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Lattices (Clarendon, Oxford, England, 1964), p. 134ff.
Had an optic mode of the type governed by Eq. (1)

provided the primary instability, secondary distortions
involving both tetragonal strains and I'~2(+) sublattice dis-
placements would have resulted. However, inspection

shows that arbitrary I'&2(+) displacements may be added to
those listed in Table I without further lowering the sym-
metry of the space group.

' P. B. Miller and J. D. Axe, Phys, Hev. 163, 924
(1967).
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Pb-Gu-Pb junctions were made by evaporating successively on to a glass substrate a strip
of Pb, a disk of Cu, and a second strip of Pb at right angles to the first. Each Pb strip had
a width ur. At liquid-He4 temperatures, the junctions could sustain a dc Josephson super-
current less than or equal to the critical current i,. When i~ was small enough so that the
Josephson penetration depth X& (0 i, '

) was greater than ~, the supercurrent floweduni-
formly through the junction„which was said to be "weak. " When i~ was higher so that ~z was
less than ~, the supercurrents were nonuniform, and the junction was said to be "strong. "
At a current i greater than i„ the voltage v across a weak junction was in reasonable agree-
ment with the theoretical result v = (i —i ) R, where R is the normal-state resistance of the
Cu film. For strong junctions, a dc supercurrent appeared at finite voltages, because the ac
supercurrents had a nonzero time average. The experimental results are in good qualitative
agreement with calculations on a one-dimensional model. When the current was fed into the
junction asymmetrically, that is, when it was applied to one end of each Pb strip, the self-
field of the current generated periodic structure on the i-v characteristic, the period being
typically 3 mA. The structure vanished if the currents were applied symmetrically, that is,
the input and output currents divided equally between the ends of each lead strip. The appli-
cation to a junction of rf electromagnetic radiation of angular frequency 0 induced constant-
voltage current steps at voltages (s/m)SQ/(2s), where s and yn are integers. The amplitude
of the steps was modulatedby the amplitude of the rf power and by amagnetic fieM. in approximately
the manner observed in tunnel junctions with oxide barriers. The dynamic resistance of the
steps was less than 1.7x10"~40. The electrochemical potential across the junction at which
a given step appeared was not affected by either junction material or experimental conditions
at a precision of 1 part in 10 . The highest frequency at which steps were induced was 2 MHz.
At this frequency the skin depth of the copper was much less than z, and little radiation was
coupled into the junction. The lowest frequency was 5kHz, corresponding to a first-order in-
duced step at about 10 ~~ V. At this voltage, the Johnson-noise broadening of the Josephson
frequency was also about 5 kHz. At lower frequencies, the noise completely destroyed the syn-
chronization bebveen the Josephson ac supercurrents and the rf radiation, so that no steps were
observed.

I. INTRODUCTION

An SNS junction consists of a thin film of a normal
metal sandwiched between two superconductors.
Each superconductor induces into the normal metal
a finite pair amplitude' 3 which decays exponential-
ly' 3 towards the middle of the normal layer. Pro-
vided the normal metal is not too thick, the over-
lap of the two pair wave functions will be large
enough for the coupling energy~' of the two super-
conductors to exceed the thermal fluctuation ener-
gy. ' ' As a result, phase coherence will be es-
tablished across the junction, and Josephson5'~'~
tunneling becomes possible. It should be pointed

out that the passage of a supercurrent through an
SNS junction does in fact require a pair tunneling
process. Although there are one-electron propagat-
ing states in the normal metal, the pairs induced in
each side of the normal layer by the superconductors
are in evanescent states, ~ and cannot support a
supercurrent unless the two decaying wave functions
overlap. Under these circumstances, the super-
current i obeys the Josephson~' current phase rela-
tion

i= i~ sing ~

where i, is the critical current (maximum super-
current) and (( is the phase difference between the
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FIG. 1. Configuration of Pb-Cu-Pb junction and measuring
circuit.
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order parameters of the two superconductors.
The supercurrent-carrying properties of Pb-Cu-

Pb junctions have been described in detail in an earlier
paper, ' which will be referred to as I. In that in™
vestigation, 3' of aluminum was dissolved in the

Cu, so that the normal layer was in the dirty limit.
The main results discussed in I were as follows.

(i) The critical current i, (T), assuming a uni-
form current distribution over the junction, could
be adequately represented by an equation of the
form ' 0

(1.2)

The thickness of the normal layer is 2a. The decay
length in the normal metal for the dirty limit
(l«k„') is given by

krr' = (hvrrrl„/6rrkT)'re (I«k„'), (1.3)

where v» is the Fermi velocity, l„ is the elec-
tronic mean free path, and T is the temperature
of the junction. Equation (1.3) assumes that the
transition temperature of the Cu: Al, T,&, is close
to zero. Near the transition temperature of the
superconductors, T,s, f(T) is proportionals to
(1 —T/T„)'. For temperatures below about ,'T,s, —

f(T) is nearly independent of temperature.
(ii) The junctions were fabricated in the crossed

film geometry of Fig. 1. The current i was fed
into the junction either in an asymmetric configura-
tion, by using terminals g and 5 of Fig. 1, or in a
symmetric configuration, by dividing the input cur-
rent equally between b and d, and the output be-
tween a and c. It was found that the measured crit-
ical current was the same for the two cases pro-
vided that the Josephson penetration depth X~ was

- —,'zo, where I) is the junction width. For X~- —,'zo,

self-field limitings' '~ occurs, even for the sym-

metric configuration. (Notice that in a self-field
limited junction, the current flows in an effective

skin depth 2X~. ) The Josephson penetration depth

is defined as" "

where X is the penetration depth of the supercon-
ductor' and I, is the critical current density. A
junction for which X~

~ 4' is said to be sneak or
small, whereas one for which XJ ~ 4w is said to be
strong or large.

(iii) The critical current was modulated by a
magnetic field applied in the plane of the normal
film. For weak junctions, the critical-current
dependence on the magnetic field exhibited the
well-known Fraunhofer pattern. In the case of
strong junctions, the dependence of critical cur-
rent upon the field was modified, exhibiting a linear
region near 0= 0. This behavior was in excellent
agreement with the calculation of Owen and Scala-
pin. "

Bondarenko, Dmitrenko, and Balanov'4 have
studied SNS junctions in which the normal metal
is in the clean limit (I» k„'). They found that k»'
= ffv~„/2rrkT, in accordance with the prediction of
de Gennes.

