices of
resistance.
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FIG. 13. T~ versus H, 1030-A aluminum film.

superconducting state. In this instance a slight
resistance of the leads accounts for the finite mea-
sured resistance at low temperatures. The hori-
zontal lines are three different resistance levels,
the lowest chosen to be approximately in the center
of the steep part of the transition curve near R
= R„/2and the other two at higher resistance levels.
By plotting the temperature and magnetic field at
the intersection of these lines with those of con-
stant temperature we obtain three plots of the
"phase boundary" as shown in Fig. 12. Here the
points determining line C came from the intersec-
tions of the lowest resistance curve of Fig. 11. The
points determining lines B and A carne from the in-
tersections of the two higher resistance curves. It

is evident because of the finite width of the transi-
tion that there is no unique phase boundary defined
by the resistance. (It should be mentioned that the
resistance transition width of this particular film
was what is usually considered rather sharp for
evaporated films being about 0.009 K. ) In spite of
the fact that the position of the phase boundary is
not unique, Fig. 12 shows that the depression of T,
is proportional to H~ as expected from Eci. (4) with
n=0. There is a slight progression of the slope
between curves C, 8, and A, whose cause is not
known.

A similar plot of the periodic term (n= 0) is shown
in Fig. 13 for the 1030-L-thick sample. Here the
somewhat more scattered results give an average
quadratic behavior with the slope almost constant,
although again in this case the slope is slightly
higher at the highest-resistance values.

In the case of the thinnest sample (340 A) the
amplitude of the periodic resistance oscillations
was so small that the long-term stability of tem-
perature was insufficient to allow complete families
of curves as shown in Fig. 11. In this case it was
found expedient to slowly traverse the resistance
transition, plotting resistarice versus temperature,
and alternately switch the magnetic field from 0 to
a value corresponding to $012 (giving the greatest
depression of T, for the n= 0 state). The result of
this procedure is given in Fig. 14 and shows that
over a sizable portion of the resistance transition
the effect of the magnetic field is to shift the curve
to lower temperature by a certain amount, which
is reasonably independent of the value of resistance
chosen.

Measurements were made on a 2900-A indium
film. Resistance versus magnetic field plots for
a series of temperatures is shown in Fig.15. The

340 8 AI FILM

M

0—50—
LIJ
O
a 40—I-
M

~ 50—

FlG. 14. Resistance versus temper-
ature for H = 0 and H =

f15 0/27IR2 for a
340-A. aluminum film.
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TABLE II. Summary of experimental results.

835

~(Oe) R(p)

Aluminum
(a)

ATc/'H )p ug = (- DTc/H )3 &e{0)~

340

370

1030

2500

l.394

1.374

1.253

l. 219

2.44

1.17

2.07

3.38

1.64

2. 38

1.78

1.40

124

122

109

104

8.0 x10 4

2. 53 x10 s

4.02 x10-'

2. 51x10 s

9.25x10

1.88x10 '

3.58 xlp

2.40 x10

1950(P)
2170(B)
1600(P)
1670(B)
1570(H,)
1020(P)
1140(B)
1050(&
1110(B)

395

495

620

770

1400

2900

1.19

1.22

1.269

1.30

1.27

3.44

6.91

3.33

3.53

13.5

1.30

1.76

0.97

1.41

1.37

0.70

2. 25

1.93

103

105

114

Indium

285

5, 75 x10
1.70 x10-s
1.54 x 10-s

1.85x10 s

5.7 x10 4

6.6 x10

8.0 x10-'

4.08x10 ' 3.25xlp 5

1510(P)
1270(Pj
1340(P)
1270(H )
1140(P)
1040(S)
960( )

1010(H )
910(P)

695(P)
675(B)

2000—

1000—

io

F

both the periodic term [designated (P)] and the
background term [designated (B}]. These recent
measurements include those for aluminum [in part
(a)] in Table II and the one for indium. In addition
are listed older measurements made on aluminum
from which only the value of the periodic term could
be used for calculating X,(0). The reason for this
was that in the early measurements the extreme
care necessary in aligning the sample to obtain ac-
curate values of the background curve was not ap-

preciated. In some cases the measured critical
field at temperatures down to 0.87 K was also used
to calculate X,(0} [designated (H,} in the table] from
Eqs. (20) and (21).

