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The theory of acoustic paramagnetic resonance (APR) for the Cr '(3d ) ion at cubic crystal
sites with octahedral coordination is developed for comparison with data by Marshall and
Rampton for Cr ' in MgO. An analytic model that takes explicit account of random strain is
obtained and shown to predict in a simple way both the angular dependence of the resonance
lines and the asymmetric line shape found experimentally. Although most Cr ' ions experience
distortions of effectively orthorhombic symmetry, the apparent presence of a tetragonal dis-
tortion at the site of the relatively few acoustically active ions is shown to result from the con-
ditions of the experiments, in which the random strain splitting of the Cr2' levels is typically
larger than the acoustic energy quantum. Using this model, we show that the data for Cr ' in

MgO may be accounted for quantitatively if the Cr+ is subject to a dynamic Jahn- Teller effect
for which the tunneling splitting 31 is large compared with the spin-orbit splitting of the E
state. This interpretation differs from one proposed previously by Fletcher and Stevens, in
which a much smaller value for 31 was obtained. It is shown that from presently available
data one cannot yet determine 3I' or other Jahn- Teller parameters of the system with any cer-
tainty. The theory of a dynamic Jahn-Teller effect for a 5E state is developed in a general
way to encompass the regime of weak Jahn- Teller coupling, which would be applicable to APR
experiments on Fe~' in tetrahedral coordination, while also including the limit of strong cou-
pling in which the adiabatic approximation used by Fletcher and Stevens is applicable.

I. INTRODUCTION

The acoustic paramagnetic resonance (APR)
spectrum of the chromous ion (Cr~') in MgQ has
been studied by Marshall and Rampton' in the liquid-
helium and -hydrogen temperature range at 9.46
0Hz. Resonance lines were observed below 10 K
which appeared to result from a transition within
an excited doublet level a few cm ' above a nonde-
generate ground state. The strong anisotropy of
the resonances as a function of the orientation of
the magnetic field indicated that the Cr~' ions which
gave the resonances were situated at tetragonally
distorted sites having the fourfoM symmetry axis
coincident with one of the (100) crystal axes. These
centers could apparently be aligned along a selected
(100) axis by application of an external stress The.
resonances had a strongly asymmetric line shape.
No resonances were observed corresponding to ions
on cubic sites.

The Cr ion in octahedral coordination is a Jahn-
Teller (JT) ion, having an orbital doublet ('E) ground
state in cubic symmetry, and in MgO it should be
coupled strongly to the lattice phonons. The re-
sulting dynamic JT effect has been analyzed theo-
retically by Fletcher and Stevens in the adiabatic
approximation. ' The level structure for Cr ' per-
turbed by a small tetragonal compression was shown
to be consistent with having acoustically induced
resonance transitions within a doublet a few cm ~

above a singlet ground state. Fletcher and Stevens
showed, from a numerical analysis of the splitting
of this doublet as a function of magnetic field and

strain, that the observed resonance spectrum could
be accounted for qualitatively in terms of a distribu-
tion of tetragonal distortions assumed to arise from
random strains in the lattice. Using this model,
they then obtained from the resonance data a set of
values for the parameters characterizing the spin-
orbit and JT coupling of Cr ' in MgO.

Our purpose, in this paper, is to reexamine the
problem of the APR spectrum of Cr in MgO to try
to clarify a number of points that remain unclear
in the treatment of Fletcher and Stevens, to try to
obtain a more tractable mathematical description
of the resonance spectrum, and thereby to obtain
a better basis on which to attempt to determine how

important the JT effects are in this and related
systems. In particular, we have found it possible
to obtain an analytic model which predicts in a
simple way both the angular dependence of the reso-
nances and the asymmetric line shape found experi-
mentally. Moreover, this model accounts, in a
natural way, for the apparent presence of a tetrag-
onal distortion at the site of the active Cr ' ions and
for the apparent alignment of these centers in an
applied stress. This effectively tetragonal distor-
tion is shown to result under the conditions of the
experiment from a selection, made by the resonance
condition, among all the Cr ' ions which are present
in the crystal and which, in most cases, see a
strain of orthorhombic symmetry. On the basis of
this revised model, we can reevaluate the role of
the JT coupling in this system. Our conclusion
differs somewhat from that of Fletcher and Stevens:
W'e show that Cr ' in MgO indeed exhibits a dynamic
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JT effect rather than a static JT distortion, but
that, from presently available data, we cannot de-
termine the JT parameters, in particular the tun-
neling splitting 3t', with any certainty.

'fbe Cr ' ion (Sd ) is a, very interesting one in the
study of JT effects, and it provides a marked con-
trast to the behavior of the Fe' ion (Sd ), which
has similar electronic states. In tetrahedral coor-
dination, Cr" (ground state 'Tm) is now known' to
suffer a static JT distortion at liquid-helium tem-
perature in ZnS, CdS, ZnSe, ZnTe, and CdTe, and
in octahedral coordination by analogy with Cu '(Sd,
ground state E) it would be expected also to show

strong JT coupling. In contrast, Fe ' in tetrahe-
dral coordination has been found to have sufficiently
weak JT coupling in its ground state ( E) so that
simple crystal field theory seems to provide a good
description of this state in most of the crystals in
which its spin-orbit splitting has been studied by
optical and magnetic methods, namely, ZnS, ~
CdS ZnO ZnSe ' CdSe, Zn Te
CdTe, ' ' ' ' GaP, GaAs, and MgA1+4. Among
these crystals, CdTe is the only one so far in which
effects of the JT coupling have been identified in
the 'E ground state. " For Fe in MgO, the JT
coupling in the T~ ground state is again rather
weak, although significant departures from the
crystal field model have been attributed to a dynam-
ic JT effect. " In evaluating the role of JT effects
for these ions in various lattices, we would find it
of great interest to be able to obtain reliable values
for the JT parameters for Cr in MgO and other
crystals with octahedral coordination, and it was
in the hope of doing this on the basis of a better
understanding of the model proposed by Fletcher
and Stevens that the present work was undertaken.
Unfortunately, although we have been able to ac-
count qualitatively for all of Marshall and Rampton's
observations, we conclude that we are not yet in a
position to obtain these parameters from the avail-
able data and that more experimental measurements
and analysis will be necessary. Since APR experi-
ments may also be able to cast more light on the
properties of Fe ' in fourfold or eightfold coordina-
tion, we have included in this paper a general treat-
ment of dynamic JT effects for a 'E state which is
applicable over the full range of possible coupling
strengths. Our treatment thus includes both the
weak-coupling regime appropriate to Fe ' as well
as the strong-coupling limit to which the work of
Fletcher and Stevens, using the adiabatic approxi-
mation, is applicable.

We will begin our treatment with a review in Sec.
II of the general analysis of the dynamic JT ef-
fect ' for an ion in an orbital doublet state in
cubic symmetry, in order to establish the connec-
tion between the present analysis for a ~E state and
that given previously by the author for a E state. 6'

This treatment also includes the results obtained
in the strong-coupling limit by Fletcher and Stevens
using the adiabatic approximation. In Sec. III we
analyze the APR transitions to be expected from
the spin-orbit levels of the E term in cubic sym-
metry, using perturbation theory and taking into
account the level splittings caused by the random
strains, which, as we will show, are responsible
for the unusual line shape. This analysis is ex-
tended in Sec. IV to include the effect of the random
strains in coupling the different spin-orbit levels.
We treat the effect of an externally applied stress
in Sec. V, and in Sec. VI the theory is related to
the experimental resonance data for Cr ' in MgO.
An estimate for the JT energy of Cr ' in MgO is
attempted in Sec. VII. The conclusions are sum-
marized and discussed in Sec. VIII.

