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apply this method in actual calculations of the band
structure over most of the zone.using only the
second-order parameters. In fact, one would be
able to obtain a complete picture of the whole spec-
trum by making use of the higher-order expansion
parameters and, if needed, by calculating E(k)
separately only at a few points and in those portions
of the zone that might be inaccessible by the expan-
sion parameters. Such expansions will give the
band structure itself [rather than an interpolation
Hamiltonian whose secular determinant still needs
to be evaluated in order to get E(k)] in terms of
only a small number of parameters. This in turn
will greatly simplify the calculation of such quanti-
ties as the density of states, etc. In addition, this
procedure is well suited to accurately resolve the
detailed band structure of "pockets" of states in

those regions of the zone which are of particular
physical importance. Here we note that expansions
with the relativistic coefficients will accurately
determine the small spin-orbit coupling parameters
which are of critical importance in such contexts

as magnetic breakdown, g factors, etc. Also, with
appropriate modifications for nonmuffin-tin poten-
tials, it might not be too optimistic, perhaps, to
extend even to semiconductors these selective
studies of important regions of the zone.

What is more important, however, than the cal-
culational merits of this expansion procedure is
the fact that it can be used in semiempirical con-
texts as an interpolation scheme. Moreover, in
contrast with other interpolation schemes where
the adjustable parameters are of no direct physical
significance, the fitting parameters of this scheme
are the effective-mass parameters of this work
which are expressed explicitly in terms of the
phase shifts of the zeal (rather than pseudo) crystal
potential. Therefore, blending these first-princi-
ples formulas with empirical information will put
useful constraints on the phase shifts and thus, in
turn, will provide specific information about the
underlying crystal field.

Finally, we wish to thank Dr. F. S. Ham for
providing the phase shifts for the alkali metals.
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Cyclotron resonance has been observed from a fraction of a dog' s-bone orbit in silver under
conditions where the carriers are effectively prevented from making more than two transits
through the skin layer. In the high-&c7' limit, the properties of such a resonance are shown to
differ significantly from those of a conventional cyclotron-resonance spectrum. The require-
ments on the alignment of the sample surface relative to the crystal axis and on the flatness of
the sample are very severe when the magnetic field points in a symmetry direction. These re-
quirements are relaxed by an order of magnitude by a slight misorientation of the magnetic
field.

A conventional Azbel'-Kaner' cyclotron-resonance
experiment measures the cyclotron mass associated
with a closed orbit in k space. A steady magnetic
field is applied parallel to a flat metal surface, and

the resonance is caused by the multiple interaction
between the electromagnetic field and electrons
passing through the skin layer once per revolution.
In the case of a concave orbit, a situation may arise



in which two or more points are located in the skin
layer. This will give rise to separate resonance
series which, in some respects, have properties
differing from those of conventional cyclotron reso-
nance. In the following, this effect will be treated
for the specific case of the dog' s-bone orbit in sil-
vel,

If the sample surface is a (110)plane and the mag-
netic field is along the [110]direction, the orbit is
located with respect to the sample surface as shown
in Fig. 1. During each cyclotron period the elec-
tron goes through the skin layer twice, at the points
A and B. A resonance in the surface impedance
may therefore be expected whenever t„~ =nT (n
= 1, 2 &, ~ ~ ~ ), where t„e is the time it takes the
electron to go from A to B, and T is the microwave
period. By analogy with conventional cyclotron res-
onance we may define an equivalent ma, ss for the
fractional orbit as m„= eBt„x(/2v (in MES units). We
expect m„ to be close to & of the dog' s-bone mass
m, because the electrons traverse approximately
& of the entire dog' s-bone orbit.