The value of the radius R used in Table II was
always calculated from the magnetic field period
~H assuming the validity of the Qux quantization
relation (nH)mRt = Qe = 2. 068 &10 7 G cmt. Although
there is other evidence that this relation is exact,
the diameter of one of the larger fibers was mea-
sured as accurately as possible in the optical mi-
croscope as an approximate check: Measured di-
ameter of fiber+ Al film equals 4. 55+0. 1 p; Al
film thickness is 0. 143+0.002 p, ; diameter of mid-
point of film is 4. 4+ 0. 1 p.; diameter from flux
quantization measurement is 4. 49 + 0. 05 p, . The

0
0

I

500 IOOO I 500 2000 2500
FILM THICKNESS (A)

FIG. 18. Empirical penetration depth at T=0, Q(0),
for the aluminum films listed in Table II plotted as a
function of their thickness. The values of &~(0) were
determined from the quadratic coefficient of the back-
ground term (triangle with dot), of the periodic term
(square with dot), and from critical-field measurements
at low temperature (circle with dot). The dashed curve
ie an attempt to fit the data with &,(0) =Xi(0)()p/$)'i,
where 1/( =1/$p+1/d+1/lp with $g =1.6xlp 4 cm,
l~ = 1.0 x 10 ' cm, and X~ (0) = 200 k

d(A) R(s)

340
370

1030
2500

l.64
2.38
1.78
1.40

3R2/'d 2 (~ /0(g)/(3R~/d2)Op/Og

Aluminum

8.7 x lp V. 0 x 10
1,35 x104 1,24 x 1Q4

l. 12 x 10 0.90 x lps
l. 06 x10 0.94x 10'

1.24
1.09
1.25
1.12

Indium

2900 1.76 1.26 x 102 1,33 xlQ2 0.96

TABLE III. Comparison of measured and theoretical
values of +&/+~.
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pie the agreement between the measurements and

theory is within the expected accuracy.

B. Additional Investigations

1. Form of Resistive Transition

To determine the transition temperature of the
samples, the resistance was measured with a dc
microvoltmeter using a measuring current of about
1 pA. The procedure was to pump on the liquid-
helium bath at a steady rate so that the tempera-
ture was gradually reduced through the temperature
range of the superconducting transition. The re-
sistance was plotted on an x-y recorder as a func-
tion of the vapor pressure of the liquid helium sur-
rounding the sample. The electrical signal pro-
portional to the vapor pressure was provided by a
Baratron pressure gauge. The temperature was
also measured with a resistance thermometer.
After the sample became superconducting the tem-
perature was gradually raised through the transition
using a heater in the bottom of the Dewar to elimi-
nate the effects of possible thermal nonequilibrium,
because in the temperature region used the liquid
helium was superQuid, and such irreversible effects
were too small to be detected with reasonably slow
temperature sweeps.

Figure 19 shows a typical measured transition
for a fairly thick (1400 A) aluminum film. For this
figure the pressure scale has been converted to a
temperature scale. As was invariably found with
aluminum films, the transition started as a gradual
decrease in resistance at temperatures well above
T, for bulk aluminum (1.175 K). This effect was
most pronounced in the films less than 500 A thick
and in this case the depression in resistance would
sometimes be noticeable at 4. 2 K. After this grad-
ual decrease in resistance the film resistance would
fall suddenly to zero over a small range of temper-
ature. For the sample of Fig. 19 this sudden drop
in resistance took place in a temperature interval
of about 1.3 mdeg. Sharp transitions of this sort
were usually found in the thicker samples. In 500-
A-thick samples the width of this part of the transi-
tion was usually of the order of 10 mdeg. It is tobe
noted that there is structure on the curve in addi-
tion to the expected smooth decrease of the resis-
tance. Vfhen examined with sufficient temperature
resolution, all samples showed such structure.
Perhaps these irregularities are to be attributed
to inhomogeneities in the samples near their ends
where the aluminum film makes contact with the
silver paint, although this is not certain.

