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The extrapolation technique that results from using calculated velocity matrix elements to,
couple a first-principles band calculation at I with a k p expansion for mapping out energy
bands over the entire zone is critically explored. Results for Bi, PbTe, and Al are discussed.
The crucial finding is that the extent to which the k p results correctly solve the eigenvalue
problem is due to a fortuitous cancellation between states omitted in the truncation. Conse-
quently, a significant augmentation of the k p expansion set can produce little improvement.
Results of orthogonalized-plane-wave calculations for PbTe are compared with existing aug-
mented-plane-wave results, with excellent agreement in the nonrelativistic case. It is also
found that relativistic band calculations by the double-expansion technique need more inter-
mediate (nonrelativistic) basis states than were used in the PbTe work.

I. INTRODUCTION

The idea of coupling a first-principles band cal-
culation, including velocity matrix elements at a
single point in the Brillouin zone with a k p extrap-
olation to map out the energy bands over the entire
zone, has been explored recently by a large num-
ber of workers 1-11 Since the k p expansion12 ls
exact until truncation, it is particularly appealing
as a technique for inexpensively extrapolating not
only first-principles energies, but also wave func-
tions (and, hence, matrix elements, charge den-
sities, etc. ). Many properties now being calculated
require some integral of the wave functions over the
Brillouin zone. Brinkman and Goodman' used this
technique to obtain the valence charge density in
perf orming a self- consistent orthogonalized-plane-
wave (OPW) calculation for Si. Trickey and Conk-
lin proposed a self-consistent augmented-plane-
wave (APW) technique, starting from this ansatz,
that simultaneously avoids iterating the APW cal-
culation and removes the muffin-tin restriction
without actually doing a non-muffin-tin APW cal-

culation. Parada and Pratt ' used the combined
APW k p technique to treat the PbTe vacancy prob-
lem in the Wannier representation. The optical
constants for PbTe were calculated by Buss and
Parada, s and a similar calculation was attempted
by the present author for Bi. Results on PbTe
led a number of workers to attempt other mate-
rials. 7' " These latter calculations were con-
sistently less than satisfactory. The utility of the
techniques is obviously dependent on the faithfulness
of the calculated wave functions. The purpose of
this paper is to explore the limitations of full-zone
k p.

Several workers have recognized the inadequacies
for materials in which the d bands"" are important.
Kuebbing et al. v examined TiC and found the k p
convergence very poor (discrepancies up to 8 eV)
for the relevant d levels. They then carefully re-
examined PbTe and found that, while they could
reproduce the original results (which had discrep-
ancies up to 1 eV), even doubling the k p basis did
not significantly improve the energy level agree-
ment. Wil.liams" also found full-zone k p lacking
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for transition metals. Williams adopted the obvious
solution of doing the first-principles calculation,
including matrix elements, at many points and then
using local k p extrapolation. '3 This solution has
been previously employed in connection with pseudo-
potential (. calculations, ' but can be very unat-
tractive if high symmetry is being exploited either
by the technique for calculating matrix elements7
or in the k-space integration. "

Full-zone k p is highly convergent for a nearly-
fx ee-electron gas. Brinkman and Goodman' obtained
good results when they compared full-zone k»p us-
ing matrix elements calculated from a pseudopoten-
tial with the direct results of the pseudopotential
cal,culation. This reflects the fact that the k p ex-
pansion of the pseudo-wave-function" is excellent.
However, there are energy levels in their OPW k p
calculation for which the agreement with direct QP%
calculation is an order of magnitude poorer.

In this paper we will examine the strengths and
weaknesses of full-zone k p (first using results for
Bi). Then we will demonstrate the precision of the
first-principles part of the calculation by comparing
OP%' results for PbTe with the results of APW
work. 4"6 Finally, we will use Al, a material se-
lected for its expected amenability to full-zone k p
treatment, to illustrate the limitations of full-zone
k'p.

The question here is in no sense the validity of
k p expansions; the question is whether a conve-
niently truncated k p expansion can yield satisfac-
torily converged results over the entire Brillouin
zone. The technique being discussed here differs
somewhat from the empirical interpolation technique
based on extended-zone k p. '7 In the empirical ap-
proach, zone-boundary information as well as zone-
center information is used in the selection of pa-
rameters. Thus, the parameters chosen can, to
some extent, compensate for the effects of the trun-
cation.