Figure 2 shows a recording of the cyclotron-reso-
nance spectrum at 44. & 6Hz. The sample was a
plane-parallel slab of thickness D= 0. 235 mm, and
we used a standard reflection spectrometer with
magnetic field modulation. The temperature was
4. 2 K. The strong signal above B~ is due to the
[110]noncentral. belly electrons. Below B, the or-
bit diameter of these electrons is larger than the
slab thickness, and the resonance is cut off. In
this range is seen a series of oscillations, periodic
in B, and corresponding to a mass of m, ,/mo
= 0. 2VO + 0.005, where mo is the free-electron mass.
Above 8» this series can be seen as a modulation
of the belly spectrum. From Fermi-surface cal-
culatlonsy Rs well Rs from pr ev1ous measure-
ments, ~'3 it is apparent that for the given orienta-
tion of the magnetic field no closed orbit exists with
a mass of this value. However, —,

' of the dog' s-
bone mass (mc/mo= 1.02+ 0.01) is reasonaMy close
to the measured m„/mo. When the magnetic field
is tilted out of the sample surface, the amplitude
of the belly resonance decreases rapidly due to the
large drift velocity of the noncentral electrons.

I I
(

I I I (
) ( l

I I

4 5 jp)

I

IG kG

I ( I l ( l I t (

IO 8 kG

FIG. 2. Recording showing the fractional orbit reso-
nance below belly electron cutoff. Insert shows harmonics
Nos. 3 and 4 of the dog' s-bone resonance, whereas No.
2 ls missing.

At a tilt angle of 2. 8' the belly resonance has dis-
appeared, and the stationary fractional orbit reso-
nance can be followed above the cutoff field 8,.

The existence along the orbit of two points of ef-
fective intex action with the microwave field can also
be inferred from the behavior of the ordinary dog' s-
bone resonance. If the time t„~ equals an odd num-
ber of half-microwave periods, the net interaction
wiH. be zero. Since t» ——,

' T„where T, is the
dog' s-bone period, this can be expressed as &/~,
= 4P+ 2 Q = 0, 1, 2, . . .). Thus the harmonics num-
ber 2, 6. ~ ~ should be missing from the dog' s-bone
spectrum, or at least appear with considerably re-
duced amplitude. This prediction is verified by the
experimental recording inserted in Fig. 2, where
the second harmonic is missing. Harmonics higher
than the fourth are masked by the belly resonance.
As a reasonable value of the mean free path for the
dog' s-bone electrons we may take 0. 1 mm, cor-
responding to && = 20. At the magnetic field B„
this leads to +,&=0.7, so that the probability of
completing one full dog' s-bone orbit is down by a,

fRctox' of 10 Rs colllpR1'ed to 'tile probability of colxl-
pleting the fractional orbit. The ordinary dog' s-
hone signal is therefore expected to be vanishingly
small in the magnetic fieM range where we observe
the fractional resonance.

It is of interest to compare the fractional reso-
nance (subscript II) with a conventional cyclotron
1'esollRllce (sllllscl'1pt I), Assuming 'tllRt 0111y R
small fraction e of the electrons, all of the same
mass, contribute to the resonance, the conductivity
fox the conventional cyclotron resonance is

FIG. 1. Dog' s-bone orbit with two effective points in
the skin layer.

where y = f&a/((l, + I/&o, r and (xo (q) is essentially the
conductivity associated with the nonresonant elec-
trons. The resonance factor (1- e 3'") ' results
from a summation of current contributions from
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all previous traversals of the skin layer. For a
fractional orbit, the number of traversals is re-
stricted to two. The conductivity then is

o'„(q, B)= oo (q) [1 —e + & (1 + e - '")], (2)

where I+ e ~" are the two first terms in the sum
leading to the resonance factor in (1). Strictly
speaking, this result assumes that an electron is
not allowed to complete an entire orbit. We can
assure this for arbitrarily high &,v' values by
choosing a sample so thin that the entire orbit is
cut off. The surface impedance is proportional to
o ', and since e «j., the expression for o» leads,
for all &,T, to

Z{a)=Z,+~Z(a) = Z, ——,'e ~Z, ~e~"'&,

wber«o=
I Zol e'" is the surface impedance as-

sociated with the majority of nonresonant electrons.
Fox' the fractional resonance we thus expect a purely
slnusoldRl modulation of the surface lmpedRnce,
For the conventional resonance, if &,s «2m, we
can expand the resonance factor and retain only the
leading terms. In this limit o, is identical to o»,
and the surface impedance is again given by (3).
For high values of &,7', however, the resonant
term tends to peak strongly at the resonant fieMs
where =n('d, . If it remains small as compared
with the nonresonant term, even at resonance, one
then obtains the characteristic narrow, asymmetric
Chambers line' whose relative width is of the order
of 1/~.

