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A calculation is performed of the second-harmonic radiation generated by the reflection of
incident radiation from a metal surface in a model that considers only plasma effects and ne-
glects periodic lattice structure in the metallic bulk and any form of surface roughness. The
radiation is due to three kinds of currents: one localized to within a few angstroms of the sur-
face and parallel to it, another also localized at the surface but normal to it, and a bulk current
in the skin-depth region of the incident light, a region several hundred angstroms thick. Pre-
vious expressions for the normal surface current are found to be incorrect, and a new ex-
pression is derived. The second-harmonic radiation due to the surface currents is sensitive
to surface conditions, while the contribution of the bulk current is only weakly sensitive to
them. Theoretical estimates suggest that changes in the radiation intensity with variation in
surface condition are caused primarily by changes in the parallel surface currents due to varia-
tions in surface scattering. In the course of this investigation general relationships and ex-
plicit forms for the second-order response of an isotropic electron gas are given.

I. INTRODUCTION

A noteworthy feature of metallic response to op-
tical stimulation is its extreme linearity. Only
with the intense fields available from laser sources
is there detectable gene ation in a metal of second
and higher harmonics of the incident beam. ' The
theory of such generation in the metallic bulk is
by now well understood. ' " Second-harmonic (SH)
generation by reflection of the incident beam from
a metal surface, however, has important contribu-
tions from currents stimulated in the immediate
vicinity of the surface, the region to which those
currents are confined being the order of angstroms
thick. The theory of bulk SH generation, being
essentially a long-wavelength theory, is necessari-
ly approximate when applied to the generation of
such strongly localized currents. This paper is in-
tended as a further step towards a theory of SH

generation in a metal that is correct at the metal
surface as well as in the bulk.

Before going in more detail into a calculation of
SH generation at a metal surface, it is perhaps
useful to review in a general way the currents
contributing to SH generation in a metal subject to
externally incident electromagnetic radiation. The
metal is assumed to possess inversion symmetry
in the bulk. The SH response of the metal consists
of two currents —one extending into the bulk and one
confined to the immediate region of the surface. The
bulk current is proportional to E & B, where E and B
are the first-harmonic electric andmagnetic fields
in the metal. It is due to the action of the magnetic
field, through the Lorentz force, on the current
produced to first order by the electric field. The
bulk current is longitudinal inside the metal and
therefore does not radiate except if a boundary is

present. As previous investigators~ have shown,
the SH radiation has contributions from the longi-
tudinal bulk current within a skin depth at the SH

frequency —typically several hundred angstroms
thick. If, as is generally believed, the transition
region in a flat metal surface between its interior
and exterior is only a few angstroms thick, this
bulk contribution to the SH radiation should be in-
sensitive to the condition of the metal surface,
neglecting the effects of extreme surface roughness
or thick impurity layers.

As will be discussed in more detail in Sec. IV,
at typical frequencies the SH surface currents are
confined to the surface region of a few angstroms.
There are in cubic metals two independent surface
currents, one parallel to the surface and the other
normal to it. The magnitude of the normal surface
current and the radiation it generates are both
sensitive to details of the shielding in the surface
region. The magnitude of the parallel surface
current is expected to be quite sensitive to surface
scattering as discussed in Sec. T. The mechan-
isms that occur at the surface to produce the sur-
face currents are twofold. One is the rapid varia-
tion of the normal component of the electric field
at the surface, and the other is the breaking of
inversion symmetry at the surface of a cubic metal.

Previous calculations of the magnitude of the
SH surface currents ' employed expressions which
neglected the breaking of inversion symmetry and
were valid in the long-wavelength local limit where
the electromagnetic fields do not vary appreciably
over the distance traveled by an electron during one
cycle. Although the right magnitude of the radia-
tion is obtained, in the surface region these approx-
imations are not valid, and one requires a better
calculation. Some previous calculations of the
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plasma contribution did not correctly apply self-
consistency between the electromagnetic fields and
the charges in the metals as discussed in some
detail in Sec. IV. Including these effects alters
the amount of radiation produced by the normal
surface currents.

An outline of the paper is as follows. In Sec. II
we qualitatively discuss the mechanisms producing
the SH source terms. In Sec. III the linear elec-
tromagnetic fields are discussed in the context of
the applicability of the local, or dipole, or long-
wavelength approximation. A calculation of the
SH source currents including nonlocal effects is
given in Sec. IV for a model of a bounded electron
gas with inversion symmetry. The gas is re-
placed by an infinite medium with an appropriate
current sheet where the surface was. The effect
of the inversion symmetry breaking and scattering
by a boundary is added in Sec. V. In Sec. VI the
calculation of the radiation generated by the SH
sources is presented, while Sec. VII has a com-
parison of the theory with experiment. Section
VIII consists of a summary. Appendix A gives
the details of the calculation of the linear fields
and the radiation by the SH sources including non-
local effects. Appendix B presents the calculation
of the second-order nonlinear response of the in-
terior of an electron gas for all wavelengths of the
exciting fields. Appendix C presents some general
results concerning the second-order response of
an electron gas.

II. MECHANISM OF SH SURFACE SOURCE TERMS

Before becoming involved in the mathematics,
we describe in a qualitative fashion the mechan-
isms that produce the SH surface currents. Pro-
duction of SH currents in general requires that the
medium respond nonlinearly to the driving fields.
The discussion is restricted to currents produced
to second order in the driving fields, which is an
excellent approximation for SH production in met-
als.

We start with the standard model of this effect
which neglects the presence of a boundary, and
consider the interior of a medium with inversion
symmetry. If the medium is perturbed by a uniform
electric field E, the requirement of an E contribu-
tion to the current implies that

] =(rE+X:EE (&)

In a metal a current flows even at td = 0, while an
insulator current flows only for co&0. If the direc-
tion of E is reversed, inversion symmetry requires
that the current be equal in magnitude and flow in
the opposite direction. X must therefore equal
zero.

Now if we introduce a gradient to the electric
field, the situation is changed. Nonlocal effects

can be felt. The current at a given point depends
in general on an integral of the contributions in a
region surrounding the point. The current at a
given point then depends on both the value of the
electric field and its variation. Consider the field
variation about Z=O shown in Fig. 1, curve A, and

assume that the region over which the integration
should occur is that where the gradient is nonzero.
Also assume that, because of nonlinearity, the
contribution from the left-hand side of the origin
is greater than the average by an amount more than
the contribution from the right-hand side is less.
Thus the current to the right is greater than that
given by a uniform field equal to the value at the
origin. Performing an inversion operation is
equivalent to inverting curve A about the origin to
obtain curve B. By symmetry, the same non-
linearity combined with the nonlocal effect produces
now a current to the left which is equal in magni-
tude to that produced by curve A, again larger than
the value given by a uniform field equal to the
value at the origin. Thus we can satisfy the re-
quirement of inversion symmetry of the medium,
since the current at Z = 0 reverses sign under in-
version, and still have a nonlinear effect. It is
the large gradient of the normal component of the
E field at a surface which generates by this mech-
anism the strongly localized SH surface currents.

If we now introduce a surface between the medium
and vacuum, we destroy the inversion symmetry in
the vicinity of the boundary. This introduces a
new mechanism for nonlinear response. Consider
a uniform electric field, applied to the medium at
the boundary as in Fig. 2. We permit external
charges and currents to be present in order to
maintain a uniform electric field at the boundary.
Right at the surface electrons are not as free to
flow into the boundary as they are away from it.
Thus we expect that the current in the surface

L

FIG. 1. 11lustrating the effect of a spatial inversion
operator on an electric field with a gradient. Curve A is
the original field and B is the inverted one.
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FIG. 2. Schematic of a metallic surface illustrating
the parameters that produce the nonlinearity leading to a
SH surface current.

region will be greater in magnitude when the elec-
trons flow into the medium than when they reverse
their flow. The inversion symmetry breaking of
the boundary introduces this mechanism for SH

production, which has been neglected in previous
calculations. We show in Sec. V that this neglected
mechanism is an important contributor to the nor-
mal surface current.