II. CAI.CULATIONS

In this paper, "satisfactory" refers to the accu-
racy of the solutions to the eigenvalue problem,
starting from an assumed one-electron potential.
For these purposes, we will ignore the question of
potential selection. We are not seeking the compar-
ison of expeximent with theory; we are interested
only in the precision of the solution to a given eigen-
value problem. Except for PbTe, the potential we
will use is a spatial superposition of spherically
symmetric overlapping atomic potentials. The self-
conslstent flee Rtonls Rre CRlculRte'd using R version
of the I.iberman, Waber, and Cromer Dirac-Slater
code. '8 For Al and Bi, the value 3 was used for the
exchange coefficient e. For PbTe, the potential .

used is the muffin-tin potential of Conklin, Johnson,
and Pratt. "

TABLE I. Velocity matrix elements in Bi.~

Ma, trix . Pseudo
element" Golinc

Apw
Ferreirad

opw
Present vrork

(i)
(2)

7'2
(2)

7r3
(3)

7r22
(3)

'723

7r32
(3)
33
(4)

7722

7l'4)r23
g(4)
7f32

F33
(8)

7r2
(8)

7r3

where'

0.372
0.176+ i.374
0.378+ i. 200

—0. 206
0. 204

-0.256

-0.416
0.392
0.350

0.397 + i.001
0.194 + i.454

—0.4858 + i.1708
—0.156
—0.063

0.377
+ 0.094
—O. 473
-0.501
—0 ~ 450

0, 434
—0.446 +i. 185
—0.235 —i.414

0.419 +i.002
0.096+ i. 585

—0.5747 + i. 1202
—0. 278
+ 0.274

0.326
0.266

—O. 599
—0. 526
—0.498

0.578
—0.504 +i. 277
—0.308 -i.495

(r4(1) I ~ I vr4"(1)) = ~") (o, o, 1)

(& 0) I I 7"(j)) = ' (-1,+i 0)

(T8'(j) I 7f I T8(j')) =7r~~. '3' (0, 0, 1)

(~8(j) I ~ I 07.";(g))=~», "' (-1,+., 0)

&T, (1) I ~I r;(j)) =~,(8) (-1,+i, o)

'Atomic units (8=1, e2=2, m=&).
"Notation is that of Golin, Ref. 23. Basis vectors are

along binary, bisectrix, and trigonal axes.
CHeference 23.
~aeference 22.

The OPW results reported here were all obtained
using our relativistic OPW code —hence solving
the Dirac equation. For Al and comparing PbTe,
a fictitiously augmented speed of light has been
used to simulate a nonrelativistic calculation. We
discuss velocity rather than momentum matrix el-
ements because, for the Dirac equation, velocity
and momentum correspond to different operators
and it is, in fact, velocity matrix elements that
enter a k p exapnsion and are used for interband
optical transitions. It is reported ' ' that the
distinction between velocity and momentum is not
important even for PbTe. %e cannot easily verify
this, since for the Dirac equation the velocity oper-
ator is not the gradient plus a sum of terms, as it
is after a Foldy-Wouthuysen transformation. How-

ever, we wish to point out that the estimate inHef. 4
of O. Oi% for the difference between p/m and v at
specific symmetry points is probRMy much too
small for a general estimate in a material with as
large a Z as Pb. 30

A. Bi

A local k p expansion is a very natural way to
parametrize the Bi Fermi surface which occupies
a tiny fraction of the Brillouin zone. a' This has
been done using matrix elements from two recent
band calculations. 2~ 2' The calculated matrix el-
ements differed from each other sufficiently that
we calculated matrix elements by a third method
(unfortunately resulting in a third set of answers).
%e attribute these differences to the fact that dif-
ferent potential models are used in all three cases.
Thus, within the context of the paper, they may all
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be correct. These three sets of relativistic velocity
matrix elements calculated for the symmetry point
T in Bi are shown in Table I.- In addition to the
OPW matrix elements, we list those calculated from
a nonlocal pseudopotential by Golin~s and those cal-
culated by Ferreira~a using the APW method. 35

As we were aware of the apparent success of Pa-
rada and co-workex'ss ' with PbTe, it was natural
to attempt Bi interpolation (extrapolation) by rela-
tivistic QP%' full-zone k p. For these purposes
we expect Bi to be much like PbTe. The crystal
structure of Bi is only slightly distorted from PbTe
and the position of Bi in the Periodic Table indicates
that it should be quite similar to PbTe from an
atomic point of view. Since the k p expansion may
be about any point, we fix st attempted full-zone
k p in Bi starting from T. Preliminary results
were unsatisfactory.