II DYNAMIC JT EFFECT FOR A sE STATE

A. General Analysis for an E State

In our treatment of the dynamic JT effect for an
ion in a 'E state at a site of cubic symmetry in a
crystal, we will use the model ' ' of an orbital
doublet electronic state belonging to the irreducible
representation E of the rotation group 0 of the cube
(or of the tetrahedral group T,), coupled to a de-
generate pair of vibrational modes Q~, Q, also be-
longing to E. ' This model appears to be a gross
oversimplification of the actual situation of an ion
in a crystal, where the coupling is with the entire
spectrum of lattice phonons as well as with any local
modes that are present. Nevertheless, as discussed
elsewhere, "' we believe this model is really a
fairly good representation of the actual situation
throughout the full range of possible JT coupling
strengths, at least for the spin-orbit levels close
to the ground state and with the proviso that the
phonons that couple strongly have energies appre-
ciably higher than the excitation energies of these
levels. The modes Q~, Q, therefore represent, in
an average sense, the effect on these lowest spin-
orbit levels of JT coupling with these many modes,
and appropriate values for the frequency and effec-
tive mass for Q~, Q, must be chosen accordingly.
In the regime of strong coupling, Q~ and Q, may
conveniently be thought of as primarily involving
the displacements of the cluster of nearest-neighbor
ions surrounding the JT ion, in agreement with the
cluster model used by Fletcher and Stevens. Al-
though such a mode of the cluster is not a normal
mode of the crystal, the effect of the strong JT cou-
pling is to select, as the effective JT mode, a linear
combination of normal modes which maximizes the
JT coupling. " Long-wavelength acoustic modes
which are "on speaking terms" with the spin-orbit
levels, on the other hand, are relatively ineffective
in the JT coupling as far as shifting the energies of
the spin-orbit levels or affecting their reduction fac-
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tors, as has been shown in the previous work' on
Fe ' in MgO. 'Ihese modes serve primarily, there-
fore, to induce transitions among the levels and
thus to determine their lifetimes and relaxation be-
havior, but they may conveniently be omitted from
the JT model in determining the vibronic states.
Our model, in any case, leads to levels having the
correct symmetry, and it is the symmetry proper-
ties of the levels on which the critical features of
our analysis of the APR spectrum depend.

The basic vibronic Hamiltonian of our model is

X= X 0 + Xgg +X~ )

where, in the notation' used in earlier work,

(V &0}. 3Ca, therefore destroys the rotationalsym-
metry in this lower surface as a function of 8

and thereby selects three configurations of minimum
energy from the infinite number of energetically
equivalent configurations that we had at the bottom
of the trough for linear JT coupling alone.

The vibronic ground state of the Hamiltonian (1)
is a doublet E state, and with only linear JT cou-
pling the first excited state is an accidentally de-
generate doublet (A, +A,), the excitation energy of
which is given quite accurately for E» /Sru &1 (see
Fig. 3 of Ref. 17}by

Dg= 2a,

Xo = (2p) ' [Pea+ P, + (p(u)a(Qea+ Q,')] 8
where

o = jia/2ppo= S&u(4E» /k&u)
' . (12)

describes the elastic and kinetic energy of the vi-
brational modes, and

&» = V(Qe'ue+ QI'uI) (3)

gives the linear JT coupling of the electronic or-
bital doublet I E8), I Ee&. As in the earlier work, '7

&, ~3, '~, and%i, denote electronic operators trans-
forming, respectively, as A&, A2, E8, and Ea and
defined as follows:

0 =
I E8)(E8 I+ I EE)(E&I,

tt, = + t(l E~&(E8 I
—

I E8)(Ea I ),
'ue = —

I E8)(E81+ I E~&(E~ I,
'u, =+ IE8&(Eel+ IEe&(E81

(4)

P = (+ Ve Po+ Ve Po) (io)

and take the upper (lower} sign in Eq. (10) for V &0

The JT stabilization energy E~ obtained for linear
coupling alone is

E» = V /2p, v

and corresponds to all the points in Q space lying
on the circle for which

(6)

where we define p and 8 by

Q~ = p cos8, Q, = p sin8 .
The final term in Eq. (1) is given ' by

X = V.(we(Q' —Qe)+2'u. Q.Qel+ VeQe(Qe —3Qa)s (6)

and describes the higher-order coupling allowed in
cubic symmetry. When treated as a weak pertur-
bation on the linear coupling, X~ changes the energy
at the bottom of the trough in the lower adiabatic
potential energy surface of the Hamiltonian (1) by
an amount

X@-—P cos38,
where we define

This excited state is split by X~, and the lower
singlet approaches the ground-state doublet asymp-
totically as the strength of X~ increases. The en-
ergy separation SI' of this singlet from the doublet,
which is also called the "tunneling splitting, " has
been calculated by O' Brien, ' Williams et al. ,

~ and
Fletcher and Stevens in the adiabatic approxima-
tion, in which coupling via the kinetic energy be-
tween the upper and lower potential energy surfaces
of Eq. (1) is neglected. This approximation should
be quite accurate for E»/h&u & 2, and a graph show-
ing 31'/a as a function of I 8l/a has been given by
Williams et al. (see Fig. 3 of Ref. 23). This lower
singlet state belongs to the irreducible representa-
tion A~(Aa) if V and P have the same (opposite} sign.

The effect of perturbations in splitting and shifting
the electronic orbital doublet I E8), I Ee& may be
represented in the general form

'U= Gg5+ G282+ G~Rl~ + G, 'Ll, ,

where the G's are functions of the components of
external perturbations such as magnetic fields and
strain, and also of other operators such as elec-
tronic or nuclear spin. G& is symmetric under
cubic transformations of these components, G2 be-
longs to the irreducible representation A~, and G~
and G, transform as partners belonging to E. The
matrix elements of V, with respect to the vibronic
E ground state I 4& ), 14'„), are then identical with
those of

'Ue = GaS+fpGa@ae+8(Geuee+ GI'u, I) (14)

where p and q are the reduction factors introduced
in the earlier work and defined by

q = -(@eel'uel @w&

and 8„, %,~, and M„are operators defined with
respect to the vibronic ground state in analogy with
Eq. (4), namely,
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n„=+i (Io„&&@„l—I @„&&@„I),

~,e = — +,.&&+,el+ I
~,.&&',.I,

&es=+
I +ee&&@gal+ I @es&&+eel

Expressions for q and p have been given else-
where ' '; for the purposes of this paper it will
suffice to know that p and q decrease from unity
with increa. sing (E»/h&u), and that for (E»/hu&) ~2,
p and q are very close to their limiting values p-0
and q --,'. We must also introduce a third parameter
~ given by the matrix elements of '4, and 'll, be-
tween the vibronic ground state and the first singlet
excited state 14"&& or l4'„e). We define this" to be

'= &4'«I &e
I ~&& =&'»I &.I~,.& (17a)

E = —2Kq,

E =+ 2Kq,

r, : E"'=-', r '[(-', r)'+2K'r']'"

(21a)

(21b)

(21c)

I » with I', the ground state if K&0. However, if
3I' is not large compared to 4K, we must include
the spin-orbit coupling to the excited states. If
only the lowest singlet is low enough in energy to
be important, there are then two additional spin-
orbit levels to be considered; these are I 3 and I',
if the singlet is A& (since the spin states with S = 2

span I', +I",), and I', and I', if the singlet is Ae.
The relative energies of the I &, I „and 1, levels
are independent of whichever singlet is lower and
are given by

if the singlet is A&, and

r =&@eel'~II @ee& = &+"el &el +e~& (17b) I'4.' E = -Kq, (21d)

When the lower singlet is A&, the energies for I 4

and I', are given by

if the singlet is A2 ~

B. Spin-Orbit Splitting

For a 'E state we have an electronic spin S = 2

and a second-order spin-orbit interaction within
this state which can be written in the form of Eq.
(13) as

X,.=--', K([3S,'-S(S+I}]~,+~3(S„'-S,'}~,). (IS)

For Cr 'or Fe ' ions, this expression serves to
describe not only the effect of spin-orbit coupling
among the states derived from the 'D term of the
free ion [for which A(L ~ S) gives the spin-orbit
coupling, and for which the cubic-field splitting is
'= 10!Dql ], but it also describes the effective
spin-spin interaction, which includes the effect
of spin-orbit coupling to higher states with S = l.
The coefficient K is given when E is the ground
state by

K= S[(~'/n)+ p], (IS)

where p is the effective spin-spin interaction pa-
rameter, 6 and, of course, A. and p may both be
changed from their free-atom values by the crys-
talline environment ~

The effect of the JT coupling on the spin-orbit
splitting of the vibronic E ground state, then, is to
replace the effective interaction coefficient K by

K =qK, (20)

in accord with Eq. (14). If the nearest excited
state has an excitation energy much larger than the
spin-orbit splitting, namely, 31»4K, the splitting
of the ground state is the same as in the crystal
field model except for the reduced size of the split-
ting. The five spin-orbit levels are then uniformly
spaced, '~ the separation of adjacent levels being
K . The order of the levels is I'] I4 I3 r„a d

I', : E "=—,'I'+-,Kqa[(-', I —,Kq)'+K'—re]'~', (21e)

or, when the lower singlet is A» by

r, : E"'=-,'r --,'Kq*[(-,'r+-,'Kq)'+K'r']'", (21d )