III. LINEAR FIELDS

The SH radiation is only a very small fraction of
the linear radiation in practical cases, ' so that
it is possible to treat the SH sources by perturba-
tion theory. As is usually done, "we first solve
for the linear fields neglecting the SH currents and
then use those linear fields as the driving fields
that create by nonlinearity the SH currents. In the
standard solutions for the linear fields produced
when an electromagnetic (EM) wave impinges on
a surface it is assumed that the boundary is in-
finitely sharp and that a local approximation ean
be made to describe the response of the medium
to the fields. The local, or dipole, approxima-
tion —that the polarization of the medium or current
at a given point is dependent only on the value of the
EM fields at that point —is valid as long as the dis-
tance an electron travels during the time 1/&u is
small compared to the distance over which the EM
fields vary appreciably. For nonmagnetic media,
B, H, and the tangential component of E are all
continuous across the boundary, and the spatial
variation of these fields is slow enough at optical
frequencies to permit the use of the local approxi-
mation. Thus their values are accurately given
by the standard results. However, the normal com-
ponent of E is discontinuous across the boundary
in the standard solution. It is clear that near the
boundary the local approximation for the normal
component of E is not valid and a better calculation,
including nonlocal effects, must be employed to
determine the actual variation of the normal com-
ponent of E near the boundary. This is done in
Appendix A. As one expects, the calculation veri-
fies that E normal makes its transition over a
region of the order of the shielding length in the
metal.

In order to calculate E normal in the spirit of
previous calculations, whichneglect the breaking of
inversion symmetry at the surface, the bounded
medium is replaced in Appendix A by an infinite
medium with a current sheet at the location of the
boundary. The fields in the medium have reflec-
tion symmetry about the current sheet to simulate
specular reflection at the surface. Such a model,
which has been used rather extensively, ' neglects
correlations in the wave functions between the in-
coming and reflected electron states and thereby
does not destroy inversion symmetry of the unper-
turbed electron states at the boundary. Nonlocal
effects are included by using a wave-number-depen-
dent dielectric function to describe the linear re-
sponse of the medium to the electromagnetic fields.
The calculation verifies explicitly that only the
variation in E normal within a few angstroms of
the surface is inadequately described by the stan-
dard local theory.

IV. SH SURFACE CURRENTS

Previous calculations yielding explicit expres-
sions for the second-order response of metallic
electrons used either the Boltzmann equation,
classical hydrodynamics, or the long-wavelength
limit of perturbation theory. All of those approxi-
mations possess the common requirement that the
variation in the EM fields take place over a dis-
tance large compared to the Fermi wavelength of
the metal. In the case of E normal in the imme-
diate vicinity of the metal surface that requirement
is clearly not satisifed and classical or semiclas-
sical calculations of the currents in the immediate
surface region must be looked at with suspicion.
A priori one expects a quantum-mechanical calcu-
lation to be necessary. For the parallel surface
currents it turns out that all of the above approxi-
mations are adequate, but the proof is a quantum-
mechanical one. For the normal surface current
a full quantum-mechanical calculation is required.

In Appendix B a quantum-mechanical calculation
of the second-order response of an isotropic elec-
tron gas is given. The basic equations have pre-
viously been presented but in Appendix B the in-
tegrals are explicitly performed and expressed
in terms of well-known functions.

The local approximation becomes valid when

qv~ « ~, where v~ is the Fermi velocity of the
metallic electrons and q is the inverse of the
characteristic length of variation of the EM field.
As in Eq. (84), and in agreement with Ref. 6, the
second-order current becomes in this limit

3

4(r) ~ 2 3 ( +(E E)+E(+ E)]
im cu

where no is the number of electron per unit volume
and e and m are the electronic mass and charge,
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respectively. We note that only the first term in
the brackets contributes in the bulk of the medium,
while both terms contribute to the surface currents.
A comparison with Eq. (14) of Ref. 10 indicates an
interesting difference with Eq. (2) above. The co-
efficients of the last term in (2) is (&u~/ur) times the
corresponding term in Ref. 10, where &u~= 4vnoe /
m. In order to understand the source of this dis-
crepancy it is well to obtain a qualitative insight
into the meaning of the last term in (2).

In particular, we will consider only that part
of (2) which produces a current parallel to the
surface:

ng = —V ~ Pq, (6)

i~~e - dE,
4w(d dz

where E„andj~„arethe incident electric field
component and SH current component, respective-
ly, parallel to the surface. The normal to the
surface is chosen to be the positive z direction so
that the medium fills the half-space z& 0. Now the
SH current is given in the classical hydrodynamical
model by

]g —
yves +ngv (4)

where no is the electron density with no EM fields
present, n, is the change in the electron density
linear in the fields, v, is the velocity change of the
electrons linear in the fields, and v, is the velocity
change of the electrons second order in the fields.
A result of the hydrodynamical calculations is that
the first term on the right-hand side of (4) does
not contribute to ja„ofEq. (3). j2„is therefore
dependent entirely on linear effects.

We note that n~ can be calculated from the long-
wavelength relationship

gas. One is to introduce a violent inhomogeneity
into the gas, such as a boundary. The other is to
place an external charge distribution into the gas.
Suppose there is no such charge distribution in
the gas. Then

V D=O

and

V ~ P = —V ~ E/4m .

(10)

Inserting (10) into (9), we obtain

ja„=ieE„(V E)/4vm(u .
Expression (11}is appropriate for the case of a
metal with a boundary. For an isotropic electron
gas, taking

q = 1 —((up/(u)

we have

P = (e —1)E/4v = —(&u,'/4v~')E .
Inserting (13) into (9), we obtain

j2„=(ieger~/4vm&u )E„(V~ E) .

(12)

(13)

(14)

We note that (14) and (3) are the same expressions,
as they should be since (3) was derived for an in-
finite medium. We also note that (11) and Eq.
(14) of Ref. 10 are also the same. Expressions
(11) and (14) give the parallel SH surface-type cur-
rent resulting from two different configurations.
Equation (11) is valid for a medium with a boundary
where no external charges are present. Equation
(14) is valid for an isotropic medium where exter-
nal charges are necessary to produce rapidly vary-
ing longitudinal electric fields. Note that both ex-
pressions (ll} and (14) are equal to (9), which in
the local approximation can be written as

where P, is the linear polarization of the medium
given by

ieE, - 4vn(r)ej2„= V .
& E(r)

4m me@ men
(9')

D, —E~+ 4mPj —q~E,

and E, and D, are the corresponding linear fields.
Also, v, can be calculated from the linear current
by the relationship

jy = noevy . ( f E,' = E.'/e((u), (16)

To further illustrate the point just developed,
consider the local model of the electron gas. The
relationship between the electric fields just inside
the gas, E', and outside, E, is given by

For an electron gas E EO (16)
v, = ieE„/mu .

Then from (4) we have

j2„=—ieE„(V P)/m~,

(6)

(9)

dropping the one subscript and using the previous
convention that fields without subscripts are the
linear ones.

Now, there are two ways of obtaining a rapidly
varying longitudinal polarization in an electron

If we replace the real situation of a bounded metal
by the model of Appendix A, namely, an isotropic
medium with a current sheet, fields have reflec-
tion symmetry about the current sheet. In this
model there is no boundary, so that all fields are
interior ones, but the fields for z & 0 are the same
as the interior fields for the real situation. The
fields on each side of the current sheet have the
relation
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E=E = —E (17)

E„=E„=E,), ~ (18)

Here the fields just on the positive or negative z
side of the current sheet (located at z = 0) are de-
noted by the subscripts + or —, respectively. As
discussed, Eq. (11) is to be used with the fields of
(15) and (16), while Eq. (14) is to be used with the
fields of (17) and (18).

We now calculate the total surface current
f jz„dz=jz„using the iwo models, where n is an
infinitesimal and positive number. From the case
of a surface, Eqs. (11), (15), and (16) give

jz„—- [ie(1 —e)/4vm&u] E,E'„. (19)

For the infinite medium with a current sheet, Eqs.
(14), (17), and (18) give, in the region z&0,

j2„=(te~~/4vm&u ) E'„E,', (20)

where, because of the mirror symmetry about the
current sheet, we must remember that an equal
amount of current is in the region z &0. We note
that (19) and (20) are the same because 1 —z
= (&sr~/&u) . Thus, as required, the same answer
is obtained from the different expressions (11) and
(14) as long as they are applied to their respective
models. Needless to say, if they are applied to an
incorrect model, the result will also be in error.