This paper is concerned with the properties of
SNS junctions when they are in a finite-voltage
regime, i.e. , when the current through them ex-
ceeds the critical current. Much of the theory of
this dissipative state has been discussed in detail
in an article by Waldram, Pippard, and Clarke. "
This paper will be referred to as II. We shall
quote a number of results from II without repeating
their derivations. We shall be concerned with three
main features: the shape of the current-voltage
(i-v) characteristics, which is described in Sec. III
and compared with theoretical predictions for both
weak and strong junctions; the self-modulation of
the i-v characteristic, described in Sec. IV; final-
ly, the properties of constant-voltage current steps
induced on the i-v characteristic by rf radiation,
discussed in Sec. V.

H. JUNCTION PREPARATION AND MEASUREMENT

Specimen preparation was very similar to that

described in I. A VOOO-A strip of Pb (O. 2 mm

wide), a disk of Cu or Cu: Al (6 mm in diameter),

and a second strip of Pb at right angles to the first
were evaporated successively onto a glass slide

(see Fig. 1). The junction area (so ) was thus about

4& 10 4 cm2. The thicknesses of Cu: Al were in the

range 5000-7000 A, whereas those of pure Cu were

in the range 10000-14000 A. A greater thickness

of pure Cu was possible because, at a given temper-
ature, the pair-decay length in pure Cu was greater
than that in the alloy. In the clean limit, k„'-1 p.

at 1 K. The mean free path of the pure Cu at low

temperatures was typically 5000 A, so that the

material was relatively clean at 4 K and relatively

dirty at 1 K. Specimens with pure Cu barriers
were less reproducible than those with Cu: Al bar-
riers, probably because the effects of diffusion
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were more significant in the clean case.
Six specimens were evaporated on each glass

slide and connected in series (Fig. 1). The normal-
state differential resistance was from 10 ~ to 10 7

Q. The i-v characteristic of each junction was
determined by passing a current from a high imped-
ance source through it and measuring the voltage
developed by means of a superconducting galvanom-
eter' in series with a standard resistance of
about 10 8 A. The voltage across each junction was
balanced by a current i, in the standard resistance.
This null-reading technique minimized the loading
of the junction by the voltmeter so that junction was
supplied effectively by a current source. The volt-
age resolution was 10 '3 V and the measurement
time constant 0. 2 sec (limited by room-tempera-
ture instrumentation).

The specimens were immersed in liquid helium,
the temperature of which was stabilized in the
range l. 2-4. 2 K by a device designed by Rochlin. '~

The junctions and voltmeter were enclosed in a
superconducting can, and the cryostat surrounded
by a double p, -metal can which reduced the ambient
magnetic field to less than 5 mG. Two coaxial
solenoids were mounted inside the superconducting
can around the specimens. One was used to apply
uniform magnetic fi.elds of up to a few gauss in the

plane of the junction and the other to apply rf fields
in order to induce steps on the i-v characteristic.

III. CURRENT-VOLTAGE CHARACTERISTICS

A. Normal Current Flow

First, let us briefly discuss the passage of a
normal current through an SNS junction with a
finite voltage across it.

If the normal metal is sufficiently thick, and the
temperature sufficiently high, the coupling energy
of the junction ' i,po/2v becomes comparable with
k T.' Under these circumstances, fluctuations
decouple the phase coherence of the two supercon-
ductors and the junction becomes "normal. " We
need to know the resistance of the junction in this
normal state. Experimentally, -if the mean free
path of the normal layer is deliberately shortened
by alloying, the measured resistance is approxi-
mately equal to the Ohmic resistance of the normal
slab, ' provided T~-,' T,& . This result suggests
that the conversion from quasiparticle current in
the normal metal to superfluid current in the super-
conductor occurs at or very close to the SN inter-
face. The following model' accounts for this re-
sult.

Assume that the BCS interaction parameter V

in copper is zero. There will still be an apprecia-
ble pair-condensation amplitude I'„ induced in the
Cu by the Pb, but the pair potential, 6„=V„I"„,
will be zero everywhere in the Cu. Consider an
electron propagating in the Cu towards the SN inter-

face, with an energy less than the pair potential
in the superconductor at the interface, b, ~ '. The
electron will suffer Andreev scattering~' at the in-
terface, and a hole will be reflected back into the
Cu while a condensed pair propagates into the Pb.
The conversion from normal to superf low conse-
quently occurs at the interface. If V„ is in fact
finite but very small in the range 1-4 K, b,„will
everywhere be small compared with typical elec-
tron energies 47.' and the resistance will not be
appreciably different. If the temperature of the
junction is raised appreciably above 2 &,» A&" be-
gins to fall while the electron thermal energies in-
crease. Electrons with energies above a~ ' will
now have a finite probability of propagating into
the superconductor where they will decay dissipa-
tively. ~3 The measured resistance will rise accord-
ingly. ~~ Finally, it should be noted that if the bar-
rier is of pure Cu, lead diffusing in near the bound-

ary regions will have an appreciable effect on the
mean free path. The measured resistance will be
higher than the expected resistance of the Cu slab.

It appears that the normal current flow through
the barrier is quite unaffected by the presence of
a condensation amplitude. We shall assume that
this result remains true even if the barrier is
made thinner so that Josephson tunneling occurs.
We assume that once the total current exceeds the
critical current, and a voltage is developed across
the junction, the barrier current has two compo-
nents, one a normal current obeying Ohm's law,
and the other an oscillating supercurrent obeying
Josephson's equations. We shall see presently
that the asymptotic dynamic resistance of the junc-
tion is quite independent of the coupling energy of
the junction, so that our assumption is justified.

B. Small Junction Limit

In the limit X~ ~
&zo the current Qows uniformly

through the junction. We assume that if the current
is supplied from a high-impedance source, the
total current i may be expressed in the form"

t = f~ sing + = 'L~ sing + 2eae ' (3.1)

where we have useds v= (h/2e)dg/dt. The resistance
of the junction is B and its critical current i,. We
have neglected the junction capacitance, which is of
order 1 pF. The highest Josephson frequencies
likely to occur in an SNS junction are of order 50
MHz (corresponding to voltages of 10 7 V) so that
the lowest parallel reactance of the capacitance is
greater than 1 KQ. This value is quite negligible .

compared with the barrier resistance of 1 p, O or
less.

