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Using a two-band model for the conduction electrons of the transition metals and assuming
that only the lighter carriers contribute to charge transport, the effects of phonon-induced and
electron-electron interband s-d transitions are investigated. Provided that the total thermo-
power, not including the phonon-drag contribution, is given by Sr= (1/Wr) g& W&S&, we find that
interband electron-electron scattering may manifest itself in the total thermopower at low as
well as at high temperatures. At lowest temperatures (near T/0&~=0. 03), depending upon the
magnitudes and temperature dependences of electron-electron-and electron-phonon-scattering
contributions, a well-defined extremum of the order of 1@V/'K may appear. At high tempera-
tures the total thermopower, weighted as indicated above, may be dominated by electron-elec-
tron-scattering effects, and in that event, will exhibit a T2 temperature dependence. The ef-
fect of the variation of some of the parameters and the influence of the addition of impurities
are discussed and the theoretical total thermopower is compared with available experimental
data.

I. INTRODUCTION

Recently there has been a resurgence of interest
in the low-temperature resistivities of transition
metals. ' Although it has been known for some
time' that the electrical resistivity p of some of the
transition metals varies as T at the lowest temper-
atures, concomitant linear variations in the thermal
resistivities W have only recently been observed.
The origin of the T dependence of p is a problem
of long standing. Although Baber had proposed that
electron-electron scattering was the cause for this
variation, evidence to establish this proposal as
valid has been slow in coming. Two of the major
criticisms of Baber's proposal are the following:

(a) p is observed to vary as T in only a few of
the transition metals rather than all of them as
might be expected.

(b) Experimentally it is found that electron-elec-
tron scattering contributes a T term to p and con-
sequently dominates the total resistivity at lowest
temperatures where the contribution from phonon
scattering eventually varies as T'. Similarly at
the highest temperatures where the lattice resistiv-
ity varies linearly with temperature, the electron-
electron-scattering contribution should again be
dominant. This latter behavior, however, has not
been observed.

Inan earlier paper, vane of us (L. C. ) attempted to
answer the first objection by a careful analysis of
available experimental data. He was able to show
that one could give a consistent theoretical interpre-
tation of the ideal resistivities of the transition met-
als in terms of a two-band model and assuming (in
all of the metals) the existence of a Ts term which
may, however, be masked to a greater or lesser

degree by phonon scattering in different metals of
the series.

Appel' attempted to answer the second objection
to electron-electron scattering by appealing to nu-
merical estimates of the two resistivity contribu-
tions. He argues that in some metals the T'3 contri-
bution will only "peak through" the phonon contribu-
tion at extremely high temperatures-near or above
the melting point.

With increasing evidence for and interest in elec-
tron-electron scattering in transition metals, it
seemed appropriate to consider the effect of these
scattering processes on another electron transport
phenomenon, the thermoelectric power. The calcu-
lation has been carried forward within the frame-
wox k of the two-band model introduced by Mott9

many years ago. Although the work assumes the
"standard band structure" for the two bands, we
have extended Mott's model somewhat by placing no
a prior restriction on the curvatures of the bands;
i.e. , either the "s band" or the "d band" may be
electron- or holelike. We also allow k, &k~ as well
as k, &ks, where k„ks are the Fermi wave vectors.
Hence we consider four different situations, corre-
sponding to two bands of identical or opposite curva-
ture, with k, &k& and k, +k&. The subscripts s and
d in this paper are used simply to denote a light-
mass conduction band and a high-mass narrow band,
respectively.

As we shall see, it is not possible to classify the
results uniquely in terms of the above-mentioned
four possibilities since two other parameters, the
effective-mass ratio ms /m, and the "momentum
gap" t) defined by Etl. (6) which was introduced by
Colquitt, ~ have a profound effect on the results.

In most situations electron-phonon scattering
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dominates over electron-electron interband scatter-
ing in its effect on the thermopower at all tempera-
tures and the temperature dependence of the thermo-
power is linear at elevated temperatures (T/8n & 1).
However, when the momentum gap is not too small,
say 0.3 or more, we do find instances where the
electron-electron contribution to the thermopower
exhibits a well-defined extremum at very low tem-
peratures. We also find conditions under which
electron-electron interband scattering may dominate
the effect of phonon-induced scattering at high tem-
peratures and manifest itself in a more rapid tem-
perature dependence (roughly T ) of the total ther-
mopower.

In this investigation phonon drag was completely
neglected. A more severe limitation, however, is
the neglect of umklapp processes which in electron-
electron scattering, at any rate, do not occur fre-
quently enough to modify the transport coefficients
significantly. ' The reason appears to be that en-
ergy conservation severely restricts the possibility
of electron-electron umklapp processes, in contrast
to phonon-phonon or phonon-electron umklapp pro-

cesses. However, since umklapp processes depend
sensitively on the details of the Fermi surface, it
seemed to us that to include these processes in the
parabolic band approximation would still not answer
the difficult question of their importance in a more
realistic situation. The calculation is, thus, in the
spirit of a model calculation and we concern our-
selves only with general qualitative conclusions.