Let us now apply Eq. (2) to estimate the total
surface current flowing in the z direction, j2,
= f jz, dz, where j~ is the z component of the sur-
face current given by (2):

inoe 1 d(E, ) dE,
m cu 4 dz ' dz

(21)

t ~ Oe (Ef)z22e 2 3 4 (22)

The integral of (21) which leads to (22) is not well
defined because the value of E, in the last term is
not determined. We made the unjustified replace-
ment

dE, 1d' = ——E2' dz 2 dz

j' ='"', . —,'[(E,')'-(E.')']

'
g [~'(~) —I] l (E.')' (23)

and set E, =O at z=0. The uncertainty is an indica-
tion that the local approximation is not valid as dis-
cussed in Sec. III. Since Eq. (2) is applicable to
the case of no boundary, we must use the fields of
Eqs. (17) and (18), as we did.

If we incorrectly use the fields of Eqs. (15) and
(16) in integrating (21), we obtain

This expression for jz', is z (cu) —1 times larger than
the previous value. It is much too large an esti-
mate. It appears in previous work and the esti-
mated value of j~t given in, say, Ref. 10, is & —1
times too large. When one remembers that in
typical experimental conditions e —1 =10, one
appreciates the magnitude of this overestimate.

As discussed in Sec. III and indicated in evaluat-
ing j2„the local approximation is not adequate
to describe the variation of E, in the immediate
vicinity of the metal surface, and one must include
nonlocal effects. Such a calculation is performed
in Appendix B to determine the appropriate expres-
sion to replace (2). It is found that only jz, is
modified by nonlocal effects, while j2„remains the
same. A general demonstration that j2, should be
the same is contained in Appendix C.

In summary, we find that the magnitude of SH
surface currents parallel to the surface has been
correctly estimated by previous investigators but
the value of the normal SH surface current has been
greatly overestimated. Both nonlocal effects and
a correct application of self-consistency between
the charge and the fields reduce the value of the
normal surface current to a value much smaller
than previously calculated.

V. EFFECT OF BOUNDARY

The discussion in Sec. IV neglected band effects
and surface roughness, replacing the surface with
a current sheet in an isotropic medium. In this
section we discuss in what manner the presence of
a boundary changes the results of Sec. IV.

As mentioned in Sec. II, the sources of the SH
radiation can be divided into three categories:
(a) bulk current, (b) surface current parallel to
the boundary, and (c) surface current normal to the
boundary. As pointed out previously, all of the
bulk current within a penetration depth of the surface
contributes to the SH radiation. The presence of
a clean and flat real surface may modify the bulk
current in a region of the order of a small fraction
of the penetration depth. Thus one expects the
boundary to cause only a small change in the value
of contribution (a). The presence of a real bound-
ary will cause variations in contribution (a) of the
same order as variations in the linear fields.

If the surface is flat so that momentum trans-
verse to it is conserved, the boundary has no ef-
fect on the value of contribution (b), as is shown
explicitly in Appendix C. If the boundary is not
flat so that current flowing parallel to it can be
scattered one expects that v, of Eqs. (7) and (8)
and thus j2, will be decreased. We can express this
by writing (20) as

jz„=(ibnoe /m &u ) E,'E'„, (20')

where Ibl &1.
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e = —(eE/m(u') e '"' . (24)

We define the field Eo as that which produces an
amplitude of z = X and large nonlinearities in the
surface current:

Eo= me X/e . (25)

Expanding the current in the surface region in a
power series in E, we can write

f.= aE,[E/E, —,'a (E/E, )'—+ ] . (28)

When E= Eo, we expect the E term to be of the
order of the E term (large nonlinearity), or a = l.
Our estimate of the SH term is therefore

j2, = —ttaE /2ED . (27)

An estimate for a is the linear conductivity in the
interior of the metal, so

o =inoe /mu . (28)

Inserting (28) and (25) into (27) and multiplying by
X to estimate the integral over the region where
the nonlinearity is appreciable, we find

j2, = (i et''a/8ttm &a ) (E,')2, (29)

where now the fact that E is the interior field in the
z direction is explicitly shown and a is a number
of the order of 1. It should be emphasized that the
derivation of (29) did not depend on the local approx-
imation being valid in the surface region, which of
course it is not.

Comparing with (A25) in Appendix A, we see that
the magnitude of the coefficient of (29) is the same
order as that obtained with the neglect of the break-
ing of inversion symmetry. Thus the inversion
breaking symmetry of the boundary must be included
to correctly calculate j2,.

VI. RADIATION BY SH CURRENT

Experimentally, the SH effect is detected by the
nature of the radiation generated at frequency 2~

A change introduced by the presence of a real
flat boundary occurs in contribution (c). A com-
pletely new mechanism is introduced by the bound-
ary. To estimate the size of the SH surface cur-
rent introduced by this mechanism, consider Fig.
2. Assume a uniform electric field outside the
metal present in the z direction varying in time
as e '"'. The electric field will not remain uni-
form throughout but will have a rapid variation at
the surface, reaching a new but uniform value of
Ee '"' inside the metal. It is clear that in the sur-
face region of dimension X, major nonlinearities
in the induced current will occur when electrons
inside the metal have an average displacement of

The displacement of the electrons in the interior
of the metal is given by

I = zjt 5(z —0 ) eat tat- t) (80)

where 2 is a unit vector in the positive z direction.
The minus superscript in the argument of the 5
function signifies that the limit to zero is obtained
using only negative values of z. Solving Maxwell's
equation in this case, we find for the magnitude of
the magnetic field in the region z & 0

for light incident at frequency ~. We must there-
fore calculate expressions for the radiation emitted
by the SH current sources discussed in Sec. V.
Such expressions are derived in Appendix A for the
nonlocal case using the model of an infinite medium
with a current sheet to represent the surface. Ex-
pressions for the radiation from SH current
sources using the local approximation have already
been given covering many differing situations. ' '0
In this section we discuss when the local approxi-
mation breaks down and we give theoretical esti-
mates of the SH intensity generated by an incident
EM wave.

As shown in Ref. 7, the SH radiation is found by
solving Maxwell's equations with the SH current
as external sources. The local approximation as-
sumes that the response of the medium to EM
fields can be treated by a dielectric constant depend-
ing only on frequency and not on the wavelength of
the EM field. This approximation is valid, as dis-
cussed in Sec. III, when v~q«~, where v~ is the
Fermi velocity, ~ is the angular frequency of the
EM field, and q is the wave number of the most
important variation of the field. As discussed in
Sec. III, all the fields except for the normal com-
ponent of E vary in a distance equal to the skin
depth, which is slowly enough to validate the local
approximation. The normal component of E has a
rapid change at the boundary and cannot be handled
within the local approximation.

However, the error introduced by using the local
approximation is not serious for the radiation
emitted by the parallel surface current and the bulk
current. In both cases the error introduced af-
fects only a small fraction of the total radiating cur-
rents, a fraction of the order of the surface di-
mension of a few angstroms divided by a penetration
depth of light of about 200 A. For the case of the
normal surface current the local approximation does
introduce a serious error. This can be illustrated
by comparing in the local approximation the radia-
tion emitted by a normal current sheet which is
placed just inside the metal and then just outside.

Consider a model of a metal described by a di-
electric constant q(td) filling the half-space e & 0.
The rest of the space, z &0, is a vacuum. We
calculate the radiation from a current source of
the form
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where

—i8mqj
e (2(u) K(2&v) +K'(2(o) (31)

and

K'(2~) = (2q)'- (2(o/c)',

[K'(2~)]'= (2q)' —e(2(d)(2(d/c)',

Be(K', K) & 0, Im(K', K) & 0 .
Here Re and Im signify real and imaginary parts,
respectively.

Now if we calculate the radiation emitted by a
current source of the form

t 5(& 0+) 2i (ax - &st) (32)

where the plus superscript in the argument of the
5 function signifies that the limit to zero uses only
positive values of z, we obtain for the magnitude
of the magnetic field in the region z & 0

H = f(2(d)H (33)

We obtain different values for the radiated field
depending on how we take the limit to place the
current sheet on the metal surface. Bloembergen
et al. '0 have already noted that the radiation of
the normal surface current depends sensitively on

how the limit is taken. We now show that this am-
biguity arises because we have used the local ap-
proximation where it is not valid.

Physically the longitudinal current source (30)
or (32) sets up a separation of charge. Inside the
metal, assuming the local approximation, this
charge is shielded by the metal and reduced in
magnitude by a factor [e(2&v)] ', while outside the
metal no shielding or reduction occurs. Thus the
self-consistent charge and driving current of the
source inside the metal is e (2&v)

' times that out-
side. We therefore understand that the fields from
a source just outside the surface is e(2Id) times
that from one just inside as given in (33).