1"5.' E =+Kq ~ (21e')

These results agree with those obtained by Fletcher
and Stevens for the adiabatic approximation in the
strong-coupling limit, whereas for 3I'» 4K the
lower five levels from Eqs. (21) are uniformly
spaced, as found earlier, with a separation K ',
agreeingwith Eq. (20). Itis, infact, agoodap-
proximation for most values of the JT coupling
parameters to replace re in Eqs. (21) by its limiting
value" ~ for large I PI/n in the adiabatic approxi-
mation, namely, r -2q . The resulting energy
levels are plotted as functions of 3I'/Kq in Fig. 1.
The limit as 3I'/Kq-0 of course corresponds to
the static JT effect, in which it may be shown that
only the five spin states of S = 2 corresponding to
each of the three tetragonally distorted configura-
tions are coupled strongly by perturbations such
as magnetic fields or strains. This limit is at-
tained in practice when the random strain sylit-
tings of the levels (see Secs. IID and IV) are larger
than 3I', and in this limit the spin levels belonging
to each distorted configuration are displaced as a
group by an additional strain. In this limit, there-
fore, the fluctuating strain associated with an
acoustic wave cannot, to a first approximation, in-
duce transitions either among the spin levels of a
single distorted configuration or between spin levels
of the different configurations. In the static JT
limit, therefore, the vibronic levels behave in the
same way as spin states (S= 2) associated with three
static tetragonally distorted centers, and the APR
absorption would be very weak compared to what is
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l0

3I'/Kq

~~s p

"ds~ ]du a-

[&4(

The effect of the JT coupling on the matrix elements
of X„among the states derived from the vibronic E
ground state is then to introduce the reduction factor
q into the anisotropic terms of Eq. (22}, in accord
with Eqs. (14).

We shall be particularly interested in obtaining
the g factors which describe the linear splitting of
each of the spin-orbit triplet levels 1"4 and I'„ from
Eqs. (21), in a magnetic field. From symmetry
considerations, the I'& and I', singlets and the I',
doublets are not affected by a magnetic field to first
order in H, while for each 14 or I', triplet the Zee-
man splitting must be isotropic and is given by

X~H gee( g , H) . (24)

hC

6-

C

0 2 4 6

3F/Kq

I4s rs

si
i~34 r4

~~4} rI

FIG. 1. Relative energies of spin-orbit levels (S= 2)
derived from an orbital doublet 5E electronic state in
cubic symmetry for a strong JT coupling, showing the
approach to the limit of a static JT effect (after Bates
and Dixon, Ref. 41). The levels shown include those de-
rived from the lowest orbital singlet tunneling level (a)
A~ or (b) A2. Energies are given relative to the I'& ground
state in units of the reduced spin-orbit parameter Kq, as
a function of the tunneling splitting 3I' [see Eqs. (21) in
text, where the approximation +=2q2 has been used in
plotting the curves).

Xe —-gxP a( 8 ~ H) +asaPgz ([3SiH~ —(8 ~ H) ]Re

+W [s,a, —s, H„]~,), (22)

found in the dynamic JT regime with which our
analysis in this paper is principally concerned.

C. Zeeman Splitting

In a 'E electronic state in cubic symmetry, the
linear coupling of the spin to a magnetic field H has
the same general form as that derived' for a. E
state; we have

Here g is the g factor for the particular spin-orbit
triplet, while f ' is an effective spin operator (g '= 1)
acting within that triplet alone and defined with re-
spect to the states I I",x), I I'4y), I r4z& or I r, )),

) rsvp&, I r, I& of the particular vibronic triplet by

8,'=.l(l r, y&&r, xl —
I
l, x&&r, y I) (26a)

or

etc. From the wave functions obtained for the lev-
els of Eqs. (21}, using Eqs. (14) and (17), we obtain
for the case in which the lower singlet is A& the fol-
lowing g factors+:

1~4:
I', ': g=-', g, (l —Ssm'P, )+qg, cos P,

(26a)

—rg2 sing& cosp~, (26b)

I'5 '. g= -gg(1 ——sin Pg) +qg2 sin Pg

tan2Pq= —2rK/(3r -Kq) . (27)

When the lower singlet is A& we have instead
1g'= &g1+Ma ~

I', ': g=-, g, (1 —Ssin p,) —qg2cos pa

—rgasinpacos62, (28b)

I'4': g= —g&(1 ——,
' sin Pa) —qg2sin P2

+ rga sin pacos p2, (28c)

+rg2sins, cosp, . (26c)

Here I'5 ' and 16" denote the lower and higher I'5
levels from Eq. (2le}, respectively, and we have

where p, e = (eh/2mc) is the Bohr magneton. For
Cr ' or Fe ' with 'E the ground state, g& and g2 are
given to first order in the spin-orbit interaction by

where

tan2P, = —2rK/(SI'+Kq) . (29)

g, = 2 —(4~/~},

g, = —(4~/~) .
(23)

These results [Eqs. (26)-(29)] again agree with
those obtained by Fletcher and Stevens in the adia-
batic approximation.
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iIe, = eg, ——,(e„,+e„),

e, = —,
' W (e„„-e„),

(30)

D. Strain Splitting

The splitting of the electronic orbital E doublet,
as a result of a strain in the crystal described by

Thus, for example, for one of the r4 levels, we
have

~'=-I«&&r
I

-'Ir '&« I -'l«»«yl
(3'I)

&l= l~3(- lr, x&&r, &l+ Ir, »&r4y I) .

where

(31)

In the notation of Eqs. (26)-(29), we find, then, for
these strain coupling coefficients when the A& sin-
glet is lower,

X~ = Vq(e~%le+e, %,,), (32)

is a component of the strain tensor, may be repre-
sented by

r4

r" ~

5 ~

Vq= —qV2,

Ve=+qVzcos P&+2rV2sinP&cosP&, (38)

V~=+qV, sin'P, —2rV2sinP& cosP&,

@e=Dee
0

Q, =De, ,
0

(33)

where D is an appropriate coefficient. However,
as proved elsewhere 4' by a simple change of
variable, the effect of this change on the states of
the JT system is identical to that of Eq. (32) if V2
is given the value

Vg= DV, (34)

where V is the JT coupling coefficient. 3C~ as given
by Eq. (32) therefore suffices as a general phenom-
enological expression for the effect of strain on the
system.

We shall be particularly concerned with the first-
order strain splitting of the I'4 and I', spin-orbit
triplet levels of the JT system, whose unperturbed
energies are given by Eqs. (21). Within each such
triplet, the effect of Xe in Eq. (32) is equivalent to
that of

x,(r,) = V,[$,'e, + 8,'e, ], (35)

where in terms of 8' from Eq. (25) for the same
triplet we define

(36)

where V2 is the strain coupling coefficient. (The
strains e~, e„, and e,„do not affect the doublet if
we neglect spin-orbit coupling, and their effect, '6'7
even with spin-orbit coupling, is quenched by the
JT interaction via the reduction factor O. ) In the
form of Eq. (32), the strain coupling appears as a
direct splitting of the electronic degeneracy as a
result of the deformation of the crystal; we may
alternatively view the effect of strain to be that of
shifting the equilibrium position of the active modes
Q~, Q, from Qf) = Q, =0 in the elastic energy in Eq.
(2) to

and when the Az singlet is lower,

r'-) ~

4 ~

r(+) .
4 ~

Vz=+qV&,

Vg = —q Vm cos'P~+ 2xV~sinPp cosPp, (39)

V~ = -qV2sin Pz —2rVasinP~cosP& .
III. APR SPECTRUM FOR A 5E STATE

Let us now consider the APH absorption spectrum
to be expected from transitions within one of the I'4
or I'5 spin-orbit triplets, in the presence of a small
crystal strain characterized by values of e, e, from
Eqs. (30) which are taken to va.ry at random among
the chromium sites. The probability distribution
p(e&, e, ) for e, and e, presumably looks somewhat
similar to that in Fig. 2(a) for a cubic crystal with
no externally applied stress; this distribution is not
necessarily independent of the azimuthal angle g in
the (ez, e, ) plane, where we have

e, = (e,'+ e,')'"cosy,

e, =(e +e, )
~ sing;

(40)

but to satisfy the requirements of cubic symmetry
p(e~, e, ) must be invariant to a rotation in g by s —', v
and must be symmetric under reflection in the e~
axis (g- —$). We assume, moreover, that the typ-
ical strain splitting of our triplet is appreciably
larger than the energy quantum hv of the incident
acoustic wave. We believe this assumption should
be appropriate in the experimental situation of
Marshall and Hampton' because their frequency
9.46 GHz (0.315 cm '} is smaller than our estimate
of -1 cm ' for typical strain splittings (see Sec. VI).
In order to simplify our discussion in this section,
we will assume for now that, despite these rather
large splittings, we may nevertheless ignore strain
coupling bet veen the different spin-orbit levels of
Eqs. (21}, so that we may treat each triplet sepa-
rately. This assumption will be removed in Sec.
IV, where the necessary modifications of the theory
appropriate to a more realistic analysis of the case
of Cr ' in MgO will be given.

