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The critical magnetic field and the associated supercooling are measured and analyzed in

superconducting molybdenum. The coexistence of a superconducting surface sheath with a
supercooled normal bulk is confirmed. Thermal-conductivity measurements are analyzed and

the possible influence of s-d scattering close to T, is discussed.

I. INTRODUCTION

Superconductivity in the transition metals has
been the subject of many experimental and theo-
retical investigations in recent years. Many of the
experiments and observations on this group of ele-
ments, in particular, studies of the absence or
considerable reduction of the isotope effect, ' the
pressure dependence of the transition temperature

the relation of T, to the total density of.states
at the Fermi surface, the effect of magnetic im-
purities, and the empirical rules relating T, to the
position in the Periodic Table, ' have led some of
the investigators to suggest mechani. sms different
from the electron-phonon interaction, as originally
proposed by Bardeen et af. ~ (BCS), to be partially
responsible for superconductivity in the transition
metals. On the theoretical side, however, in the
spirit of a two-band model for the electronic: struc-
ture of the transition metals and assuming the
Fermi surface separable into s- and d-like re-
gions, it has been shown by Garland that experi-
mentally observed superconducting properties of
the transition metals could be explained by a single-
gap theory appropriate to dirty 0 materials. Based
on his model and the single-gap theory, Garland '
has carried out calculations of the isotope effe'ct
coefficients in the limit of sufficient dirtiness and
has shown that the experimental evidence supports
the BCS theory and the idea of phonon-induced su-
perconductivity. Although the superconducting state
parameters have been calculated'3 using the elec-
tron-phonon interaction and were found to t}e in

agreement with the experimental results, the pres-
ent knowledge of the electronic-band structure of
the transition metals is insufficient to resolve the
controversy and completely justify the theoretical
models.

Much of the success of the experiments on transi-
tion metals is due to the recent purification tech-
niques. In fact, elements such as molybdenum can
be sufficiently pure to show the characteristics of
a "clean" superconductor. ' Thus, it seems of
interest to carry out further experimental investi-
gations of the superconducting transition and of the
transport properties of molybdenum, particularly
below 1 K where molybdenum becomes supercon-
ducting. In this temperature region, for a pure
metal, one can safely assume that the heat conduc-
tivity is predominantly electronic. Also, since
molybdenum has a very high Debye temperature
relative to its superconducting transition tempera-
ture and because of a large electronic mean free
path due to its high purity, one may expect the scat-
tering of the electrons by thermally excited lattice
vib. .ations to be negligible as compared to their
elastic scattering by static imperfections such as
impurities, lattice defects, or, at even lower tem-
peratures, by the boundaries. In turn, in a very
pure transition metal one can hope to see some in-
fluence of another scattering process: the elec-
tron-electron scattering or s-d scattering. Under
these conditions, the study of the thermal conduc-
tivity of molybdenum in the normal and supercon-
ducting states will prove very useful for comparison
with the theory of Bardeen, Rickayzen, and Te-
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word (BHT) and for the determination of the pos-
sible contributions arising from the s-d interac-
tion. 8'1~

Superconductivity in molybdenum was first re-
ported by Geballe et al. '6 Since then, measure-
ments have been made of the isotope effect, the
ultrasonic attenuation, ' the critical magnetic
field, ' the specific heat, and the magnetiza-
tion of this element. In this work, we present the
measurements of the critical field and supercooling
as well as those of the thermal conductivity in the
suyercondueting and normal states on single crys-
tals of molybdenum.

In Secs. I and III, the pertinent details of the
apparatus and the experimental procedure are
briefly reviewed. Section IV is devoted to the pre-
sentation and discussion of the results. Finally,
in Sec. V the conclusion of this study is presented.

II. APPARATUS

A. Cryostat

Below 1 K, a Hes refrigerator similar to the one
described by Reich and Garwin gras used. The
cryostat could be operated in two modes: continu-
ous operation with the lowest temperature of O.V 'K
and batch operation with the lowest temperature of
0. 33 K. The temperature regulation mas main-
tained by an eleetx'onic heater feedback system
developed for the thermal conductivity measure-
ments that was capable of maintaining the tempera-
tux'6 constant w1thln bettex' than 1 mdeg ovel R 30-
xQ1D period+

B. Magnetic Field

The external applied field was provided by a
superconducting solenoid, V in. long and 1~ in. in
diam, wound with Nb-Ti wire3~ on a stainless-steel
core tightly fitted around the vacuum chamber sur-
rounding the sample. The solenoid was calibrated
by means of a Hall probe against a precision regu-
lated magnet. The characteristic calibration at
the center of the solenoid was 420. 5 G/A. Since
the sample used for critical fieM measux'ements
mas only 1 in. long, the field mas considered to be
homogenous over the volume of the sample within

a fraction of a percent and no end corrections were
made

For the thermal measurements which mere car-
ried out on a 3-in. -long sample, the above solenoid
was replaced by another one of comparable dimen-

sions but with end corrections to keep the field
homogenous within 1~ in. from the center of the
solenoid. The characteristic calibration at the cen-
ter of the solenoid was 230 6/A.

