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It is shovfD that net information Rbout the many-body singularities Rt the soft x ray Rbsol'p-
tion edge in metals couM be obtained from an x-ray Baman experiment in vrhich the energy de-
pendence of the edge is observed as a function of momentum transfer (scattering angle). For
Li, in particular, it is predicted that a dramatic change could occux fxom a many-body inhibi-
tion of the edge at small scattering angles to an enhtancement of the edge at larger scattering
Rngles.

I. INTRODUCTION

In the last few years the soft x-ray emission and
absorption spectrum resulting from conduction-band
core-state transitions in metals has come under in-
tensive theoxetical analysis. %hile the problem of
this spectrum in simple metals such as I i and NR

is an old one, early attempts to explain the experi-
mental results were based exclusively on a one-
electxon picture of the solid. ' This one-electron
approach has not been entirely successful in ex-
plaining some of the observed experimental struc-
tures in the spectrum. ' More recently Mahan and
Nozleres Rnd co-wox"kex'8 ' have shown thRt mRny-
body final-state interactions can produce qualitative
changes in the shape of the soft x-ray absorption
and emission edges in metals resulting from the
scattering of Fermi-surface electxons from the
core-state hole.

Which of the approaches to the interpretation of
soft x-ray spectrR 1n simple metals 18 more cox'-
rect P Are the obsex"ved anomalies due to many-
body effects & In this paper we propose Rn expex'1-

ment which couM yield additional information about
the physics of the transitions involved in the soft
x-ray experiments and hence help to pin down the
cox'x'ect lntex'px'etatlon.

The experiment we propose is based on an x-ray
Raman effect in which the photon (are, =-10 keV) ex-
cites a core electron up to the Fermi level and is
scattered through some angle 8 with a "small" cox-
responding energy loss km. This scattering is
diagramed schematically 1n Fig. 1.

Such an inelastic scattering phenomenon, as we
will show, provides additional infox'mation to R

straight soft x-ray emission or absorption experi-

ment. The additional information is gained through
the fact that the scattering leads to an appreciable
momentum transfer q, i.e. , the scattering cross
section 18 R function of

q =k2-k~

QP =QP3 —('dy .
More precisely,

ln the limit of small angle {i.e. , forward) scat-
tering, we will in fact show that the energy depen-
d811ce of S(g, (0) slmplr reduces to that of the direct
x-ray absorption experiment. However, as the
angle is increased and one changes the momentum
transfer q, we will show that different scattering
phase shifts fox the scattering of Fermi-suxface
electrons from the core hole dominates the form of
the many-body threshold singularity and that the
resulting "spectrum" {as a function of ~) may be
expected to change if these effects are important.

II. MANY-BODY EFFECTS IN SOFT X-RAY EMISSION
AND ABSORPTION

Before going on to a discussion of the Haman pro-
cess, we summarize in this section the theory of the
"sixnple" soft x-ray absorption process.

In excitation from a core state to the conduction
band the probability is given, in the one-electron
picture, to lowest order in the electromagnetic
Q.eld, by the usual Golden Rule formula

P((u) -Q
~

(e„",„(p X
) y) (

' o((o —z, —z,.„), (4)
gg rl
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where p is the momentum of the electron and
A= e(2v&u) ' e "~' ""is the vector potential of the
electromagnetic wave. The wave function y is the
core-electron function and +p „ the corresponding
conduction-band state with crystal momentum k and
band index n. The bandwidth at the core states,
whose energy is E„„below the conduction band, is
.taken to be zero. In a soft x-ray experiment, the
wave vector q of the photon is essentially zero,
i.e. , the wavelength of the few-hundred eV x rays
is extremely long relative to typical atomic dis-
tances and the vector potential A may be taken to
be the constant polarization vector e of the fieM.

In the absence of any band-structure effects the
wave function is a plane wave and we may evaluate
Eq. (4) exactly. If y is a hydrogenic state, then
the matrix element in Eq. (4) selects out the p-wave
character in 4p and

P(~) -~' for ~ & E,«, ,

edge Ecore +EFermg
This simple one-electron picture is modified by

several effects.
(i} The plane-wave conduction-band state should

be replaced by a suitable Bloch wave, still a one-
electron effect.

(ii) The interaction between the conduction elec-
trons and the infinitely heavy hole should be included
in the matrix element.

(iii) The interaction between conduction electrons
should also be included.