In Secs. II and III, the effects of electron-phonon
and electron-electron scattering on the different
intrinsic transport properties are studied. In Sec.
IV, the temperature dependence and sign of the total
thermopower are discussed and figures for some
typical cases are shown. In Sec. V, the effect of
electron-electron scattering on the total thermo-
power at low and at elevated temperature is dis-
cussed and the results are compared with available
experimental data.

11. PHONON SCATTERING

The effects of electron-phonon scattering on the
electrical and thermal resistivities of the transition
metals in terms of a two-band model are given by '"

and

+Mdm' P" 3 J5 T' -J5
T +3r' J3 T

-J3 T 2

Here n is the effective number of the lighter carri-
ers per atom, ~, is the statistical weight (degener-
acy) of the d states, P» and P,~ are proportional
to the square of the matrix elements for phonon-
induced s-s and s-d transitions, respectively, E~
is the Fermi energy, Q~ the Debye temperature,
and k&e& is the minimum energy of phonons that can
induce s-d transitions. The transport integrals
J„(x)are defined in Eq. (7).

In an early work, Mott argues that the resistivi-
ties (electrical and thermal) due to phonon-induced
s M transitions would contain a factor N, (Ez), the
density of states in the d band. Wilson, "on the
other hand, showed that if not all states on the d
Fermi sphere could be reached from a given s state
by phonon-induced transitions, the proportionality
factor should be &m&. In Mott's case, one assumes
that the upper limit of the phohon wave vector I q I

inducing s-d traditions is equal to k, +k~, k»»d k&

being the Fermi momenta of s- and d-type carriers,
respectively. In the other case, the upper limit is

I

the Debye wave vector Jq~l .
There is little distinction between these two cases

when one is computing the magnitudes of the resis-
tivities. However, as pointed out by Wilson, the
thermopowers in the two cases are very different.
In the first case in which one assumes that the
largest momentum transferred is q' „=k,+k& &qg.
a situation which seems hardly realized in nature,
the thermopower would be augmented by a factor
proportional to SN~(c)/Se which always has the same
sign. In the second case where the largest momen-
tum transferred is q" =q& &k, +4&, the thermopower
will contain a contribution from S8s /8& which may
be positive or negative depending on the relative
magnitudes of the Fermi momenta and the relative
curvatures of the two bands [see Eq. (5)].

We shall restrict ourselves to the latter case so
that Wilson's model is the appropriate one. This
is the reason that in Eqs. (1) and (2), On appears
in the transport integrals instead of Rc(k, +k„)/ke,
where u is the velocity of sound.
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We now assume that the following expression, de-
rived by Ziman for low temperatures, is valid also
when we allow interband as well as intraband tran-
sitions:

reduces to the well-known formula

7r g&T 8 lnp
yhy 3 E E (4)

g k~ T ~L 8 lap L~ 8 lnok„
'"4 3e L, ee L,

2& EJf' T ggy Lo & g&

We note that in the high-temperature limit, Eq. (3)
l

We now substitute the electrical resistivity as given

by Eq. (1) into Eq. (3). We assume, of course,
that the two scattering processes, intraband and in-
terband, are independent and contribute additively
to the total resistivity. For the Fermi surface cr

and the Fermi momentum k+, we put in the corre-
sponding values of the lighter carriers and obtain

&keT 3 L
A

(T/ n)
W ~Ol mq On (-l)s~k '+k 6 ee

3e lj2E L 2E mE Tj q a T m, ~ ' T

(5)

using the relation

(6)

to calculate the derivative eaE /se. The following
quantities and abbreviations have been introduced:

(6v')'" a's $$
40 g P$g

charge carriers may be either electrons or holes.
The discussion of the effect on the total thermo-

power of phonon-induced scattering is complicated
by the fact that the intrinsic thermopower must be
weighted by the corresponding thermal resistivity.
What we expect is that for T/O~n & 1 the quantity in
the largest parentheses in Eq. (5) will be constant
and S», therefore proportional to T. Below this
temperature the contribution decreases mainly be-
cause the ratio of the Lorentz number diminishes.
Below 0~& the exponential decay of s-d transitions
further reduces the contribution and S», may even
reverse sign.

(ee /T)'
T ( e —1)(1-e ' e ')

where a is the lattice parameter and Lo, L&, and L,
are the Lorentz numbers defined by

L,= .' m'(ke/e)', —

III. ELECTRON-ELECTRON SCATTERING

If we assume that one can define a relaxation time
for these processes, then the change with time of
the distribution of the carriers due to collisions is
given by'

(9)
L r ——(p„+p, ~ )/T(W„+ W, ~ ), (8)

L, = p~/TW„. If we denote by'

The upper sign in the numerator in Eq. (5) corre-
sponds to the case k„&k„ the lower one to 0& &0„
and j is equal to 2 in the case of an inverted d band,
and equal to 1 otherwise.