C. Thermometry

In the He cryostat, secondary thermometers
(Allen-Bradley resistors) were calibrated against

the vapor pressure of the He bath. The best con-
ditions for the calibration were obtained by pumping
the system to the lowest temperature attainable,
then shutting off the Hes system completely from the
outside. The system then warmed up slowly over
a period. Of 2-3 h, during wkqeh the calibration of
the thermometers versus the slowly x'ising vapor
pressure was carried out. The instrument used to
measure the vapor pressure of the He~ was a type-
I quaxtz Bourdon tube manufactured by Texas In-
struments, Inc. The tube range eras 0-200 Tox'r,
and its sensitivity was about 1% in the 10 -Torr
region and 0. 1% in the 1-Torr region. At the low-
est temyeratures, a correction to the pressure
reading was made in order to take into account the
thermomolecular effect. The thermometer current
was limited to less than 0. 25 pA in order to avoid
self-heating.

Fox the temperature dependence of the critical
field measurements, a 10-Q ~~-O' Allen-Bradley
resistor, which was previously calibrated by Blewer
et ul. , was calibrated again following the proce-
dure stated above and the calibration curve mas
found to be reproducibl. Subsequently, the tem-
peratures were obtained from the calibration of
this thermometer.

For the thermal-conductivity measurements, new
thermometers (with no previous calibration) had to
be used, and because of the necessary modifications
introduced in the He3 system, the calibration of the
thermometers gras carried out in the following
manner: A 10- and 30-0 ~~-W Allen-Bradley resis-
tor mere calibrated against He3 vapor pressure in
the temperature ranges of 0. 3-0.9 'K and. 0. 8-
1.1 'K, 'respectively. The calibrations were xe-
peated several times to ensure reproducibility of
the results. The thermometers were found to obey,
quite accurately, a relation between their resis-
tance 8 Rnd the vapor pressure p of the He liquid
given by log~OR=a+Qb„(l g~ooP)", with I being
equal to 6 and 5, respectively. This relation is
linear over the upper temperatures of either range
and this linearity mas utilized for further correc-
tion in the calibration as follows: The 30-0 thex-
mometer mas calibrated against the vapor pressure
of He and the xesult gras converted to a relation
between log, oR and logqoP, where P is the He' vapor
pressure corresponding to the given He vapor
pressures. The two calibrations were plotted to-
gether' and the Hes calibration was shifted along the
log&&Praxis to match the continuity of the two straight
lines. The shift wRs assumed to be the sRxQe Rt

all temyeiatures of the He3 calibration and new
texnperatures were calculated accordingly. The
corre'ction to the He calibration was about 5 mdeg
at the'lowest attainable temperature and about 15
mdeg at 0. O'K. This coxrection was accounted for
by assuming a systematic error due to the nonideal
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FIG. 1. Typical recordings of N-S and S-N transition
on g-y recorder. (a) is the induced emf observ'ed through
a lock-in amplifier; (b) is the induced emf observed
directly after amplification. The individual peaks are
distinct and reproducible and p& is identified vrith H, .

conditions prevailing in the measurement of. the
vapor pressure of He~.

The temperatures between 1.1-4.2 K were de-
termined from the calibration of two 50-0 ~-Vf
Allen-Bradley resistors calibrated against the
vapor pressure of He .

III. EXPERIMENTAL PROCEDURE

A. Critical Field Measurements

The sample used for these measurements was a
triple electron-beam-zone-refined single crystal .

in the form of a rod 1 in. long and s in. diam pur-
chased from Materials Research Corp. The re-
sistance ratio of the sample was measured and
found to be Rppp/Rg p

—10' with the residual resis-
tivity po= 5. 7&10 0 cm. From the measurement
of po, the mean free path was estimated by using
the relation I = V+7 = 3cr/2ePN(0) Vz, where cr is.the
residual electrical conductivity, V~ is the Fermi
velocity, and the density of states is N(0) = 3y/
2m k . Deducing the electronic specific heat con-
stant y, the Fermi velocity V~, and the coherence
length gp from our critical field measurements
yields l =2. 8&& 10 cm and its ratio to the coherence
length $p, I/(p =780.