Since under our assumptions both e~ and e, are
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ee

and (I'„&for an ion in the set A, for which e, is
small and ee large (for definiteness we take our
triplet to be I'4,. the analysis for a I'~ triplet is
identical, with I l,g&, I I',q&, I I', 0& replacing I I",x),
I I',y), I I', z)). The separation of the third state
I I'4z) from the mean energy of the pair is then

c
W = —

2 V~e~
3 (41)

A

e
A

e

(b) (c}

FIG. 2. Contours of equal probability {schematic) as
given by the probability distribution p{e,), e,) for the com-
ponents e+ e, of the total strain at Gr sites in a cubic
MgO crystal: {a) local random strain with no externally
applied stress; (b) local random strain plus a uniform
uniaxial compression along [001]; {c) lncal random strain
plus a uniform uniaxial compression along [010]. Lines
A, B, and C are the loci of points for which the local
strain has tetragonal symmetry with respect to the [001],
[100], and [010] crystal axes, respectively.

from Eq. (35), and we will take account of the mag-
netic coupling between this state and our pair by
perturbation theory. Before doing this, however,
let us consider the terms of order H which result
in cubic symmetry from the second-order coupling
of our triplet, via the magnetic field, to the other
spin-orbit levels of Eqs. (21). Their general form
may be written down from symmetry considerations
as follows:

&,'"(P,.„)= a'[&,'(-3H,'H')+ 8-,
'

V 3(H„' H')]-
—b [f IH„H, +V'„'HgH„+I'qH„H, ] —c'H

(42)

where in addition to the operators Se, 8,', which
transform as E and were defined in Eqs. (37), we
have introduced T2 operators V',', V'„', W& defined as

q. ,'= g,
'
g,

' g,
' g„'= —

~
r, x&&r, y ~

—
~
r, y&&r, x ~, (43)

typically nonzero for most of the chromium ions in
the crystal, for most of these ions all three levels
of our triplet are separated from each other by
more than hv, the effective site symmetry is orthor
hombic, and no resonance absorption is possible.
There are a few ions, however, for which ge and e,
happen to lie close enough to the lines A, B, and C
in Fig. 2(a) [defined by (A) /=0 or v, (B) p=+-', v or
——,'v, and (C) g = ——',v or + —,'v] so that two of the trip-
let levels are separated by less than hv from each
other according to Eq. (35). These ions then see a
nearly tetragonal strain (a compression for g = s —,'v
or z, an elongation for P = 0 or + —', s) having the tetrag-
onal axis along the (A) [001], (B) [100], or (C) [010]
directions. For most of the ions in each of these
three sets, the third level is well separated from
the other two, and we may treat the possible reso-
nance transition as occurring within this isolated
pair, the separation of which depends both on the
applied magnetic field and on the part of the local
strain which represents the departure from perfect
tetragonal symmetry. Only when e and e, are both
near zero are all three levels of the triplet close
together; under our assuD. ptions, such ions consti-
tute a small fraction of those in our three sets A,
B, and C, so that we will ignore them. Further
justification for this assumption will be apparent
later in our treatment.

We now consider the dependence on the magnetic
field of the separation of the pair of states I I'4x)

o, =
[ l, x&&r, yi ~

r, y&&r, xi,

r, x&&r, x —
I
r,y&&r, y

and we have for the coefficients

a =-', (g'p,'/w)+-', a',
b=(g'~slW+b .

(45)

(46)

etc. The coefficients a', b', c' will be given later
for the particular triplet levels of interest. Assum-
ing for now that these coefficients giving the effect
of the distant levels on the states I

I', x), I I',y) are
not significantly changed by the local strain, we ob-
tain the effective Hamiltonian for this pair, to sec-
ond order in H and including the strain, from the
matrix elements of Eqs. (24), (35), and (42) with
respect to these states. To this we add the second-
order corrections resulting from the magnetic cou-
pling via Eq. (24) to I I'4z); the result may be ex-
pressed in operator form as

+elf glj'BosHt+ [o(H* H ) 2 ~Vse ]os +bo1H H,

(44)

where for simplicity we have omitted terms that
shift the center of gravity of the pair without affect-
ing its splitting. In Eq. (44) o|, os, os are the Pauli
matrices defined with respect to the pair states as
follows:
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The eigenvalues of K,« from Eq. (44) are easily
found to be +& &E, where

t1E = f[ V 3 Vse, —2a(H„—Hy )]

4 2~2 H2+ 4b2H2H2] 1/2 (47)

The separation of these two states in a given mag-
netic field, therefore, has a minimum value as a
function of e, given by

[4g2~ 2 H2+ 4b 2H2H2 ]1/2

which is attained for those ions for which

(48}

WVse, —2a(H„H, ) =0-. (49}

In the experiments of Marshall and Hampton, a
longitudinal acoustic wave was propagated along the
[100] axis of the crystal, thereby modulating the
strain at the chromium sites by

be2 = S cos (21/vt),

be, = —&3 Scos(21/vt) .
(50)

It follows from Eq. (35) that this perturbation has
diagonal matrix elements with respect to I I'4x),

I I'4y) given by

(I', x i3C 2'
~

I', x) =+ 2 V, S cos(21/vt),

(r,& ~X',
~

I', y) = —V,S cos(2vvt) .
Since the off-diagonal matrix elements are zero,
the acoustic wave cannot in any case induce transi-
tions between the strain-split states 1I',x) and

I I'4y) in zero magnetic field. The magnetic field,
however, serves to mix these states, via the terms
involving o1 and o2 in Eq. (44), thereby making such
acoustically induced transitions possible when the
resonance condition hv = 4E is satisfied. Using Eq.
(51), we find that the square of the absolute value
of this acoustic matrix element between the eigen-
states of Eq. (44) is proportional to

-1 =u
i V i(h'v' 4-&2&' H2 4-b2H'H')1/'

(54)

for hv & &E „. This factor therefore also contrib-
utes to an increasing absorption with increasing H,
until a field is reached at which

V = (4g2/12 H2~ 4b2H2H2)1/2 (55)

At higher fields the absorption is zero because the
resonance condition cannot be satisfied, since AE „
is then larger than hv according to Eq. (48). The
absorption should therefore rise to a peak at a field
given by Eq. (55), and then fall sharply to zero.

The parameter b, of course, depends on the strain
e& through the energy denominator S' in the first
term of Eq. (46). The absorption spectrum is
therefore the superposition of asymmetric lines
corresponding to the various values of e& lying with-
in the strain distribution; each component line has
its peak and high-field absorption edge at a field
given by Eq. (55). The absorption edge of the full
absorption spectrum will, accordingly, be broad-
ened by the variation in b (if both H, and H„are not
zero). Nevertheless, if the range of e, over which
b varies significantly is only a small portion of the
extent of the strain distribution, a mell-defined
asymmetric peak should still occur at a field given
by the value of b appropriate to the majority of ions.
Such a case is illustrated in Fig. 3, where b is
plotted from Eqs. (46) using a value for b' roughly
appropriate to what we might expect for Cr ' in
MgO (however, see Sec. IV, where the effect of
strain coupling between different levels is included).