The sign of e is that of the lighter carriers. In
our model we assume only that the carriers de-
scribed by one band are substantially heavier than
those of the other and that the former do not con-
tribute to the charge transport. The dominant

4„-~jq~q dkp dkjdk2 (10)

the a Priori transition probability that an electron
in state k, collides with an electron in state
(kz, kz+dk2) and that the two particles are scattered
into the states (k,', k', +dk', ), (k,', k2+dk,'), re-
spectively, and furthermore assume the electrons
to be free and describe the interaction by a screened
Coulomb potential, then we obtain"
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TV2 ph
( ~k k ~2 e}g dApdABdA4

X 0(Kg+62 —e3 'E4}pf jg(l j3)(1 f4)deadE3d&g .
4

Here the subscripts 1, 2, 3, and 4 stand for k„k2,
k,', and k,', respectively. The v&'s are the corre-
sponding Fermi velocities, V is the volume of the
Brillouin zone, P„- stands for (P, + P2 —P, —$4),
where the P &'s are defined by

(12)

g is the reciprocal of the screening radius, 5(k) is
the Dirac 5, and the surface elements dA, are
defined in the Appendix. For a discussion of the
properties of the energy conservation function 6(e)
we refer to Ziman. '

We should like to mention that implicit in Eq. (11}
is the fact that as a result of momentum conserva-
tion, normal intraband transitions provide no re-
laxation.

For the calculational details, we refer the reader
to the Appendix and quote here merely the result

~ 128m e
"' «n 5 keTV v2vav&

where the integral I(n. „, & „)is given by Eqs.
(A14) and (A15).

We now use Eqs. (9), (12), (13}, and the property

sf' fi(I f'g)-
(14)

k T

to obtain

(-) k V 1
128v'e' m, m, m4 I(n, f ~ )

1x
& . (15)

(vkeT) +(e, —Ep)

In the usual framework of the theory of macroscopic
transport coefficients, the electrical conductivity
is given to first order by

e2
o(~}= ~ vp(k, ) dA, .

12m"5 „
Inserting Eq. (15) into Eq. (16), we obtain

SV
384v9e m~m2m~m4

(16}

K,
(keT)' I(n. „,s,J'

ks&kd: 4 „=kd -k, , 4 „=kd+k', , (19a)

ks kd +min ks kd f ~max (19b)

We require, of course, that b
&

&b, „and hence
in case of k, &kd we get the condition

ks ~3kd .
If this condition is violated, then there is no way
for a scattering process to occur conserving linear
momentum. Substituting the appropriate values for
I(n, „,6 ~, ) according to Eq. (A15), we finally ob-
tain

From this expression we see that the most effective
scattering processes are those in which (s, d)

(d', d"). The contribution of this type of process
is larger than those of any other electron-electron-
scattering processes by a factor greater than

N~(Ez)/N, (E~). Hereafter we restrict our attention
to these processes only and obtain for the electrical
resistivity

3848e ~ I(~~», ~~*}
(k T) (18)8V2 m md B ~

s

The lower and upper limits of I(n, ~, d ~g depend
on the relative magnitudes of k, and kd as follows:

and

(x+1)'+x' (1-x)'+x' x
(2Oa)

(2ob)

where X= I/&=k, /k& and we have setg=k, . The constant factor is
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A,~= 192m e'ke /3' V'. (21)

From Eq. (4) we now find the intrinsic thermopower due to electron-electron scattering:

vk T m~ [y —(y+I) ][(m, /m~)y, '+I] [X —(I-y) ][(m, /m~)y '+I] 2(m, /m~)y '(2y +1)+4y
3e 8 k [X +(X+1)~]~ [y'+(1 —y) ] I+4y

+X tan 2X —4m, /m, y for k, &
X& &-X

& g 2 -a &k
x+& +x &-x +x

(22a)

v keT me +2K '(4X —1) [1 —(1 —X) ] [(m, /m~) aX ] (m, /m~)(1+4& )+6&a 5& —4
3e g k (4y2+1)2 [1+(I y)2]2 [1+2&(1 —&)]'+ (3& —1)'

2
~ ~

«
2 ~ tan

l I
~

~
~

8
1I

1 —~ ., (3& —1) 4m t

4& +1 (1 —&) +1 1+ 2&(1 —&) mz
for k, &k~ ~ (22b)

Since the expressions for S, and W, are rather
complicated, it is difficult to predict the magnitude
and sign of this contribution to the total thermopower
in the general case. We do expect that if this con-
tribution dominates that associated with electron-
phonon scattering at high temperatures, the total
thermopower will vary as eT+PT, where the sec-
ond term arises from electron-electron scattering.
This follows from the expression for the total ther-
mopower"

yho Syho

&y~ + We-
(24)

In Eqs. (22a) and (22b), the upper sign corresponds
to the case of an inverted d band.