We are required to solve Eg. (3. 1) for the time-
averaged voltage as a function of i. : The solution
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straight line representing the resistance through
the origin. With a current source, Q does not
increase uniformly with time, as can be seen by

rewriting Eq. (3. 1) in the form dQ/dt = 2eR
&& (i —i, sin&] )/K The junction spends more time in
the forward-supercurrent condition [2nv & Q
& (2N+ 1)v] than in the backward-supercurrent condi-
tion [(2n+ 1)v & Q & (2n+2)v]. The supercurrent at
finite voltages is no longer a sinusoidal function of
time and its time average becomes nonzero. Con-
sequently, there is a finite dc supercurrent for
small values of voltage but, as the current is in-
creased, the dc supercurrent tends asymptotically
to zero.
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FIG. 2. Experimental and theoretical plots for the g-g
characteristics of a weak SNS junction. For the highest
critical current, se/&~~1. 3.

has been given by several authors'5 ~5' I and is

v (i2 2)i/Rft (3.2)

Experimental i-v characteristics for a small junc-
tion at several temperatures are shown as solid
curves in Fig. 2. The current was supplied from
a high-impedance source. For reasons explained
in detail in Sec. IV, a symmetric current feed was
used. The theoretical curves in Fig. 2 were cal-
culated by using the measured resistance at 3. '70 K
and the measured value of i,. The agreement be-
tween theory and experiment is good for the lower
values of critical current. However, for the highest
value of critical current, for which w/X~ = l. 3, the
measured current is somewhat higher than the cal-
culated value for voltages above 0. 1 nV. There
are at least two possible reasons for this distortion
of the characteristic. First, it is possible that a
small amount of flux Qow has set in at this rather
low value of w/Xl (see Sec. III C). The flux flow
mould tend to increase the total current at finite
voltages, as is observed. The second possibility
is that self-modulation effects are distorting the
characteristic (see Sec. IV).

It should be emphasized that these i-v charac-
teristics obtained with a current source are qual-
itatively quite different from what one would obtain
with a voltage source. With a voltage source, the
phase difference Q always increases uniformly with

time at finite voltages and the time-averaged super-
current (i, sing) is zero. The characteristic would

(ideally) consist of a zero-voltage spike and a'

38$ . h 8$, = sing+
9x 2eAI, 8t

(3.3)

For currents below the critical current, Eq. (3.3)
reduces to the well-known equation X2+83$/8&3

=sing, which has been thoroughly studied. '0'3'27 ~9

In the absence of applied currents and for small
applied fields, the junction will exhibit the Meiss-
ner effect and screening currents will flow on each
side of the junction in a penetration depth 2XJ'.
For fields greater than' vH, ,/2 =Span. ~l /c, vortices
will enter the junction, each vortex containing one
quantum of flux, $0. A vortex is simply a region
over which the phase difference P across the junc-
tion changes by 2g. The self-field of the applied
current may also generate vortices, whether or
not there is an additional applied magnetic field.

When there is a finite voltage across the junc-
tion, these vortices will move. Unfortunately,
Eq. (3.3) has no analytic solutions for finite
values of 8$/Bt and we have been forced to solve
it numerically for the time-averaged voltage. "
Solutions are shown in Fig. 4(a) for various values
of w/X~. For w/X~~ 4, there is a finite dc super-
current mhich persists to high voltages. This
supercurrent arises from the vortex motion in
the following way. If the flux motion is driven by
a current applied symmetrically (as in Fig. 3),
Qux lines of opposite sign will enter the junction
at the edges and flow into the center, where they

C. Large Junction Limit

When X~«w, we can no longer assume that the
electromagnetic fields and phase difference Q are
the same at all points in the barrier. In order
to make the calculations tractable, we take as our
model a one-dimensional junction, the barrier of
which lies in the x-y plane (see Fig. 3). The junc-
tion is very long in the y direction. A magnetic
field H parallel to the y axis gives rise to a spatial
dependence'~of P, 8$/Bx=4e(a+A)H/(Sc). Com-
bining this relation with Eq. (3.1) and Ampere's
law, BH/Bx=4mi/c, we obtain (using current den-
sities)
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FIG. 3. Section in the (x, s) plane of a one-dimensional
junction which is very long in the y direction. Currents
fed symmetrically into the junction create flux lines of
opposing sign near the edge of the junction. At finite
voltages, .the lines move into the center, where they mu-
tually annihilate.

mill annihilate one another. In order for the Qux

lines to move, there must be a gradient of flux
line density across the junction. The density of
vortices will be highest near the edges of the junc-
tion and lowest near the center, where they are
moving rapidly towards annihilation. (These re-
sults are illustrated by photographs of a mechanical

analog in II. ) If we consider a point near one edge
of a barrier containing many vortices, the closely
packed moving Qux lines constitute an almost uni-
form magnetic field. The voltage produced is just

here is the number of flux lines crossing
the point per second, and rf&0 is the flux quantum.
This voltage is constant in time, P increases
linearly with time, and there is no dc supercurrent.
The junction in this region is normal in the sense
that the electric field arises in the same way as it
d es in any conductor carrying a current.0

On the other hand, at a point near the center oof
the junction, the flux lines are widely spaced and

moving rapidly. Consequently, P increases with

time in a very nonuniform manner and the time-
averaged supercurrent is finite. Thus the dc super-
current at finite voltages tends to flow in the in e-
rior of the junction. Our calculations in II indicate
that about one-half of the zero-voltage supercur-
rent should persist to high voltages.