Clearly, the local approximation is not valid in
this problem since the charge separation is in-
finitesimal in extent. In the real case, the normal
surface current extends over the surface dimension
of a few angstroms, again too small a dimension
to validate the local approximation. The problem
can be handled correctly by including nonlocal
effects as is done in Appendix A. The calculation
in Appendix A approximates the boundary by a
model of an infinite medium with a current sheet
which itself introduces some error. The error
introduced by Appendix A is in estimating the di-
electric constant that shields the current source.
However, the extent of the current source is so
small in the z direction that the appropriate dielec-
tric constant in any case does not deviate much
from 1 and the error introduced will be small. In

K (&d) = —i((d/c)[sill 8 —E(&d)]

K'(2&v) = —2i(&u/c) [sin 8 —e(2Id)]'

E, is polarized in the plane of incidence of the in-
cident radiation and it, along with all the rest of
the induced SH radiation, propagates out in the
same direction as the specularly reflected radia-
tion at the fundamental frequency.

If the frequency is sufficiently small that we can
set e(~) = 1 —

&u~ /&u = —&u~/m2 and q(2(u) =- (v~2/4(o2,

then we obtain the following approximate relations
between E„E,~, E„,and Ea, where E„~E„,are
the magnitudes of the radiating fields due to the
parallel surface currents in and perpendicular to
the plane of incidence and E~ is the radiation due
to the bulk current:

=2acos /tan 8, (35)

E)iy 25 cos
E~if2 cos 8

(36)

=1+cos (II) tan 8, (3V)

= 2b cos(t) sing,E.i2
(36)

~E cos8 sing
m~eic (39)

b in Eq. (36) is the same as b in Eq. (20). It in-
dicates the effect of surface conditions on the
parallel surface current and is equal to 1 when the

fact, we can estimate the radiation to more ac-
curacy than we can estimate j~ by assuming that the
current source is just outside the metal and the
radiation is given by (33).

We now summarize results for the SH radiation
induced from a metal surface by an incident EM
wave. As mentioned previously, the radiation
from the parallel SH surface currents and the bulk
SH current if the metal surface is clean and flat is
given correctly by the standard local approxima-
tion, or it can be obtained from the nonlocal theory
given in Appendix A. Expressions for that radia-
tion are in the Appendix. Using (29), (31), (33),
and (A15), we obtain for the magnitude of the radia-
tion due to the normal SH surface current

4ae&u, &(2(u)E cosg sin 8

mc [e((u)K(u)) + K'(&u)] [e(2(u)K(2(u) + K'(2(u)]

(34)
8 is the angle of incidence of the incoming radia-
tion, measured relative to the normal to the sur-
face, Q is the angle between its polarization and
the plane of incidence, and

K(cu) =-,' K(2&v) = —i(u&/c) cos8,
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metal surface is clean and flat. E,~, E„andE~
are polarized in the plane of incidence and E„,is
polarized perpendicular to the plane of incidence.
When the right-hand side of (35) or (36) is negative,
the two fields on the left-hand side are polarized in
opposite directions. E,&2 is the magnitude of the
SH radiating field generated when the incoming radi-
ation is polarized perpendicular to the plane of in-
cidence. It is due entirely to a bulk current and is
polarized in the plane of incidence.

From the expressions above we obtain an expres-
sion for the ratio between the SH fields when the
incoming radiation is polarized in the plane of in-
cidence and when it is polarized perpendicular to
the plane of incidence:

Eo 2b +1
2
—+&atan 8 .

E, (2 cos g
(4o)

It was not possible to measure M for the exposed
Ag surface because of the lower intensity. How-
ever, it was estimated that I E, ~~I decreased for
the exposed Ag surface relative to the fresh sur-
face.

Brown and Matsuoka estimated that the SH radia-
tion from the absorbed gases themselves could not
be large enough to explain the measured effect;
nor could changes in the linear dielectric constant
explain the effect. They concluded by default that
the electrons in the metal near the surface are the
cause of the effect. They proposed an explanation

VII. DISCUSSION

The theory presented here assumed that the
electron gas dominates over interband contributions
and that at both frequencies co and 2' the dielectric
constant of the metal is given by the expression
e(&u) = l —(&u~/&u) = —(~~/&u) . This requires that at
both co and 2~ the interband contributions to e be
small. Of the various experiments that have been
performed on the SH generation of light at metal
surfaces only the ones performed on Ag metal at a
frequency co corresponding to that of the Nd-glass
laser, wavelength equal to 1.06 p, , satisfied this
requirement. We therefore must limit our compari-
son between the theory presented here and experi-
ment to this case.

Recently Brown and Matsuoka' have discovered
that the SH generation from freshly evaporated
Ag surfaces for an incidence E field polarized in
the plane of incidence (P =0' and 8 = 54') increases
by a factor of (0. 28) ' = 4 from that of Ag surfaces
exposed to gases and presumably coated with a
gaseous layer. In addition, they measure for these
fresh silver surfaces the ratio M of generation ef-
ficiencies with the incident E field parallel and
perpendicular to the plane of incidence,

~=
~
E,„/E,~'=O. O46+O. OlO .

based on the surface dipole layer induced by ad-
sorbed gases. This dipole layer sets a dc electric
field which then permits a SH generation from the
third-order polarizability y' ' of magnitude y'3'E~,
&& (E'), where Ed, is introduced by the surface
dipole layer and E' is the E field of the EM wave
at the surface. They estimate that this produced
the correct order of magnitude if one assumes the
local approximation. As discussed in Sec. IV,
the local approximation is not valid in this case
and taking it into account decreases the SH currents
by several orders of magnitude. Thus it is unlike-
ly that this explanation is valid.

To further complicate matters, recent prelimi-
nary measurements in our laboratory also show
intensity variations in the SH generation but oppo-
site from that found by Brown and Matsuoka. The
SH radiation is more intense for the exposed sur-
face than the fresh surface. The sample is pre-
pared by evaporation in ultrahigh-vacuum condi-
tions as compared to high-vacuum conditions in
the case of Brown and Matsuoka. Clearly, the ex-
perimental condition of the surface of the metal
surfaces is a very important parameter and its
state must be more completely defined before a
comparison with the theory presented here is pos-
sible. A full test of the theory awaits further ex-
perimental measurements.

In place of the comparison with experiment we
will estimate the values of the parameters of the
theory and use these to obtain an estimate of the
various contributors to the SH radiation. Expres-
sions (46')-(50') have two unknown parameters, a
and b. The estimate of lal =1 has already been
given in Sec. V. The parameter b is introduced to
account for the effects of boundary scattering on
the velocity parallel to the surface induced by E .
If the boundary is perfectly reflecting, then b= l.
If the boundary is flat but scatters diffusely, then
we expect that b = —,

'
by the following reasoning.

Remembering that the metal occupies the half-
space z & 0, an electron with a v, & 0 will have a
v„induced by E„which is independent of the pres-
ence of the boundary. All electrons with v, & 0 will
give essentially no contributions to j„.These elec-
trons will have collided with the boundary, losing
all memory of E„,and have no net v„immediately
after the collision. Only when they are within the
surface region of a few angstroms can they contrib-
ute to j„buttheir acceleration during this distance
is negligible compared to the v„they attained in
moving to the boundary where the E„actedover a
skin depth. Thus, to a good approximation with
an error of the order of the ratio of the surface
dimension to the skin depth, only one-half of the
electrons —those with v, &0—contribute to j„.Since
the effective electrons contribute the same as
though no boundary were present, we have that
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Eo/E, (~=4. 5 . (41)

Tracing back to the contribution of each mecha-
nism, we see that the radiation is p polarized and
and is dominated by the bulk SH current and the SH
surface current in the plane of incidence, each of
which contributes an equal magnitude and in phase.
Even if the value of b is much smaller because of
unfavorable surface conditions, the radiation re-
mains dominated by the bulk SH current. Thus it
appears that the large changes in the SH radiation
due to changes in the sample surface condition are
produced by the changes in b and not a. The SH
radiation intensity varies by about a factor of 6 be-
tween the extreme limits of b =0 to b = 1.