The transition at a given temperature was de-

tected by observing the emf induced in a pickup
coil wound around the sample, as an axial external
field was swept linearly at a rate of about 0. 25 0/
sec through the value of the critical field. The
emf was used to drive the y axis of a x-y recorder,
the x axis of which was driven by a voltage pro-
portional to the current in the solenoid. Two meth-
ods were used to observe the emf. In the first
method, hereafter referred to as modulated-field
technique, the external dc field was modulated by
a 270-cycle field and the emf induced in the coil
was fed to a lock-in amplifier, the output of which
was connected to the y ax(.s of the recorder.
Though the detection of the transition was accurate,
as shown in Fig. 1(a), the method failed to reveal
the details of the transition. An alternative meth-
od, in which there was no modulation superimposed
on the external field, hereafter referred to as dc
field technique, was to observe the emf directly
after amplification by a dc amplifier. This method
proved satisfactory in producing the details of the
transition in a manner similar to that observed in
other measurements. ~' In Fig. 1(b), a typical
transition signal is shown. The sample gras first
cooled down to the lowest temperature in zero field.
The field was then linearly increased and the ex-
ternal field at the transition to the normal state
was identified with the thermodynamic critical field
H,. The direction of the field sweep was then re-
versed until the completion of the normal to super-
conducting transition, and the value of the external
field at which the transition started was identified
with the supercooling field H, . The sample was
brought to the normal state again by increasing the
field and the value of H, was observed to be repro-
ducible. The bath temperature was then raised to
a higher value, and the values of H, and H, at the
new temperature were, respectively, determined
by a downward sweep followed by an upward sweep
of the external field such that the final state of the
sample was normal. The bath temperature was
then raised further and the procedure was repeated
until the transition temperature T, was reached.

B. Thermal Measurements

The sample used for the thermal measurements
was 3 in. long and had original characteristics
similar to the first sample. This sample was first
reduced to a rectangular cross section of approxi-
mately 1&& 1 mm by grinding with Carborundum
powder and polishing with emery paper No. 600.
It was then annealed at about 1200 'C and 10 ' Torr
for 16 h. The surface oxidation and the local
strains close to the surface were removed in a
strong acid solution (HpSO4, HNOp, HF, and H&Op)

and finally the sample was etched several times
in a strong etchant (HC1 and H20p). The final av-
erage cross section of the sample was approxi-
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FIG. 2. Temperature dependence of the thermodynamic
critical field H, and the supercooling field H~ of molybde-
num. The solid cuxves are least-squares fits of the form
II=II0+ Z 3& a„T to the experimental data of the modu-
lated-field technique (see Hef. 30).

mately 3 & 3 mm. The electrical resistance
stayed constant between 4. 2 and l 'K with a resis-
tance ratio of 1"=RMO/R~ ~

= 3500 and a residual
resistivity po of 15.8&&10 '0 0 cm. The resistance
ratio was smaQer than that of the first sample sug-
gesting a higher concentration of structural defects
and probably incomplete annealing. Using Vz, y,
and $0 of the first sample, the electronic mean free
path was estimated to be / = l. 0~10 cm with the
ratio I/t'0= 285, indicating the high purity of the
sample. The sample, inside a vacuum calorime-
ter, was soldered to the He3 copper cup. A heater
of Constantan wire No. 40 was wound at the end of
the sample Rnd covered with General Electric No.
V031 glue. The temperature gradient along the
sample was measured by two cax'bon resistance
thermometers whose copper windings were sold-
ered to copper spots welded on the sample. The
temperature measuring circuit and the method of
measuring thermal gradient in the He range of
temperature have been described by %'asim and
Zebouni. A similar method was followed in the
Hes range of temperature. The two thermometers
at the two ends of the sample were electx'ically
connected as two arms of a bridge which was ini-
tlaQy balanced Rt R bRth temperature 70 in the Rb

sence of any heat flow through the sample. The
temperature of the bath was then lowered to To
—4T, where 4T was of the order of 30-50 m'K.
Then the heat current was adjusted so that the ther-
mometer closest to the heat source had the same
resistance as at T'o. The resistance of the cali-

brated thermometer, placed at the cold end of the
sample, would then correspond to To —5T, where
57.' is the temperature drop along the sample and,
therefore, the temperature gradient is obtained
directly from the characteristics of only one ther-
mometer.