Results using a zone-center expansion point are
shown in Fig. 1 for the two most interesting direc-
tions in Bi. Here we employ the first 30 valence
states (with spin) as basis functions (the same num-
ber Parada used in PbTe). Several facts are to be
noted. First, the over-all reproduction of the OPW
results is inadequate in a material where the details
around the Fermi surface are discussed in meV.
Both of these directions in Bi correspond to the A
axis in PbTe, where PbTe k p is the best. I to X,
for example, is significantly worse in Bi. A rea-

E (Ry)
S-20 - ~p s

a

TABLE Q. Magnitude squared of k p and OPW velocity
matrix elements at T in Bi.~

T k'p
OPW

T6

(0.02)
(o)

0.45
0.48

(0.01)
(o)

T6

(o.o2)
(o)

0.50
0.50

0.32
0.38

(o. o5)

T45

(o.o1)
(o)

0.75
0.75

T6 T45

0.44 0.50
0.45 0.49

(0.01) (0.02)
(o) (o)

T k ~ p
OPW

(o.o4)
(0)

0.75
0.80

(0.15) 0.51 1.20
(0) 0.60 1.32

T6+k ' p
OPW

T45k 'p
OPW

T6k 'p
OPW

(o.oo)
(o}

1.21
1.41

(0.01)
(0)

(o.03)
(o)

1.36
l.38

(o.oo)
(o)

(0.2o)

(o)

O. 10
0.18

(o.o6)
(0)

Atomic units (5=1, e =2, m=2). Parentheses enclose
those entries that should vanish by parity. Since all states
have twofold degeneracy and the k ' p states do not actually
transform according to the indicated symmetries, we
choose to use the quantity ) (T„)x)T„')) + I (T„tv(IUT„') I

(where T„' and UT„' are orthogonal degenerate states) for
comparisons.

sonable augmenting of the expansion basis set did
not significantly help in agreement with the PbTe
conclusion of Kuebbing et al. 7

Second, in the figure at T and I, the lowest
k p state is below the correct OPS energy. There
is no way that adding higher basis states can raise
the lowest state. The point is that the core states
at I' comprise a part of the complete set of k p
states which has been truncated, Qur Bi calcula-
tions, which included selected core basis states,
yielded degraded results. Since the 156 core states
of Bi are untx actable, we will defer discussion of
core states in k p until a later section, in which we
will treat Al including all five core states.

In spite of the deficiencies in energy eigenvalues
in Bi at the symmetry point T, the k p technique
yields quite good interband velocity matrix elements.
The magnitude of the matrix elements squared cal-
culated by k p and those calculated directly are
shown in Table II.

"2es

cL
(-2,8

FIG. l. Energy bands in Bi by OPW full-zone k p.
Circles are relativistic OPW' values. OPW states at T
are labeled according to the symmetry index and states
at I. are labeled according to whether they are symmetric
or antisymmetric.

B. Pbre

The PbTe work 6 which stimulated the current
wave of activity has been critically examined and
the essence of it subsequently reproduced by oth-
ers. * ' Since our examination of the PbTe first-
principles k p work has been carried out in an QPW
framework and all previous work has been AP%,
the comparisons can be quite illuminating. In Ta-
ble III, the velocity matrix elements at I' calculated
by the APW method4'6'~7 and those calculated by the
QPW method are shown. The agreement is striking.
The methods and basis functions are distinct enough
so that the agx cement of these two calculations rep-
resents a strong check on the precision of this as-
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TABLE III. PbTe velocity matrix elements. ~

Matrix
elements b

i'iMi.'i s

i;2

2;iMi.'i s

2 j2Mi'. is
3f iMi!is
302Mi.'is
i 'i

Mi&;is
i'2Mi). is

M2s 2

i 'i
M2). is

1-2
M2[. is

4' iTV''g. is
4'2

M2(. is
fi' 1

Mi& is
g'2

Mit;is

APW

0.969

0. 250

—0. 155

1.180

0.437

-0.225

0. 534~

—1.456

0. 949

l. 068'