For this particular film the application of a small
magnetic field corresponding to QJ2, that is, one-
half of a flux quantum, simply displaces the curve
to a lower temperature. This is typical for the
thicker films. For the thinner films the resistance

transitions usually became steeper as the magnetic
field was applied. This behavior is shown in Fig.
20 for a 500-A-thick film. The numbers on the
curves refer to current through the solenoid pro-
ducing the magnetic field; the field corresponding
to QJ2 is labeled 120. The curves were made by
both raising and lowering the temperature so their
shape could not be attributed to heating effects.
This increase in the steepness of the resistance
transition with field contrasts with that obtained in
early experiments by Little and Parks, 2 in which
the slope of the resistance transition decreased with
increasing magnetic field. The probable explana-
tion is that Little and Parks evaporated their films
onto organic fibers whereas we used quartz fibers,
the difference of the substrate being of greatest im-
portance for the thinnest films.

Figure 20 also has a peculiar steplike structure
as a function of temperature. This was reproduc-
ible in this particular sample but not found in
others, although one or two steps were often ob-
served. The explanation of this structure is un-
known, but it should be noted that its position in
temperature is independent of field. This is perti-
nent for the discussion below.

2. Search for Higher Order-Correlations

An essential idea of the BCS'3 theory of supercon-
ductivity is that there are long-range correlations
between pairs of electrons. The experimental re-
sult that flux is quantized in units of hc/2e is very
direct evidence of the correctness of this view be-

. "aS'$

FIG. 21. Oscilloscope trace from Meyers and Little
(Ref. 6) showing possible effect of higher-order corre-
lations.
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FIG. 25. Effect of measuring current i on the ampli-
tude of the (n=0) periodic term for a 434-A aluminum

film compared to measurements on vanadium by Spence
(Ref. 9). i~ is the "critical" current suggested by Spence.

vs 0 curves has to do with the form of the resistive
transition and cannot be interpreted as an effect
of higher-order corr elations.

This same sort of effect was always observed to
some degree with aluminum films. An extreme
example of such structure on the zero-field resis-
tive transition is shown in Fig. 20. Vfith this un-

usual sample we observed definite and reproducible
steps in resistance superimposed on the resistive
transition. Not suprisingly, plots of R vs H for
thi, s sample were correspondingly complicated. In

all samples in which the structure of the R vs H

curves was investigated, this structure could, in

each case, be attributed to the structure on the R
vs T curves. The exact cause of this structure re-
mains obscure, but our conclusion is that R vs 8
structure observed in our experiments contains no

evidence of higher-order correlations.

2. Effect of TransPort Current

In discussing the theory no mention was made of

the transport current (parallel to the axis of the
cylinder) which is used to measure the resistance
changes caused by variations in magnetic field and
temperature. Empirically, this is justified by the
observation that, for the small measuring currents
usually used, the resistance is not a function of the
measuring current. On the other hand, with a large
transport current we expect T, and the resistance
to depend on the current. In fact Spence~ observed
a "critical" transport current i„in flux quantiza-
tion experiments on vanadium cylinders. For cur-
rents above a critical value, the depression of T,
due to H approached zero rapidly (see Fig. 25).
This fact seems to explain the curious absence of
flux quantization oscillations in vanadium cylinders
reported by Meyers and Little, ~ since measuring
current in these earlier experiments was well above
the critical value.

It was conjectured by Spence that this critical
transport current corresponded to the situation
where the de Broglie wavelength of the carriers of
the transport current was comparable to the cir-
cumference of the cylinder; that is, Xs = tI/mVe
= 2mR, where R is the cylinder radius and V~ is the
drift velocity of the carriers of the transport cur-
rent.