IV. RESULTS AND DISCUSSION

A. Critical FieMs

The temperature dependences of the thermody-
namic critical field H~ and the supercooling field
H, are plotted in Fig. 2 for the two techniques. The
solid lines are least-squares fits of the form H
= Ho+ g„a„T " to the data from the modulated-field
technique. The values H, (0) = 96+ 2 and T, = 0. 903
+ 0. 003 are calculated from the expression corre-
sponding to the upper curve at the two limits T= 0
and H= 0, respectively. The data from the modu-
lated-field technique @&ere used for the least-
squares fit because they extend to lower tempera-

. tures than the dc field data. The latter, however,
proved more useful in producing the details of the
transition signal. It was observed that the normal-
to-superconducting transition is very sharp while
the superconducting-to-normal transition has dis-
tinct individual peaks. ~' These peaks show coxn-
plete reproducibility at all temperatures, although
they smear out into one smooth peak close to T,.
Figure 1(b) shows a typical transition signal from
the dc field technique, and the individual peaks are
clearly distinguished. The onset Po of the transi-
tion was attributed to the end effects, and the first
peak Pz was taken to represent the penetration of
the external field into the bulk of the sample, i. e.,
H,. For the completeness of the compax'ison of the
two techniques, however, the values of the exter-
nal field at P, are plotted in Fig, 2 and those at P&

are plotted in Fig. 3. With the exception of Fig. 2,
H, is to correspond to the peak Pz throughout the
present work. Figure 3 is the plot of H, vs (T/T, ) .
We have also plotted the values of the critical field
computed by Borer et a/. from their specific-
heat data. Their Mo-4 sample was chosen for
comparison because its characteristics seemed
closer to ours (same commercial source). With the
exception of the value for the transition tempera-
ture T„ the over-all agreement of the results is
excellent. The values of the electronic specific-
heat constant and the energy-gap parameter at T
= 0 were obtained from the expressions of BCS, y
= 1/19. 4 (dH,/dr)', , and 2c(0)/uv', = (4w'W3) [H',(0)/
8wyT', ]' ~', using the experimental values of T, and

(dH, /d&)r r, and H, (0). As shown in TaMe I, they
Rre in good agreement with those of the specific-
heat measurements. In Table I, some of the re-
sults of this work are presented and compared with
other experiments and available calculations. To
complete the comparison, the deviation of the
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FIG. 3. Thermodynamic critical field of molybdenum.
The dashed curve is that computed by Borer eg a/:. from
their specific-heat measurements.

critical field of molybdenum from a simple para-
bolic law, together with the results of BCS~'3 in
the limit of weak coupling, are shown in Fig. 4.
The deviation is found to be similar to that pre-
dicted by the BCS theory.

SuPe~cooling. The temperature dependence of
the supercooling field H, in molybdenum was shown
in Fig. 2. It is observed that H„at which the
transition to the Meissner state takes place, is
always smaller than H, at all temperatures, The
significance of H, is in its relation with the surface

nucleation field H, 3 and its distinction from the
bulk nucleation field H,z in a type-I superconductor.
Here both H,3 and H,& have to be given special
meanings. Saint-James and de Gennes (SJdG),
using the Ginzburg-Landau 3 equation, have shown
.that in a magnetic field parallel to the sample sur-
face, a localized superconducting region can be
present near the surface (surface sheath) up to a
field H, s, significantly higher than H,a, with H,~/
H,a= 1.695 at T = T,. Recent calculations3' '6 of
H,~/H, 2 show that this ratio increases as the tem-
perature is lowered below T,. In type-I supercon-
ductors, H,z is smaller than H, and, depending on
the Ginzburg-Landau parameter, H, 3 may be small-
er also. Nevertheless, both critical fields still
have significance. H,a is the smallest field for
which the sample can be kept metastably normal
in a "supercooling" situation (when surface effects
are not important) and H,~ is the smallest field for
which the sample can be kept metastably normal
in a "supercooling" situation when the field is
parallel to the surface. SJdG were first to suggest
that in type-I superconductors, when the field is
parallel to the surface, the supercooling field is
H,3 (whenever H,3 &H,) rather than H,a. However,
from the one-dimensional Ginzburg-Landau equa-
tions, Feder" has predicted the existence of a
metastable superconducting surface sheath on a
supercooled material, even when H,3&H„ if the
Ginzburg-Landau parameter ~ is larger than a
critical value v,. Thus, it is only when g & K that
H,3 can be identified with the supercooling field.
The limiting field, below which there are no sur-
face solutions (the field at which transition to the
Meissner state takes place), has been calculated by
Parks who has shown that there are metastable
surface solutions below H, even when H, 3& H,. The
magnetization experiments of McEvoy et al. on
lead and tantalum have shown a qualitative agree-

TABLE I. Comparison of experimental results on superconducting molybdenum.