/lf
2 V2S2( 2 2 H2~ b 2H2H2)/'(~E)2 (52)

which for a fixed AE thus increases as the second
or fourth power of H. A second factor affecting
the shape of the APR spectrum is the probability
(per unit energy) that t1E in Eq. (47) satisfies the
resonance condition. Weighting M with this prob-
ability, we find that the resonance absorption should
be proportional to

-25 -2.0 -].5 -i.o -o.s o o.s ].o
V~ eg/K'

I.s 2.0 25

( )
I'p(e„e, ) ds,

l grad, hE l

where the line integral is taken along the contour C
in the (e//, e,) plane on which nE = hv, and grad, /2E

is the gradient of &E with respect to e~, e, . If we
can neglect the dependence of t/E in Eq. (47) on e2
through that of a and 5, we have

PEG. 3. Value of the parameter b for a F4 or I'5 triplet
level as a function of the splitting of the triplet by a tetrag-
onal strain, as given by Eqs. (41) and (46) of the text,
neglecting any strain coupling of the triplet to other levels.
The fixed parameter b' giving the asymptotic limit of b
for large splitting (dashed line) is taken from Eq. (60} of
the text. The figure illustrates the fact that under these
assumptions b would be very nearly equal to b' for all
the tetragonally distorted ions, with the exception of those
for which the strain splitting is close to zero.
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We see that the absorption line shape predicted
by our model if b is constant, namely,

g2~2H2 + b 2H~22
) (b2 2 4 2 2 H2 4b2H2H2)1/2

does not require any very special form for the
strain distribution. This shape should be found
under rather broad conditions if b does not depend
strongly on e&, and if the spread in the zero-field
separation of the states I

I', x) and I
I', y) (resulting

from the component e, of the random strain) is suf-
ficiently large compared with hv so that the ions
contributing to the resonance absorption lie within
the central portion of the strain distribution where

p(est, e, ) does not depend strongly on e, . On the
other hand, if this spread should be smaller than

hv, the line shape would depend strongly on the form
of the strain distribution with respect to e, . In
particular, if we assumed the "random" strains to
be strictly tetragonal so that e, =0, as in the case
treated by Fletcher and Stevens, we would obtain
from Eq. (47) an absorption peak at a field given,
not by Eq. (55), but by

[4g2P 2H2+ 4422(H2 H2)24 4b2H2H2]1l2 (57)

and there would be no absorption on the low-field
side of this peak, except for what results from the
broadening of the peak through the dependence of a
and b on ee.

We have so far considered only the resonance
spectrum due to ions from the set A, and we may
expect similar peaks from sets B and C correspond-
ing to suitable permutations of H„, H„and H, in
Eqs. (55) and (56), for example. For set H having
its tetragonal axis along the [100] direction, how-
ever, a longitudinal wave along [100] affects both
states I I'4y) and I I'4z) identically, in contrast to
Eqs. (51), so that such a wave has vanishing matrix
elements between all orthogonal linear combinations
of these states. Thus, as noted also by Marshall
and Rampton, under the conditions of their experi-
ments, ions in set B should not contribute to the
absorption. Ions in set C, on the other hand, should
give an absorption identical to what we have found
for set A but with the role of H, and H, interchanged.
The resonance peak for this set therefore occurs at

hv = (4g I1sH, +4b H„H, )
i (58)

In low magnetic fields the APR spectrum for an
ion with a 'E ground state should result from tran-
sitions within the I"4 and I ~ triplets only, since the
I'1 and I 2 singlets and the l"3 doublets are nonmag-
netic and are not mixed with the triplets by the
strains e~ and e, . Of the three triplets from
Eqs. (21) or Fig. 1, the lowest I', will have the
greatest probability of being populated at tempera-
tures of a few degrees Kelvin and should be the
most important level in determining the APR spec-

trum at these temperatures. To complete our gen-
eral analysis we should therefore obtain the param-
eters a and b' for this level, which fix the size of
the second-order magnetic perturbations of the
triplet in Eq. (42) and thus determine the param-
eters a and b from Eqs. (46). In obtaining these,
we will neglect the small terms involving g2 in the
Zeeman interaction (22), and we will treat only the
case for which the tunneling splitting 31" is suffi-
ciently large so that it is a good approximation to
neglect the mixing of the 'A1 or 'A2 states with E
via the spin-orbit interaction (18). The isotropic
Zeeman interaction g1I1s(S H), then, does not cou-
ple 'E with 'A1 or 'A2, so that we obtain for a and
b of the lowest I"4 triplet simply

2 2 2 -1 2 1 I -1
+81PB(3+41 3 34+ 4+54)

b = +glI1s(2641+ 634 —
4 54)

2 2 -1 -1 3 -1

(59a.)

(59b)

where 6„=[E(I';) —E(I',)] denotes the energy-level
separations indicated in Fig. 1. When 3I'» 4K, so
that the lowest five spin-orbit levels have a uniform
spacing K =qK, we have simply

a =AI1s/&K',

b
' = + 21 gs p, s /&K

(60)

or, with uniform separation, the negative of the
values (60).

IV. APR SPECTRUM INCLUDING STRAIN MIXING
OF LEVELS

The treatment of Sec. III is not yet quantitatively
applicable to an interpretation of Marshall and
Rampton's results for Cr ' in MgO, because we
have so far neglected the strain mixing of the dif-
ferent spin-orbit levels of Eqs. (21). When the
strain splitting of these levels, as given by Eqs.
(38) and (39), is comparable with their separation,
this mixing causes the parameters a, b, and g in
Eq. (44) to depend on the strain in a more compli-
cated way than indicated by Eqs. (46) or Fig. 3.
Since for Cr' in MgO the separation of the levels
is only about 2 cm ' while we believe that the ran-
dom strain splittings are -1 cm ', we clearly must
take this dependence into account.

Taking the strain coupling as given by Eq. (32),
it is a straightforward computation to obtain the

the small value for g' resulting from the cancella-
tion of the first two terms in Eq. (59a) under these
conditions.

We may also show that for the lowest I', triplet,
under the same conditions for which Eqs. (59) hold,
we have

2 2 2 -1 2 1 1 -1 x
g 1I1a(sass '3+53+ 4+s4) ~

(61)
b = -g'1I1a(»25+ &53 —4~s4)2 2 -1 -1 3 -1
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energies and wave functions of the eigenstates de-
rived from those of Eqs. (21) for ions in the set A,
for which e, is small and may be taken equal to
zero, as a function of ee. From these wave func-
tions and energy differences we may then calculate
a, b, and g in Eq. (44) for the lowest doublet level
(derived from the lowest I', level), using second-
order perturbation theory to treat the magnetic in-
teraction. Fletcher and Stevens have described
some of the results of such a calculation, in which

they included the coupling with the levels derived
from the higher orbital singlet state. In our calcu-
lations, for simplicity, we have assumed 3I'» 4K,
so that we consider coupling only among the 'E
levels; in this case the strain coupling for nonzero

e, occurs only between the pairs of states (I'4x,
r,~), (r,y, r,q), (r„r,e), and (r„r,e), so that
the resulting secular equations are easily solved
analytically. We find for the lowest doublet the re-
sult

g =g, (1+2x) [(2+x)'+ 3x'] 'i',
where we have neglected g, and have set

x = q V ea/eK= V 2 ez/K .

(62)

(63)

(5) „=3 4(gfi,'/. K') . (64)

According to our analysis in Sec. III leading to Eq.
(55), ions having x &0 and contributing to a peak
depending primarily on the value of b [for example,
Eq. (55) if H, =0] should a, ll have their absorption
on the low-field side of the field obtained from Eq.
(55) by substituting the minimum value of b from
Eq. (64). If the strain distribution is broad enough,
ions having x &0 should therefore contribute an ab-
sorption having a sharp edge at this field and ex-
tending to lower fields, and the position of this edge
should be independent of the details of the strain
distribution. Ions for which the local strain cor-
responds to x & 0, on the other hand, should con-
tribute to a broad absorption having no well-defined
structure and extending on both sides of the edge.

For 5 for this doublet we obtain the result shown in
Fig. 4.

We see, therefore, that the parameters b andg,
which determine the positions of the APR absorp-
tion peaks found in Sec. III and given by Eqs. (55)
and (56), may be expected to vary quite significantly
as a function of the strain. Since over the range
x = ——,

' to +-,', g varies from 0 to -+1.5, we may
expect that an absorption peak determined primarily
by the value of g [for example, Eq. (5&) if H, =O]
would be greatly broadened by a strain distribution
extending over this range, and that this broadening
would probably erase most of the pronounced asym-
metry of the line expected on the basis of Eq. (56).
On the other hand, the value of 5 given in Fig. 4
for positive values of x has a broad minimum at

1 & ) I I I

Al
2—

C4
$7I

-I—

- I.O -0.8 -0.6 -0.4 -0.2 0 0.2 04 0.6 0.8
x= Veep/K

I 0 I 2

FIG. 4. Value of the parameter 5 for the lowest I'4
triplet level of the E state of Cr ' at a cubic site as a
function of a tetragonal strain. The curve takes into ac-
count the strain mixing of the different spin-orbit levels
and is appropriate to the case of a large tunneling split-
ting, 3I'»4K.