The critical current i, for the destruction of su-
perconductivity corresponds to the de Broglie wave-
length approximately equaling the temperature-de-
pendent coherence distance, that is, Xo = $(T). As
both i„and i, are inversely proportional to their
respective Vs, we have i,pi, = $(T)/2vR. Using
the Bardeen expression for the critical current den-
sity j, and taking i„=2mRdj„where d is the film
thickness, one obtains i, = 20H~s(T) E(T)d/8 ~Sic.
Using the empirical temperature dependence for

7—
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FIG. 26 ~ Resistance of 466-A alu-
minum film versus T for measuring
currents QA). For high measuring
currents the steep part of the resis-
tance transition shifts to lower tem-
peratures, becomes much steeper,
and finally develops a resistance
minimum.
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H~(T), and $0/(l —T/T, )'~s for T, T—«T„and
the mean free path l =d, one obtains

80H~s(0) $gd AT

3v 3T,Pe

According to Little and Spence, 4T should be taken
approximately equal to (AT,)0, maximum depres-
sion of b, T, for very small transport current i, as
determined in the experiment.

We tried to observe this effect in an aluminum
cylinder of radius B= 3. 20 p and film thickness
d = 434 A whose calculated critical current i„was
0. Gx10 ~ A. Figure 25 shows a measurement
of (nT, ) as a function of the measuring current
using a constant resistance equal to one-half of
the normal resistance. Apparently the effect
observed for vanadium cylinders was not present
in the aluminum cylinders at this current density.
The measured value of (&T) ~ up to about 50 pA
did not significantly change, even though the cal-
culated critical transport current i„was0. 6 pA.

Although we did not observe the expected
"critical current" we did observe an unusual effect
with this film. Figure 26 shows the resistance
plotted as a function of temperature for different
values of transport current (the numbers on the
curves correspond to the current in gA). The
form of the resistance transition is strikingly
altered by the current. The steep drop in resis-
tance is displaced to lower temperatures by higher
currents as would be expected. In addition to this
temperature displacement, the width of the rapid
drop in resistance decreased drastically from a
width of 5&& 10 ' K to about 10 K, a factor of 50
times. In addition, there developed a minimum on
the resistance vs temperature curve. It should be
mentioned that all of these curves were stable
and reversible at all temperatures and currents,
and thus not to be explained by irreversible heating
effects which are often seen in critical current
measurements. The extreme sharpness of the
transition at high currents is perhaps to be ex-
plained by a reversible heating effect. However,
it is not easy to see how such an effect would lead
to the minimum in the resistance curve.

If we arbitrarily take the resistance level shown

by the horizontal line in Fig. 26 to define the
transition temperature, we can compare the mea-
sured critical current as a function of temperature
with the Ginzburg-Landau theory which predicts
I, (T)- T, (0) —T,(I). This function is shown by
the dashed line in Fig. 27 and fits the values of
I, well below T,(0). However, near T, (0) the mea-
sured critical current drops below the theoretical
curve. Such behavior of the critical currbnt has
been observed in aluminum thin-film bridges and
a depression of the transition temperature of

about what was found here has been attributed to
Quctuations near T,. 3~ Although the result is
suggestive of fluctuation effects, no definite con-
clusions can be made without further measure-
ments.

4. Effect of Fluctuations

If Quctuations are present at T, it seems
reasonable that the effective shape of the phase
boundary might be noticeably affected. Presumably
any such effect would be expected to show up most
at high-resistance levels and for a low measuring
current. For most of the samples the theoretical
prediction of intersecting parabolas [Eq. (4)] was
found to hold within the limit of error over a fairly
wide range of resistance. However, for one
sample (d= 820 A, R=0. 97 u), the depression of
T, (for n= 0) was not proportional to H for resis-
tances above half of the normal resistance. The
measured depression of T, is shown in Fig. 28.
The depression at higher fields is much less than
we expect from the parabo1, ic law. Since there is
strong evidence that fluctuation effects are present
in the transitions of thin aluminum films we
present the following qualitative explanation for
this result.