The comparison of this long-junction model with
experimental junctions is confused because data
are available only for square junctions. Results
obtained for values of w/X~ between 2. 0 and V. 2

are shown in Fig. 4(b), and for values between
2. 0 and 1'7. 6 in Fig. 4(c). Symmetric current
inputs were used. The value of zu/X~ was increased
by lowering the temperature of the junction, there-
by increasing the critical current. ~o The theoretical
curves of Fig. 4(a) have been fitted to a one-di-
mensional junction of the same widthand area as
the square junction of Fig. 4(b). Two main er-ma' differ-
ences between experiment and theory are evident.
First, there is a significant finite-voltage super-
current which persists to high voltages for go/X~
= 2. 5 [see Fig. 4(b)], whereas this behavior is not
observed on the theoretical curves until co/X~ ex-
ceeds 4. Figure 4(b) implies that, for the experi-
mental square junctions, flux flow begins when
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FIG. 4. (a) Theoretical i-v characteristics for the
one-dimensional junction of Fig. 3, for various values of
ce/XJ. The width and area have been chosen to be the
same as those of the two-dimensional experimental junc-
tion in (b). Note that flux flow begins at ao/Xz-4. (b)

d ( ) Experimental i-v characteristics for. two, o. 2-m~-
square junctions. so/Az was. increased by lowering
temperature, The curve of (b) -corresponds to the .theo- .

retical curve of. (a): Nate that flux flow appears to begin
at gy/y~- 2.
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w/X~ is about 2. This fact may explain the distor-
tion of the i-v characteristic referred to for small
junctions in connection with Fig. 2. Second, the
magnitude of the dc supercurrent at finite voltages
is larger than predicted by the one-dimensional
model: For the larger values of w/Xz [Fig. 4(c)],
it is almost equal to the zero-voltage suyercurrent.
Both effects probably arise from the two-dimension-
al nature of the experimental junctions in which
the pattern of flux flow is not understood. The
flux lines are probably more like circles which

shrink and collapse on themselves in the center of
the junction. The movement of these "flux circles"
may initiate at the corners of the square junction,
where the current density is higher than elsewhere.
For this reason, the onset of flux flow may occur
at relatively low values of w/&~.

The effect of a magnetic field applied in the plane
of the junction is illustrated in Fig. 5 for a junction
with w/&~ = 5.1. The magnetic field reduces both
the critical current and the finite-voltage super-
current. However, the finite-voltage supercurrent
for the lower critical currents appeax s to be some-
what higher than that for critical currents of the
same magnitude in zero field [cf. Fig. 4(b)]. To
facilitate comparison, values of apparent w/&~ have
been calculated for Fig. 5 from the observed criti-
cal current. The true value of sv/XJ is not changed,
of course, by the magnetic field. There appears
to be significant flux flow for go/X~ as low as l. 4.
This effect probably arises from the fact that the
vortices are moving in two dimensions while the
magnetic field is applied in one dimension. These
parts of the vortex lines moving at right angles to
the applied field may be less affected by it and still
able to contribute a sizable supercurrent.

l5

50

2Qcf
E

2Q

lo

0 I

2
Voltage (nV)

FIG. 6. Self-field modulation of i-y characteristic.
(a) The effect is present for asymmetric current inputs
but not for symmetric inputs. (b) Both curves are for
asymmetric inputs, the effect of a magnetic field is shown.

Despite the confusion of two-dimensional junctions
and a one-dimensional theory, it appears that the
finite-voltage behavior of the junctions is qualitative-
ly well understood. Quantitative predictions of the
value of w/X~ at which flux flow begins and of the
magnitude of the finite-voltage supercurrent are
both within a factor of 2. It would be of consider-
able interest to make experimental junctions which
are effectively one dimensional to see if better
agreement with the theory is obtained.

D. Hysteresis

No hysteresis has ever been observed in an SNS

junction, to within the experimental error. This
observation is in agreement with the calculations
of McCumber ' and Stewart, who show that no
hysteresis is expected in a junction for which P,
= 2ei, &R /5 is small compared with unity (according
to Stewart, a junction with P, - —,

' would not show

hysteresis). For an SNS junction, if we take the
junction capacitance C- 1 pF, its resistance,
R- j.0 0, and i, -1 mA, we find p, -10

E lO

4P

D
O

Voltage (nV }

FIG. G. Effect of magnetic field upon g-g characteristic.
Values of apparent jg/X& were calculated from the observed
critical current. Notice that Chere is significant flux

flow for'jg/X& as low as 1;4.

IV. SELF-MODULATION OF THE i- j CHARACTERISTIC

Oscillations were observed in the i-v charac-
teristics of junctions with asymmetric current
feeds, provided the critical current was greater
than a few mA. Examples are shown in Fig. 6.
The period is typically 2-3 mA. The oscillations
disappeared when the junction was fed symmetrical-
ly (notice that the critical current for the symmetric
case is higher than that for the asymmetric case'0).
The shape and position of the osciQations were
changed by the apybcation of a magnetic fieM in
the plane of the junction (see Fig. 6). The applied
field corresponds to about three flux quanta. How-

ever, the critical current has not been reduced to
zero because the junction is still in the "Meissner
region, "'0 i.e. , the critical current still has a
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Ho

FIG. 7. Geometry of square junction, of side av. The
barrier lies in the x-y plane and is of thickness 2u. A
magnetic field Ho may be applied along Qle p axis ~

linear dependence on field.
These oscillations arise from the self-modulation

of the current flowing through the junction. A re-
lated effect for multiple junctions has been reported
in an earlier paper33 by Clarke and Fulton. The
effects of self-field on the critical current of single
junctions have been studied in detail by several
authors. '3'3~ 39'34'3~ If the junctions are self-field
limited, the critical current may be significantly
reduced by the self-field; in addition, the shape
of the critical current vs magnetic field plot be-
comes heavily skewed. As has been shown in Sec.
IG C, the time-averaged current flowing in a strong

to tf. .te ltages o ta. sas bstant. al
contribution from the ac supercurrent. This super-
current will be modulated by the self-fieM of the
total current flowing through the junction. The
amplitude of the oscillations cannot be properly
explained, but the following model explains
qualitatively all the observed features.

Consider first the effect of the self-field on the
critical current of the junction. The junction con-
figuration is indicated in Fig. V. The junction is
in the x-y plane and occupies the region I x I, I y I

& 2'. In the asymmetric case, current flows into
the upper superconductor of the junction in the x
direction and is extracted from the lower super-
conductor in the y direction. A magnetic field Ho
can be applied in the y direction. %e assume that,
in the absence of an applied magnetic field, the
current flows uniformly (in the —x direction)
through the junction, i.e. , that the junction is not
self-field limited. %'e further assume that the
currents into and out of the junction Qow uniformly
along the surface of the supex conducting strips.
This'is a reasonable approximation in the junction
region because the lower strip tends to act as a
ground plane to the upper strip and vice versa.
Each opposing plane thus carries an equal and op-

where i is the total junction current. The magnetic
fields in the junction associated with these currents
and their imRges ax'e

Rnd

H„(y) =(4vi/cw) (-,'+y/u),

H„(x) = H, + (4vi/cw) (-,' x/—n), (4. 2)

H, =O.