Originally Mahan' and later Nozieres and co-
workers' showed that the interaction between the
deep hole and the electrons in the conduction band
had a profound effect on the shape of the spectrum
near threshold. They neglected complications (i)
and (iii) (arguing that they were unessential} and
found that (ii) led to a singular behavior near
threshold (&o =E,«,) of a form given by

(6)

Several authors have shown that, for nonrelativ-
istic x rays, the cross section for Raman scatter-
ing can be written down directly in terms of the
charge density correlation function for the metal,
l. e. ~

do'

dnd (6)

where

is the electronic structure factor and

In Li metal, in which the core state is in the K
shell, the experiments seem to show that an inhibi-
tion of P(&u) occurs near the emission edge. 2 Sev-
eral authors have produced arguments based on the
assumption that the form of this spectrum is still
one electron in character, i.e. , that this inhibition
arises from band-structure effects. ' The alterna-
tive (and somewhat more intriguing} explanation is
that this inhibition is due to the many-body effects
described by Eq. (6). As pointed out by Ausman
and Glick, ~ this can result from n, & 0 in Eq. (6).
A negative n, seems to be consistent with their cal-
culation of the phase shift based on scattering from
a screened Coulomb potential. For l =0, on the
other hand, as occurs for instance in the L-shell
emission spectrum in Na, Ausman and Glick point
out that one expects no& 0, with the result that the
threshold should be enhanced in this case (as is
seen experimentally).

In the Sec. III we show that the Raman experiment
can provide a direct test of this interpretation of
the threshold inhibition in Li by allowing measure-
ment at nonzero momentum transfer.

III. THEORY OF THE RAMAN PROCESS

with

2~k2

The phase shift 5, characterizes the scattering of
conduction electrons at the Fermi surface from a
hole in a state of relative angular momentum l. The
quantity W, (ur) represents a matrix element which

is slowly varying with respect to the frequency ~.
From an s-state core the matrix element 8', (ar)

only exists for l=1, i.e. , the photon in the dipole
approximation supplies an angular momentum of 1

to the core electrons.

q= k-k
2

(ENERGY TRANSFER)

( MOMENTUM TRANSFER)

d cr do.
dn

FIG. l. Energy and .momentum transfer in x-ray
Raman scattering.
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is the Fourier transform of the electronic charge
density of the ground state. Equation (9) is similar
to Eq. (4) except insofar as the matrix element con-
tains e'~' instead of the quantity p ~ A. Since q ~ r
can be varied by changing the scattering angle (un-
like the soft x-ray absorption case), the scattered
spectrum involves all powers of qx instead of just
the linear term.

What kind of additional information is contained
in Eq. (9)'? At the energy transfer of interest (cor-
responding to the core conduction-band transition)
the density operator may be written as

p(r) =-Q Z e*„-(r}y,(r)cI a;+H. c. ,

S(q, (o) =Q A, (q)R, ((u), (20)

where

R(k, k, (u) =Q Y( (k)Y)~(k }R(((u) ~

gift

For &u near threshold, the quantity R, (&u} is given
by

(i9)

with n, given by Eq. (7}.
In Li the quantity y(r) is the bound s-state core

wave function. Substituting Eqs. (18) and (19) into
Eq. (12) we find that the Raman cross section in
the threshold region is given by

where 4'~(r} is the Bioch function for an electron in
state k and y; is the core-state wave function on
the ith atom and c„- and a& are the corresponding
electron and hole creation operators. Assuming
that the core states are tightly bound, Eq. (9) may
now be written (per atom) as

S(q, a&) = Z M„(q}M„"(q)R(k, k'~), (i2)

where

R(k, k', v) = f dt e'"'(c-(t)a(t)a (0)cp. (0)) (13)

A {q)=~ 1(4v) fr drj {k r)j {qr)y {r}Y{q)

—(4v}' '5„,5, , 1q (r)1'q (k )j,(qr}1'

(2i)

y(q) = f d'r e'~' (p(r) . (22)

In Eq. (21) the second term in the integral arises

contains all the many-body effects and

Mp(q) = fd'rP;*(r, )q(r, ) e' ' (14)
2.5

is the matrix element for the scattering process
from a single atom. Since the core states are by
definition orthogonal to the valence band, we see
that in the limit q-0,

Mp(q) =0 .
The Mahan-Nozieres model '~ for calculating the

correlation function used in Eq. (13) assumes the
electrons to be noninteracting with one another, and
with the periodic lattice potential, the hole to be
infinitely heavy and the interaction between the
electron and hole to be described by a central po-
tential V(r), i.e. ,

H„, = Q V, (k, k )Y,„(k)Y, (k )c&c„"ianna . (16)
kk

The quantity V, (k, k }, when the conduction-band
wave functions are plane waves, is simply given by

V;(k, k') =(Bi+I) fj,(kr)j, (k'r)V(r)r dr . (17)

In order to simplify the calculations somewhat, it
has generally been assumed that these quantities
are independent of k and k, i.e. , that V, leads to
a description of the scattering in terms of the ener-
gy independent phase shifts 5, .