VIII. SUMMARY

In this paper only the contribution of the conduc-
tion electrons is considered and it is assumed that
they can be treated as an electron gas. The SH
radiation is generated by three different source
terms. One is a bulk current, the second is a
surface current parallel to the boundary, and the
third is a surface current perpendicular to the
boundary. The bulk current is the well-understood
Lorentz-force-produced longitudinal current. The
local approximation is valid to calculate the radia-
tion from this source. That radiation should not
be very sensitive to surface variations, varying in
the same way as the linear fields do.

The magnitude of the parallel surface current
source for a flat surface is correctly given by a

b ——1
2 ~

Aiother possibility is that the boundary is not
flat but consists of pits and bumps with dimensions
perpendicular to the boundary comparable or larger
than the thickness of the surface region of a flat
surface. If the dimensions parallel to the boundary
of these imperfections are at the same time of the
same order as, or smaller than, the distance v~/ur,
then the induced j, of the electrons with w, &0 will
be decreased by the boundary. Approximating this
effect by a relaxation time 7, we estimate h=-,'~/
(or+i/~), where 7 =o/v~, o is an average imper-
fection dimension parallel to the surface, and we
still assume diffuse scattering as the electron
collides with the boundary.

Since we do not know what surface is appropriate
to describe the typical experimental situation, we
will take the value b= & corresponding to a flat
diffusely scattering surface in order to have some-
thing with which to work. However, it must be
emphasized that the typical experimental situation
could be quite different.

With a = 1, b = &, P = 0' so that the incident light
is p polarized, and a typical value of 8 =45', we
have from (40) for the total electric field in the SH
radiation

theory which assumes the local approximation. In-
consistencies between the results of different
authors were shown to be due to use of different
models of the metal surface. A careful accounting
of the self-consistency between electric charges
and fields shows that the final result is the same
if the respective models are consistently employed.
A realistic surface will have scattering present,
decreasing the parallel surface current. This effect
is accounted for here phenomenologically.

The normal surface current is not correctly given

by the local approximation. Neglecting the inver-
sion symmetry breaking of the surface, nonlocal
effects affect the normal current somewhat. Cor-
rectly including the self-consistency between elec-
tric charges and fields also makes an important
correction to the value of the theoretical normal
current. When the inversion symmetry breaking
of the surface is included, a new mechanism for
producing the normal surface current is introduced.
This mechanism is proportional to E and requires
no gradient as is the case of the interior. The non-
linearity is caused by the fact that electrons flowing
away from the boundary are freer to move than
when they flow into the boundary. The normal sur-
face current generated by this new mechanism is
of the order of that calculated neglecting the inver-
sion symmetry breaking of the surface.

A theoretical estimate of the pertinent parameter
indicates that variations in the SH radiation with
changes in the condition of Ag surface are caused
by variations in the surface scattering which af-
fects the parallel surface current. The normal
surface current never seem~ to be an important
contributor to the SH radiation. However, further
experiments must be performed before any definite
conclusions can be made about the applicability
of the theory presented here to real cases.

In the appendices general relationships for a
second-order response of an electron gas are given.
Explicit functional forms of these response func-
tions are given. In addition, general relationships
involvinp first-order response functions are given
for the second-order response in the limit that the
wavelength of one of the electric fields becomes
very large.

APPENDIX A

A metal is assumed to fill the half-space z & 0.
In the model used here its conduction electrons
are represented as a homogeneous electron gas
which occupies the half-space z &0. A current
sheet in the z =0 plane is adjusted to provide match-
ing between the EM fields at z =0 and the appro-
priate vacuum fields.

Two situations are consid'ered. In the first, the
half-space metal is stimulated by an EM wave in-
coming from the vacuum. The solutions for the
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(Al)

Then Maxwell's equations give for the electric
field in the electron gas

4m 1
E(r, t) = —.

i(u e(Q, ~)

x ((u/c) z(Q, (u)i&)(Q) —Q[Q 30(Q)] da
(&d/c) e(Q, (o) —Q'

(A2a)

with the magnetic field given by

B(r, t) = (c i/&u) V )& E(r, t) . (A2b)

In the model adopted here for the half-space metal,
stimulation of the metal by an incident EM field
is accomplished by placing an appropriate current
on the current sheet in the z = 0 plane. It is as-
sumed that all quantities have the following x and

y dependence:

fields inside the metal will be used as the driving
fields which, through the second-order response
of the metal, produce the SH source currents. In
the second situation, there are externally driven
source currents inside the metal. The solution
of that problem will be used to yield the radiation
due to the SH source currents.

We assume that the response of the electron gas
can be approximated by that of an isotropic medium,
and the fields and currents in the half-space z &0

are assumed to be given by reflecting those in the
half-space z &0 through the z =0 plane. Those two

assumptions approximate the response of a half-
space electron gas with specular reflection at its
bounding surface. They neglect the effects of in-
terference between incident and reflected wave
functions as well as effects due to the structure of
the bounding potential and therefore do not accurate-
ly represent electron dynamics in the immediate
vicinity of the bounding surface. However, the
model does allow the response of the electron gas
to be treated as nonlocal.

As a final simplification, the transverse dielec-
tric constant is taken equal to the wavelength- and
frequency-dependent longitudinal dielectric constant
z(Q, &d). Such a simplification is valid in the long-
wavelength region (X» ve/&u, vF being the Fermi
velocity), where they approach a common limit.
Outside that region, only the longitudinal response
will be important, as will be made clear later on.

A. Fields Due to Stimulation by EM Field Incident from Vacuum

Suppose we have an isotropic electron gas with
an externally driven source current in it of the
form

Then, the Fourier transform of the necessary
source current is of the form

(A3)

Using (A2a. ), the electric fields in the electron gas
are given by

E(r t)=E(z)e'"" ""
where

4v j,") [(«)/c) z(Q, &u) - q ] e' 'dk
i&d z(Q, &u)[(&d/c)'z(Q, ~)- k' —q']

—477 &K ((d) .&» z. &~) &gl

Qfz(&&)}
(A4)

jhow

( )
4+ &d &s) e dk
t c ' „(&d/c)'~(Q, ~) —k' —q'

A4'W g(d .(~) K (eo)]g]
K'(&d) c' (A5)

E,(0-) = (- 4z'k/~) ~,"',
a„(0) =(-4v'/~)f, "' .

(AV)

(Aa)

The x and y components of the electric field at the
metal surface are found by setting z = 0 in (A4)
and (A5).

Outside of the metal, in the half-space z & 0, the
electric field is given by

E(r, t) =(E,(c/&d) [xiK(&d) + zq]+ E,j)e'""-' '~'*-""

+ (E,'") (c/&d) [xiK((u) —zk] + E,&")
y)

j [qg + j K(t&t )c - t&t t j (A9)

where the superscriptless field is incident and
the superscript (r) stands for "reflected. " K(~)
is defined following (31) and (34). Matching the

4v &,)

" —kqe" dk
i&d

* „z(Q,&d)[z(Q, «))'(&d/c)' —k' - q']

(A6)

The replacement k = Q, has been made and K (&u) is
given by K'(&e) = [q —(&d/c) e(~)]', Re(K') & 0. The
approximations in Eqs. (A4) and (A5) consist of re-
placing the integrals by their dominant contribution,
which is from the region in which k is the order of
an inverse optical wavelength. e. (&u) in these ap-
proximations is the Q=0 limit of e(Q, «)). The ap-
proximations are in error to order vz/c, such er-
rors being considered negligible for our purposes.
An analogous approximation for Z, (z) is not in gen-
eral correct, though one can be made for Izl suf-
ficiently large. That approximation will be ex-
hibited later in this section.