The phase difference across the junction, Q(x, y),
is related to these fields by the equations'~ 8$/ex
= (2ed/@c)H„ep/&y = —(2ed/kc)H„, where d = 2(a+ x).
Combining these equations with Eqs. (4. 2), we ob-
tain

2ed 2$'s x x 2Fs
y(x, y) = a+ Hox+ ———

2
— —+—2Sc c- SU % C K K

(4. 3)
where n is a constant of integration. The current
will be given by

(4 4)

whexe j~ is the maximum Josephson supercurrent
per unit area. The critical current is found by
maximizing Eq. (4. 4) with respect to n. We can
obtain a first approximation to the critical current
by neglecting the squared terms in Eq. (4. 3), upon
which Eq. (4. 4) may be integrated directly. The
critical current is

, sin[2vedi, /(ac')] sin[(ed/hc)(2vi, /c+ AH, )]
[ed/(nc) ]' (2wi, /c) (2vi,/c+ ~HO)

(4. 5)
%e assume that for i & i„ there is a modulation of
the supercurx'ent flowing at finite voltages of the
form of Eq. (4. 5), with i, = i. We should expect to
find oscillations whose period for H=0 is bi-hc /
2ed- 3 mA. This value is in sensible agreement
with the experimentally observed values. It is not
clear what determines the amplitude of the oscilla-
tion, or to what voltage they extend on the i-v
character18tlcs, These effects Rx'e not observed
in junctions with low critical currents, presumably
because the super current contribution at finite
voltages is small, and the modulation amplitude
too low to be detected. In the junctions in which
the effects are observed, some degree of self-
field limiting, is always present. Under. these cir-
cumstances, the finite-voltage supercurrent

posite screening current.
The currents flowing 1n the superconduct1ng strips

of the junction are34'35

I(x)=(-'. -x/~)i, ~x~ & ~/2

(4. l)
I(y) = (l + y/~)i,
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and

i(y) = (y/u)i, ~ y ~

& so/2 .
(4. 6)

The corresponding magnetic fields lead to a phase
difference, which is just Eq. (4. 3) with the linear
terms in x and y deleted (Ho= 0). The critical cur-
rent is then of the form

, [C(x)]'+[S(x)]'
I, = j&m 2 t (4.7)

where x = (2edi/hem)'~2, and C(x) and S(x) are
Fresnel integrals. The function E(x) =—{[C(x)]
+[S(x)]~}/x is plotted in Fig. S, together with

[(sinx)/x] . It will be seen that the first minimum

I.O

0.9

0,8

0.7
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0.5
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0 I, 2 3 4
x2

5 6

FIG. 8. Functions I' Q) =—[-(sinx)/x]2 and
5 ( ) =-([C[ )]'+ [S[ )]')i»'.

arises chiefly from the middle regions of the junc-
tion, as pointed out in Sec. III C. The effect of
the self-field in these regions is probably much less
than in the outer regions, a fact which might ex-
plain the low amplitude.

The effect of a magnetic field will be to change
the modulation from the form [(sinx)/x] into the
form [sin(x) sin(x+[))]/x . The form and period of
the oscillations will therefore be changed. This
result is qualitatively correct, as may be seen from
Fig. 6, but no quantitatively interpretable behavior
has been observed.

It has proved possible to eliminate these oscilla-
tions from all junctions examined simply by using
a symmetric current feed, which greatly reduces
the self-field in the junction. For the symmetric
case, Eqs. (4. 1) become

I(x) = —(x/w)i,
~
x~ & u/2

of P(x) occurs near the fourth minimum of [(sin»)/
x] ~ Since the oscillations for asymmetric inputs
rarely extend to the fourth oscillation, it is rea-
sonable to expect that no oscillations would be ob-
served for symmetric inputs. However, a consid-
erable distortion of the i-v characteristic near the
origin might be expected. The discrepancies be-
tween theory and experiment noted in Sec. III B may
arise from these self-field effects.

This self-field modulation of the i-v character-
istic should be present in any type of junction in
which there is a supercurrent contribution to the
total current flowing at finite voltages. One should
therefore be a little wary of interpreting every
"bump and wiggle" on the i-v characteristic as a
significant fundamental effect until self-field effects
have been eliminated or allowed for. Particularly
in high-resolution differential measurements, the
self-fields may give rise to substantial distortion
of the i-v characteristic, and obscure other more
important effects.

V. EFFKCr OF rf RADIATION

A. Form of Induced Steps

It is well known that the application of an oscillat-
ing electromagnetic field to a Josephson junction
or weak link generates constant-voltage current
steps on the i-v characteristic. 5'37 In a junction
with an oxide barrier, the steps appear whenever
the angular frequency of the applied radiation Q,
or a multiple of it, is equal to the angular frequency
of the Josephson ac supercurrent &u = 2ev/K The
two frequencies then beat together to produce a zero
frequency contribution to the supercurrent flowing

at voltages~8 v„=nhQ/2e. In the case of a Dayem

bridge, '~ "subharmonic" steps are also observed
at voltages v„„=(n/m)KQ/2e.

Both harmonic and "subharmonic" steps have also
been observed in SNS junctions. Typical i v-
characteristics are shown in Figs. 9(a) and 9(b).
The frequency range of applied radiation was a few

kHz to 2 MHz. The radiation mas applied in one of
three ways: by passing an ac current through a
small solenoid in which the junction was placed;
by passing the ac current directly through the junc-
tion itself; or by passing the ac current along one
of the superconducting strips forming one side of
the junction. The first method was usually pre-
ferred because it eliminated the necessity of making

direct connections to the junctions. In all three
ways, the coupling was almost certainly magnetic.
At the frequencies in question, the reactances of
the junction inductance and capacitance were quite

negligible compared with the resistance of about
10 Q. The effective source impedance of the ac
was many orders of magnitude greater than the
junction resistance and we may safely assume that
we have an ac current source rather than a voltage
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FIG. 9. Constant-voltage steps induced on SNS junc-
tions. (a) ~/XJ —-6.6 and the applied frequency =0.25
MHz. (b) ao/hz=2. 0 and the applied frequency =9.9kHz.
Asymmetric current inputs were used in both cases.

source. The i-v characteristics of the junctions
were plotted as before, using a superconducting
voltmeter in a null-reading mode. The loading of
the junction by the voltmeter was negligible. The
dc supplies were also current sources.