The total me" sured thermopower (discounting
phonon drag) is the sum of the intrinsic thermopow-
ers each weighted by the corresponding thermal re-
sistivity. For electron-electron scattering we
have'

W, ,= [p, /T(12 —w ](k /e)

1
Sr = Q( W(S(

T

with

(25}

P ybo(Tz) = P, ,(Te) (26)

Estimates from experimental data' put T~ in the
range 5-20 'K consistent with the evidence that
W, ,(en) «W, „,(8n). The theoretical total therrho-
power is plotted in Figs. 1-4, representing typical
cases for different values of the gap parameter g,
different effective-mass ratios m~/m„and possible
arrangements of the s and d bands.

Wr=g( W(,

where S& and W& are the contributions to the thermo-
power and thermal resistivities of each mechanism
independently. Thus, before we can construct the
total thermopower, it is necessary to know the rel-
ative magnitudes of W, , and W,„,. As it is difficult
to estimate these from first principles, we have
resorted to an empirical estimate of the ratio
p,„,(T)/p, ~ (T) by defining a parameter Tz by

and the fact that W~b, (ee)» W, ~ (O~n). W~b, at high
temperatures is independent of T, whereas @', and

S, are both linear in T. At still higher tempera-
tures, W, may become comparable to, or greater
than, &,h, and where this happens the quadratic
contribution in the total thermopower will diminish.
In that event, the total thermopower will exhibit a
linear temperature dependence even though electron-
electron-scattering effects dominate over those of
electron-phonon scattering. In some cases, this
behavior is apparent from the calculated results and
also in the data in some of the transition metals
(see Secs. IV and V).

IV. TOTAL THERMOPOKER

Sy"P,V/'K

l5.

IO.

-IO.

-20-

-30-
1ea7

The total thermopower for multiple-scattering
mechanisms is given by"

FIG. 1. Theoretical total thermopower in the case of
an inverted d band; k, & kz, mz/m, =10 for different gap
parameters g.
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FIG. 2. Theoretical total thermopower in the case of
an inverted d band; k~&kz, mz/m, =10, 1=0.1. In the in-
set the details of a local maximum —not to be confused
with a phonon-drag peak —are shown. This extremum is
associated with the exponential decay of phonon-induced
s-d transitions at very low temperatures.

To aid our discussion we introduce S,h, and S, „
the weighted contributions of the two scattering
processes to the total thermopower. These are
defined by

(27)

ST"P,V/'K
Q5 .I

-IO- 5 T/Sp

-50.

-IOO-

FIG. 3. Theoretical total thermopower in the case of
an inverted d band; k &kz, mz/m~=l0, &=0.5. In the in-
set the details of a local minimum due to electron-elec-
tron-scattering effects are shown.

We now consider four distinct situations.
Case I. One band inverted relative to the other

band.
(a) k, & k~ '. S,„, is negative at all temperatures"

and dominant at low temperatures. For small and
intermediate values of zI(~ 0. 5), S, , is positive.
When m~/m, is large (10) it dominates S,„,at higher
temperatures. In the case of large zI (0. 7), S, ,
is positive for m, /m, = 10 only, and it is always
small. er than S,„, throughout the temperature range.
These results are shown in Fig. 1. If g = 0. 1 and
m, /m, = 10 we find a local extremum of the total

FIG. 4. Theoretical total therrnopower in the case
where the two bands have the same curvature, k~ & k~,
q = 0.1 for m&/m~ = 3, l0.

thermopower at very low temperatures associated
with the freezing out of phonon-induced s-d transi-
tions. A typical curve is shown in Fig. 2. On the
other hand, in the case of g= 0. 3 and the same large
ratio m~/z&z„we find (depending upon the magnitude
of k,) a local extremum due to electron-electron—
scattering processes. Both these peculiarities will
be discussed more in detail below (see Sec. V).

(b) k, &k~: S,„,is always negative and it is dom-
inant at low temperatures. S, , is always negative
and dominates S,„,at higher temperatures. Inde-
pendent of the ratio &zz~/m„we find for z~ = 0. 5 a
strong local extremum associated with electron-
electron-scattering eff ects. A representative
curve for this behavior is shown in Fig. 3.

Case JI Both bands have curvatures of equal
sign.