To find the fields at the surface of the metal,
which, in this model, is at z = 0 in the electron
gas, we note that by the symmetry of our model
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tangential electric and magnetic fields at the sur-
face of the metal yields for the surface current
in terms of the incident electric field

.(,)
—2z((d )c K((d )

4w' z((d)K((d)+K'((d)

.(,)
—2ic K((d)K'((d)
4w'(d K((d)+K'((d)

In the electron gas, then,

(A10)

(All)

( )
22CE), K((d)K ((d) z. (~))g)

( 12)
(d z((d)K((d) + K ((d)

-z (~))s)
'K((d)+K'( )

(A13)

2E),f ((d)C K((d)
tw(d &((d)K((d) + K ((d)

—kq e' dk

J „z(Q,(d)[((d/c)'z(Q, (d) -k'-q']
(A14)

For ! z! large compared to a shielding length, the
oscillations of the exponential in (A14) ensure that
the major contribution to the integral comes from
the region in which k is the order of an inverse op-
tical wavelength and we obtain

B. Fields Due to Source Currents inside Metal

If there are source currents inside the electron
gas of the form

I(r, t) = """""J "' (k) ("dk, (A18)

Equations (A12), (A13), and (A15) for z & 0 are the
solutions for the electric field inside the half-
space metal given by the local, or dipole, approxi-
mation with the local frequency-dependent dielec-
tric constant e((d). They are correct throughout
the metal except for the z component of the electric
field in the immediate vicinity of the metal sur-
face. If we compare (A15) for z small with respect
to an optical wavelength but still sizable compared
to a shielding length with (A7), with j„"'replaced
by the right-hand side of (A10), we see that over a
distance the order of a shielding length the z com-
ponent of the electric field goes from [I/z((d)]
)( E,(0 ) just inside the shielding region to E, (0 )
just outside the metal surface. In the shielding
region, contributions from k the order of an inverse
shielding length are important in the integral in
(A14). We note that in that integral the electric
field is pointing in the direction of its major varia-
tion, so in evaluating the right-hand side of (A14)
in the shielding region the longitudinal dielectric
constant is to be used.

( )
cq K((d)sgn(z) z. („)),)

2 (d z((d)K((d)+K'((d)

(A15)

then the electric field in the electron gas is given
by

with errors of order (z/z, „),where z,2 is a shield-
ing length.

E(r t) E(z)z2((ex - u& )(
where, to order vz/c,

2w {4[((d/c) z(Q, 2(d) —q ]j,' '(k) -2kqj' '(k)] e' 'dk 4w i K(2 )(d.„)z (2„,), )

i(d e(Q, 2(d) [4((d/c)'~(Q, 2(d) —4q' —k'] (dz(2(d)
(A17)

( )
88w (d

i c 4((d/c) 2(Q, 2(d) —k —4q c K'(2(d) (A18)

)
2w {[4((d/c) e(Q, 2(d) —4q ]j,' '(k) —2kq[j„"'(k)+j(')]}e"'dk
Z(d z(Q, 2(d)[4((d/c)2z(Q, 2(d) —4q' —k'] (A19)

K(2(d) = 2[q —((d/c) ]'~2, K'(2(d) = 2[q —( /(cd) z(22(d)]'

Remembering that in this model the currents and
fields in the two half-spaces are related by reflec-
tion about the z =0 plane yields (A7) and (A8) for
E,(-0) and B (-0), respectively. Equations (A17)
and (A18) evaluated at z = 0 give the x and y compo-
nents of the electric fieM at the metal surface. In
the vacuum, the EM fields due to the source cur-
rents are purely outgoing, the electric field being

I

given by

E(r, t) ={E2(c/2(d) [xiK(2(d) — z 2] qy +)E

j [qX + IE(2')C - cot] (A20)

Equating the tangential fields at the metal surface
yields
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4~ e(2&v) 14[(~/c)~e(Q, 2&v) —q ]j,' '(k) —2kqj,' '(k)jdk
c e(2&v)K(2&v) + K'(2( (} „e(Q,2~)[4((((/c) e(Q, 2&@) —4q —k ]

(A21)

8m~ K'(2((() j,' '(k) dk
ic~ K'(2(c) + K(2&v) „4((c/c)e(Q, 2&v) —4q —k

(A22}

C. SH Generation Due to Incident EM Field

The results of Secs. A and B of this appendix
can be combined with those of Appendix B for the
second-order response of an electron gas to yield
the SH radiation from a half-space metal due to
stimulation by an incoming EM wave. The method
by which they are combined has already been out-
lined at the beginning of this appendix. The metal
is replaced by an electron gas filling all of space.
The fields in the electron gas at the fundamental
frequency are found in Sec. A. Those fields are
combined with the second-order response expres-
sions developed in Appendix B to find the SH source
currents. The source currents are then inserted
into (A21) and (A22) to obtain the SH radiation.

Carrying through the calculations we obtain with
errors of order Ve/C the following expressions for
E„~,E„„E~,and E,&„which are defined in the
text immediately preceding and following Eqs.
(35)-(38):

I

of the normal surface current, are dominated by
long-wavelength contributions. The second-order
response operators in the integrals can therefore
be replaced by their long-wavelength limits and the
results of long-wavelength theory are obtained, In
Appendix C it is shown that the long-wavelength
prediction for the contribution of the parallel SH

current to the radiation is correct even beyond the
model chosen here, as long as the effects of the
periodic ionic potential and surface roughness are
neglected.

The one contribution to the SH radiation that is
not correctly given by long-wavelength theory is
the contribution due to the normal surface current.
It is contained in the expression giving the SH radi-
ation due is the product of the z component of the
electric field at the fundamental frequency [Eq.
(A14)] with itself. The part of the expression of
interest is

2

K ((o)K'(2&(() cos'pG ((((), (A2»)
CO

84i c'q' e(2(u)
(c' e(2(c)K(2(u) +K'(2(u)

= e((u)G-~((o) cos~(j& + sin (}(,E.&2

(2e~gmc') sin & cos'8
[e(2((()K(2(c)+K (2((()][K(((()+K (((()]

(A21b) Ep & ((d )K(&d )
~( W( ) &'( ()

kk'(k+k')[L, gg(Q, Q', ()/((2i(]d((dkk'
~ R(Q, (u}R(Q, (u)R( IQ+Q' I, 2((()

= —45G(2((()G (&u) cos(}(sing,E,(2 (A22a)
where

(A23)

e((u)K((u} +K' (~)
K((u) +K'((o)

5 in (A21a) and (A22a) is a phenomenological param-
eter described in Sec. V which is equal to 1 when
the metal surface is perfectly flat. The expressions
(A21a)-(A22a) correspond to Eqs. (34) and (35) in
the work of Bloembergen et al. " The two sets of
equations are equivalent if the parameter P in their
equations is set equal to its "plasma" value and the
term multiplied by F, which corresponds to their
normal surface current contribution, is neglected.
Furthermore, to obtain their equations 5 in (A21a)
and (A22a} must be set equal to 1. The parallel
surface currents are therefore just those predicted
by the long-wavelength response theory. The rea-
son for that result in this model is straightforward.
It is, essentially, that all of the integrals for the
radiation, except that connected with the contribution

R(Q, ~) = e(Q, ~)[(~/c)' e(Q, (u) —k' —q'] .

L„,(Q, Q, &u) is the second-order response opera-
tor calculated in Appendix B giving the z compo-
nent of the second-order current in terms of the
product of the z component of the first-order field
with itself. When k is the order of an inverse op-
tical skin depth, the integral over k has its
greatest contribution from the region in which k'
is the same order of magnitude. The part of the
integral in which k and k' are in the optic, al region
gives the part of the contribution to the radiation
due to the bulk SH current.

When k is outside of the optical region, the inte-
gral over k' has comparable contributions from k'
throughout the region in which it is the order of
an inverse shielding length. The integral (A23)
with k and k' not both in the optical region gives
the SH contribution due to the normal surface cur-
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rent. When k and k' are large compared to an in-
verse optical skin depth, a few simplifications of
the integral can be made. First, the x compo-
nents of the wave numbers in the integral can be
neglected. The electrical fields can then be con-
sidered longitudinal, and the second-order opera-
tor can be replaced by the operator giving the re-
sponse due to two longitudinal fields varying in the
same direction —in our model, that being the oper-
ator given by (Bll). Additionally, if the frequency
cu is small compared to characteristic frequencies
of the electron gas (i. e. , &d~E~/k), it can be set
equal to zero in the integrand. Making those sim-
plifications yields for the integral

f (k, k, 0) dk dk
e (k)k e (k )k e (k + k )(k + k )

(A24)

where e(k) is the &d=0 value of e(k, ((i). There are
no special contributions to (A24) from either k or
k' in the optical region, so the regions of integra-
tion have been extended to include all values of k

and O'. In order for the above to be true, the fre-
quency must be kept equal to zero in the optical
regions.

The integral was evaluated numerically using the
static I.indhard dielectric constant appropriate to
an electron gas with a density corresponding to ~,
= 3.07—the density of the conduction electrons in
silver. The result for the integral is

e m1.97~ 4 g
F

Inserting that value in the place of the integral in
(A23) gives the SH radiation due to the normal sur-
face current. To compare the result obtained here
with that of the text we divide them to obtain a value
for the coefficient (t in Eq. (40) for the normal sur-
face current. We obtain

—11.8 4, m'
~ [e(~)] ktks

.
jr F

= —1.06, (A25)

where we have taken r, = 3.07 again, and k» is the
inverse of the Thomas-Fermi screening length.