Since, however, for x &0 the doublet derived from
the lower I"4 triplet lies above the split-off singlet
and has had its excitation energy relative to the
ground state increased by the strain, the doublet
is relatively less likely to be populated at low tem-
peratures in proportion to the appropriate Boltz-
mann factor. The population distribution at a few
degrees Kelvin, therefore, favors having absorption
from those ions with x &0, for which the doublet is
not only below the split-off I'~ singlet but also close
to the singlet ground state. Despite the random
strain distribution, therefore, we should expect to
see a sharp asymmetric peak in the absorption
spectrum at the field given by Eq. (55) for the value
(5) „from Eq. (64).

Fletcher and Stevens have also identified some
of the absorption peaks in Marshall and Rampton's
data' with extrema in the distribution of resonance
fields as a function of tetragonal strain, so that our
interpretation is in qualitative agreement with theirs
on this point. We will defer a more detailed com-
parison with their conclusions until Sec. VI.

V. EFFECT OF APPLIED STRESS ON THE APR SPECTRUM

The effect of an applied stress on the APR spec-
trum may now be obtained easily, since such a
stress simply superimposes a uniform strain on the
random strains already present at the chromium
sites. The effect on the distribution for the result-
ing total strain given by e„e, is, therefore, simply
to shift the distribution of Fig. 2(a) by the amount
of the uniform strain. For example, a uniaxial
compression along [001]will shift the distribution
to that of Fig. 2(b), or a compression along [010]
to that of Fig. 2(c). The resonance spectrum is,
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however, obtained just as in Secs. III and IV, but
the analysis must now be applied to the shifted
strain distribution. All those ions for which the
point (e„e,) lies within a narrow band along the
e~ axis (line A) in Fig. 2 continue to contribute to
the absorption having its peak given by Eq. (55) and
its line shape given by Eq. (56), at least to the ex-
tent that these ions have the lowest doublet level
thermally populated. Since the value of g depends
on the value of ee along line A as described by Eq.
(62), we may expect the mean value of g, appropri-
ate to this set of ions, to shift in proportion to the
amount by which the uniform strain displaces the
distribution along line A. The value of 5 corre-
sponding to the extremum in Fig. 4 is, however,
independent of the applied stress, so that the posi-
tion of the resonance peak (or edge) corresponding
to (b) „should be unaffected. The intensity of this
peak depends, on the other hand, on the value of the
strain distribution near the extremum; this should
be nearly independent of the applied stress so long
as the uniform strain remains less than the mean
value of the random strain, provided, of course,
that the random strain distribution extends well be-
yond the position of the extremum and is relatively
smooth. Once the applied stress begins to displace
the distribution away from the extremum, on the other
hand, the intensity of the peak will be diminished.
Since for a. [001] stress [Fig. 2(b)] line A continues
to be a. diameter of the shifted strain distribution
while for lines 8 and C this is no longer true, the
number of ions satisfying the resonance condition
for sets B and C is reduced relative to that of set
A, and we may expect the integrated intensities of
the absorption associated with these sets to vary
accordingly. Alternatively, if the stress is applied
along [010) as in Fig. 2(c), the total resonance ab-
sorption from sets A and B should be reduced in in-
tensity relative to that of set C. The intensities of
these several contributions to the absorption spec-
trum are, of course, also influenced by the Boltz-
mann factor for the doublet level in each set and
how this is changed by the applied stress. If the
latter has a sense tending to reduce the doublet ex-
citation energy relative to the ground state, the
stress will tend to enhance the intensity of the ab-
sorption for that set, while for the opposite sense
it will tend to be diminished.

We may note that if the original random strain
distribution was not more or less independent of the
azimuthal angle g, as assumed in drawing Fig. 2,
but was instead composed of a distribution of strictly
tetragonal strains lying along the lines A, B, and C
as assumed by Fletcher and Stevens, ~ then the ap-
plication of a moderate stress parallel to [001]
would carry the ions originally on lines 8 and C
sufficiently far from these lines so that their zero-
field splitting would be larger than hv and they would

be unable to contribute to the resonance spectrum
at all. We would expect the resonance peak of set
C to vanish at a considerably lower applied stress,
in this case, than it would if the original strain dis-
tribution were independent of g. We note also that
the resonance of set C is lost, not because the ions
originally in this set are reoriented by the applied
stress to have the same alignment as set A, but
because their symmetry is reduced to orthorhombic
and their levels split by more than hv, so that they
cannot contribute to the resonance.

VI. APPLICATION TO THE APR SPECTRUM OF Cr 2+

IN MgO

In the geometry of Marshall and Rampton's ex-
periments, ' the orientation of the magnetic field
with respect to the crystal defined angles g and y
such that

H„=H cosg,

H, =Hsing cosy,

II, = H sing since,

(65)

H = hv/g„p, ~si en,

while the other (line U) was given by

(66)

H = H /(sin26) (67)

Lines C and U became coincident for y =45'.
Comparing the expressions (66) and (67) with the

theory developed in Sec. III, we find that the angular
variation of line C agrees with that of the absorption
peak of our set C [Eq. (58)] if we take

g= hagi( ~

while line U agrees with Eq. (55) (set A) if

(68)

(68)

Both lines C and U were found to be asymmetric
(see Fig. 2 of Ref. 1); line U, in particular, showed
a very sharp edge on the high-field side, in agree-
ment with the line shape we have predicted for the
random strain distribution. Line C is also steeper
on the high-field side, as our theory leads us to ex-
pect, but less so than line U. Since the position of
line C was found to vary from sample to sample

while the longitudinal acoustic wave propagated in
the x direction [100]. Two resonance lines attributed
to Cr' were observed which, from their dependence
on g and y, were judged to result from a transition
within a doublet level for two sets of ions situated
in tetragonally distorted sites, one set having its
axis along [010]and the other along [001]. From
the temperature dependence of the intensity of these
lines, it was concluded that the doublet level was a
few cm ' a.bove a singlet ground state. One of these
lines (line C) had a 6 dependence for cp = 0 given by
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more than did that of line U, this behavior and the
reduced asymmetry are therefore consistent with
the strong strain dependence of g found in Sec. IV.

Marshall and Rampton's observations thus appear
to be consistent with the theory we have described
if the resonance occurs within a triplet level a few
cm ' above the ground state. The lowest such trip-
let should be I'4 according to Eqs. (21) and Fig. 1

and, in agreement with the conclusion of Fletcher
and Stevens, we believe that the absorption is the
result of resonant transitions within this triplet,
as split by the random strain. Our conclusion dif-
fers from that of Fletcher and Stevens, however,
in that we do not have to postulate that all the natu-
rally occurring random strains have tetragonal
symmetry. Indeed, the unusual line shape with the
extended tail on the low-field side of the resonance
peak can be explained as the result of having a broad
distribution with respect to the nontetragonal com-
ponent of the strain. As we have shown, the fact
that the ions contributing to the resonance appear
to be in sites of nearly tetragonal symmetry has a
simple explanation if the acoustic energy quantum
hv is small compared with the mean splitting of the
triplet level by the random strain: Most of the Cr
ions are indeed in sites with a more pronounced
departure from tetragonal symmetry, but for these
all three levels of the triplet are separated by more
than hv, and these ions are unable to contribute to
the resonance absorption.

Marshall and Rampton obtained a value for g„ in
Eq. (68) in the range 1.9-2. 3 from the position of
the line C which, as we have already noted, varied
somewhat from one sample to another. From Eq.
(68) we conclude that ig i for the responsible triplet
level must be between 0.95 and 1.15. Comparing
with Eqs. (26) and (28), we see that this result is
indeed consistent with having the resonance within
the lowest I, triplet, for which we should have g-1
under a rather broad range of conditions. Since g~
is small, we would indeed have g(1',)- I from Eq.
(26a) for all values of 3I"/K if the orbital singlet is
A» while if the singlet is A~ we obtain this result
from Eq. (28b), provided the ratio 3I"/K is suffi-
ciently large. If we had 31"/K & 2 in the latter case,
we would have g & 0. 80 from Eq. (28b), so that the
data show that we must have 31"~ 2K if the singlet
is A2. We note that the variation in the position of
the line C is consistent with the strain dependence
of g given by Eq. (62), for although the random
strain distribution is probably roughly symmetrical
about x =0 as in Fig 2(a), the B. oltzmann factor for
the doublet level weights the resonance line in favor
of ions having x &0. Such ions have g values shifted
to larger values by the strain, in agreement with
the observation that part of the line C must corre-
spond to ions with g appreciably larger than unity.
The latter result would not have been explicable on

K'=3. 4(g&P, eH' ) /hv = 2. 5 cm (70)

This would therefore be our estimate, as obtained
from Marshall and Rampton's data, ' for the separa-
tion K' = 4K of the spin-orbit levels of Cr ' in MgO
for perfect cubic symmetry, if we could assume the
ratio 3I'/K to be sufficiently large so that the five
'E level. s are spaced approximately uniformly. We
note also from Fig. 4 that the point at x = x =+0.35
at which the minimum occurs must be well within
the distribution of random strains even in the most
perfect samples used by Marshall and Hampton, so
that from the definition (63) for x and the estimate
(70) for K' we would find that the typical strain
splitting -', (qVmez) of the I'4 triplet would be at least
—,'(K x„)= l. 2 cm '.