(a) k, & k,: S,„.as well as S, , are negative
throughout the temperature range. For small and
intermediate values of zl and for large &zz, /&n„S, ,
dominates at higher temperatures, but this is not
the case if m, /m, is small (3). This change of the
temperature dependence of the total. thermopower
with the effective-mass ratio is showT) in Fig. 4,

(b) k, & k~: S,„, is dominant at low temperatures.
The sign is negative if nz~/&n, is small and &I is
small or intermediate (~ 0. 3), or if m, /m, is large
and &I is small (0. I). The sign is positive if m~/
m, is small and &I is large ( —0. 5), or if &n, /»z, is
large and zi is intermediate or large ( —0. 3). In-
dependent of the effective-mass ratio, 8, , is posi-
tive for small and intermediate zi (~ 0. 5) and dom-
inates S,„,at high temperatures. Under the same
conditions as in case I (a) we obtain a local extremum
characteristic for the exponential decay of the
phonon-induced s-d transitions at very low temper-
atures. We also find local extrema due to electron-
electron-scattering effects which become more
pronounced as the gap size increases (zi ~ 0. 3) and
the ratio m, /m, becomes larger.
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FIG. 5. Experimental thermopower of some of the transition metals taken from Cusack and Kendall (Ref. 22).

V. DISCUSSION

There are several important limitations to our
calculations which preclude a detailed comparison
with the experimental data for each of the transi-
tion metals, First, we have used a spherical model
for the Fermi surfaces of the conduction electrons
in order to simplify the calculations. Although this
is an obvious oversimplification of the actual Fermi
surfaces in the transition metals, it perhaps suf™
fices to represent the general features of these
metals. The magnitudes of the quantities ~n~, .n, ,
a, p» k„k„Z, and related derivatives saith rpzpec'.
to the energy which enter the theory must then,
however, be considered as empirical paraggetera.
Second, we have omitted considerations of phonon-
drag processes. Consequently, a comparison arith
the experimental data must be restricted to regions
where T/ez& is greater or much less than unity and
phonon-drag effects have essentially disappeared.
Finally, we neglected umklapp processes throughout
this investigation.

Nonetheless, there are certain general features
of the experimental data in these two limiting re-
gions which seem to bear out our model calculation.
For comparison we include the figure given by
Cusack and Kendall (Fig. 5) and refer also to more
recent results. ' In the high-temperature limit
the thermopower for the transition metals is ob-
served ""to vary from large negative values (e. g. ,
for Pd and Pt) to large positive values (e.g. , for

W and Mo) at a given temperature as we pass from
one metal to another. Although the argument that
this variation is due to differences in the slope of
the density of states of the d band is essentially
correct (i.e. , making no distinction between the
Mott and Wilson models), it may be crucial in some
cases to include the effects of electron-electron
scattering. For example, the thermopower of W
and Mo above the Debye temperature is given quite
closely by

S~= oT —PT', (28)

where the constants are a~4. 5&&10 pV/'K,
P- 2 &&10 ' pV/('K), respectively. The second
term may reflect the importance of electron-elec-
tron scattering on the thermopower at elevated
temperatures. Moreover, in the low-temperature
region (near 10'K), the experimental data for W
display a peak of the order of 0. 2 pV/'K which may
be due to effects of electron-electron interband
scattering. To understand this, we must look at the
weighted contribution to the total thermopower,
since from the linear temperature dependence of the
corresponding intrinsic thermopower one would not
expect such a behavior. From Eq. (27) we get the
following temperature dependence:

S, ,= AT /(BT "+CT)

since we know that S, „aswell as 8', „are pro-
portional to the temperature. In the case where
we have intraband scattering induced by phonons
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only (e.g. , noble metals), n would be equal to 2.
In our case, where in the temperature region of
interest the probability of phonon-induced interband
transitions drops exponentially, n will be larger
than 2 but to a first approximation (up to the second
term in the expansion of the exponential factor) still
smaller than 3. We now differentiate with respect
to temperature and obtain the following relation for
the temperature at which the weighted contribution
of electron-electron effects reaches a local ex-
tremum:

(30)

ST "pV/OK

5-

.I .2
——R= IO

,4 ~ Tore,

The calculated thermopower exhibits such a local
extremum only if T,@fan lies below the characteristic
temperature where effects due to phonon-induced
interband scattering ax'e diminished exponentially.
Otherwise S, , not only diminishes vith increasing
temperature but the extremum will further be
masked by S,„,which increases rapidly with increas-
ing temperature. In the case of k, & k„ the local
extremum becomes more pronounced as the ratio
&=k~/k, approaches —,', for then only large-angle
scattering events provide relaxation.

If the "momentum gap" is small (g=0. 1), the
phonon-induced s-d transitions decay exponentially
only at very low temperatures after essentially all
contributions from electron-electron-scattering
effects have diminished considerably. It is not
surprising then, considering the complex tempera-
ture dependence of S,„, in this region, that we may
find under these circumstances, and especially for
a large ratio m, /m„a local extremum quite sim-
ilar to the one ascribed to electron-electron-scat-
tering effects above.