0.460'

0.066

0.631

0.533

0.376

0.395

OPW

0.991

0.242

—0.151

1.168

0.433

—0. 223

0.534

—1.460

0.962

1.069

0.453

0. 087

0.613

0.497

0.415

0.337

Pseudod

0.972

0.225

-0.168

l. 140

0.530

—0.319

0. 542

—1.316

1.032

0.984

0.362

PW-PW

l.367

0.325

-0.218

l. 513

0. 676

—0.417

0.645

—1.602

1.091

l.138

0.429

—0.774

—0. 290

0.083

-0.680

—0.489

0.488

-0.189

—0.043

0. 031

—0. 212

—0. 103

0. 071

-0.105

0. 280

—0. 192

—0.077

—0. 103

0. 293

—0.128

-0.150

-0.077

OPW contributions'
PW-g PW-p PW-d Core-core

0. 587

0. 250

—0.047

0.547

0.349

-0.365

0.097

—0.432

-0.001

0. 273

0.177

In atomic units (5= 1, e = 2, gpss
= 2).

"Notation is that of Refs. 4-6; subscripts denote sym-
metries; superscripts index states of given symmetry;
superscript d refers to Pb 5d core band.

'References 4-6 except Ref. 16 for M" values.
Calculated using pseudo-wave-function (see text).

~PW-f contributions are less than 0.0005.
fAs interpreted, Ref. 27.

pect of the calculation.
A separate question of interest is the comparison

between matrix elements based on pseudo-wave-
functions and those based on the full wave function.
To show horn much the non-plane-wave terms con-
tribute, we list in Table III the decomposition of the
OPW matrix elements into the plane-wave-plane-
wave contribution, the plane-wave-core contribu-
tion (divided according to the angular momentum of
the core term), and the core-core contribution.
(Most of these elements also allow plane-wave-f-
core contributions. These mere included in the
calculation but contribute less than 0. 0005 in a. u.
The core-core contributions were calculated by in-
dividual l and l terms and the f contributions to
F„are also negligible. )

The OPW calculation may be formulated as a non-
local pseudopotential calculation. " The expansion
of the pseudo-wave-function in plane waves is then
identical, aside from normal. ization, to the expan-
sion of the wave function in QPW's. The numbers
in the column labeled Pseudo are the results for
matrix elements calculated from only the pseudo-
wave-function (i. e. , the plane-wave-plane-wave
term with pseudo-wave-function normalization).

.We see that while the orthogonalization terms make

large contributions to the OPW matrix elements,
for this one case, I" in PbTe, these contributions
nearly cancel out and the pseudopotential matrix
elements look very much like QPW matrix elements
(For a detailed treatment of this topic as it bears
on ez in Si and Ge, where the details of the band
structure are well understood, see Ref. 28. )

The PbTe discussion up to this point has dealt
with the nonrelativistic aspect of the calculation,
although Parada and co-workers' final results were
relativistic. Following Conklin et al. ,

' Parada
expanded the relativistic corrections using the non-
relativistic APW wave functions as a basis set.
In the course of our OPW treatment we carried out
a direct relativistic solution from the potential
of Conklin et a/. ' In Table IV we show our relativ-
istic and nonrelativistic OPW eigenvalues, as well
as the double-expansion relativistic results of Conk-
lin et al. The agreement of the nonrelativistic cal-
culations is quite satisfactory; aside from the I'2
and the I'» levels, the difference is 4 mRy or less.
However, relativistically we find differences up to
VO mRy. In view of the extent of nonrelativistic
agreement, we interpret this larger discrepancy
as a probable inadequacy of the basis set used to
expand the relativistic corrections. We conclude
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TABLE IU. Energy levels in PbTe (By).