The estimate (VO) for K' is, in fact, very reason-
able. For the free Cr ' ion, we have from a least-
squares fitting of the spin-orbit splitting of the 'D
term the values

Kg=+57 cm

po =+0 47 cm
(Vl)

where Ao and po are the free-ion values for the spin-
orbit and effective spin-spin parameters (the latter
combining the true spin-spin coupling with the effect
of spin-orbit coupling to the excited states with
S = 1). Taking g and po to calculate K from Eq.
(19), and assuming & = 14000 cm ', ~ n we obtain
K = 4. 2 cm . Accordingly, taking K' = qK with q = —,',
the value appropriate to q for all but rather weak
JT coupling, we would expect to find K' = 2. 1 cm ',
a value in fairly good agreement with the value (VO)

in view of the uncertainty as to the value fo' p which
is appropriate to the ion in the crystal. Qur esti-
mate for K' is also roughly consistent with an ex-
perimental value for I Dl = —,'K = 2. 24 cm ' obtained
from electron spin resonance for Cr ' in
CrSO4. 5 H~O and cited by Griffith. '

We have, of course, no a priori reason for as-
suming that the ratio 31'/K is large, and, indeed,
it would be our expectation, based on experience
with the Cu ' ion, that this ratio might be -1 or

the basis of Eq. (26a) or (28b) in the absence of the
strain effects.

The data of Marshall and Rampton also give the
value H' = 5. 16 kG from line U and Eq. (67), and

this value was found to change by only a 1% from one

sample to another. Relating H
' to our parameter

5 via Eq. (69), we see that 5 must then not be sensi-
tive to the state of strain in the various samples.
This result is explained if the value of b correspond-
ing to the peak U represents an extremum with re-
spect to the distribution of tetragonal strain, as
discussed in Sec. IV. If we equate this value for b

to the minimum value given by Eq. (64), we obtain
for K' the estimate
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smaller. In most crystals in which Cu ' has been
studied in cubic or trigonal symmetry and octahe-
dral cpprdination, the E ground state undergoes
a static JT effect, indicating that the tunneling
splitting 3I' is less than typical strain splittings
which are estimated to be a few cm . In MgO,
Cu ' has been shown by Coffman to exhibit a dy-
namic JT effect, but even here there is evidence""
from the asymmetric broadening of the EPR spec-
trum that the 'A2 orbital singlet level is close
enough to significantly perturb the E ground state
through the effects of random strain. %e may guess
that for MgO:Cu~' 3I' is not larger than -10 cm
and we would expect a similar or smaller value for
Cr ' since the 3d orbitals of Cr' are more extended
spatially than those of Cu '. It is therefore really
a, surprise that our simple calculation, which ig-
nores the orbital singlet, appears to describe
Marshall and Rampton's data as well as it does, as
judged part cularly from the reasonable value for
K' obtained in Eq. (70). This estimate for K should
be increased somewhat if we do have 31'/K» 1 but
take the coupling to the orbital singlet into account.
As seen from Fig. 1, the proximity of the singlet
causes the separation 434 of the I'~ and I"

4 levels to
be smaller than K', and if it is the A2 singlet that
is lower [Fig. 1(b)], the separation &z of the I'4

and I'& levels is also reduced. This reduction of
the energy denominators in the expression (59b) for
5 outweighs the reduction in the matrix elements
of S due to the mixing of the wave functions, at least
for a sufficiently large value of 3I'jK. Our theo-
retical value of 5' is therefore increased, this in-
creasing the va, lue of (b) „from that given in Eq.
(64).

Fletcher and Stevens, on the other hand, have
also been able to fit the peak positions in Marshall
and Rampton's results using a model with the 'A,
singlet lower and K'= 2.02 cm and 3I'= 7.6 cm
values which are certainly very reasonable. On the
basis of a series of computer calculations to locate
the extrema in the resonance field as a function of
the tetragonal strain, they have asserted that this
is the only choice of the parameters that is consis-
tent with the data. This conclusion is based on
identifying line U with one extremum and, in addi-
tion, identifying a. further peak, which was not de-
scribed in Marshall and Rampton's paper but is
said to be more prominent in samples containing a
higher concentration of impurities, with a second
extremum in the resonance fieM which Fletcher
and Stevens obtained for larger strain. In view of
the possibility of the occurrence of associated im-
purity complexes, etc. , in the less pure samples,
it is difficult to know with what confidence one can
accept Fletcher and Stevens's identification of this
additional peak, and this question should be inves-
tigated experimentally in more detail. If Fletcher

and Stevens's interpretation is the correct one, then
a further interesting difference between MgO: Cr '
and the results for Cu ' is that in all cases involving
octahedrally coordinated Cu ' in which a JT effect
has been found, it is the A~ orbital singlet that is
lowest, ' and the distorted configuration that is
stabilized by the static JT effect represents an
elongation along the tetragonal axis [that is, we have

p &0 in Eqs. (9) and (10)]. The Az singlet is also
known to be lpwest fpr MgO: Cu '. In contrast,
Fletcher and Stevens concluded that the A, singlet
was lowest in their interpretation, so that if this is
correct we must have P&0 for MgO:Cr '.

Since in our work we have not attempted detailed
calculations of the strain mixing of the levels taking
account of the orbital singlet, we cannot claim to
have shown that our simple model in which 3I" is
taken to be»K provides the best fit to the data.
What we do assert, however, is that this simple
model does suffice to account in a reasonable way
for Marshall and Rampton's published data. Thus,
more experimental data are needed to enable us to
distinguish between this model, the interpretation
proposed by Fletcher and Stevens, and other cases
in which the coupling to the singlet is important.
The accurate determination of the JT parameters,
such as 3I', for this system would be very inter-
esting, for these are not yet known for most JT
ions, and, in particular, 3I has not yet been de-
termined accurately for Cu ' in any crystal.

Marshall and Rampton also performed experi-
ments to study the effect of applied stress on the
APR spectrum, and their results appear to be con-
sistent with our discussion in Sec. V. Under com-
pression along the [001] (Z) axis, line C was re-
duced in intensity while line U was increased. Since
this corresponds to the situation shown in Fig. 2(b)
with the shift in the direction of positive x [since
V2 should be negative for Cr ' while e8 &0 for com-
pression, we have x &0 from Eq. (63)], the Boltz-
mann factor favors an increase in the intensity of
line U. The shift carries the strain distribution
away from the line marked C in Fig. 2, so that the
number of ions that are able to contribute to the
resonance of line C is correspondingly reduced, as
observed. Under compression along [010] (Y), the
reverse change occurred, with line C increased
and line U reduced, again as expected from Fig.
2(c). In this case the shift in line C to smaller
fieMs is consistent with the increase in g for in-
creasing axial compression given by Eq. (62). The
fact tha. t in both cases the line that was reduced in
intensity remained at the same field is also con-
sistent with the model of Fig. 2.

It was noted by Marshall and Rampton' that a
term of the form of the term 4a (H, H, ) in our-
Eq. (57) was allowed by symmetry in the expression
for the resonance frequency, but was not found ex-
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In view of our conclusion that a model having the
tunneling splitting 31 much larger than the spin-
orbit parameter K can account for Marshall and
Rampton's APR data, it is of interest to attempt to
estimate the JT energy for Cu ' in MgQ and thereby
to determine if such a value for 3I' is at all plausi-
ble. We may do this, using a procedure that has
led to values for E» of the correct order of mag-
nitude for Fe ' in MgQ and a few other cases, '
if we relate the JT coupling coefficient V to the
strain coefficient V2 by Eq. (34) and take

D = (2/W) ft, (72)

the value appropriate' '~ if the JT active mode is
the distortion mode of the cluster of six nearest-
neighbor oxygen ions and if the local elastic con-
stants near the Cr" defect are the same as in the
bulk. Here R is the nearest-neighbor distance, and
under these assumptions we take for the effective
mass of the mode'

(73)

where M is the mass of a single oxygen atom. EJT
is then found from Eq. (5) to be given by

Err = 0. 176(Vz/8&@) (in cm ),
where we must choose co such that p, cu gives the
spring constant of the local mode. In the absence
of better information for this mode, we will simply
take cu in the range (300-400 cm ') of the principal
peaks of the phonon frequency distribution for MgQ,
as done in the work 4 on Fe~' in MgQ.