In this model the time dependence of the correla-
tion function matrix (k and k ) is diagonalized by
projecting the plane wave +k onto a given spherical
wave mode, i.e. ,

2.0

1.5

I.O

0.5

2 3 4

q (UNITS OF 27'/a)

FIG. 2. Dependence of matrix elements A&(q) Eq. (20)
as a function of momentum transfer q in units of 27}/a.
The core wave function was taken to be of hydrogenic
form y~, (r) = (A, /&) e ""with X= 1/aL& and az, &

——0.371
Bohr radius. The function A&(q)/q2 is plotted to show the
relation to the x-ray absorption at small Haman scattering
angles (small g). a is the atomic cell distance for Li
crystal (3.50 A). Ron this scale (2'/a=1) is 2. 84.
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from the orthogonalization of the plane suave at the
Fermi surface to the core state. As the Raman
scattering angle varies, the magnitude of the mo-
mentum transfer q changes and the coefficients
A, (q) start changing their relative magnitudes

For small q, compared to the radius of the core
state, the spherical Bessel functions in Eg. (21)
may be expanded. The leading term in the expan-
sion of the l=o term is of order q as a result of
the orthogonalization of the conduction electrons to
the core s state, while the dominant texm at small
q is the f =1 state for which A,(j) varies as q . A,o,

A3, and higher terms vary as q or higher powers.
Thus in the forward scattering direction, the thresh-
old singularity is essentially that of the soft x-ray
absorption and emission

As q is increased the term in Eq. (20) which be-
comes strongest is the l =0 term. This is shorn
in Fig. 2 where we plot a numerical evaluation of
A, (q)/q' for /=0, 1, and 2. The lattice constant a
for Li is 8. 50 A while the hydrogenic s core state
was taken to be of the form
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The inset is a close-up of the edge
shape. The dashed curves giv8s the
one-body contribution.



with

X = I/a L, = 5. 15 A

It is clear from an examination of the results shown
in Fig. 2 that, as the scattering angle is increased,
the behavior of the scattering cross section as a
function of energy should change ovex from that
predicted for the l = 1 phase shift in Eq. (19) to that
predicted for the l = 0 phase shift;

This changeover for Li is plotted in Figs. 3 and
4 where we have used the phase shift estimates of
Ausman and Glick. 6 "Ir}IJ'e have also plotted the free-
electron Compton cross section in the same units
[of Thompson cross section (do/dQ)T„] as given in
Ref. 7. Thus it may be seen that effects at thresh-
old which operate in soft x-ray emission and also
to some extent in the near-forward-dixection Raman
scattering (Fig. 3) change dramatically as the
scattering angle is increased (Fig. 4) to a threshold
singularity behavior such as that seen in Na near
an I.-band threshold.

In the calculation of the curves in Figs. 3 and 4
we have set

with @0=0.41, a~= —0.1, and neglected A3 and
higher effects which are smaQ corrections. The
parameter $ measuring the scale over which the
many-body effects occur has arbitrarily been set
to equal 5 eV, which is roughly consistent with the
observed inhibition of the edge in the Li soft x-ray
data (neglecting lifetime effects). The dashed
curves show the behavior of the noninteracting
Haman cross section which in the absence of band-
structure corrections is given by

8'(q, (u} = p((u)e((o & z„„)[A.,(q}+A,(q)] .
I't should be noticed that Eq. (24} ls an asymptotic

expansion, hence the cuxves of Figs. 3 and 4 are
only accurate very close to threshold. For large
~ they have been adjusted to follow a density-of-
states behavior. FinaQy, we have not included any
lifetime effects associated with recombination of
the hole so that the infinity (zero) in the theoretical
curves wiQ be rounded off somewhat in the experi-

mentt

In order to clearly observe the Raman edge one
must contend with the presence of a Compton scat-
tering "background" fxom the conduction electrons.

For the angles chosen, this Compton background
does not interfere with the edge. At the smaQ
scattering angles the free-electron Compton spec-
trum (q/q~«1) due to screening effects in the elec-
tron gas is a sharp line displaced from the input
x-ray energy by the plasma energy (ku& = h&u~

='I. 1 eV). The Raman threshold is clearly isolated.
Unfortunately, it is rather weak.