Nonrelativis tic
APW OPW

Belativistic
APW" OPW

0.906 2p+

0. 868 2p+

0.715 r;
0.674 fp+

r'
7

I' f 5 0.613 I'
s
W

6

I'f 5 0. 179 I"
sfr-
6

I f 0. 103 0.105
I'f —0. 538 -0.537 I 6

"Vf2 —1.043 —1 038
—1.043 J=2

0. 908
0.863
0.723
0.672

I f
I'f2
I'2

I"25

0.609

0.180

0.769
0.841
0.715
0.656
0.656
0.539
0.411
0. 142
0.067

—0. 201
—0.672

0.720
0.839
0.724
0.661
0.653
0.538
0.365
0.142
0.052

—0.272
-0.695
—1.185

-1.396

~Beference 19 or Refs. 4 and 5.
'References 4 and 5.
'This is a core state in the QPW calculation.

that a double-expansion relativistic calculation re-
quired more nonrelativistic APW states than were
employed by Conklin or Parada.

The k p PbTe calculation is less than a total suc-
cess. At X and E there are energy discrepancies
up to 1.0 eV for levels in the range of interest. For
much current semiconductor work, this is an order
of magnitude above the resolution being sought. A
more subtle quantity to measure is the quality of
the wave functions. The easiest measure of this is
the zone-boundary parity selection rules.

The question of zone-boundary parity in k p can
be a point of considerable confusion. The untrun-
cated k p expansion contains complete information
even at zone boundary. However, the individual
matrix elements of the Hamiltonian between k p
basis functions do not preserve the indeterminacy
in k required by lattice periodicity. Thus, since
a reciprocal-lattice vector is required to carry a
zone-boundary k value into itself under inversion,
zone-boundary inversion symmetry is only approx-
imate after truncation. To the extent that the wave
functions are well converged, they must still pos-
sess definite parity at X or I,. Zone-boundary par-
ity is well camouflaged in the k p representation.
The parity projection operator can be used to write
a wave function that has manifestly definite parity.
However, this wave function is not really amenable
to use. It is generally unnormalized~e since the
approximate wave function has a contribution of the
opposite parity. The normalization of the resulting
wave function requires matrix elements of the in-
version operator between k p basis functions e'"'~

&&u„(0, r). These depend on k, are not diagonal in
the band index n, and require a volume integration
to calculate.

If one wanted a better wave function at X or L,

Having recognized the nonconvergence of our Bi
full-zone k p expansion and verified the precision
of our calculation through the PbTe work, we under-
took to examine the subject of full-zone k p using
Al, a material in which (a) there should be little
trouble with OPW convergence, (b) the calculation
could be done without spin, avoiding doubling of the
basis set, (c) all core states could be included,
(d) the d bands should be unimportant so that we can
distinguish our findings from those of Keubbing
et al. ,

7 and (e) because its free-electron nature is
expected to be well suited for full-zone k p treat-
ment.

Our results for full-zone k p Al are displayed in
Figs. 2 and 3 in the form of a convergency study.
The OPW k p zone-boundary energies are shown
as a function of the number of valence basis states
used both with and without core states in the k p

TABLE V. Magnitude squared of R' p velocity matrix
elements at L in PbTe. ~

L6 L6 I +
6

+
6 L6 L6 L4s

L6" (0.01) 0.45 0.43
L+ (0.01) (0.01)
L6 (o. o4)
«'s

+
6

L6
L6
L4s

0.43
(0. 01)
(o. o2)
(0.03)

0.11
(0.27)
(o. 64)
(o. 76)
(o. 14)

(0. 10)
0. 17
0.07
O. 81
0.46
(o.oo)

(o.os)
0 ~ 22
0.36
0, 56
0.01

(o. 75)
(o.oo)

(o.o1)
0.26
1.20
0.10
0.29
(o.4o)
(o. 5e)
(o.o1)

Atomic units (I=1, e =2, ~=2). Parentheses enclose
those entries that should vanish by parity. Based on rel-
ativistic PbTe of Befs. 4-6 (see Bef. 27). This uses
ill f f 5 equal to 1.180, the first-principles value; the ad-
justed value of Befs. 4-6 was also tried and while the
values were different, they were neither systematically
better nor worse. Since all states have twofold degen-
eracy and the k p states do not actually transform ac-
cording to the indicated symmetries, we choose to use
the quantity t & nl&~Tn) I + t &Tn~ ~~0'Tn')( (where T„' and
~Tn are orthogonal degenerate states) for comparisons.

the parity projection operator could be used to ob-
tain one. If one is doing a zonal integration, a wave-
function improvement scheme for selected points
on the zone surface is probably not worthwhile.
For these purposes, zone-boundary wave functions
are examined primarily to evaluate the over-all
quality of the wave function throughout the zone.
Thus, the relative parity of states is a convenient
measure of the quality of zone-boundary wave func-
tions. Table V shows the magnitudes of the k p
zone-boundary velocity matrix elements squared
between various states at L for k p PbTe. Those
matrix elements which should vanish (being between
states of the same parity) are enclosed in paren-
theses. We see that the calculated band-edge states
are thoroughly mixed.