Since we do not as yet have an experimental value
for the strain coefficient V& we may estimate it
using the simplest possible model, that of the point-
ion approximation to crystal field theory. This
model, which ignores covalency, often gives the
strain coefficients to a fairly good approxima-
tion, ' ' and it has been found' to give the size of
these coefficients correctly for Fe ' in MgO (al-
though, curiously, the sign is apparently wrong )
Considering electrostatic coupling to the nearest-
neighbor oxygens only, we obtain for V~ in Eq. (32)
for Cr ' in MgO the result

perimentally, the parameter they called H evident-

ly being so large that 1/H could be neglected. It
is interesting to note in our present theory how this
term is eliminated by the small nontetragonal com-
ponent of the strain. The peak in the APR line oc-
curs when hv equals the minimum separation AE „
of the pair states, and by Eq. (4V) this minimum
occurs when Eq. (49) is satisfied rather than when

e, =0. We therefore obtain Eq. (55) instead of (5V)

as the condition for the resonance peak.

VII. JT ENERGY

2V (r ) 50 (r')
(v5)

where -e is the electron charge. Qr, taking ac-
count of the coupling to more distant atoms as well,
we obtain from the lattice sums given by Kanamori'
the slightly larger result

(23.84) (r ) (66.44) (r )
2 e

7 R3 21 R5

Using R =3.98 a. u. for MgO and (r') =1.760 a.u. ,
(r') = V. 003 a. u. for Cr ', we find

V2= —24600 cm ' (77)

from Eq. (74), or —25700 cm ' from Eq. (75).
Using the value for Vz given by Eq. (VV) in Eq.

(74), we therefore obtain the estimate

Eqr = 1180 cm ~ (665 cm ~) (v8)

( E~r /g(u) = 3.94 (1.66) (v9)

for h~= 300 cm (400 cm ). Referring to Eq. (12),
we accordingly have for the energy parameter n
the value

a=19.0 cm ' (60. 5 cm ') . (80)

The excitation energy 3I' of the first excited state
would be 2a from Eq. (11)for linear JT coupling
only, but this is reduced further if the warping pa-
rameter P in Eqs. (9) and (10) is appreciable. We
find, for example, that for l Pl/a=10 we have 3I'
=-0. 2a. Qn the basis of the estimates given by
Eqs. (77)-(80), therefore, we might well expect to
find a value for the ratio 3I'/K larger than unity
and possibly» 1. Alternatively, if our estimate
for Err in Eq. (V8) should prove to be too small
and/or if we should have l Pl/a ~ 10, a much smaller
value for 3I' may be expected. These results are
hardly conclusive, but they do support the possibil-
ity that an interpretation of the APR data with
3I'/K» 1 could be correct.

V111. DISCUSSION

We have succeeded in showing, in some general-
ity, hom APR within a triplet level broadened by
random strain can lead to a spectrum of the type
observed by Marshall and Rampton, provided the
strain coupling is predominantly with the strain
components e and e, . Our model predicts the ori-
entation dependence of the observed lines as well
as their broad and asymmetric line shape. More-
over, our model makes it unnecessary to postulate
that the random strains are predominately tetrago-
nal, in that it shows for the conditions of the experi-
ments that with a truly random distribution of
strains only those ions can contribute to the reso-
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nance absorption that are in sites for which e& and

e, give a nearly tetragonal distortion. The small
nontetragonal component of the strain at these sites
indeed has been shown to play a crucial role in
determining the line shape.

On the basis of this analysis, we have shown that
it is possible to account quantitatively in all re-
spects for Marshall and Rampton's published data'
on their purer samples of Mgo containing Cr~,
using a model in which the Cr~ exhibits a dynamic
JT effect but has the tunneling splitting 3I' large
compared to the spin-orbit splitting 4K = 4qK- 2K
-10 cm ' of the 'E ground state. We have also
shown that this model is not inconsistent with a
theoretical estimate of the JT energy based on the
point-ion approximation, and with the resulting es-
timate of the range in which 3I' may lie. On the
other hand, Fletcher and Stevens have shown that
one can also account for the observed data on the
basis of an equally satisfactory model for which
3I'=7. 6 cm ', K =-,'K=2. 02 cm ', and the lower
orbital singlet is A&, so that one is very near the
point in Fig. 1(a) at which the I', level crosses I'4.
From presently available data we cannot distinguish
between these two possibilities or between these
and others that may fit the data equally well. It
thus remains for further investigation to settle the
question of the actual role of the JT coupling for
Cr ' in MgO and, in particular, to determine 3I'.
If Fletcher and Stevens's interpretation is sustained
by further experimental work, then our present
analysis will supplement theirs to show why the
resonant ions appear to be tetragonally distorted
despite the presumably random nature of the
strains, and also to exhibit the role of the nonte-
tragonal strain component in determining the asym-
metric line shape. We should emphasize that
one or more extrema in the value of the parameter
b, which thus should correspond to resonance peaks
in the APR absorption, occur not only in the case
we have considered and in that treated by Fletcher
and Stevens, but presumably over a broad range in
the possible values for the ratio 31'/K, and that the
analysis we have presented may be generalized to
apply to any such situation which further experi-
ments and analysis of the data may suggest is rele-
vant.

We have estimated from our interpretation of
Marshall and Rampton's data that the splitting of
the I, level in their samples as a result of random
strains must have been at least 1 cm '. Using
Egs. (38) and (39) with q=-,', and taking our estimate
(77) for the strain coefficient V„we find that we

must then have typical local strains (e, + e,')'~'
&5&10 . This conclusion is consistent with esti-
mates of Schawlow et al. from the fluorescence
linewidth of Cr', and those of Stoneham from an
analysis of EPR linewidths, that good crystals of
MgO have residual strains —2&& 10 4.

The splitting of the levels of Cr' in MgO by the
random strains is accordingly large, being com-
parable with the separation K' of the 'E levels
caused by the spin-orbit interaction. The inter-
pretation of the APR spectrum is therefore compli-
cated by these strain effects, and, indeed, at first
sight it seems remarkable in this situation that
well-defined resonance lines occur at all. Similar
complications undoubtedly occur also in the case of
Cr' in A12O„which has been considered recently
by Bates and Dixon and by Challis and DeGoer.
It would clearly be desirable to be able to study this
system in a sufficiently perfect crystal such that
the strain splitting is a small fraction of K . While
it may not yet be possible to attain such crystal
perfection for Cr ' in MgO, in view of the small
value K'- 2. 5 cm ' for Cr ', we can achieve this
desired situation for Fe ' in some of the crystals
in which it has been studied in tetrahedral symme-
try, since K in these cases lies typically in the
range 10—20 cm '. APR experiments on Fe' in
such crystals, therefore, would clearly be of in-
terest. For Fe 'in ZnS, ' for example, we have
K' = 15.0 a 0. 1 cm ', while from the width of the
far-infrared I'&- I 4 absorption line we can conclude
that the mean strain splitting of I'4 in the crystals
used in the optical studies was —2 cm '. The line-
width was found to be even smaller for Fe ' in
CdTe, for which K'=18.6 cm . Of course, with
the larger value of K we should have a rather small
value of b' from Eqs. (60), so that the parameter
b in Eqs. (46) will be dominated by the contribution
from within the triplet and will accordingly depend
strongly on the strain. The line U may therefore
not be seen as a well-defined peak in these sys-
tems. Line C, depending ong(=1), should still be
observed, however, and since the strain mixing of
the states is less, it should show less strain broad-
ening and have a more pronounced asymmetry of
the form given by Eq. (56) than for Cr ' in MgQ.
One would expect that the interpretation of APR
data for such systems, including data on the effects
of applied stress, would therefore be much more
straightforward for Fe ' in these tetrahedral sys-
tems than for Cr ' in MgO. Such data would be very
interesting since they should further clarify the
role of the JT coupling in these systems.
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