Thus a local extremum in the case of small g is
more likely to be associated with phonon-induced-
scattering effects, whereas in case of intermediate
or large g it might be due to the influence of elec-
tron-electron scattering.

We also might point out that in view of the rather
complicated temperature dependence of S,*„„es-
pecially at low temperatures, and the interplay with
S, , we must not be surprised if the general behavior
of the total thermopower in this region is such that
the thermopower, though it must surely vanish at
absolute zero, does not appear to extrapolate to
this value even if measurements are carried out to
quite low temperatures, e.g. , 1 'K. ~4

We also should like to mention briefly the influ-
ence of effects due to impurities. Since the cor-
responding thermal resistivity is proportional to
T ' and the intrinsic thermopower varies linearly
with the temperature, we expect no qualitative
change at higher temperature, but only a parallel
shift in very impure materials. Qn the other hand,

FIG. 6. Theoretical total thermopower in the case
where the two bands have the same curvature, k~&k&,

m&/m~ =3, 6=0.5 for different values of the ratio R.

at low temperature there may arise a substantial
change especially in the case where we have a local
extremum in the ideal case. This situation is in-
dicated in Fig. 6, where we show S vs T for various
values of p(293 'K)/p„, =R.

We should like to point out tha, t Figs. 1-4 and 6
were obtained with an almost random choice (within
our assumptions) of the parameters involved. In
various portions of the temperature scale they
qualitatively reflect some of the features of the ex-
perimental data shown in Fig. 5. A better fit to
the experimental results could be obtained by ad-
justing the lattice constant a (3 X10 'o m), the sta-
tistical weight of s-d transitions in the case of pho-
noninduced scattering (u„P~/P„(2), the magnitude
of the Fermi vector k, (0.47 to 1.88X10' m '),
and the Debye wave vector q~ (1.6 XIOM m '). The
values in parentheses indicate our choice and were
not changed with temperature.

In view of the various simplifying assumptions
of the model calculations, such adjustment of pa-
rameters is of questionable value and we shall give
one example, palladium. The difficulty is that we
have too many parameters to vary and not much
guidance to limit this freedom. There are a fair
number of experimental results but one still has to
estimate the values for m„m„k„g, and TE on
which all of our theoretical results depend quite
sensitively. The problem with k, is not only that
the real Fermi surface is not spherical, but that
the complicated structure implies also that the elec-
tron surface centered at I' consists of s- as well as
d-like parts. Therefore, we have to find an effec-
tive value for the corresponding Fermi wave vector.
The only experimental results which help us to
choose the parameters reasonably are data for p
or W.

The calculated results for the theoretical total
diffusion thermopower for Pd shown in Fig. 7 were
obtained with the following choice of parameters:
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a = 3. 8824 &10 ' m, 6D = 295 'K, ' m, = 2. 2m„

'/=0. 1, ' and T&=5. 0 K. ' The differ-
ence between the theoretical curve and the experi-
mental data could be due to the presence of impu-
rities in the sample, the neglect of umklapp pro-
cesses in our model, or could be minimized by low-
ering the value of k, and readjusting m, /m, and Te.

In the case of palladium, the large-hole effective
mass suggests that these carriers do not contribute
substantially to charge transport, so that our mod-

el, in which contributions totransport by the heavier
carriers are neglected, may be a reasonable approxi-
mation. In tungsten and molybdenum, however, we
encounter a rather more complex situation. To
begin with, a four- rather than two-band model is
undoubtedly more appropriate, and such a model
w" s in fact employed by Aisaka and Shimizu. '
If, however, we try to simplify to a two-band mod-
el, it is then not at all. clear which group of carriers
should properly be designated as the "lighter car-
riers, "since effective masses are all of equal mag-
nitude. If the dominant carriers were, indeed, d-
band holes, the qualitative summaries following
Eq. (27) would be modified in that all statements
relating to the sign of the thermopower would have
to be reversed. If this were a i easonable approxi-
mation to the true situation, the large positive ther-
mopowers of the two metals and the nonlinear be-
havior at high temperature might be plausible in
terms of case II (b) (with signs for S,h, and S ~

reversed).
It seems to us that such speculations must be

viewed with enormous skepticism. The model we
have employed is already a gross oversimplifica-
tion for "two-band" metals such as palladium, and

S fBV/iK
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-20

-30

-40

-50-

FIG. 7. Model calculation for Pd: theoretical thermo-
power, solid line; experimental data taken from Ref. 22,
circles. Calculated result are based on the following
parameters: ~=3.8824A, e&=295'K, m~=2. 2m~, m&/m~

=3.5, q~ ——1.57k. , k~=1.03k, &=0.1, Tg=5'K.