In the general case, the cyclotron mass varies
with ko (tbe wave number component along B) and

it is the integration over k~ that effectively reduces
the number of electrons contributing to the reso-
nance to a few, centered at the extx'emal value of

m, (ko). For the conventional resonance in the high-

, s' limit this situation can be treated analytically
by perfol IHing the 0& lntegx'Rtlon by the stationary
phase method. This leads to Chambers lines which

are qualitatively different for a mass maximum and

a mass minimum, but with a relative width still of the
order of 1/&ur. The validity of this approach requires a
contributing range of k& small enough so that we
can use a parabolic expansion for m, (ko). An elec-
tron whose mass deviates by 4' fx"om the extreme.
value will, at the nth harmonic, see a change in
the electromagnetic phase of 2vnhm/m per revolu-
tion. With an average of &,r/2v revolutions in a
lifetime, the accumulated phase change amounts to
&ur &m/m, and only electrons satisfying &m/m

1/&ur will then contribute. For sufficiently high
~ this number will always be small enough to as-
sure the validity of the parabolic expansion, For
the fractional resonance there is no cumulative ef-
fect because the orbit is only traversed once. Thus,
regardless the value of &or, all electrons with &m/m

& 1/2 on will contribute to the nth harmonic. For
low n this makes the use of stationary phase argu-
ments questionable, and one may here anticipate
substantial peak shifts due to the influence of elec-
trons far from the mass extremum. In the present
measurements we did not notice any peak shifts.
This is to be expected, since with n=9 the relative
mass spread is less than the experimental uncer-
tainty. Tbe tilted field data cannot be used in this
context since the drift velocity w ll here tend to re-
duce the contribution from the noncentral oxbits.

It follows from the preceding discussion that the
fractional orbit resonance will be a damped sinus-
oida1. oscillation for all values of p, in contrast
to the conventional cyclotron resonance where nar-
row, asymmetric lines develop at high &p. The
number of visible subharmonics in a fractional
orbit spectrum will be identical to that of R con-
ventional spectrum with the same mass and relaxa-
tion time, since in the low-field limit the two ex-
pressions for the surface impedance become iden-
tical. In view of this, it is not surprising that
fractional orbit resonance can be observed exper-
imentally. On the other band, a serious difficulty
with the observation of a fractional resonance would

appear to be the necessaxy degree of alignment of
the sample surface relative to the crystal axis. If
the sample is fl.at and the alignment is not perfect,
the two effective points on an orbit will be at dif-
ferent distances from the surface. The resonance
will then be attenuated, and at the same time it will
be shifted because the difference in the electromag-
netic phase at points A and 8 will have an additional
contribution due to thf spatial variation of the field.
Since the distance between the effective points in
the present case is typically 0. 3 mm Rnd the skin
depth is of the order of 0. 1 p., a misalignment of
as little as j. 'would then be sufficient for destroying
the resonance. When orienting our samples we used
standard x-ray equipment allowing for an accuracy
of, at most, + 0.5', and the probability for acci-
dentally achieving alignment to better than I can
be considexed negligible. The weak rounding of
the chemically polished sample combined with the
residual lemon-peel sux face irregularities could
compensate for a misalignment of up to 10, but
even then only a small fraction of the sample area
would be perfectly aligned, and we would expect
the resonance to be extremely weak.

That a resonance can be observed in spite of such
seemingly prohibitive conditions can be understood
if we consider orbits with ka 10. Let us assume
that the sample surface deviates by a small angle a
from the (110)symmetry plane (Fig. 3). When B
points exactly along the [110]direction, the line
adjoining the effective points A and B will, for all
values of 4~, be inclined by Rn angle n relative to
the surface. If 8 is slightly misaligned, as in the
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