An interesting relationship between the SH radi-
ation due to the normal surface current and the
static surface response of a metal is suggested by

(A24). It is, in fact, possible to prove in this
model the following. Consider a half-space metal
in the presence of a static electric field. If we

expand the potential jump across the shielding
layer in terms of the applied field strength as
follows:

Q =$&FZ+$2E +$3F + ~ ~ ~
2 3

then we have

APPENDIX B: SECOND-ORDER RESPONSE OF ISOTROPIC
NONINTERACTING ELECTRON GAS

If a homogeneous electron gas is perturbed by
an electric field of the form

E(r f) E t &&(' P- a&t) +E t&ita' P - wt)
ge + 2e (Bl)

then, due to the second-order response of the elec-
tron gas, there will be an induced current of the
form

2qe (2&d ) (u/c) 2E~e (&d)cq K(m)
t'[e (2&d)K(2(u) + K'(2(u)] e ((e)K((d ) + K'(&u)

(A26)

where E„is the radiating electric field due to the
normal surface current. The relationship (A26)
can be shown to be valid beyond the model used here
as long as the effects of the ionic potential and
surface roughness are neglected and the frequency
~ of the radiation is small. It can be used to
facilitate calculation of the radiation due to the
normal component of the SH surface current in a
more realistic model than the one used here.

Replacing e(&u) by the Drude dielectric constant
and retaining leading orders in u&J~, we obtain

i [&Ct +4z) ~ 5-2~tt—]28 (B2)

—23. 64 m (o~ —2. 63 kTF
m hk m k

In a noninteracting electron gas, time-dependent
perturbation theory taken to second order gives
for j2

e k 2 (- - (2k+q, +q2)[f (k) -f(k+qt+q2)] d k
4m~(u' (2t&)3 ' 2 E(k) —E(k+q, +q2)+2(h(a+t'6)

—e k 2 - (2k+qt) ~ E2[f(k) -f(k+q2)]dak
2m &d (2&&)3

' E(k) —E(k+ qt) + (K&u+ t7)

—e k 2 [(2k —q, ) E,](2k+qt —qe)[(2k+q() Et] [f(k+qt) -f(k)]d k
6m (&t (2tt) [E(k) —E(k+ q2) + (8&v+ N )][E(k—qt) — (kE+ q, ) + 2( I+(&1th)]
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[(2k —q2) ~ E,] (2k+q& —q2) [(2k+q&) E&] [f(k —q2) —f(k)]d k

[E(k —q2) —E(k) + (K(u+ i5)] [E(k —q2) —E(k+ q2) + 2(h(u+ i5)]

+the same function with E, , q, —E2, q2 . (B3)

f(k) is a Fermi factor defined by

f(k)=0 if k&kF

=1 if k& kp,

E(k) =8 k /2m 2

and 5 is a real positive infinitesimal. Equation
(B3) is a special case of the response formula de-
rived for a metal with general band structure by
Cheng and Miller.

If q, and q2 are small compared to ru/vF, where
vF is the Fermi velocity, then (B3) can be evaluated
to lowest order in the two wave numbers to yieM

3
gQ e

l2 2 3 (q2+q2) (E& E2)2m (d

S

, , [E,(q, E,)+E,(q, E,)]. (B4)
m ~3

This result can be Fourier transformed into con-
figuration space to yield Eq. (2), which is valid
if the perturbing electric field is spatially slowly
varying. The low-q limit (B4) is a general result
for a homogeneous electron gas —as is shown in
Appendix C-and can also be derived from a simple
hydrodynamic picture of electron gas response.

If one of the wave numbers is small and the other
has a general value, then the second-order re-
sponse of the noninteracting electron gas can be
expressed in terms of its first-order response op-
erators. Suppose, for instance, that q2 «&u/vF.
Then (B3) yields to zeroth order in q,

33=
eq, E, E, 4(q, E,)(q, E,)

( 2 )
e (- E) E q, (q2 E2)

p( 2 )4 &q1, ~+ 3q1 Ep E1 —
p Pqi, ~

m4o q& q& m~

e - - 1 - q&
~ E~ e - - - q, ~ E,3(qi E&)~ E2+ 2 o(qi, ~) —

3 (qi E2) El 2 P( lq~) (B5)
m(d qg m~

n(q, &u) and P(q, &u) are defined by the first-order response equation for the homogeneous noninteracting
electron gas,

(u - -- E —(q E)q [-1—P(q, (u)]
j(q, (o) =-2 (q ~ E)qo. (q, ~)+ 2

Sq q g(d

They are given by the following expressions:

(
k2TF 1 q' (u' 2 1+q'/2 —(u'/2q'

2 2 22' 2 22' —2 2'/2 — '/22')

(B6)

1 q' (u' 2 1+q'/2+ (u'/2q'
'2, '-

2 '2, ~ I„/2,„/2,
@k' k'

P(q ~) F TF
4~ 3m

3 q' (u' ' ' 1+q'/2 —(u'/2q'
16q' 2 2q' —1+q'/2 —(u'/2q'

3 q' &u' 1+q'/2 —~'/2q' 5 q' 3&v'

16q' 2 2q' —1+q'/2 —~'/2q' 8 8 8q'2

where

kTF = (3(uPVF)'"
2

q' -=q/kF,

&u'—= 2M(sr+f5)/IkF .
Expression (B5) can also be verified in generality

for an interacting isotropic electron gas (see Ap-
pendix C). By taking (B5) plus the expression ob-
tained by interchanging E„q,with Ez, q~ in it and
evaluating the sum to leading orders in qy and
for small q, and q2 one obtains (B4), as is to be ex-
pected.

The second-order response kernel for the iso-
tropic noninteracting electron gas can be evaluated
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for general values of q, and q2. However, because
in the problem of interest only the longitudinal com-
ponents of the electric fields are significant for

large wave numbers, we evaluate (B3) for E„E2
longitudinal only. Setting E, = iq&P„we obtain for
arbitrary q,

' s

-2(d(qi+q2) e m (j),(f)2 1 q,'+(d' )q,'+q'I+2(d'
Iq+~ I 8 2m q,

' 2

81 —q&'+co' q2 —q&, 1 —q2+~' —lq,'+q,'I +2~'

qy 2I 'I ' ' 2 ' 22 q&+ q2

——,F, 2, '-, i, +&a', 8z +the same function of —w . (B9)

8, and 82 are defined in Fig. 3, qi and q2 are defined analogously to the definitions after (B8), and

) ~, , , ), ( [(s ~ S' —S*ss ss —s' 's)'~' ~ *s —s' 's]')
F(x, y, 8) = — . z (x +y2 —2xycos8 —sin 8') ' iln

+ . z (xcos8 —y)ln +(ycos8-x)ln . (B10)
1 x+1 Y+1

sin 8 x-1 y —1

If q, and q~ are parallel, then the second-order current is given by

qi+qa
32 = 2i(d L ((fi (32 (s))(t'i(j'2

qi+ qa
(Bl1)

where
i/2em qgqp(qg+ q2)«8i V2 ~)=-~pa ~;,]2 [ ( )]~ [qi~bi, ~)+82o(q2 ~)-(qi+qa)o(qi+82 2~)].

F Lqgqp&qg+qa&J —L &qt+q2~
(B12)

APPENDIX C: SOME GENERAL RESULTS FOR
INTERACTING ELECTRON GAS

Results (B4) and (B5) are not unique to a non-
interacting electron gas. They also hold in gen-
eral for an isotropic interacting electron gas.
That will be established in this appendix, along
with a demonstration that the magnitude of the

SH surface current is given by (38) and (39), with
b = 1, for an interacting electron gas if we neglect
the effects of the periodic ionic background and sur-
face roughness. We start by considering the sec-
ond-order response of an isotropic electron gas.
If we have a perturbing field of the form (Bl), the
j2 as defined by (B2) is given by

e - - - e(Ei ~ E2)(q, +q, )
32 2 E2(qi ' El) o((fi ~) + - - )s o(l qi+q21, 2(s )

m(dq~ mes I q&+qa I

1 g (01 j(q, +q2)lm) (mlj(-q2) ~ E2ln) (nlj(-q, ) ~ E, I0)
(e2 „[E,—E +2(E(d+i6)] [E(i —E„+(h~+f6)]

(Olj(-q, ) ~ E, lm) (mlj)(q, +q2) In) (nlj(-q2) E, 10)
[E(i —E —(h'(d + i6)) [Eo —E„—2(Kd + i5)]

(Dtj(-s, l f, l )( I)(-t)s) s, l )( I)(s, s)lo))
[E,—E —(E(d+i5)] [E,—E„—2()f~+i6)]

+the same function with E„q,—E2, qa, (Cl)

where n(a, (d) is defined by the first-order response
equation (B6), the equation being now for an inter-
acting electron gas.