C. Al
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«3 4

E(Ry) (

-4,6
0 x

0
-4e8 - x

-5,0

-5 2

-54

-5,6

«32 x

0 X5'

X2

X5'
X3

Xq

p X

conditions, the intr arepresentation matrix element
drops several orders of magnitude. As the number
of basis states is increased and the L, approaches
a convergence crossing of the I3 level, mixing is
again observed. The extent of s- and p-band non-
convergence in the core calculation is such that
using 113 k p basis states still does not bring the
L, to its correct position below the L3 state.

One of the apparent inconsistencies in the Al k p
calculation is the good convergence of the L~ state
near -4.2 Ry. An examination of the OPW cal-
culation reveals that this state has very little core P
character and, hence, the wave function and pseudo-
wave-function are quite similar. Finally, we note
that at the symmetry point W, the lowest 8'& state
is unconverged by more than 2. 0 eV for 15 basis
states (with core excluded). W, is the fourth va-
lence state and should be very near the Fermi
energy.

15 29 65 1'i3

k p basis states

FIG. 2. Convergence study of OPW full-zone k p at
X in Al. The crosses and circles are k p values includ-
ing and excluding core basis states, respectively. The
OPW values are shown as solid lines. The count of basis -.

states always excludes the five core states.

basis set. Several things are apparent.
First, in no case is the over-all agreement be-

tween OPW and k p values particularly good. Al-
most without exception, including core basis states
makes things worse. We will find the difficulties
inexorably related to core states or corelike be-
havior. We see that the lowest state of a given
symmetry converges very rapidly with or without
core; in particular, note the Xz and X, states. As
we noted earlier, for a truncated k p expansion,
the zone-boundary inversion symmetry is only ap-
proximate, thus the symmetry at X is only 4 axis
symmetry, and at L is A axis symmetry. The X~
and X, have ~~ and &~ characters which are absent
in the Al core states. There are several levels
which are well converged only when core basis
states are included. These are levels for which
there is no state of identical symmetry in the core
(for example, I,~ near —4. 5 Ry, I.~ near -3.4 Ry,
and X, near —3.3 Ry).

Without core states, we find that the two A, states
(I., and I,3' near —4. 5 Ry) are thoroughly mixed.
A, is a degenerate representation; one indication
of the mixing is the fact that the velocity matrix
elements between partners within degenerate pairs
are very large (& l. 0 in a. u. ). Including core basis
states and using a small number of valence basis
states, the d-like LB is essentially converged, but
the p-like L, is significantly too high. Under these
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FIG. 3. Convergence study of OPW full-zone k p at
I in Al. The crosses and circles are k p values includ-
ing and excluding core basis states, respectively. The
OPW values are shown as solid lines. The count of basis
states always excludes the five core states.

III. DISCUSSION AND CONCLUSIONS

We have found that for a small expansion set the
addition of core basis states not only fails to im-
prove the eigenvalue agreement but actually makes
it worse. Yet, contributions from the core basis
states are clearly necessary, at least for some
states. The role of core states can be understood,
in part, by realizing that k p without core states is
dependent on the approximate orthogonality of the
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desired state to the core expansion states. If, on
the other hand, we include the core states, then we
are also attempting to describe the core states in
the k p. Core states are not readily described by
the k p expansion. It is similar to attempting to
expand the core states in plane waves. The wors-
ened results we exhibit using core basis states are,
thus, the tradeoff in our variational equation as we
try to describe these core states as well as the
states of actual interest.