It was emphasized in II that the impedances of
both ac and dc sources are crucial in determining
the form of the induced step structure. Ifboth sources
are current sources, as they have been for all experi-
ments on SNS junctions, then for the small junction
limit Eq. (3.I)may be modified to include the effects
of an rf field by adding to the left-hand side of a
term j~ sinQt, where j„is the amplitude of the rf
current flowing through the junction. Equation
(3.3) for the large junction limit is similarly mod-
ified by adding a term (j~/i, ) sinAt to the left-hand
side. These two equations have been solved nu-
merically to obtain the i-v characteristics. It was
shown in II that for a given value of current i the
voltage in the presence of an rf field of frequency
II was always a multiple or submultiple of hA/2e.
Ideally, the whole i-v characteristic consists of
a series of points at voltages (n/m) ffQ/2e. For
small values of n and m, many points may have
the same value of n/m and therefore form an in-

duced step. The mathematical origins of this re-
sult are discussed in detail in II and will not be
further described here.

The physical interpretation of this result is sim-
ple. We have seen in Sec. III that if P is increasing
in time in a uniform manner, as it «s when an SNS
junction is fed from a current source, the current-
time relation will be nonsinusoidal. The junction
will therefore generate harmonics, ~ = m~, when
it is biased at a voltage v= h&u/2e. These harmonics
may also synchronize with the applied radiation to
produce steps. One therefore expects to see "sub-
harmonic" steps, although it is clear that these
steps arise from hw"manic generation within the
junction. The amplitude of the harmonics for
large values of m is expected to be small so that
the corresponding induced steps will be blurred out
by thermal fluctuations and not observed. It should
be emphasized that the observation of subharmonic
steps does not imply a violation of the relation
i=i, sing but rather indicates that Q is increasing
with time in a nonlinear manner. In junctions with
oxide barriers, the junction resistance is shunted
by a parallel capacitance which usually has a much
smaller impedance at the microwave frequencies
used. The junction sees an ac voltage source and,
subharmonic steps are not observed. Sullivan
et al. ' have given a similar discussion on the ori-
gin of subharmonic steps in point contacts.

Two examples of rf-induced steps appear in
Figs. 9(a) and 9(b). In Fig. 9(a), the applied fre-
quency was about 0.25 MHz, and an abundance of
harmonic and subharmonic steps is visible up to
n = 5. In Fig. 9(b), the applied frequency was 9.9
kHz, corresponding to a step spacing of about
2. 05&10 "V. No subharmonic structure is visible
but harmonic steps are present out to at least n
= 9. The absence of subharmonic structure is
probably due to the small amplitude of the harmonic
currents produced by the junction, which has a low
critical current. The characteristic tends to
"jump" between the larger harmonic steps so that
any low-amplitude subharmonic steps are obliter-
ated.

It was found that if the dc current was fed sym-
metrically into the junction, the amplitude of the
steps induced by an rf field in the solenoid was
smaller than if the current was fed asymmetri. cally.
This effect can be qualitatively explained by refer-
ence to the one-dimensional junction of Fig. 3.
Assume that the rf field couples its magnetic field
(in the y direction) to the magnetic fields generated
by the currents in the lead strips in the vicinity of
the junction. The coupling to the symmetrically
biased junction is then relatively weak compared
with the asymmetric case. For this reason, all
data were' taken wi'th- an asymmetric dc bi:as cur-
rent.
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inoperative in high rf fields. It can be seen, how-
ever, that both the m=0 and m=1 steps oscillate
as a function of rf current.

We have no general analytic result for the depen-
dence of step amplitude on the level of rf excitation
for the case of current sources. However, for very
small i„ it can be shown (see II, p. 274) that the
harmonic steps have amplitudes given approximately
by

0.5

4i,eB 2j~eA
@g tl @g

(5. 1)
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l.0— n =3
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~ ~ e

where J„ is the Bessel function of order n, and 8
is the junction resistance. Equation (5.1) is analo-
gous to the result obtained for constant voltage
sources. ' In Fig. 10, we have compared Eq. (5. 1)
mithour experimental data, although there is little
a priori justification for assuming the result will
be valid for large i, We. have written Eq. (5.1)
in the form jo I J„(Z,j„)i. The constant: jo was ob-
tained from the value of the n =0 step (2i, ) in the
absence of rf excitation, and K, from the first
zero of the n =0 step. The same values of jl and

K& were used for the curves for n = 1, 2, and 3.
The agreement around the second maximum of

the n = 0 step is poor, but elsewhere it is accept-
able. Closer examination of the data points inside
the first maximum of the n = 0 step, i.e. , 2i„
shows an almost linear dependence of amplitude
upon j„(Fig. 10). It is interesting to ask whether
the effect of the rf upon critical current is predom-
inantly a rectifying process, as was found by Dayem
and Wiegand~ for Dayem bridges. Under these
circumstances, the critical current i,(j~) is given
by the simple relation

(5.2)

0= =

0 0.5 I.O l.5
r f current {arbitrary units)

FIG. 10. Amplitude of induced steps, g=0, 1, 2, and

3, Rs R function of rf field. The frequency vfR8 99.6 kHz
an asymmetric dc current feed was used, and the applied
dc magnetic field was zero. The points represent experi-
mental data Rnd the curves the Bessel functions J„. The
theoretical curves were fitted at zero rf and the first
minimum of g, =0, The dashed line for I=0 corresponds
to rectification.

B. Dependence of Step Amplitude on Magnitudes of Magnetic
Field and rf Field

Figure 10 show's the dependence of the step ampll1-

tude upon the magnitude of the rf current in the
solenoid for a=0, 1, 2, and 3. It was unfortunately
not possible to obtain data at higher levels of rf
because the superconducting voltmeter became

where E2 is a constant. We tested this result by
measuring the rf current required to reduce i,
to zero for various values of i„' i, mas varied by
changing the temperature. The results are shown
tn Fig. 11, from which it appears that Eq. (5.2)
is a reasonable approximation to the behavior of
the junction. This result probably explains the
low values of the data obtained under the second
maximum of the zero-voltage step. However, if
the effect of the rf mere entirely a rectification
process, there would almays be a zero critical cur-
rent for values of E2j~ greater than i, .