As the scattering angle is increased, the intensity
near threshold increases (see the Appendix in Ref.
"I); however, the dip quickly becomes a peak. The
rapid changeover is directly connected to the smaQ-
ness of the parameter @~a«. The scattering of an
electron at the Fermi surface is almost puxe s wave
except in the extreme forward direction where the
orthogonality of the inital and final wave functions
suppresses the s-wave scattering. The obsexvation
of the dip wiQ be difficult. The presence or absence
of a peak at laxger angles wiQ either confirm or
disprove the conjecture concerning the origins of
the soft x-ray anomaly in Li.

V. CONCLUDING REMARKS

%e have proposed that a Raman scattering experi-
ment could be used to investigate the properties
of the soft x-ray threshold in metals. An analysis
for the case of Li metal suggests that the character
of the many-body contributions to the scattering
should change dramatically as the angle of the ex-
periment is increased away from the forward direc-
tion.

In addition to the added information obtained in
the Baman scattering experiment, such a hard x-
ray process has several purely experimental ad-
vantages over a soft x-ray emission or absorption
experiment. First, it is a bulk process, i.e. , the
10-keV x rays penetrate a low-g material such as
Li to distances approximating 1 cm. In contrast,
soft x-ray penetration lengths are in the few-hun-
dred A range so that surface preparation is a real
problem. In a hard x-ray Raman process one can
easily use buIk single crystals and one can quite
conveniently vary the temperature. Both of these
features are difficult to obtain in a soft x-ray emis-
sion experiment. The real difficulty in the hard x-
ray Raman process lies in the question of energy
resolution. In the Raman pl'ocess we are forced
to analyze small energies of the order of a few
tenths of an eV on a scale of 10 keV. Such resolu-
tions are difficult to reach but we believe they can
be achieved.
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The single-site coherent-potential approximation for substitutional disordered alloys is ex-
tended to include the effects of random off-diagonal elements and of the formation of clusters.
Our results are in good agreement with the exact numerical computations performed on a one-
dimensional system over most of the energy region.

I. INTRODUCTION

Recently, the one-electron theory of disordered
binary alloys has been studied most intensively.
Because of the lack of crystal symmetry in disor-
dered alloys, their properties evaluated by statis-
tical averages over all configurations are difficult
to calculate. Therefore various approximations
have emerged. The virtual crystal~ and the t-ma-
trix approximations are the conventional approach-
es. More recently the coherent-potential approx-
imation (CPA)3 ' has been shown to be the most
powerful method to treat the disordered alloys.
It is a self-consistent method which serves as an

interpolating scheme for the entire range of con-
centrations and scattering strengths in disordered
alloys.

The CPA is developed within the framework of
multiple scattering theory introduced by Lax.
Soven and Taylor first used the CPA to calculate
the electronic density of states (EDS) and the pho-
non spectrum in disordered substitutional binary
alloys. They introduced the concept of a coherent
potential which, when placed on every site of the

alloy lattice, will simulate the EBS or the phonon

spectrum of the actual a11oy, respectively. To de-
termine the coherent potential, one generally re-
quires that a single scatterer imbedded in this ef-
fective medium should produce no further scatter-
ing on the average. A detailed discussion of the
CPA can be found in Velicky et gl. 5 This theory,

based on a single-site approximation (SCPA), suf-
fers from three major drawbacks: (i) its failure
to produce a tail in the edge of the density of states,
(ii) its restriction to alloys with composition in-
dependent off-diagonal elements, and (iii) its
neglect of the effects due to the formation of clus-
ters. The first point has been discussedby Eggarter
et &l. using a percolation theory~ and by Schwartz
using an extended CPA, ' which includes the effects
due to pairs at all distances, but excludes effects
of random off -diagonal elements. The second point
has been treated by Soven in the CPA for a system
of muffin tin potentials, in which the pure con-
stituents have different bandwidths, and by Black-
man et al. using the CPA in a locator expansion
in which the effects of clustering have not been con-
sidered. The third point has been discussed by
Freed et ul. in a cluster theory, in which there11 .
is an infinite hierarchy of equations of motions
[in which the s-atom Green's functions are coupled
to the (n+1)-atom Green's function] and which pro-
vides an improvement over the SCPA and becomes
more and more accurate by inclusion of larger and

larger clusters. Qne problem is to know the opti-
mum size of clusters convenient for machine com-
putation and for reproducing the features of the
true spectra at the same time. The SCPA corre-
sponds to truncation in the equation of motion of a

. 1-atom Green's function. Berk'~ has considered
the last two points in the weak-coupling limit.
Montgomery et gE. have treated amorphous