We now specify that we are considering the ir-

1

reducible second-order response of the electron
gas. What that means physically is that we are in-
terested in the response that gives the unshielded
second-order current in terms of the self-consis-
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FIG. 3. Defining figure for 0& and

92, which appear in (B9) and (B10).

tent electric fields. Diagrammatically that ex-
cludes all diagrams that can be cut into two by

severing a single interaction line. A reducible and
an irreducible three-point diagram, corresponding
to the term in large parentheses in (Cl), are shown
in Fig. 4.

The specification just adopted allows us to simpli-
fy the response in (Cl) if q, or q2 is small. Suppose,
for instance, that q is small. Then, in the term
in large parentheses in (Cl), j (- qz) can be re-
placed with errors of order qzvz/(v by the total cur-
rent operator. That operator when applied to an
energy eigenstate with momentum hq simply multi-
plies it by ehq/m. Using that fact and the low-q
properties of the irreducible (2(q, (d), we obtain
to zeroth order in q~

e - - e(E, E )-
32 2 E2(ql E1) (2(q(, (tt) —

2 q1 (2(q( 2(t()
m(d Qy m~q,

1 eh(q1 ~ E2) g (0 ij(q, ) im) (ml j(-q2) ~ E, 10)
(d m [E —E +2(h(v+f5)][E —E +(if(v+f6)]

(Ol j(-q1) ~ E, lm) (mlj(q, )10)
( 2)

[E,- E —2(h~+ i5)] [E,- E.—(h~+ i6)]

Manipulating the term in large parentheses in (C2)
so as to obtain single energy denominators gives
the response in terms of first-order response
operators. Using the symmetry properties of the
isotropic electron gas leads to (B5) with the de-
fining response equation (B6) being the irreducible
first-order response equation for an interacting
electron gas. Taking the sum of (B5) and the equa-
tion obtained by interchanging E„q,and Ea, q~
in it and using the small-q properties of the irre-
ducible first-order response operators' leads to
the response equation (B4) in an interacting elec-
tron gas when q, and q are small.

It is necessary that the response be irreducible
in order for the statements about the convergence
of the long-wavelength current operator to the total
current operator to be true. Allowing plasma-wave
collective excited states as intermediate states—
those states being excluded from the irreducible
response —destroys the smooth convergence. ' %e
note that dealing with the irreducible response op-
erator is consistent with the method adopted in this
paper for calculating the SH radiation in which the
first-order EM fields to be inserted into the second-
order response equation are found by solving the

self-consistent Maxwell's equations and the second-
order current is used as the unshielded driving
current to find the SH radiation.

A result similar to (B5) can be obtained in an
electron gas with translational symmetry in two
dimensions only. Suppose that the electron gas is
translationally symmetric in the x and y directions
and is perturbed by an electric field of the form

E(r, i) = E,(z)e"2' ""+E2(z)e"~

i) 3 (z) e(((it(+22). o -2wt] (C4)

Suppose now that E2(z) is slowly varying with a
characteristic length of variation much greater than
vz/(d, that it has no z component, and that q„
qz«(v/vz. Then, using reasoning similar to that
used above, we obtain for j2(z) to lowest order in

q„qzand the variation in z of E2(z), due to the ir-
reducible response,

R=ix+yy . (C2)

Then the second-order current is of the form

e - g (Olp(z) lm) (mlj, (z')10) (Ol j,(z') Im) (ml p(z)10)
32Z = —

2 2Z
m(d E2 —E +(h((t+i6)

+
E(t —E —(h(d + i6)

e . {+ (Olj, (z)im) (mi p(z')10) (0ip(z') Im) (ml j,(z)10)
Z 2 Z

&u E2 —E + (I i5(d)+
+

E2 —E —(h&u + i5 )
E( z' dz' .
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(b)

FIG. 4. (a) Reducible and (b) irreducible three-point
diagrams.

We are interested in a strongly localized js(z)
which is in the region of a rapid variation in E,(z).
In an electron gas considered here a rapidly varying
electric field is longitudinal, so the rapidly varying

I

part of ft(z) is in the z direction. The strongly
localized js(z) is then parallel to Rs(z) and cor-
responds to the parallel surface current. To find
the radiation due to such a js(z) it is sufficient to
know the total integrated strength. We therefore
integrate (C5) over a region large compared to the
region of variation of Et,(z) but small compared
to the characteristic variation length of fs(z), which
in the problem considered in this paper is the order
of an optical skin depth. Performing such an inte-
gration allows us to take fs(z) out of the integral
and to expand the denominator of the response op-
erator in terms of if&c/(Es -E ). Only the first
term in that expansion is retained, the rest being
smaller by orders of &cl/vr, where l is the distance
integrated over. We obtain

r+ I/2 r+ l/p

js(z) = — s Es(z) (0
~ [p(z) j,(z') —j,(z')p(z)]

~
0)E„(z')dz' dzr- r/2 Im~ r- l/g

r+J/2
—e'- 3 r+ r/2

E (z) —[n(z)E„(z))dz = . E (z)[n(z)E (z)]&72 g- )/2 dz gm(d' r- l/2
(C6)

In going from the first line onthe right-hand side
of (C6) to the second, the equal-time commutation
properties of the current and charge density opera-
tors were used. The result (C6) applied to the sur-
face of a half-space metal yields a parallel surface

I

current with magnitude (36) and (39) with 5 equal to
1. We note that the magnitude of the current is not
sensitive to the detailed structure of the longitudinal
first-order electric field in the surface region.

*Research sponsored in part by the U. S. Air Force
Office of Sci entific Research, Office of Aerospace Research,
under Grant No. AFOSR-71-1967. The U. S. Government
is authorized to reproduce and distribute reprints for
Governmental purposes notwithstanding any copyright no-
tation hereon.

~Research sponsored in part by the National Science
Foundation, under Grant No. GU-2655.

tOn sabbatical leave at the Physics Department, Tech-
nion-Institute of Technology, Haifa, Israel, for the aca-
demic year 1970-1971; on a National Science Foundation
Senior Postdoctoral Fellowship.

~F. Brown, R. E. Parks, and A. M. Sleeper, Phys.
Rev. Letters 14, 1029 (1965).

F. Brown and R. E. Parks, Phys. Rev. Letters 16,
507 (1966).

C. H. Lee, R. K. Chang, and N. Bloembergen, Phys.
Rev. Letters 18, 167 (1967).

4H. Sonnenberg and H. Heffner, J. Opt. Soc. Am. ~58 209
(1968); C. C. Wang and A. M. Duminski, Phys. Rev.
Letters ~20 668 (1968).

E. Adler, Phys. Rev. 134, A728 (1964).

6H. Cheng and P. B. Miller, Phys. Rev. 134, A683
(1964).

'N. Bloembergen and P. S. Pershan, Phys. Rev. 128,
606 (1962).

N. Bloembergen and Y. R. Shen, Phys. Rev. 141, 248
(1966).

SS. S. Jha, Phys. Rev. 140, A2020 (1965); Phys. Rev.
Letters 15, 412 (1965).

~ON. Bloembergen, R. K. Chang, S. S. Jha, and C. H.
Lee, Phys. Rev. 174, 813 (1968).

N. Bloembergen, Non-linear Optics (Benjamin, New
York, 1965), and references therein.

2A. B. Pippard, Rept. Progr. Phys. 23, 176 (1960).
~3S. S. Jha and C. S. Warke, Phys. Rev. 153, 751

(1967); 162, 854(E) (1967); K. C. Rustagi, Nuovo Cimento
53B, 346 (1968).

~4F. Brown and M. Matsuoka, Phys. Rev. 185, 985
(1969).

~SP. McCardell (private communication).
P. Nozihres, Theory of Interacting Fermi Systems

(Benjamin, New York, 1964).