We conclude that the effect of rf on the zero-volt-
age step is predominantly but not entirely a rectifi-
cation process. The n = 1, 2, and 3 induced steps
appear to have a Bessel function dependence upon

j~, although data at higher values of j„would be
very desirable.

A magnetic field applied in the plane of the junc-
tion is expected to produce the "Fraunhofer modu-
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Junction I Junction 2

Supercon4ucting
gal va norneter

be greater than the midpoint value by 10 '~ V at a
point which is at about 97% of the half-step height.
It is unfortunately not practicable to obtain experi-
mental data at points so close to the top of the
step.

It appears that, for most practical purposes, the
steps may be regarded as having zero dynamic
resistance, provided the step height is reasonably
large.

D. Frequency Range of Induced Steps

Superconducting
switch

FIG. 13. Circuit used for measuring dynamic resistance
of induced steps and comparing induced electrochemical
potential on junctions of different materials. With the
superconducting switch closed, the circuit is everywhere
superconducting except for the junctions.

induced step. The rate of decay of this circulating
supereurrent gives a measure of the.dynamic re-
sistance of the two steps. In a typical experiment,
the circulating current was 0. 5 mA, and the decay
less than 0. 3 p, A in 1.8&&10 sec. The time con-
stant y was therefore greater than 3X10 sec, the
total circuit resistance (L/v) less than 3.3x 10 '~

0, and the differential resistance per junction less
than 1.7~10 ' Q.

Detailed calculations have been carried out on

the dynamic resistance of induced steps by Stephen4~

and in II, and in this payer we merely quote the re-
sults. At the center of an integer-order step, the
dynamic resistance of the step R, in terms of the
dynamic resistance of the i-v characteristic in the
absence of radiation RD is given by

(5. 3)

Here, Io is the modified Bessel function, j, is one-
half the step height, and i„=2vkT/$0 is a charac-
teristic noise current. If j,«i~, Io eanbe approx-
imated as an exponential. The noise current i„
may contain contributions from external noise
sources so that the effective noise temperature is
above the junction temperature. However, because
of their exceedingly low impedance, SNS junctions
do not couple well to external radiation, and it. is
probably reasonable to assume that the noise tem-
perature is not too far from the bath temperature.
At 4 K, i„ is rather less than 10 ' A. If we assume
a step height (2j,) of 1 mA, we find R, /R~- exp(- 10 ). Since RD- 10 s 0, the value of R, is
of order 10 ~ 0, very far below the observation-
al limit. In a more detailed calculation, Stephen 8

has shown that the dynamic resistance of the step
should increase towards its extremities. He finds

that, for a 1-mA step at 500 kHz, the voltage should

It was found that steps could not be induced for
frequencies above 1-2 MHz or belom about 5 kHz.
It is of interest to consider the reasons for these
two limiting frequencies.

By analogy with the behavior in a bulk supercon-
ductor, one would expect the applied rf fields to
penetrate into the juriction for a distance given by
the smaller of 2XJ and the classical skin depth 5.
As the frequency is increased, 6 will decrease and
the rf currents will be increasingly screened out
of the junction and unable to couple to the Joseph-
son supercurrents. If the barrier is of pure Cu
for whi. ch the resistivity is typically 10 ' Qcm,
5 is equal to —,'se at a frequency of about 0. 5 MHz.
One might expect a significant reduction in magni-
tude of the induced steps at frequencies somewhat
higher than this figure, as is observed.

The lower-frequency limit, below which steps
will not be observed, is set by thermal noise gen-
erated in the junction. This noise will give the
Josephson frequency a finite linewidth hv. The
synchronization between the applied radiation of
frequency 0/2v and the Josephson ac supercurrent
becomes increasingly disrupted by noise as Q/2v
is lowered towards hv, and the step will be very
blurred out when 0/2v and ~v are comparable.
Dahm .et al. 4 showed that for tunnel junctions at
voltages much less than kT/e, the linewidth of the
Josephson radiation may be written as

(5.4)b v = 4@kTR~//OR~ .

RD is the dynamic resistance of the junction (Bv/
&i), and R~ is the static resistance (n/i). Kanter
and Vernon found that this result was approxi-
mately correct for point-contact junctions. We
assume that Eq. (5.4) also holds for an SNS junc-
tion, although this assumption is by no means justi-
fied a p~io~i. For a junction with a critical cur-
rent of about 1 mA, and with an applied frequency
of 5 kHz, corresponding to a voltage of about 10"
V, Rz is about 10 8 Q. If we take T-4 K, and
RD-5x10-7 0, we find from Eq. (5. 4) that hv- 5 kHz. This bandwidth does correspond to the
lowest frequency at which steps can be seen, al-
though the good agreement is undoubtedly some-
what fortuitous.
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E. Effects of 3unction Materials and Experimental Conditions on
the 3osephson Voltage-Frequency Relation

In view of the use of the ac Josephson effect in
the determination of fundamental constants, and

'

in the comparison of standards of emf, "it is im-
portant to establish experimentally that the value
of the electrochemical potential at which the steps
appear, for a given frequency, is independent of
the junction material and the experimental condi-
tions. There are excellent theoretical grounds for
believing this result to be true. A simple compar-
ison experiment was performed4 '~ to verify to 1
part in 10 the accuracy of the Josephson relation
Pi(d = 2L p,, where b p, is the electrochemical poten-
tial difference across the junction.

The experimental configuration was agairi that of
Fig. 13, but the junctions were of different mater-
ials, for example, lead and tin. The junctions
were biased as in Sec. VC, and the superconducting
switch closed, but no circulating supercurrent was
induced around the ring. Instead, the galvanometer
was observed for a period of time to see whether
or not a supercurrent slowly developed. If we as-
sume that the induced steps occur at differerit elec-
trochemical potentials, hp& and ~p, 2, then a'super-
current j would be induced in the circuit at a rate

(iii) level of rf amplitude, over a factor of 5; (iv) rf
frequency, from 100 kHz to 1 MHz (to 1 part in 10~

at 100 kHz); (v) the order of induced steps on which
both steps were biased, up to n = 4; (vi) the position
on the induced step, up to 75% of the half-step
height; (vii) the ambient magnetic field, up to + 1 6;
(viii) the direction of the bias current through the
junctions.