extension of arguments to include tungsten and mo-
lybdenum is of doubtful value. What we have tried
to demonstrate and wherein we have, perhaps, suc-
ceeded, is that if electron-electron scattering is
an important relaxation process in a transition
metal it can have a substantial influence on the
thermoelectric power as well as the resistivity.
Moreover, in that case the simple model we have
put forward is capable of reproducing the general
features of available experimental data. ~'
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APPENDIX

We start with Eq. (11)

32m'e4
~s( l coll ffsfs Zry2 Af

Vp V3V4

5(k(+ kB —(kB+ ks)}

(1kB —k(i +g)B

1+ 2 S 4 ) ~ 1 f3 1 4 d&2N'gd&4

and perform first the integration over energy. We
made use of the relation

X
(e(sB e(s)B+ 1)( ( e-s(-ssBEspB&B+ 1)

(A 3)

~O ~Be('(-'~)B, P= I/yBT (A 2)
To evaluate the integral over ez, we make the sub-
stitutions

and of the property of & (e) for large times to reduce
the energy-dependent part to the form

1

ding

1+e-"i-EJ'~ e"3-~s}~+1

Separation into the partial fraction

1 1 1 1
( +()( () ) — ) ~ (/ )

(A.4)
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gives

&1 —&S
e('I~, in 1

e"z-sr" = b, (ez —e,)p= iz,

1 u+1
(1 —a) P zz+ 1/zz

ln

With the further substitutions

(A7)

bz= ~k —kz~ =b, +bi-2kzkzcospz,

4» =
~
kz —k4

~

' = jP+ k, - 2bzk, cos pzz ~

9}

where the p's are the angles between the corre-
sponding k vectors. First, we keep k1 and k3 fixed
and vary k4 only; then

we find for the whole energy-dependent part of Eq.
1)a9

[zz + (inb}~]

(vfzzz T)'+ (ez —Er)'
2( e is

z sr &8 / 1)(e & 8 i Br & B + l )

= 2[(zz4~)'+ (&z -E~)')f'(&z)[i -f'(&z)) . (A6)

This leaves us with the momentum-dependent part
of Eq. (Al). We now define

dAz = Km d02 = (Ka/hzz) dA (kq —k4), (All)

where Qm is the space angle generated by kz (while

k, varies) and A(kz-k4) is the surface area swept
out by the rotation of kz —k . Thus, the integra-
tions dA2, dA4 can be evaluated as shown below:

dA = 2zzK sinV'zz d9'zz = 2zz(ii'zz/kak4)K4 dAzz,

(A1O)

where K, is the radius of the Fermi sphere of car-
riers of type (a). Similarly,

+IIK4 K2 dA~
2zz (+I 2&2 b b A2 bd, d dz~zz dA(k2 k4) = 2zzKaK4 ~ in2 2,2~1+8 ) 2 4 II I II 61(41+g )

(A12)

In an analogous manner, we write

dA& = 2zzKs sinai dipz = 2zz(&z/kzk, )Kz d&z

and find that Eq. (A12) becomes

dAs
2zzKIK4 A (AI I)z',

z KgKzK4

(Al g')'

4 2 z z i f(g
1

(A13)

(A14)

I

Combining the above results, we obtain finally

128m'efzz I «zz gibsTP 'vgvzzi4

x [(vbsn'+ (ez- &E)')f'(ei)[i -f (ei)~

(A16)

The integral f(d. „,4,) so defined is given bym

1 & 1I(&, &,)= z z z + —tan
d +g'

~min

(A15)

We may point out here if we had not excluded in-
traband scattering already, their contribution to
g-„ I „»would now be seen to vanish since in that

1
case, particles 1, 2 and 3, 4 are indistinguishable
and consequently &1,11 and d&1,11 must va
[&z = Vzzz = zz in Eqs. (AQ} or (A10} and (A13}].

*Work supported by the U. S. National Science Founda-
tion.

f Permanent address: Department of Physics, University
of Kansas, Lawrence, Kans.

CResearch Laboratory, Batelle Memorial Institute,
Geneva, Switzerland.

G. K. White and R. J. Tainsh, Phys. Rev. Letters
19, 165 (1967).

2C. Herring, Phys. Rev. Letters 13, 167 (1967); 13,
684(E) (1967).,

3J. T. Schriempf, Phys. Rev. Letters 19, 1131 (1967).
4A. C. Anderson, R. E. Peterson, and J. E. Robichaux,

Phys. Rev. Letters 20, 459 (1968).
~G. K. White and S. B. Woods, Phil. Trans. Roy. Soc.

London A251, 273 (1958).
SW. G. Baber, Proc. Roy. Soc. (London) A158, 383

(1937).
7L. Colquitt, Jr. , J. Appl. Phys. 36, 2454 (1965).
J. Appel, Phil. Mag. 8, 1071 (1963).