Technique

Critical magnetic field~
Critical magnetic fieM"
Specific heatc
Magnetizationd
Ultrasonic attenuation~
Ultrasonic attenuation~

Present work:
Critical magnetic field
Thermal conductivity

~See Ref. 19.
'See Ref. 20.
'See Ref. 21.

r, (K)

0.930
0.916
0.917
0.903
0.92 +0.01
0.92+0.01

0.903 +0.003
0.903 +0.003

188
178+2

187+3

H(0) (G)

98.2
86+1.5
96 +3
98
114

96 +2

See Ref. 22.
~See Ref. 17.
See Ref. 18.

2e (0)
kTc

3.40+ 0.10

3.5+0.2 (q II [100])
3.3 +0.2 (q II [100])
3.5 +0.-2 (q II [110])
3.1+0.2 (q II[111])

3.40+0. 1
3.2 ~0.1

mJ
mole deg

1.61

l. 87 +0.02

1.80 +0.06
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ment with the above theoretical predictions. The
reported values of ~, from the theories and from
experiment range from 0.406 to 0. 409.

Since it is apparent that H,3 cannot be identified
with H, over the whole range of temperature and a
direct measurement of H,3 was not possible in the
present experiment, it is our purpose to compare
the experimental values of II, with the theoretical
calculations' ' ' of H, 3. This comparison is more
meaningful if made as a function of the Ginzburg-
Landau parameter a rather than as a function of
temperature. The temperature dependence of v

can be determined from the ratio H,~(t)/H, (t), but
H,~(t) cannot be observed without difficulty in type-
I superconductors. Fortunately, the theoretical
computations of x and H& can be made with a fairly
high degree of confidence. Using a gauge-invariant
solution of the linearized Gor'kov equations,
Helfand and Werthamer' have calculated the bulk
nucleation critical field H,a and the Ginzburg-
Landau parameter z for all impurity concentrations
and all temperatures below T,. Their impurity
concentration parameter x = 0. 882 $o/l is estimated
to be of the order of 10 3 for our sample, thus put-
ting the molybdenum well within the pure limit of
their theory. From their calculations, v(X, t)
= v(X, T,)f (h, t), where t = T/T, and f (t, X) is a nor-
malized known function of the reduced temperature
and the parameter X. Therefore, one can deter-
mine v(t) if the value of v at the transition tempera-
ture is known. From the preliminary analysis of
the data, it was predicted that e(T,) & v, and, there-
fore, in the region close to T„H,S=H,. Then,
assuming the validity of SJdG's relation, v(T,) can
be obtained from the extrapolation of the experi-
mental values of the ratio H,gl 695 WH, to T= .T„
which yields a(T, ) = 0. 365+ 0. 005. From z(t) and

FIG. 4. Deviation of the critical field of molybdenum
from that of a simple parabolic law. The dark solid line
is the corresponding deviation of the BCS theory for super-
conducting with weak coupling.
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FIG. 5. Critical fields of molybdenum. H~ and H~ are
measured experimentally. H, 2 is calculated from H, and

v according to the theory of Helfand and Werthamer (Bef.
41). B,3 is calculated from the expression of Hu and
Korenman (Bef. 34).

the relation H,z(t) = v(t) H, (t), one can determine
H,z(t) using the experimental temperature depen-
dence of H,(t). The calculated values of H,~(t) are
shown in Fig. 5 together with experimental data of
H, and H,. The slope of H,~(t) at the transition
temperature is [dH,2(t)/dt], ~

= 84. 4.
In Fig. 6 the experimental ratio H, /H, vs a(t) is

plotted together with the results of Park from his
table of calculated values. The straight line is the
ratio H,~/H, = 2. 392 z(t) (assuming the validity of
SJdG's relation to extend to all temperatures).
This line coincides, as it should, with the extrap-
olation of the results of Park to lower values of tc.
As typical calculations of the ratio H,s/H„we have
plotted that of Hu and Korenman for the ease of
specular reflection of the electrons from the sur-
face and that of Luders for the two cases of P
= 0. 5 and P = 1, where P is a parameter propor-
tional to the diffuseness of the surface. The cross-
ing of the experimental points from the curve of
Park to the curve of H„/H, is not contrary to his
theoretical predictions and can be attributed to his
wrong choice of H,3, thus confirming the recent
theoretical calculations ' ' of H,3. The value of
f(.