The theory summarized in Sec. I neglects
Quctuation effects and derives a simple parabolic
curve of the lowering of T, with H. Inclusion of
fluctuation effects would give the phase transition
a finite width. In addition we would expect a
rounding of the intersection of the parabolas from
neighboring angular momentum states for the
following reason. Consider a region in the normal
state, but close to the phase boundary, say, near
the region where Q/$0= 0. There will be a certain
probability for a given volume fluctuating into the
superconducting state, which will lead to a lowering
of the resistance and, if we chose to interpret it

434 A Al SAMPLE

'o

l2

~ lO

8
6

I I

I,3I5 I .320 l.325 l.330 I.335
TEMP ERATURE {K)

FIG. 27. (Critical current) versus temperature for
434-A, aluminum film. Dashed line shows the fit to the
Ginzburg-Landau theory at low temperatures. Measured
deviation may be the result of fluctuations.
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so, a raising of the effective T,. Now consider a
point near the phase boundary close to the inter-
section of two angular momentum states Q/Ps
= 0. 5. Since two superconducting states are equally
close and presumably each has the same probabil-
ity, the chance of fluctuating into the supercon-
ducting state should be doubled. This would lead
to a greater decrease in resistance in this area
than expected and thus a smaller decrease in T,
than parts of the phase boundary ~here only one
state is available. The expected rounding of the
transition is suggested by the dashed line (Fig. 29).

Qualitatively this explanation is consistent with
the measurements of Fig. 28. The question re-
mains as to why the effect was seen only in this
particular film. Of the films in which T, was
carefully measured as a function of H for n = 0,
this film was one of the thinnest and was the one
with the smallest radius. This latter fact was
perhaps important because the amplitude of the
voltage oscillations with H increases rapidly as
R decreases. This meant that the measuring
current required could be made small and the
detection of flux quantization effects could be
measured higher on the transition curve where
the slope was much less and where fluctuations
should be significant. On most samples it was
necessary to stay on the steep part of the transi-
tion curve to obtain the required sensitivity and

in this region the mean-field approximation to
fluctuation theory is no longer valid and so com-
parison with theory is not possible.

V. DISCUSSION

The experimental results summarized in Table
II show basic agreement with theory for very thin

films as well as thick films. The penetration
depth at T=O as calculated from both the periodic
term and the background term is nearly a mono-
tonic function of film thickness, increasing rapidly
in the thinnest films. This is the general behavior
we expect when mean free path and film thickness
effects are taken into account as is shown by the
dashed line in Fig. 18 if we assume X~(0) = 200.
This value for &z, (0) is, of course, considerably
larger than the theoretical value of 15V A predicted
by the BCS theory. On the other hand the values
of &,(0) obtained by the measurements are close
to those obtained from other measurements of

X,(0) including the present measurements of
critical field at low temperatures. The thinner
films also agree with separate measurements on

plane thin films of aluminum by Tedrow and Me-
servey.

The comparison in Table Ill between a~/as and

3R /d shows that when the material parameters
are eliminated these measured ratios are equal,
as predicted by theory, within about 15%. This
error is probably accounted for by errors in the
values of a~ and d~, although it is possible that
the consistently larger ratio of a~/ns is signifi-
cant for aluminum. The ratio for indium is within
the expected error for this measurement.

A minor discrepancy between measurements
and theory is the amplitude of the variations in

T, for higher quantum numbers. The measured
amplitude is less than the predicted. It is at
least partly because of this effect that the local
maxima in T, disappear in the experimental curves
much before it is predicted. For instance, in
Fig. 6 the maxima have disappeared by n, = 70
whereas from Eq. (12) and Table Ill we expect
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FIG. 29. Diagram showing the theoretical phase bound-

ary without fluctuations (solid) and conjectured boundary
with fluctuations {dashed).

this not to happen until n=450. This effect was
not caused by inaccurate alignment of the sample
holder with the field. However, it is possible
that the sample itself may be very slightly bowed
or tapered, although there was no other evidence
to support either of these two possibilities. A
more fundamental possibility is that the transition
between angular momentum states of high quantum
number is not entirely sharp.

Apart from these rather minor discrepancies,
the agreement with theory can be considered ex-
cellent for all the films. For the thickest film
(2500 A) the results agree with those of Groff and
Parks~ on 2500-A aluminum films. For the thin
films the agreement with theory is still very good,
even when the width of the resistive transition is
very much greater than the change in T, caused by
a magnetic field corresponding to one-half flux
quantum. This is particularly striking for the
3VO-A film which had the comparatively large ra-

dius of 2. 38 p. Here the depression of T, at P
= A/2 was only 0.9x10 ' K whereas the transition
width was about 10 times this value. Thus in both
limits of (nT, )~, large and small compared with
the width of the resistive transition, the measure-
ments agree well with theory.