It has therefore been shown that the electrochem-
ical potential at which steps appear at a given fre-
quency is independent of the junction material and
the experimental conditions to 1 part in 10 . This
result is a useful one, because if there are no dif-
ferences in possible corrections for different ma-
terials and for different conditions to 1 part in 108,
'there is a good chance that there are no significant
corrections at all to 1 part in 10, at which level
of accuracy the absolute value is required.

F. Use of Induced Steps as Voltage Standards

We have frequently had cause to calibrate resis-
tances of 10 Q or less at liquid-helium tempera-
tures. This calibration may be readily achieved
by using the induced steps on SNS junctions as ac-
curately known voltage standards in the helium
bath.

(5. 5) VI. SUMMARY

After 30 min, j was observed to be zero to within
the galvanometer resolution, 0.3 pA. Taking L
=10'H, we find, from Eq. (5. 5), that Ihp, ,':-Lp, l/
e & 1.7&&10 7 V. At 1 Mhz, for which Lp~/e' 2 nV,
this value corresponds to I hp, —4pa l/np, , & 10

In a variation of this experiment, a very srrikll
resistance, about 10 ' 0, was inserted in series
with the galvanometer. The comparison theri be-
comes a voltage measurement, although the time
constant is very long, of order 103 sec. The junc-
tions were biased as before and the suyerconducting
switch closed. After 30 min, or about two time
constants, no current could be detected by the
galvanometer. This measurement corresponds to
a resolution of 3 &&10 ' V. At 1 MHz, the result
implies that the electrochemical potentials o'f the
two steps were identical to 12 parts in 10 .

The same null results were obtained when':the

pairs of superconductors were lead and indium, ' or
tin and indium, and also when silver was substi. -'

tuted for Cu in one of the junctions. In addition, ' '

the variation of the following parameters, although
generally affecting the shape of the current-voltage
characteristic and the amplitude of the steps, did
not give rise to any observable difference in electro-
chemical potential across the junctions: (i) temper-
ature, from 1.2 to 2. 2 K (variation of temperature
produces changes in energy gap, coherence length,
etc.); (ii) barrier thickness from 0. 5 to 1.4 g;

'"

We have shown that most of the details of the
behavior of SNS junctions are well understood. The
critical current is adequately represented by a
relation having the form of Eq. (1.2), and its
modulation by a magnetic field is as predicted.
The i-v characteristics of small junctions are in
good agreement with theory. The finite-voltage be-
havior of large junctions, in which there is a sub-
stantial dc supercurrent at large voltages, is under-
stood qualitatively. However, the value of w/X~ at
which Qux flow begins is found experimentally to
be about 2 rather than the theoretical value of 4.
The magnitude of the finite-voltage dc supercurrent
is appreciably greater experimentally than the
theoretical prediction. Both of these discrepancies
probably arise from the comparison of a two-di-
mensional junction with a one-dimensional model.
It would be of interest to study one-dimensional
junctions.

A form of self-modulation of the i-v characteris-
tic has been observed and accounted for qualitative-
ly. Other junctions in which there is a finite-volt-
age dc supercurrent should exhibit the same
phenomenon.

The application of rf fields to the junction induces
constant-voltage current steps on the i-v charac-
teristic, over a frequency range of 5 kHz to 2 MHz.
These steps have an exceedingly low dynamic resis-
tance, provided that the amplitude is reasonably
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large. The amplitude of the steps is modulated by
varying the amplitude of the rf excitation or by
varying the static magnetic field. The electro-
chemical potential at which these steps appear is
independent of the junction material and experimen-
tal conditions to an accuracy of 1 part in 10 .
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The critical magnetic field and the associated supercooling are measured and analyzed in

superconducting molybdenum. The coexistence of a superconducting surface sheath with a
supercooled normal bulk is confirmed. Thermal-conductivity measurements are analyzed and

the possible influence of s-d scattering close to T, is discussed.

I. INTRODUCTION

Superconductivity in the transition metals has
been the subject of many experimental and theo-
retical investigations in recent years. Many of the
experiments and observations on this group of ele-
ments, in particular, studies of the absence or
considerable reduction of the isotope effect, ' the
pressure dependence of the transition temperature

the relation of T, to the total density of.states
at the Fermi surface, the effect of magnetic im-
purities, and the empirical rules relating T, to the
position in the Periodic Table, ' have led some of
the investigators to suggest mechani. sms different
from the electron-phonon interaction, as originally
proposed by Bardeen et af. ~ (BCS), to be partially
responsible for superconductivity in the transition
metals. On the theoretical side, however, in the
spirit of a two-band model for the electronic: struc-
ture of the transition metals and assuming the
Fermi surface separable into s- and d-like re-
gions, it has been shown by Garland that experi-
mentally observed superconducting properties of
the transition metals could be explained by a single-
gap theory appropriate to dirty 0 materials. Based
on his model and the single-gap theory, Garland '
has carried out calculations of the isotope effe'ct
coefficients in the limit of sufficient dirtiness and
has shown that the experimental evidence supports
the BCS theory and the idea of phonon-induced su-
perconductivity. Although the superconducting state
parameters have been calculated'3 using the elec-
tron-phonon interaction and were found to t}e in

agreement with the experimental results, the pres-
ent knowledge of the electronic-band structure of
the transition metals is insufficient to resolve the
controversy and completely justify the theoretical
models.

Much of the success of the experiments on transi-
tion metals is due to the recent purification tech-
niques. In fact, elements such as molybdenum can
be sufficiently pure to show the characteristics of
a "clean" superconductor. ' Thus, it seems of
interest to carry out further experimental investi-
gations of the superconducting transition and of the
transport properties of molybdenum, particularly
below 1 K where molybdenum becomes supercon-
ducting. In this temperature region, for a pure
metal, one can safely assume that the heat conduc-
tivity is predominantly electronic. Also, since
molybdenum has a very high Debye temperature
relative to its superconducting transition tempera-
ture and because of a large electronic mean free
path due to its high purity, one may expect the scat-
tering of the electrons by thermally excited lattice
vib. .ations to be negligible as compared to their
elastic scattering by static imperfections such as
impurities, lattice defects, or, at even lower tem-
peratures, by the boundaries. In turn, in a very
pure transition metal one can hope to see some in-
fluence of another scattering process: the elec-
tron-electron scattering or s-d scattering. Under
these conditions, the study of the thermal conduc-
tivity of molybdenum in the normal and supercon-
ducting states will prove very useful for comparison
with the theory of Bardeen, Rickayzen, and Te-