' at which the experimental points deviate from the
curve of H,~/H, is taken to be ~, = 0. 375. Only if
v & v, can H„be identified with the supercooling
field. The fact that the characteristic f(, of our
sample was such as to display this region is fortui-
tous; however, the range of comparison of the pos-
sible experimental points with the theoretical cal-
culations of H„/H, is too small to allow a quantita-
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FIG. 6. Experimental ratio Hs/Hc v
K of molybdenum. The extrapolated value
of v(Tc) is 0.365 (see text). The experi-
mental points fall on the curve of Hu and
Korenman (Bef. 34) up to ye=0. 375 and
deviatefromitto follower the results of
Park (Bef. 38) for g &wc. The straight
line is the ratio Hcs/Hc, assuming the
validity of the SJdG relation (Bef. 32) at
T = Tc to be extended to lower tempera-
tures (see text). The dash-dot lines are
calculated from the results of Luders
(Bef. 35) for the cases of P =0.5 and
P= l.0, sphere P is a measure of the dif-
fuseness of the surface.

tive comparison between the different theories.
From Fig. 6 one can obtain x, = 0. 389 at which H, s
changes from smaller to larger than H, . At higher
values of x, i.e., v & v&, the experimental point's

fall systematically below the calculated va1ues of
Park and show only a small tendency to approach
the value HJH, = i in the itmit ot large a.

Thus, one can clearly distinguish three regions:
firstly, x Kc where HS=Hcs&Hci secondly, K, &K

&v&, where H, &H,s&H„and, finally, x&i~, where

H, &H, &H,s. These regions are shown in Fig. 5,
where H,s is plotted along with other critical fields
of molybdenum vs temperature. In the region
where the supercooling field is smaller than H,s, a
metastable surface sheath coexists with a super-
cooled normal bulk. It mould be of interest to ex-

tend the results of the present work to lower values
of v and compare the supercooling field with the
calculations of H,s. The early work of Pinatti and

Rorschach on supercooling of molybdenum shows

a decrease in x by annealing. Unfortunately, the

complete temperature dependence of their data was
not available to determine whether it falls on the
extension of the present data to lower values of ~.

S. Thermal Conductivity in Superconducting and

Normal States

The temperature dependence of the thermal con-
ductivity of molybdenum in the superconducting
state K, and in the normal state K„ is plotted in
Fig. '?. K, and K„, below 1 K, are also plotted in
Fig. 8. The critical temperature 7.'c is estimated

70

60

20

FIG. 7, Thermal conductivity of
molyMenum in the norxnal and supercon-
ducting states. The solid line is a least-
squares fit of the form K„= (AT +8/T) ~

to the data, where A. =5.13x10 5W ~ cm
deg and 8 =6.40 x10 W"~cmdeg . The
dashed line is obtained from the residual
electrical resistivity po through the %ied-
mann-Franz law K~=LOT/po.
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FIG. 8. Thermal conductivity of molybdenum in the
normal and superconducting states below the transition
temperature. The solid line through the normal points
is a least-squares fit of the form K„---QT +B/T) (see
Fig. 7).

to be the same as that determined from the critical
field measurements. The solid line passing through
the normal points is a least-squares fit of the form
K„= (AT + B/T) ' to the data, where A = 5. 13&& 10 '
W cmdeg and g= 6 40&10~ W cmdeg . The
straight dashed line which very nearly fits the data
below 1'K is obtained from the residual resistivity

po by assuming the validity of the Wiedemann-Franz
relation K„=LOT/po (po= 1.58'10 ~ Ocm, K„=15.5T
Wcm ~ deg ~). The tendency of the experimental
data to fall below this line above the transition
temperature is attributed to a small resistive com-
ponent due to scattering of electrons by phonons.
The analysis of the normal-state conductivity in
terms of different scattering mechanisms has been

made for a free-electron model. The electronic
thermal conductivity K,„at T & 8/10 (8 is the Debye
temperature) is given by

1/K, „=AT +B/T, (1)

where A = 95. 3N, I~/K„and B= po/Lo; N, is de-
fined as the effective number of conduction elec-
trons per atom, E„is the limiting value of the
electronic thermal conductivity at high tempera-
tures, po is the residual electrical resistivity, and