No evidence was found for the existence of higher-
order correlation effects. Although structure was
invariably seen on the T, vs H curves in addition to
the parabolic curves, this structure was, in all
cases investigated, traceable to structure on the
R vs T curves for H = 0 and could therefore have
no bearing on the question of higher-order cor-
relations.

Evidence of the effect of fluctuations was ob-
served both in the deviation of the critical current
from the Ginzburg-Landau mean-field theory and
from the rounding of the minima of the T, vs H
curve in at least one sample. Since it now seems
to be established that fluctuation effects do exist
in thin aluminum films it should be possible to
use the theoretical value of the resistance R
= A(H, T- T,) from fluctuation theory to calculate the
value of R as a function of H and T. This would
eliminate the somewhat unsatisfactory comparison
of theoretical variations of T, with the experi-
mentally determined T, defined by some arbitrary
fraction of the normal resistance. Actually, how-
ever, the present investigation shows that unless
we select some extreme case in which the fluctua-
tions are maximized, the simple theory is very
satisfactory. Also it must be appreciated that
introduction of fluctuations will complicate the
theory considerably. Since the fluctuations sample
states away from T„where the supercarrier
concentration is not zero, the assumptions of zero
carrier concentration everywhere in the cylinder
and no variation of the magnetic field are no longer
valid.
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We calculate the thermal conductivity and low-frequency ultrasonic attenuation in clean
type-II superconductors in the high-field region. Use is made of a Green's function due to
Brandt, Pesch, and Tewordt which enables accurate calculation of the transport properties
in the vicinity of the upper critical field. It is shown that in the low-temperature limit the trans-
port coefficients are simple functions of a single parameter p = 2K~ (b jk~vg) k~l, where 4 is
the spatial average of the square of the order parameter, 4, is the reciprocal-lattice vector of
the vortex lattice, vg is the Fermi velocity, and l is the electronic mean free path.

I. INTRODUCTION

It is now recognized that there is a remarkable
difference between the dynamical properties of
dirty (f «$0, where f = vier is the electronic mean
free path and $0 is the pure-superconductor co-
herence distance) type-II superconductors in high
magnetic fields and those of clean (f » $0) type-II
superconductors in high magnetic fields. In the
dirty case, it is found experimentally that the
change in the transport coefficients (for example,
the ultrasonic attenuation and thermal conductivity)
near H,& is proportional to H,2- B. This behavior
is readily understood in terms of gapless super-
conductivity. ' On the other hand, in clean type-II
superconductors the change appears~ to scale as
(H,~-B)'~~; further, even though f »(0, the trans-
port coefficients are strongly dependent on mean
free path.

In this paper, we determine the transport coef-
ficients af clean type-II superconductors near H+
by a method which makes use of the single-particle
propagator recently derived by Brandt et al. 3

The method has so far only been used to determine
high-frequency response functions; for example,
the ultrasonic attenuation at high frequency has been

calculated by Cerdeira and Houghton, and the com-
plex conductivity in the extreme anomalous limit
was determined by Hibler and Cyrot. In both these
cases, calculation is considerably simplified by not-
ing that the energy integral over the product of
Green's functions can be well approximated by es-
sentially a product of the densities of initial and
final states. However, as yet, there has been no
experimental work under these conditions, and,
therefore, no direct check on the validity of the cal-
culations. In this paper, we show that it is possible
to derive simple analytical expressions for the
transport coefficients in the low-frequency limit.
We calculate both the thermal conductivity and the
ultrasonic attenuation and show that the predictions
of the theory are consistent with the main features
of the experimental results.

II. GENERAL FORMULATION

The response functions for clean type-II super-
conductors near H,a can be expressed in terms of
Brandt' Green's functions as

)de
GAB(&w) r + (2g3 ~psp+O~Dep~a

n