It is not that the core contributes such a signifi-
cant fraction of the wave function, but that the va-
lence states get improperly mixed without core
basis states. For example, in Al the L3 states
near —3.4 Hy have a core basis state contribution
of only 0.8% (for 65 basis states) and the X, near
—3, 3 Ry has a core contribution of only 1.3%' yet
the energies are significantly affected. (The L,
and L,'near —4. 5 have only 0. 14% and 0. 2V%,
respectively, and the X,

' near —4. 9 has only 0. 5%.)
Brinkman and Goodman' point out one approach

to the core problem, to orthogonalize the k p func-
tions to the core states. Matrix elements Of the
operator P~= e ' ' P,e'" ~ must be included in the
resulting secular equation. These matrix elements
are k dependent and sufficiently difficult to calculate
that we have not undertaken this refinement.

The energy bands and the pseudo-wave-functions
of Bi, PbTe, and Al may be those of a nearly-free-
electron gas, but the wave functions are not. The
wave function of the lowest I', in Al, for example,
rather than resembling the lowest state of a free-
electron gas, has 3s character near the Al core.
It has wiggles. L, or X, is, likewise, a 3s state
(no P character). In the nearly-free-electron ap-
proximation, the k p L, state is made up of one-
half the lowest I', and one-half the appropriate
linear combination of I ~„ I », I'~, and I'I This
yields a good pseudo-wave-function, but a wave
function so composed will not have the correct
wiggles.

%'e have found that in some cases, Bi at T, for
example, full-zone k p can yield very good wave
functions (matrix elements) at zone boundary when
the states of interest are sufficiently separated
from other states of the same symmetry. In
Parada's calculation of PbTe, 3 ' the band edges
Ls and Le are both states of A, symmetry and are
less than 0. 03 Ry apart. These states exhibit
thoroughly mixed parity, which means that the k p
representation is describing each of these states
as a nearly equal linear combination of the two true
band-edge states. Considering the nonrelativistic
calculation, the L, and L~ are both A, states, but
are 0. OV Ry apart. ' These states have much
smaller contributions of mixed parity. It is not
clear whether all of the problems with the relativ-
istic band-edge states are due to the closeness of

those states or whether some of it may be due to
faulty information in the k p matrix due to the rel-
ativistic expansion difficulties discussed in Sec. II B.

For the eigenvalues, we find an early apparent
convergence that depends on the omission of states
both above and below the states of interest. %'e

then find that the effect of adding additional basis
states may be fairly large, but does not necessarily
improve the faithfulness of the eigenvalue reproduc-
tion. It is very tempting to speculate that thepoorer
apparent convergence found using 15 spinless basis
states in Al compared to PbTe might be due to Al
having less core states to omit.

The degree to which the energy reproduction is
satisfactory is a question that must be examined
for each material. This can be easily determined
if a few zone-boundary points are calculated by
both k p and the first-principles technique. The
quality of the wave function is more difficult to
evaluate.

Let us now review specific previous calculations
in the light of these findings. Brinkman and C-'ood-

man's Si calculation' is probably not subject to any
criticism in this context. Since they are calculating
a charge density, they need only the occupied va-
lence states, and the energy convergence is quite
good for the valence band. Moreover, due to the
symmetry and location of band edges in Si, there
are few, if any, nearby conduction band states to
be improperly mixed in. Thus, in the diamond
structure, full-zone k p may be adequate to cal-
culate a valence charge density. To extend their
Si work to include an e~ calculation, however, would
not seem appropriate due to the poorer energy con-
vergence seen in their conduction band states.

The Buss and Parada ea calculations is probably
not significantly limited by our observations. Their
eigenvalue limitations are obvious in their Z axis
E vs k figure. Since the three valence bands and
three conduction bands at L have opposite parity,
the mixed nature of the band-edge states involve
allowed transitions, thus the mixing affects the
amplitude but not the selection rules. The present
author's e2 calculation for Bi is obviously of lim-
ited value due to the poor eigenvalue results dis-
cussed in Sec. GA. The details of Parada and
Pratt's' ' vacancy calculation may be quite affected
by our conclusions. A number of the calculated
vacancy levels are at energies very near the L gap,
and the use of an inadequate wave function at L
would be expected to have severe consequences on
the details on these results.

In summary, we conclude that the apparent suc-
cess in describing some materials by full-zone
k p must be, to quite an extent, fortuitous. Fur-
thermore, those results are not readily improved
by a more complete basis set and one should use
full-zone k p over the Brillouin zone with a great
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deal. of caution.
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