9N. F. Mott, Proc. Roy. Soc. (London) A156, 368
(1936).

J. Appel, Phys. Rev. 122, 1760 (1961).
A. H. Wilson, Proc. Roy. Soc. (London) A167, 580

(1938).
' J. Ziman, Electrons and I'honons (Oxford U. P. ,

Oxford, England, 1963), p. 403.
See, e. g. , A. H. Wilson, Theo~ of Met&s, 2nded.

(Cambridge U. P. , Cambridge, 1953), p. 6.



302 COLQUITT, FANKHAUSE R, AND BLAT T

l4J. Ziman, Ref. 12, p. 257.
J. Ziman, Ref. 12, p. 412.
J. Ziman, Ref. 12, p. 129.

~VF. J. Blatt and H. R. Fankhauser, Phys. Kondensier-
ten Materie 3, 183 (1965).

D. K. C. McDonald, Thermoelectricity (Wiley, New

York, 1962), p. 107.
In a few exceptional situations S~ may be slightly

positive at extremely low temperatures.
Except at very low temperatures where it may under-

go one or two sign changes.
R. L. Carter, A. I. Davidson, and P. A. Schroeder,

J. Phys. Chem. Solids (to be published).
N. Cusack and P. Kendall, Proc. Phys. Soc. (London)

72, 898 (1958).

3G. Borelius, Handbuch der Metallphysik, edited by
G. Masing (Akademische Verlagsgesellschaft, Leipzig,
1935), p. 185.

24H. J. Trodahl, Rev. Sci. Instr. 40, 648 (1969), see
parti. cularly Fag. 7.

5Ch. Kittel, Introduction to Solid State Physics (Wiley,
New York, 1966).

26J. J. Vuillemin, Phys. Rev. 144, 396 (1966).
T. Aisaka and M. Shimizu, J. Phys. Soc. Japan 28,

646 (1970).
M. V. Vedernikov, Advan. Phys. 18, 337 (1969).

2~D. Bierens de Haan, Nouvelles Tables d'Integrales
Definies (Hafner, New York, 1939), p. 148.

H. B. Dwight, Tables of Integrals and other Mathe-

matical Data, 4thed. (MacMillan, New York, 1965), p. 30.

PHYSICAL REVIEW 8 VOLUME 4, NUMBER 2 15 JU LY 1971

Effect of Fermi Surface Geometry on Electron-Electron Scattering~

Christopher Hodges
Queens University, &ingston, Ontario, Canada

Henrik Smith
Physics Laboratory I, H. C. prsted Institute, Universitetsparken 5, Copenhagen @., Denmark

and

J. %. %ilkins
Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, Negro cwork 14850

(Received 5 November 1971)

In order to investigate the influence of Fermi-surface geometry on the lifetime of an elec-
tron due to interactions with other electrons, we have performed a calculation (using Fermi's
"Golden Rule")of the energy- and temperature-dependent lifetime of an electron on a cylindri-
cal Fermi surface. At zero temperature, the dominant energy dependence of the inverse
lifetime or the decay rate is & [ ln&( for small values of the parameter & which is the electron
energy relative to the Fermi energy p measured in units of p. At finite temperatures the de-
cay rate leads to an electrical resistivity proportional to T I ink T/p I instead of the T depen-
dence characteristic of a spherical Fermi surface. In addition, the similar calculation (using
Fermi's "Golden Rule" ) for a spherical Fermi surface has been done exactly at zero tempera-
ture. The magnitude of the correction to the well-known & term has been obtained. Further-
more, in an appendix, written with N. D. Mermin, the dominating influence of the density of
states on the wave-vector dependence of the susceptibility is demonstrated.

I. INTRODUCTION

The possibility of observing the contribution of
electron-electron scattering to the resistivity of
metals is a subject of much current experimental
and theoretical interest. ' In the analysis of experi-
mental data such scattering processes have usually
been assumed to contribute a term proportional to
T~ in the resistivity. The rationale for this is the
well-known result that the rate of decay due to
electron-electron interactions of an electron in state
p, with energy e~ (measured from the Fermi energy
p) is proportional to [(wkT) +a~], when the Fermi
surface is spherical. Such a rate of decay causes

a resistivity proportional to T provided a mecha-
nism for degradation of the total momentum exists.
This energy and temperature dependence of the de-
cay rate is derived on the assumption that kT«p
and a~«p. , which is also the region of interest in
the present investigation.

In this paper we report a calculation of the energy
and temperature dependence of the decay rate of an
electron on a cylindrical Fermi surface in order to
illustrate the effect of geometry on the availability
of phase space for the scattering. The cylindrical
geometry is supposed to arise from a band-struc-
ture calculation that gives one-electron energies
a~ =p /2m, where p is the magnitude of the compo-