Lo is the Lorentz number. The first term on the
right-hand side of Eq. (1) represents the electronic
thermal resistivity due to phonon scattering, and

the second term represents the electronic thermal

I I I I

0,08—

Ol 1
o

~ 0.06o i

~ 0,05-
hC

0.04

0.03-

0.0'7-
80
o ~ o o006-

0.02—

O.OI—

Q05-

0 0.4 0.8 1.2 I.6 2.0 2.4

I I I I I I I I

0 IO 20 30 40 50 60 70 80 90

v~( K~)

FIG. 9. Plot of T/K„vs Ts. The straight line is a
least-squares fit to determine the coefficients A and B in
1/K„=AT +B/T (see text).

resistivity due to impurity scattering. Figure 9
shows the plot of T/K„vs T . The straight line
represents a least-squares fit to the data. The
slope of the straight line gives the value of the
constant A = 5. 13~10 W cm deg . The intercept
gives 8 = 6. 40 & 10"2 ' cm deg~, which differs by
about lf' from the result obtained from the residu-
al resistivity measurements. From the experi-
mental value of A and using 8=456 K and g„
= 0. 8 % cm deg, we derive an effective number
of conduction electrons per atom (N, = 0. 89). The
BRT theory assumes elastic impurity scattering
of the electrons in the calculations of the ratio K„/

where K„and E,„are the electronic contribu-
tions to the thermal conductivity in the supercon-
ducting and normal states. Kadanoff and Martin
have calculated the ratio K,/K„ taking into account
electron-phonon interaction and impurity scattering.
Their calculation involves a parameter a =AT3/B,
which is the ratio of the phonon scattering to the im-
purity scattering in the thermal resistivity. In the

limit of predominance of impurity scattering, i. e. ,
a = 0, their result is identical with that of BRT. Us-

ing the experimental values of A and S, one finds a
= 10 T ', and therefore the phonon contribution to
the scattering below 1 'K is estimated to be, at
most', 0. 1% of the total thermal resistivity. This
corresponds to the case of a= 0 in the theory of
Martin and Kadanoff. Thus, the preponderance of
the impurity scattering below 1'K allows us to
make a direct comparison of the temperature de-
pendence of K,/K„ to the theory of BRT. The pre-
dominance of the electronic contribution to the
thermal conductivity of the sample is confirmed
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+y'(I+e") ']/2E, (0), (2)

where y = & (t)/kT = [e(t)/e(0)] [t(0)/kT, ] (I/f), &(t)
being the half-width of the energy gap at tempera-
ture T in the BCS theory. The temperature depen-
dence of c(t)/e(0) has been calculated by Muhischle-
geP based on the BCS theory and the term E( y)-
is given by the expression

The experimental values of K,/K„vs reduced tem-
perature are plotted in Fig. 10 together with that
of BRT for several values of the energy gap. , It is
observed that the value of the energy gap 2&(0)/k T,
= 3.4 +0. 1 agrees reasonably well with the experi-

from its electrical- and thermal-conductivity mea-
surements in high magnetic fields. It was ob-
served that the normal lattice conductivity. E~ was
not more than 0. I'%%up of the total conductivity K„. It
is also shown later in the text that the supe'rcon-
ducting lattice conductivity K„does not exceed
more than 3/p of K,. Therefore, K,/K„=K„/K
in the case of our sample. The BRT relation for
the case of elastic impurity scattering of electrons
is

K„/K = [2F,(-y) + 2y ln(l+ e ")

mental results for temperatures 7.
'

& 0. 5T,. This
value coincides with the one we obtain from the
critical field measurements. At lower tempera-
tures, however, there is a definite tendency of the
experimental points to deviate from the BRT rela-
tion and this deviation is more than the probable
experimental errors.

In view of the over-all agreement of the experi-
mental ratio K,/K„with the result of BRT for K„/
K,„, and the close agreement of the critical field
measurements with the theory of BCS, one may
choose to give an immediate and self-contained ex-
planation. Superconductivity in molybdenum is the
same as that in the nontransition metals and the
deviation of the experimental data from the BRT
curve, at lower temperatures, is due to the in-
crease of the lattice contribution to the thermal
conductivity state. From BRT's theory, K„in-
creases with decreasing temperature and is propor-
tional to T . In fact, Engelhardt et al. ' have
argued that the s-d interaction in molybdenum, ow-
ing to the intrinsic stability of a half-filled d shell
and high lattice stability for a d s configuration,
is small, and the s electrons, as in nontransition
elements, are the major contributors to the super-
conductivity. This argument is supported by the
7.' ' dependence of the resistivity of molybdenum'6
in the normal state which is attributed to the scat-
tering of the s electrons by phonons into s states. '
However, the discussion below will show that the
assumption of nontransitionlike superconductivity
in molybdenum and the complete absence of s-d
interaction, which is inherent in that assumption,
has several shortcomings.

s-d Interaction. The energy-gap parameter ob-
tained by fitting the experimental data to the theory
of BHT is larger'~ than the value determined by
ultrasonic attenuation~ in the study of the anisot-
ropy of the energy gap in molybdenum as shown in
Table I. Moreover, a consequence of fitting the
experimental data with a BRT curve is to attribute
the deviations from the curve, at low tempera-
tures, to the lattice contribution to the thermal
conductivity. This deviation, as seen in Fig. 10,
amounts to a 15%%uo increase over the electronic con-
ductivity in the superconducting state at tempera-
ture 7.'= 0. 4T,. This would indicate that the lattice
contribution is about K~, =0.255 Wcm deg . It
can be shown, '~ using magnetoresistance measure-
ments, that such high lattice conductivity in the
superconducting state leads to an unreasonably high
ratio K~,/K, „=400 since K,„, at this temperature,
is estimated to be only 0. 0006 Wcm deg . Com-
parison of this result with the calculations of BRT,
for the case of lattice conductivity limited by elec-
tron scattering, shows that it is approximately 5
times larger than their prediction. Thus, a gen-
erous estimate of the lattice contribution K~, to the



thermal conductivity K, does not, at T = 0.4T„ex-
ceed more than 3% of the total conductivity. There-
fore, the source of the deviation of the experimen-
tal data of K„/X,„from the BRT curve must lie
elsewhere.

It is well known that the transport properties of
transition metals, both in the normal and super-
conducting states, should be inQuenced by the
pxesence of a narrow energy band with high density
of states, i. e., the d band. The role of the d band
in conduction seems to be mostly that of px'oviding
a number of alternative states in which s electrons
can be scattered. Following the initial work of
Suhl et al. , 8 who proposed that in transition ele-
ments the superconducting state may be character-
ized by a two-band structure with contributions
arising from interband 8-d scattering, Vasudevan
and Sung" extended the BRT calculation on thermal
conductivity due to impurity scattering to the two-
bRDd model.

The basic feature of these results is that the
added resistance due to interband scattering is
prominent only close to T,. Quabtatjvely, for the
transition metals, this means that when one fits
experimental results to the BRT curve, one should
expect the points close to &, to fall below the the-
oretical curve and only points at lower tempera-
tures should be expected to agree with BBT and to
yield a reliable value of the energy gap.

From this point of view, we reinterpret Fig. 10
as follows: Fitting the lowest group of points to
BRT yields an energy gap 2e(0)/kT, = 3. 2+ 0. l while
the shift of the points at higher temperatures gives
RD indication of the effect of Rllowlng interband
transit1ons due to 1mpurity scatter1ng. 4' An ex-
tension of the data to lower temperatures would be
needed to make this argument more than qualitative.
The disagreement between the above value of the
energy gap and the results of the specific-heat
measurements and our critical field measure-
ments is believed to be due to the anisotropy of the
energy gap.

There exists corroborating evidence in the ex-
perimental results obtained in niobium by Wasim
and Zebouni. The straight fits with BRT curves
presented in their work yieM Rn energy gap of 3.96.

This result is higher than most previous experi-
mental determinations, especiaQy those made by
tunneling.

gfe now think thRt the Dlob1uQl dRtR taking 1Dto
account the influence of impurity scattering in the
two-'band model, should be fitted with a BRT curve
of approximately 2&(0)/kT, =3.8. The situation in
the niobium case is evidently complicated by the
sharp rise of lattice conductivity at lower tempera-
tur68.

In: conclusion, we are suggesting that results of
ther'mal conductivity in the superconducting state
of transition metals, when they are fitted with a
BRT curve, yield only an upper limit of the value
of the energy gap. The situation is quite delicate,
since not only is there added scattering close to
T„,but there also is added conductivity d 16 to the
increase in the lattice contribution at the lower
end of the temperature range.

V. CONCLUSION

The existence of a supercooling critical field
H -, separate and distinct from the surface nuclea-
tion 'iield H,3, is established fox values of ~ larger
than x,. This confirms that the superconducting
surface sheath can exist simultaneously with a
supercooled normal bulk. The results of the ther-
mal-conductivity measurements suggest that cau-
tion should be exerted in the comparison to BRT
theory because of the possibility of reduced con-
ductivity close to T, du6 to s-d scattering. This
consideration makes the determination of the en-
ergy' gap by thermal-conductivity measurements
rather uncertain.
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